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Introduction
This highly illustrated coursebook covers the Cambridge IGCSl^ and O Level Additional Mathematics
syllabuses (0606 and 4037). The course is aimed at students who are currendy studying or have
previously studied Cambridge ICCS^ Mathematics (0580) or Cambridge O Level Mathematics (4024).

Where the content in one chapter includes topics that should have already been covered in previous
studies, a recap section has been provided so that students can build on their prior knowledge.

'Class discussion' sections have been included to provide students with the opportunity to discuss
and learn new mathematical concepts with their classmates, with their class teacher acting as the
facilitator. The aim of these class discussion sections is to improve the student's reasoning and ofal
communication skills.

'Challenge' questions have been included at the end of most exercises to challenge and stretch high-
ability students.

Towards the end of each chapter, there is a summary of the key concepts to help students consolidate
what they have just learnt. This is followed by a 'Past paper' questions section, which contains real
questions taken from past examination papers.

A Practice Book is also available in the Cambridge IGCSL^ Additional Mathematics series, which offers
students further targeted practice. This book closely follows the chapters and topics of the coursebook
offering additional exercises to help students to consolidate concepts learnt and to assess their learning
after each chapter. A Teacher's Resource, to offer support and advice, is also available.



Cambridge IGCSE and 0 Level Additional Mathematics

How to use this book
Chapter - each chapter begins with a set of learning objectives to explain what you
will learn in this chapter.

Chapter 2
Simultaneous equations and quadratics

This section will show you how to:

■ solve simultaneous equations in two unknowns by elimination or substitution

■ find the maximum and minimum values of a quadratic function

■ sketch graphs of quadratic functions and find their range for a given domain

■ sketch graphs of the function y = | f{:c)t where ffx) is quadratic and solve associated equations

■ determine the numberof roots of a quadratic equation and the related conditions for a line to

intersect, be a tangent or not intersect a given curve

■ solve quadratic equations for real roots and find the solution set for quadratic inequalities^

Recap - check that you are familiar with the introductory skills required for
the chapter.

You should already know how to solve linear inequalities.

Two examples are shown below.

Solve 2(x - 5) < 9

2* - 10 < 9

2x < 19

X < 9.5

expand brackets

add 10 to both sides

divide both sides by 2

Solve 5 - 3x ̂  17

-3x 12

X « -4

subtract 5 fiom both sides

divide both sides by -3

Class Discussion - additional activities to be done in the classroom for enrichment.

CLASS DISCUSSION

Solve each of these three pairs of simultaneous equations.

8x + = 7

Sx+by = -9

Sx + y = 10

2)1 = 15 - 6x

2* + 5 = .3)1

10 - 6) = -4x

Discuss your answers with your classmates.

Discuss what the graphs would be like for each pair of equations.



Worked Example - detailed step-by-step approaches to help students solve problems.

Find the value of;

® 5!
11!

Answers

g  8! 8x7x6x/x^x^x^)0
si ^x/x/x/yl
=8x7x6

= 336

b ill = HxlOx9xXx/x^x/xy^>0x^yl
813! /x /x^x.^x/x/xix/ X 3 X 2 X 1

_ 990

6

= 165

Note - quick suggestions to remind you about key facts and highlight important
points.

o Note:
logic 30 can also be written as Ig 30 or log30.

Challenge - challenge yourself with tougher questions that stretch your skills

CHALLENGEQ

6 This design is made from
1 blue circle, 4 orange circles
and 16 green circles.
The circles touch each other.

Given that the radius of each

green circle is 1 unit, find the

exact radius of

a  the orange circles,

b the blue circle.

Summary - at the end of each chapter to review what you have learnt.

Summary
One radian (b) is the size of the angle subtended
at the centre of a circle, radius r, by an arc of length r.

When 9 is measured in radians:

■  the length of arc AB = rO

m  the area of sector AOB = - AO.
2
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Examination questions - exam-style questions for you to test your knowledge and
understanding at the end of each chapter.

Examination questions

Worked example

The function f is such that f(x) = 4x^ - + ax + b, where a and b are constants. It is given that
2* - 1 is a factor of f(x) and that when f(*) is divided by x + 2 the remainder is 20. Find the
remainder when f(x) is divided by x - 1. [6]

Cat?tbridge IGCSE Addiiumal Mathematics 0606 Paper 11 Q2 Nov 2011

Answer

f(x) = 4x' - 8x^ + ax + b

If 2x - 1 is a factor, then f j =

a + 26 = 3
•d)

Remainder = 20 when divided by x + 2, means that f(-2) = 20.

4 (-2)' - 8(-2f + a (-2) + 6 = 20
-32 - 32 - 2a + A = 20

-2a + b = 84 (2)

From (1) a = 3 - 26.

Substituting in (2), gives; -2(3 - 26) + 6 = 84

-6 + 46 + 6 = 84

56 = 90

6 = 18

So a = —33, 6 = 18.

Remainder when f(x) = 4x' - 8x^ - 33x + 18 is divided by (x - I) is f(I).

Remainder = 4(1)' - 8(1)'^ - 33(1) + 18
= 4-8-33 + 18

= -19

Activity - for you to apply your theoretical knowledge to a practical task.

ACTIVITY

Use graphing software to confirm that:

•  y = cos X + 1 is a translation of y = cos x by the vector ^

fo)
•  y = cos X + 2 is a translation of y = cos x by the vector

•  y = cosx - 3 is a translation of y = cosx by the vector ̂
and

fo1
•  y = tan x + 1 is a translation of y = tan x by the vector

y = tan x - 2 is a translation of y = tan x by the vector -9



■  ■ '■■■ ■■

Chapter 1
Functions

I

This section will show you how to:

understand and use the terms: function, domain, range (image set), one-one function, inverse
function and composition of functions

use the notation f(*) = 2x^ -f5 , f: x i-> 5x- 3, f~^(x) and f^(x)
understand the relationship between y = f(x) and y = |f(x)|
solve graphically or algebraically equations of the type \ax + b\ = c and \ax + b\ = cx + d
explain in words why a given function is a function or why it does not have an inverse
find the inverse of a one-one function and form composite functions
use sketch graphs to show the relationship between a function and its inverse.
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1.1 Mappings

Input Output

1

2

3

4

2

3

4

5

is called a mapping diagram.

The rule connecting the input and output values can be written algebraically
as: X X + 1.

This is read as 'x is mapped to x+ T.
x+ 1

The mapping can be represented graphically by
plotting values of x + 1 against values of x.

The diagram shows that for one input value
there is just one output value.
It is called a one-one mapping.
The table below shows one-one, many-one and
one-many mappings.

many-one

X

one-many

: y/x

o
X

For one input value

there is just one output
value.

For two input values

there is one output
value.

For one input value
there are two output
values.

Exercise 1.1

Determine whether each of these mappings is one-one, many-one or
one-many.

2 xi-^x^ + 5 xelR

4 X i-> 2* xe R

x>0 6 x1-^x^ + 1 xeR, x^O

1 X 1-^ X -1- I X€

3 X l-> x^ xe

1
5 X — XG

X

12
7 X XG

X

xG R, x> 0 8 X I—> ± X xe R, X S: 0



Chapter 1: Functions

1.2 Definition of a function

A function is a rule that maps each x value to just one y value for a defined set
of input values.

This means that mappings that are either < are called functions.
^  I many-one

The mapping x i-> x -l- 1 where x e IR, is a one-one function.

,  . ^f:x^-»x^-l xeIR
It can be written as < ^

l^f(x) = X + 1 X € [R

(f : X i-> X -I-1 is read as 'the function f is such that x is mapped to x -I- T )

f(x) represents the output values for the function f.

So when f(x) = x -t-1, f(2) =2-1-1 = 3.

The set of input values for a function is called the domain of the function.

The set of output values for a function is called the range (or image set) of
the function.

WORKED EXAMPLE 1

f(x) =2x-l x€lR, -l^x^3

a Write down the domain of the function f.

b Sketch the graph of the function f.

c Write dowm the range of the function f.

Answers

a The domain is —1 ̂  x ̂  3.

b The graph of y = 2x — 1 has gradient 2 and a y-intercept of-1.

When X = -1, y = 2(-l) - 1 = -3

When x = 3,y = 2(3)-1=5

f(x)

(3,5)

<u
be

U c

O

(-1,-3)-

T"

Domain

c The range is —3 ̂  f(x) ̂  5.
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WORKED EXAMPLE 2

The function f is defined by f(x) = (x - 2)^ + 3 for 0 ̂  x ̂  6.
Sketch the graph of the function.

Find the range of f.

Answers

f(x) = (x - 2)^ + 3 is a positive quadratic function so the graph will be of the form \J

{x-2f)+3 This part of the expression is a square so it will always be > 0.
The smallest value it can be is 0. This occurs when x = 2.

The minimum value of the

expression is 0 + 3 = 3 and this
minimum occurs when x = 2.

So the function f(x) = (x - 2)^ + 3
will have a minimum point at
the point (2, 3).

When X = 0, y = (0 - 2)^ + 3 = 7.
When X = 6, y = (6 - 2)^ + 3 = 19.
The range is 3 ̂  f(x)^ ̂  19.

Domain

(6, 19)

u
be

- C

Exercise 1.2

1 Which of the mappings in Exercise 1.1 are functions?

2 Find the range for each of these functions.

a f(x) - X - 5, -2 ̂  X ̂  7 b f(:>c) = Sx + 2 ,

c f(x) = 7-2x, -l^x^4 d f(x) = x^,

1f ( f  f(x) = 2^ ̂ -3 x)

3 The function g is defined as g(x) = x^ + 2 for x ̂  0.

Write down the range of g.

4 The function f is defined by f(x) = x^ - 4 for x e R.

Find the range of f.

5 The function f is defined by f(x) = (x - 1)^ + 5 for x ̂  1.
Find the range of f.

6 The function f is defined by f (x) = (2x + 1)^-5 for x ̂  -
Find the range of f.

7 The function f is defined by f : x i-> 10 - (x - 3)^ for 2 ̂
Find the range of f.

0

-3

1

X

X

5

3

7.



Chapter 1: Functions

8 The function f is defined by f(x) = 3 + yjx -2 for x ̂  2.

Find the range of f.

1.3 Composite functions

Most functions that you meet are combinations of two or more functions.

For example, the function x\-^2x + b is the function 'multiply by 2 and then
add 5'. It is a combination of the two functions g and f where:

g : X 1-^ 2x (the function 'multiply by 2')

f : X i-> X + 5 (the function 'add 5')

So, X 2x + 5 is the function 'first do g then do f.

g  f

When one function is followed by another function, the resulting function is
called a composite function.

fg (x) means the function g acts on x first, then f acts on the result.

Note:

(x) means ff (x), so you apply the function f twice.

WORKED EXAMPLE 3

The function f is defined by f (x) = (x — 2)^ - 3 for x > —2.
2x + 6

fThe function g is defined by g(x)

Find fg(7).
X - 2

or X > 2.

Answers

fg('7)

= f(4)

= (4- 2f -3
= 1

g acts on 7 first and g(7)
2(7)+ 6 _
7-2

f is dre function 'take 2, square and dien take 3'
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WORKED EXAMPLE 4

f(x)=:2x-l for xeR g(x) = x^ + 5 for X e R

Find a fg(x) b gf(x) C f-(x).

Answers

a fg(x)

= f(x^ + 5)

= 2(x2 + 5)-1

= 2x^ + 9

g acts on X first and g(x) = x- + 5

f is the function 'double and take 1'

b gf(x)

= g(2x- 1)

= (2x-1)2 + 5

-- 4x^ — 4x + 1 + 5

= 4x^ - 4x+ 6

f acts on X first and f(x) = 2x -1

g is the function 'square and add 5' *

expand brackets

c  f^(x)

= fr(x)

= f(2x-l)

= 2(2x-l) -1

= 4x — 3

F(x) means ff(x)

. f acts on X first and f(x) = 2x -1

f is the function 'double and take 1'

Exercise 1.3

1  f : X i-> 2x + 3 for x e R

g : X i-> x^ - 1 for X e R

Find fg(2).

2  f(x) = x^ - 1 for xe R

g(x) = 2x + 3 for X e R

Find the value of gf(5).

3  f(x) = (x + 2)^ - 1 for X e

Find f2{3).

4 The function f is defined by f(x) = 1 + -Jx -2 for x ̂  2.

The function g is defined by g(x) = — - 1 for x > 0.
X

Find gf(18).

5 The function f is defined by f(x) = (x - 1)^ + 3 for x > -1.
+ 4

The function g is defined by g(x) = for x > 5.
X — 5

Find fg(7).
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h : X h-» X + 2 for x > Q

k : i-» yfx for x > 0

Express each of the following in terms of h and k.

a X h-> yfx +2 b X i-> \Jx + 2

The function f is defined by f : x 3x + 1 for x € R.

The function g is defined by g : x: ^ for x ̂  2.
Solve the equation gf(x) = 5.

g(x) = x^ + 2 for X e R

h(x) = 3x - 5 for x e R

Solve the equation gh (x) = 51.

f(x) = x^ - 3 for X > 0
3

g(x) = — for X > 0
X

Solve the equation fg(x) = 13.
3x + 5

x-2 '
X -1

X ̂  2.10 The function f is defined, for x G R, by f : x i->

The function g is defined, for x g R, by g : x
c

Solve the equation gf(x) = 12.

11 f(x) = (x + 4)^ + 3 for X > 0

g(x) = — for X > 0
X

Solve the equation fg(x) = 39.

12 The function g is defined by g(x) = x^ - 1 for x ̂  0.

The function h is defined byh(x) = 2x-7 for x ̂  0.

Solve the equation gh(x) = 0.

13 The function f is defined by f : x i-> x^ for xg R.

The function g is defined by g : x x - 1 for x G R.

Express each of the following as a composite function, using only f and/or g:

a xi-»(x-l)" b xH^x^-l c xi->x-2

1.4 Modulus functions

d X i-> X"

The modulus of a number is the magnitude of the number without a sign
attached.

The modulus of 4 is written 141.

|4| = 4and|-4| = 4

It is important to note that the modulus of any number (positive or negative) is
always a positive number.

The modulus of a number is also called the absolute value.



Cambridge IGCSE and 0 Level Additional Mathematics

The modulus of x, written as ] x|, is defined as:

^ X if X > 0

I x| = < 0 if X = 0

L -X if X < 0

CLASS DISCUSSION

Ali says that these are all rules for absolute values:

l-Jc +^|=|xl +\^\

lx;)/|=|x| X \/\
|x|

I/I
r|^|/=x^

Discuss each of these statements with your classmates and decide if they are:

Always true Sometimes true Never true

You must justify your decisions.

The statement 1 x| = fe,where k ̂  0, means that x = or x = -k.

This property is used to solve equations that involve modulus functions.

So, if you are solving equations of the form \ ax + b\ k, you solve
the equations

ax + b = k and ax + b = -k

If you are solving harder equations of the form \ax + b\ = cx + d, you solve
the equations

ax + b = cx + d and ax + b =-{cx + d).

When solving these more complicated equations you must always check your
answers to make sure that they satisfy the original equation.
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WORKED EXAMPLE 5

Solve.

a  |2x + l| = 5 b |4x-3| c  -10 d  IX - 3| = 2x

Answers

a  |2x + l| = 5

2x + 1 = 5 or 2x +1 = -5

2x = 4

X = 2

2x = -6

X = —3

CHECK: !2x2 + l| = 5 / and

!2x-3 + 1| = .5/

Solution is: x = -3 or 2.

14x - 3l = X

4x - 3 = X or 4x - 3 = -X

3x = 3 5x = 3

X = 1 X = 0.6

CHECK: I 4 X 0,6 - 3| = 0.6/ and

|4 X 1-3| = 1/
Solution is: x = 0.6 or 1.

c  |x^-10| = 6
x^ - 10 = 6 or X

.2
x^ = 16

10 = -6

x2=4

X = ±2X = ±4

CHECK: I ( -4 f - 10| = 6 / ,
|(-2f-10| = 6/, |(2)^-10|=6/
and|(4f-10| = 6/
Solution is: x = -4, -2, 2 or 4.

I X - 3| = 2x

X - 3 = 2x or

X = -3

CHECK: 1-3- 3|
and 11 - 3 ! = 2 X 1 /

Solution is: X = 1.

X — 3 = —2x

3x = 3

X = 1

2 X -3 X

Exercise 1.4

1  Solve

a  |3x:-2| = 10

X -1
d

g ^-5
4

2 Solve

2x - 5
a

= 6

= 1

= 8

b  12x4-9] = 5

2x 4- 7
1

c  16 - 5x I = 2

7-2x
= 4

X 4-1 2x
1

2  5
= 4 i 12x - 5| = X

X 4- 3

d  |3x-5| = x4-2

3x 4- 2
= 2

X 4- 1

e x4-|x-5| = 8

14-
X 4-12

= 3
X 4- 4

f  9 —11 — x| = 2x

3 Solve

a  IX - l| = 3
d  I x^ — 5x| = X
g  I 2x^ 4-1| = 3x

4 - X I = 2 - X
x^ — 3 j = X 4- 3
^  7x 4- 6| = 6X'

b  |x^ 4-l| = 10 c
e  |x^-4| = x4-2 f
h  |2x^-3x| = 4-x i

4 Solve each of the following pairs of simultaneous equations

a3i = x4-4 b3i = x C3i=3x

j' = |x^-16| 3! = |3x-2x^| )) = |2x^-5|
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1.5 Graphs of y = |f(x)| where f(x) is linear
Consider drawing the graph of 3) = | x |.

First draw the graph of 31 = %.

V

II

/
0 X

You then reflect in the x-axis the part of the line
that is below the x-axis.

I WORKED EXAMPLE 6

Sketch the graph of 3; =
graph meets the axes.

Answers

X

-x-1
2

, showing the coordinates of the points where the

First sketch the graph of V ~ ~

The line has gradient — and a
31-intercept of -1. ^

You then reflect in the x-axis the part
of the line that is below the x-axis.

y

0 X

y

■■■ ■v-'iSv' '

>
,.---'2 X



In Worked example 5 you saw that there were two
answers, x = —3 or x = 2, to the equation | 2x + 1| — 5.

These can also be found graphically by finding the
x-coordinates of the points of intersection of the
graphs of y = | 2x + 11 and y = 5 as shown.

Chapter 1: Functions

y= 2x + 1

y=5

In the same worked example you also saw that
there was only one answer, x = 1, to the
equation | x - 31 = 2x.

This can also be found graphically by finding the
x-coordinates of the points of intersection of the
graphs of y = | x — 3| and y = 2x as shown.

^U-3l

Exercise 1.5

1  Sketch the graphs of each of the following functions showing the
coordinates of the points where the graph meets the axes.

a y = |x + l| • . b y=,l2x-3| c y = l5-xl
-  1e y = 110 - 2x I f yy = — X + 3

2

6  X
3

2  a Complete the table of values for y = ] x - 21 + 3;

X -2 -I 0 '  1 2 3 4

y
6 4

b Draw the graph of y = |x — 2| + 3 for -2 ̂  x ̂  4.

Draw the graphs of each of the following functions,
a y = |x| + l . b y = |x|-3 c y = 2-lx|
d y = lx-3| + l e y = |2x + 6|-3

Given that each of these functions is defined for the domain -3 «
find the range of

a f:xi-»5-2x b g:xh-»l5-2xl c h;xt-^5-l2x|,

4,
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5  f : X i-> 3 - 2x for -1 x 4

g:xi->(3-2x| for
h : X i-» 3 -1 2x I for -1 =€ x 4
Find the range of each function.

6 a Sketch the graph of 3; = | 2x + 41 for -6 < x < 2, showing the
coordinates of the points where the graph meets the axes,

b On the same diagram, sketch the graph of 31 = x + 5.
c Solve the equation | 2x + 41 = x + 5.

7 A function f is defined by f(x) = | 2x - 6| - 3, for -1 ̂  x ̂  8.
a Sketch the graph of 31 = f(x).
b State the range of f.
c Solve the equation f(x) = 2.

8 a Sketch the graph of 3; = 13x - 41 for - 2 < x < 5, showing the
coordinates of the points where the graph meets the axes,

b On the same diagram, sketch the graph of 3; = 2x.
C Solve the equation 2x = 13x - 41.

I CHALLENGEQ

9  a Sketch the graph of f (x) = | x + 2 +1 x - 21.
b Use your graph to solve the equation |x+2| + |x-2| = 6.

1.6 Inverse functions

The inverse of a function f(x) is the function that
undoes what f(x) has done.

The inverse of the function f(x) is written as f~Hx).

The domain of f~^(x) is the range of f(x).
The range of f~^(x) is the domain of f(x).

It is important to remember that not every function
has an inverse.

An inverse function f-^(x) can exist if, and only if, the function f(x) is a
one-one mapping.

You should already know how to find the inverse function of some simple
one-one mappings.

The steps to find the inverse of the function f(x) = 5x - 2 are:

Step 1: Write the function as 31 = >■ y = 5x - 2

f-Hx)

Step 2: Interchange the x and y variables. -

Step 3: Rearrange to make y the subject. ► y =
■*- X = 5y - 2

X + 2

f-^x) X + 2
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CLASS DISCUSSION

Discuss the function f(x) = for xe R.

Does the function f have an inverse?

Explain your answer.

How could you change the domain of f so that f(x) =
does have an inverse?

WORKED EXAMPLE 7

f(x) = Vx + 1 — 5 for X -1

a Find an expression for f~'(x).

b Solve the equation f~'(x) = f(35).

Answers

a  f(x) = -v/x + 1 — 5 for X ̂ -1

Step 1: Write the function as 31 =

Step 2: Interchange the x and y variables.
Step 3; Rearrange to make y the subject.

f-'(x) = (x +5)2-1

y = yjx + l - 5
X = yjy + l - 5

X + 5 = ̂Jy +I

(x + 5)2 = 3 + 1

3 = (x + 5)2 - 1

b f(35) = >/35Tr-5 = l

(x+ 5)2-1 = 1

(x + 5)2 = 2

X + 5 = ±^J2

X = —5 + V2

»: = -5 + \/2 or X = —5 — y/2
The range of f is f(x) ̂  -5 so the domain of f~' is x & -5.

Hence the only solution of f~^(x) = f(35) is x = -5 + >/2 .

Exercise 1.6

1  f(x) = (x + 5)^ - 7 for X 5= -5. Find an expression for f~'(x).
0

2  f(x) = y. ̂ 2, ^ ̂  0- Find an expression for f~^(x).

3  f (x) = (2x - 3) +1 for x ̂  1—. Find an expression for f~^(x).

4  f(x) = 8 - Vv - 3 for x ̂  3. Find an expression for f~^(x).



Cambridge IGCSE and 0 Level Additional Mathematics

5  f:xh->5x-3forx>0 for x # 2
2 - X

Express and in terms of x.

6  f : X -> (x + 2)^ - 5 for X > -2
a Find an expression for f~^(x). b Solve the equation f ̂(x) = 3.

7  f(x) = (x - 4)^ + 5 for x > 4

a Find an expression for f~^(x). b Solve the equation f ̂(x) = f(0)

,, 2x + 3 -
8  g(x) = for X > 1

X — 1

a Find an expression for g~^(x). b Solve the equation g (x) = 5.

9  f(x) = ̂  + 2 for xeIR g(x) = x^ - 2x for xeR
a Findf"H^«)- ^ Solve fg(x) = f"H»:)-

10 f(x) = x^ + 2 for xeIR g(x) = 2x + 3 for xe K

Solve the equation gf(x) = g~^(l7).

2x + 8
f11 f : X i-> or X ̂  2

X - 2

Solve the equation f(x) = g~^(x).

g : X i-> -—- for X > -5

12 f(x) = 3x - 24 for x 5= 0. Write down the range of f ̂

13f:xi-^x + 6 forx>0 g;xi-^>/x forx>0

Express x x^ - 6 in terms of f and g.

14 f : X 3 - 2x for 0 < X ̂  5

g:xi->l3-2xl for0^x=s5

h:xi-»3-|2x| for0^x=s5

State which of the functions f, g and h has an inverse.

15 f(x) = x^ + 2 for X ̂  0 g(x) = 5x - 4 for x ̂  0

a Write down the domain of f~^ b Write down the range of g ̂

16 The functions f and g are defined, for x e IR, by

f : X Sx - k, where A is a positive constant
5x-14

g ; X where x -1.
X +1

a Find expressions for f~^ and g"^

b Find the value of k for which f "'(5) = 6.

c Simplify g"^g('c)-



17 f : X h-» for xgR g:xi-^x-8 for x g IR

Express each of the following as a composite function, using only f, g, f~^
and/or g"^; ^
a X (x - 8)3 b xi-^x^+8 c xh-»x3—8

I

d X i-> (x + 8)3

Chapter 1: Functions

1.7 The graph of a function and its inverse
In Worked example 1 you considered the function f(x) = 2x - 1 x g R,
—1 ̂  X ̂  3.

The domain of f was -1 ̂  x < 3 and the range of f was -3 ̂  f(x) ̂  5.

The inverse function is f -
X + 1

The domain of f Ms -3 ̂  x ̂  5 and the range of f Ms -1 f ' (x) ̂  3.-1

Drawing f and f ̂ on the same graph gives;

(3,5); b=;

(-1,-3)

Q Note;

The graphs of f and f"^ are reflections of each other in the line y= X.

This is true for all one-one functions and their inverse functions.

This is because; ff"^ (x) = x = f-^f(x).

Some functions are called self-inverse functions because f and its inverse f ̂
are the same.

If f(x) = — for X 5!: 0, then f~'(^) = ~ for x # 0.
X  X

So f(x) = — for X * 0 is an example of a self-inverse function.
X

When a function f is self-inverse, the graph of f will be symmetrical about the
line y = X.
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WORKED EXAMPLE 8

f(x) = (x - 2)^, 2 X ̂  5.

On the same axes, sketch the graphs of 31 = f(x) and 3 = f '(x), showing clearly the
points where the curves meet the coordinate axes.

Answers

y^Ux-tf

When X = 5, jy = 9.

This part of the expression is a square so it will always
be > 0. The smallest value it can be is 0. This occurs
when X = 2.

'T
10-

R

"

/
/
/ Reflect f in y =

/
9

/
y r

0 1  2 'a 5  1 8 ]'qJ

) y
10-
}

1-8-
\

1
1 :  1

—

i  i 1
1  j\ I

1-6 ■

i  4

1
... L . \ h i

/  i -i
1/ !,- ! f-i
1 h'l

 h1
—

'-i /-  i j

1 / !
|o 1  2 ! i ! 5 1

10^

CLASS DISCUSSION

Sundeep says that the diagram shows the graph of
the function f(x:) = x" for x> 0, together with its inverse
function y=f~^(x).
Is Sundeep correct?

Explain your answer.

y

CL

y^^f (X)
f

v =^

...

i

0

-

i

4
.

5  ̂

r'(x)
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Exercise 1.7

1 On a copy of the grid, draw the graph
of the inverse of the function f.

fto ■

4

0 f
A

fi
(> 01 (

f 1 X

Q

4

-fi-

2 On a copy of the grid, draw the graph
of the inverse of the function g.

y
(j

4

g

O

h C) o > f1 ^

-4

-fi-

f(x) = + 3, X ̂  0.

On the same axes, sketch the graphs of y = f(x) and y = f~'(x), showing
the coordinates of any points where the curves meet the coordinate axes.

g(x) = 2* for X € K

On the same axes, sketch the graphs of y = g(x) and y = g"^(x), showing
the coordinates of any points where the curves meet the coordinate axes.

g(x) = x^ — 1 for X ̂  0.

Sketch, on a single diagram, the graphs of y = g(x) and y = g~\x), showing
the coordinates of any points where the curves meet the coordinate axes.

f(x) = 4x - 2 for -1 ̂  X ̂  3.

Sketch, on a single diagram, the graphs of y = f(x) and y = f~Hx), showing
the coordinates of any points where the lines meet the coordinate axes.

The function f is defined by f : x i-» 3 - (x + 1)^ for x ̂  -1.
a Explain why f has an inverse,

b Find an expression for f~' in terms of x.
C On the same axes, sketch the graphs of y = f(x) and y = f~^(x), showing

the coordinates of any points where the curves meet the coordinate axes.
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CHALLENGEQ

8
2% + 7

I  : X i-> — for X ̂  z
X — 2

a Find in terms of x.

b Explain what this implies about the symmetry of the graph
of y = f(x).

Summary
Functions

A function is a rule that maps each x-value to just one y-value for a defined set of input values.

Mappings that are either J are called functions.
I many-one

The set of input values for a function is called the domain of the function.

The set of output values for a function is called the range (or image set) of the function.

Modulus function

The modulus of x, written as | x|, is defined as:
X  ifx>0

0  if X = 0

-X if X < 0

Composite functions

fg(x) means the function g acts on x first, then f acts on the result,

f^ (x) means ff(x).

Inverse functions

The inverse of a function f(x) is the function that undoes what f(x) has done.

The inverse of the function f(x) is written as f"^(x).

The domain of f~^(x) is the range of f(x).
The range of f^x) is the domain of f(x).

An inverse function f~'(x) can exist if, and only if, the function f(x) is a one-one mapping.
The graphs of f and f~^ are reflections of each other in the line y = x.

I



Examination questions

Worked example

The functions f and g are defined by
9 V

f(x) = for X > 0,
X +1

g(x) = Vx + 1 for X > -1.

a Find fg(8). [2]
ax

b Find an expression for f (x), giving your answer in the form where a, b and c are
ix + cintegers to be found. " [3]

C Find an expression for g~'(x), stating its domain and range. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12i,ii,iii fun 2014

Answers

a  g(8) = = 3

fg(8) = f(3)

2(3)

3 + 1

= 1.5

b  f^C^v) = ff(x)

= f
2x

X +1

2x

X +1

2x

X +1

4x

_ X + 1
3x +1

X +1

4x

+ 1

substitute 3 for x in
2x

c + 1

2x 2x
substitute for x in

X + 1 X + 1

simplify

multiply numerator and denominator by x + 1

3x +1

a = 4, & = 3 and c = 1
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g(x:) = yjx + l for X > -1

Step 1: Write the function as }) =

Step 2: Interchange the x and y variables.

Step 3: Rearrange to make y the subject.

y = y/x + l

X = yjy + I

X" = )! + 1

y = x'^ ■

g 1

The range of g is g(x) > 0 so the domain of g Ms x > 0.

The domain of g is x > -1 so the range of g~' is x > -1.

Exercise 1.8

Exam Exercise

1  Solve the equation 14x - 5 [ = 21. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 QI Nov 2011

a Sketch the graph of = 13 + 5x|, showing the coordinates of the points where your graph
meets the coordinate axes. [2]

b Solve the equation 13 + 5x| = 2. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qli,ii Nov 2012

a Sketch the graph of y = 12x - 51, showing the coordinates of the points where the graph
meets the coordinate axes. [2]

y

0 X

b Solve 12x - 51 = 3. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qli,iiJun 2012

4 A function f is such that f(x) = 3x^ - 1 for -10 ̂  x 8.

a Find the range of f. [3]

b Write down a suitable domain for f for which f~'exists. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q12ai,ii Nov 2013
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5 The functions f and g are defined for real values of x by

f(x) = y]x- \ - 3 for X > 1,

x-2
g(x) =

2x — 3
for X >2.

a Findgf(37).

b Find an expression for f"'(x).

C Find an expression for g"'(x).

1
6 A function g is such that g(»;) = for 1

2x - 1
a Find the range of g.

b Findg"'^(x).

C Write down the domain of g"^^)-

d Solve g^ (x) = 3.

[2]

[2]

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4 Noxi 2014

X ̂  3.

[1]

[2]

[1]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper II Q9i-iv Nov 2012

7 a The functions f and g are defined, for x e R, by

f : X H-> 2x + 3

g : X x'-^ - 1.

Find fg(4). [2]

b The functions h and k are defined, for x > 0, by

h : X i-> X + 4

k : X h-> yfx.

Express each of the following in terms of h and k.

[1]

[1]

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5a,bi,ii,iii Nov 2011

X  Vx + 4

X  X + 8

ii X x^ - 4

8 The function f is defined by f(x) = 2- \lxA-b for -5 ̂  x < 0.

i  Write down the range of f.

ii Find f~n^) and state its domain and range.
4

The function g is defined by g(x) = — for -5 ̂  x < -1.

iii Solve fg(x) = 0.

[2]

[4]

[3]

Camimdge IGCSE Additional Mathematics 0606 Paper 11 Q6Jun 2016
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[2]

[1]

9  a The function f is such that f(x) = 2x^ - 8x + 5.

i  Show that f(x) = 2{x + a)^ + b, where a and b are to be found.

ii Hence, or otherwise, write down a suitable domain for f so that f"^ exists,

b The functions g and h are defined respectively by

g(x) = + 4, X ̂  0, h(x) = 4x - 25, X ̂  0,

i  Write down the range of g and of h"^ [2]

ii On a copy of the axes below sketch the graphs of y = g(x) and of y = g~^(x), showing
the coordinates of any points where the curves meet the coordinate axes. [3]

}'

O

iii Find the value of xfor which gh(x) = 85. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper II Q1 lai,ii,bi,ii,iiiJun 2011

10 i On the axes below, sketch the graphs of y = 2 - x and y = 13 + 2x|. [4]

y

9-

6  O 6 ̂

1

D

ii Solve 13 + 2x| = 2 ■ [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q4 Mar 2016



Chapter 2
Simultaneous equations and quadratics
This section will show you how to:

m solve simultaneous equations in two unknowns by elimination or substitution

■  find the maximum and minimum values of a quadratic function

m sketch graphs of quadratic functions and find their range for a given domain

■ sketch graphs of the function y == | f(jc)| where f(x) is quadratic and solve associated equations
■ determine the number of roots of a quadratic equation and the related conditions for a line to

intersect, be a tangent or not intersect a given curve

■ solve quadratic equations for real roots and find the solution set for quadratic inequalities.
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RECAP (simultaneous equations)

You shouki alieady know how lo use a graphical method or an algebraic method to soh'e simultaneous equations
where both equations are linear.

To solve siniultaneous linear equations algebraically you should know both the elimination method and the
substitution method.

-(1)

-(2)

Elimination method

Solve 5x + 2y = 25

2x-y = l

Multiply (2) by 2.
5x + 2y = 25

4* - 2y = 2

Add the equations to eliminate y.
9x = 27

* = 3

Substitute for * in equation (2).
6 - y = 1

y = 5

Solution is X = 3, y = 5.

-(1)

"(2)

Substitution method

Solve 5*: + 2y = 25

2* - y = 1

Make y the subject of equation (2).
y = 2ac — 1

Substitute for y in equation (1).

5x + 2(2x-l) = 25
9x - 2 = 25

9x = 27

X = 3

Substitute for a: in equation (2).
6 - y = 1

y = 5

Solution is * = 3, y = 5.

CLASS DISCUSSION

Solve each of these three pairs of simultaneous equations.

Sx + 3y = 7

3x + 5y = -9

Sx + y = 10

2y = 15 - 6a;

2x + 5 = 3y

10 - 6y = -4a:

Discuss your answers with your classmates.

Discuss what the graphs would be like for each pair of equations.



« RECAP (quadratic equations)

Chapter 2: Simultaneous equations and quadratics

You should already know how to use a graphical method or an algebraic method to solve quadratic equations.

To solve quadratic equadons algebraically you should know the factorisation metlK)d, the quadratic formula
method and the completing the square method.

Factorisation method

Solve - 4x - 12 = 0.

Factorise:

(5C- 6)(x + 2) = 0

x-6 = 0 or *: + 2= 0

Solution is x = 6 or * = -2.

Completing the square method

Solve x^ -4x-12 = 0.

Complete the square.

(*:-2f - 4-12= 0

(*-2)^ = 16
Square root both sides.

X-2 = ±4

x — 2 = 4 or *:-2 = —4

Solution is X = 6 or X = -2.

Quadratic formula method

Solve - 4x -12 = 0.

Identify a, b and c
a = \,b = —4 and c = -12.

Use the formula:

-b±4b^ • 4ac
X =

2a

Substitute for a, b and c.

4 ± V(-4f - 4 X1 X (-12)
2x1

4 ±

2

4 ±8
X =

2

4+8 4-8
X = or X =

2  2

Solution is x = 6 or x = -2.

CLASS DISCUSSION

Solve each of these quadratic equations.

- 8x+ 15 = 0 + 4x + 4 = 0 x^ + 2x+4 = 0

Discuss your answeis with your classmates. Discuss what the graphs would be like
for each of the functions y = - 8x+15, y ̂  + 4x+4 and y = + 2x + 4.

2.1 Simultaneous equations (one linear
and one non-linear)
In this section you will learn how to solve
simultaneous equations where one equation is
linear and the second equation is not linear.

The diagram shows the graphs of y = x +1
and y = x^ - 5.

The coordinates of the points of intersection
of the two graphs are (-2, -1) and (3, 4).

(-2,-1)

x+1

y = x^ + 5
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We say that x = —2, y = —1 and x = 3, y = 4 are the solutions of the
simultaneous equations y = x +1 and y = x^ - 5.

The solutions can also be found algebraically:

y = X + 1 (1)
y = x^ - 5 (2)

Substitute for y from (1) into (2):

x + l = x^-5 rearrange
- X - 6 = 0 factorise

(x + 2)(x-3) = 0
X = -2 or X = 3

Substituting x = -2 into (1) gives y = -2 + 1 = -1.
Substituting x = 3 into (1) gives y = 3 + 1 = 4.
The solutions are: x = -2, y = -1 and x = 3, y = 4.

WORKED EXAMPLE 1 J
Solve the simultaneous equations.

2x + 2y = 7

X
Oh

t

or

II

00

Answers

2x + 2y = 7 ~(l)
— 4y^ = 8

7 - 2yFrom , X = ^
j  Substitute for x in

expand brackets

49_28y + 4y^ 4/- 8
!  4

mulliph liolh sides by 4

1  49 - 28y + 4y^ - 16y^ = 32 rearrange'

12y2 + 28y -17 = 0
(63> + 17)(23i-1) = 0

faciorise

1
v = —2 — or y = —

1

5

Substituting y = -2 — into gives X = D —.

1 .
Substituting 7 ~ g gives X = 3.

The solutions are: x = 6 —
3

5  1

' ̂ ̂  6 ̂ "^* = ̂'7=2'
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Exercise 2.1

Solve the following simultaneous equations.

1
9

y = 2 y = X — 6 3 y = X — 1 4

II

y = X + 6

00

II

+
C^l

x2 + y2 = 25 y = 2x + 2

5 x^ — xy = 0 6 3y = 4x - 5 7 2x + y = 7 8 X - y = 2

X + y = 1 x2 + 3xy = 10 xy = 6 2x2 _ 3^2 _

9 X + 2y = 7 10 y = 2x 11 xy = 2 12 y2 = 4x

x^ + y^ = 10

OC

II

+
M(

X+ y = 3 2x + y = 4

13

o

II

oe
+

14 X + y = 4 15 y = 3x 16 X -2y

2x2 + 3^ = 1 x2 + y2 = 10

II

1

CM

M(

4y2 - 3x2 _ j

17 3 + X + xy = 0 18 xy = 12

2x + 5y = 8 (x-l)(y + 2) =15

19 Calculate the coordinates of the points where the line y — 1 — 2x cuts the
curve = 2.

20 The sum of two numbers x and )) is 11.

The product of the two numbers is 21.25.

a Write down two equations in x and y.

b Solve your equations to find the possible values of x and y.

21 The sum of the areas of two squares is 818 cm^.
The sum of the perimeters is 160 cm.

Find the lengths of the sides of the squares.

22 The line y = 2-2x cuts the curve - y^ = 5 at the points A and B.
Find the length of the line AB.

23 The line 2x + 5y = 1 meets the curve x^ + 5xy - 4y^ +10 = 0 at the
points A and B.

Find the coordinates of the midpoint of AB.

24 The line y = x - 10 intersects the curve x^ + + 4x + 6y - 40 = 0 at
the points A and B.

Find the length of the line AB.

25 The straight line y = 2x - 2 intersects the curve x^ - y = 5 at the points
A and B.

Given that A lies below the x-axis and the point P lies on AB such that
AP: PB=3 : I, find the coordinates of P.

26 The line x - 2y = 2 intersects the curve x + y^ = 10 at two points A and B.
Find the equation of the perpendicular bisector of the line Ai5.
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2.2 Naximum and minimum values of a quadratic function

The general equation of a quadratic function is f( x) = ax^ + bx + c , where «, b and c are constants and ai^Q.

The graph of the function y = asc + bx + c is, called a parabola. The orientation of the parabola depends on the
^  rr* • _r 2 r rvalue of a, the coefficient of xl

r

If a > 0, the curve has a minimum point which
occurs at the lowest point of the curve.

If « < 0, the curve has a maximum point which
, occurs at the highest point of the curve.

The maximum and minimum points can also be called turning points or stationary points.
Every parabola has a line of symmetry that passes through the maximum or minimum point.

WORKED EXAMPLE 2

f(x) = x^-3x-4 xe IR

Find the axis crossing points for the graph of y - f(x).

Sketch the graph of y = f(x) and use the symmetry of the curve to find the
coordinates of the minimum point.

State the range of the function f(x).

Answers

a  y = x^-3x-4

When X = 0, y = -4.

When y = 0,

X? - 3x- 4 =0

(x+ 1) (x- 4) = 0

X = -I or X =4

Axes crossing points are: (0, -4), (-1, 0) and (4, 0).

b The line of symmetry cuts the x-axis
midway between -I and 4.

So the line of symmetry is x = 1.5

When X = 1.5, y = (1.5)2 - 3(1.5) - 4.

y =-6.25.

Minimum point = (1.5, -6.25).

J

c The range is f(x) ̂  -6.25.

X = 1.5 y= x^ -3x-4

-l\ 0 k  X

-T
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Completing the square

If you expand the expressions (x + d)^ and (x - df you obtain the results:
(x + d)^ = x^ + 2<ix + d^ and (x - d)^ = - 2dx + d^

Rearranging these give the following important results:

x^ + 2dx = (x + d)^ - d^
— 2dx = (x - d)^ - d^

This is known as completing the square.

To complete the square for x^ + 8x:
8-2 = 4

/\
x^ + 8x = (x + 4)^ - 4^
x^ + 8x = (x + 4)^ - 16

To complete the square for x^ + lOx - 3 :
10-2 = 5

x2 + lOx - 3 = (x + 5f - 52 - 3
x2 + lOx - 3 = (x + 5)^ - 28

To complete the square for 2x2 _ ^ 24 must first take a factor of 2 out of
the expression:

2x2 -8x + 14 ̂  2[x2 -4x + 7]

4-2 = 2

/\
x2 - 4x + 7 = (x - 2)^ - 22 + 7

x2 - 4x + 3 = (x - 2)^ + 3
So, 2x2 - 8x + 6 = 2[(^ _ 2)2 + 3] = 2(x - 2)^ + 6
You can also use an algebraic method for completing the square, as shown in the
following example.

WORKED EXAMPLE 3

Express 2*2 - 4x+ 5 in the form pix- q)^ + r, where p, ̂ and rare constants to
be found.

Answers

2*? — 4x+ 5 = p{x— q)^ + r
Expanding the brackets and simplifying gives:

2»? - 4x+ 5 = p}? - 2pqx + pq^ + r
Comparing coefficients of x?, coefficients of x and the constant gives:

2 = p (1) -4 = -2pq (2) 5=pf + r (3)

Substituting jb == 2 in equation (2) gives q = I.

Substituting p = 2 and ̂  = 1 in equation (3) gives r = 3.

So2a2-4x+5 = 2(x-1)2 + 3.
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Completing the square for a quadratic expression or function enables you to:

• write down the maximum or minimum value of the expression

• write down the coordinates of the maximum or minimum point of
the function

•  sketch the graph of the function

• write down the line of symmetry of the function

•  state the range of the function.

This part of the expression is a square so
it will always be > 0. The smallest value it
can be is 0. This occurs when x = I.

The minimum value of the expression is 2x0 + 3 = 3 and
this minimum occurs when x = 1.

So the function y = 2x- - 4x + 5 will have a minimum

point at the point (1,3).

When X = 0, y = 5.

The graph of y - 2x- - 4x + 5

can now be sketched:

y = 2x^ - 4x + 5

The line of symmetry is x = 1.

The range is y ̂  3.

The general rule is:

For a quadratic function f(x) = ax^ + bx+ c that is
written in the form f(x) = a(x- h)^ + k,

I  if a > 0, the minimum point is {h, k)

"  if a < 0, the maximum point is {h, k).
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WORKED EXAMPLE 4

f(x) = 2 + 8x — 2x^ x: e R

a Find the value of a, the value of 6 and the value of cfor which [(x) = a - l>(x + cf.
b Write down the coordinates of the maximum point on the curve y = f(*).

c Sketch the graph of 31 = f(x), showing the coordinates of the points where the
graph intersects the xand 31-axes.

d State the range of the function f(x).

Answers

a  2 + 8x - 2x^ = a - b{x + c)^

2 + 8x - 2x^ = a - 6 (x^ + 2cx + )

2 + 8x - 2x^ = a — bx^ - 2bcx - bc^

Comparing coefficients of x^, coefficients of x and the constant gives:
-2 = -b (1) 8 = -2bc (2) 2 = a-bc^ (3)

Substituting 6 = 2 in equation (2) gives c = —2.

Substituting b = 2 and c = -2 in equation (3) gives a = 10.

So a = 10, 6 = 2 and c = -2.

v = 10-2(x-2)

y=2 + 8x- 2x'

This part of the expression is a square so it will always
be ̂  0. The smallest value it can be is 0. This occurs

^^•hen X = 2.

The maximum value of the expression isl0-2x0=10 and this maximum occurs
when X = 2.

So the function y = 2 + 8x - 2x^ will have maximum point at the point (2, 10).

c  y 2 + 8x - 2x^

When X = 0, y = 2.

When y = 0,

10 - 2 (x - 2)^ = 0

2(x-2)^ =10

(x - 2)^ = 5

X - 2 = +V5

X = 2 ± yfb

X = 2 — y/5 or X = 2 + Vs

(x = -0.236 or X = 4.24 to 3 sf).

Axes crossing points are: (0, 2), (2 - y/E, O) and (2 + y/E, o).

d The range is f(x) 10.

2 + yj5
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Exercise 2.2

1 Use the symmetry of each quadratic function to find the maximum or
minimum points.

Sketch each graph, showing all axis crossing points,
a y = - bx - & b y = - x-20 c y = x^+4x-21

d y = x^ + 3x - 28 e y = + 4x + 1 f y = 15 + 2x -

2 Express each of the following in the form {x — m)^ + n.
a x^ — 8x b x^ — lOx c x^ — 5x d x^ — 3x

e x^ + 4x f x^ + 7x g x^ + 9x h x^ + 3x

3 Express each of the following in the form (x - m)^ + n.
a x^ — 8x + 15 b x^ — lOx — 5 c x^ - fix + 2 d x^ — 3x + 4

e x^ + fix + 5 f x^ + fix + 9 g x^ + 4x - 17 h x^ + 5x + fi

4 Express each of the following in the form a(x - p)^ + q.
a 2x2 _ + 3 b 2x2 - 12x + 1 ^ 3x2 _ i2x + 5 d 2x2 - 3x + 2

e 2x2 + 4j(; + 1 f 2x2 ̂  _ 3 g 2x2 _ 3^ ̂  5 3j(.2 _ ̂  0

5 Express each of the following in the form m-{x- nf.
a fix — x2 b lOx — x2 c 3x — x2 d

\26 E

8x — x2

xpress each of the following in the form a-{x + b) .
a 5 - 2x - x2 b 8 - 4x - x2 c 10 - 5x - x2 d

7 Express each of the following in the form a - pi^x + .
a 9 - fix - 2x2 y _ 4j(; _ 2x2 ^ 7 gx - 2x2

7 + 3x - x2

2 + 5x - 3x2

8  a Express 4x2 + 2x + 5 in the form a{x + b) + c, where a, b and c
are constants.

b Does the function y = 4x2 ̂  2x + 5 meet the x-axis?
Explain your answer.

9 f(x) = 2x2 - 8x + 1

a Express 2x2 _ 4. y form a(x + b^ + c, where a and b
are integers.

b Find the coordinates of the stationary point on the graph of y = f(x).

10 f(x) = x2 - X - 5 for x6 R

a Find the smallest value of f(x) and the corresponding value of x.

b Hence write down a suitable domain for f(x) in order that f~H^) exists.

11 f(x) = 5 - 7x - 2x2 y-Qj. g (R

a Write f(x) in the form p-2{x- q^, where p and q are constants to
be found.

b Write down the range of the function f(x).
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12 f(x:) = 14 + 6jc - for xG IR

a Express 14 + 6x - 2x^ in the form a + b{x + c)^, where a, b and c
are constants.

b Write down the coordinates of the stationary point on the graph
ofy = f(x).

c Sketch the graph of y = f(x).

13 f(x) = 7 + 5x - for 0 ̂  X ̂  7

a Express 7 + 5x - x^ in the form a - (x + , where a, and b
are constants.

b Find the coordinates of the turning point of the function f(x), stating
whether it is a maximum or minimum point.

c Find the range of f.

d State, giving a reason, whether or not f has an inverse.

14 The function f is such that f(x) = 2x^ - 8x + 3.

a Write f(x) in the form 2(x + of + b, where a, and ̂ are constants to
be found.

b Write down a suitable domain for f so that f exists.

15 f(x) = 4x^ + 6x - 8 where x ̂  m

Find the smallest value of m for which f has an inverse.

16 f(x) = 1 + 4x - x^ for X ̂  2

a Express 1 + 4x - x^ in the form a-{x-\-bf, where a and b are constants
to be found.

b Find the coordinates of the turning point of the function f(x), stating
whether it is a maximum or minimum point.

c Explain why f(x) has an inverse and find an expression for
f~'(x) in terms of x.
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2.3 Graphs of y = |fM| where f(x) is quadratic
To sketch the graph of the modulus function y = | ax^ + bx + c\, you must:

•  first sketch the graph of y = ax"^ + bx + c

•  reflect in the x-axis the part of the curve y - ax^ + bx + c that is below
the x-axis.

WORKED EXAMPLE 5

Sketch the graph ofy = |x^-2x-3|

Answers

First sketch the graph of y = x" - 2x-3.

When X = 0, y = -3.

So the y-intercept is -3.

When y = 0,

x^ - 2x - 3 = 0

(x + l)(x-3) = 0

X = -1 or X = 3.

So the x-intercepts are -1 and 3.
-1 + 3The x-coordinate of the minimum point = ^ =1.

The y-coordinate of the minimum point = (l)^-2(l)-3 = -4.
The minimum point is (1, -4).

\  ̂

OG
1

CM
ItT(

II

-i\o

-3

(1.-4)

Now reflect in the x-axis the part of the curve y = x^ - 2x - 3 that is below the x-axis.

\
y= \x^--2x- 3|

(1,4) /

\  ̂

-1\ O _/ 3
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A sketch of the function )> = | «:^ + 4x - 12| is shown below.

7

I

+

II

\  (-2,16) /

\  / Y
-6 O

Now consider using this graph to find the number of solutions of the equation
I  + 4x - I2I = A where 0.

y = \x^ + 4:x- 12\

J = 20 IX^ + 4x- 121 = 20 has 2 solutions

><=16 |x^ + 4x-12|=16 has3 solutions
(-2,16)
-----X

12

-6 O

y=l |x^ + 4x-12| = 7 has 4 solutions

|x^ + 4x- 12| = 0 has 2 solutions
X

The conditions for the number of solutions of the equation | x^ + 4x - 12| = ̂
are:

Value of A ^ = 0 0<k<16 k = l6 /s > 16

Number of solutions , 2
■  .■ ■■ ti ^ 4 3 2

Equations involving | f(x)| , where f(x) is quadratic, can be solved algebraically:
To solve I x^ + 4x - 12i = 16 :

x^ + 4x - 12 = 16

x^ + 4x - 28 = 0

X =-

X =

 ± V4^ - 4 X 1 X (-^
2x1

-4±
or

or x^ + 4x - 12 = -16

or x^ + 4x + 4 = 0

or (x + 2)(x + 2) = 0

X = -2

X = -2 ± 4V2
(x = 3.66 or X = -7.66 to 3 sf)

The exact solutions are x = -2 - 4V2 or x = -2 or x = -2 + 4V2.
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Q Note:

The graph of j; = | + 4x- 121 is sketched below showing these
three solutions.

j  + 4x- 12|

-2, 16

-2 + 4^/2-6 2 + 4^/2

Exercise 2.3

1  Sketch the graphs of each of the following functions.

a b y = \x^ -2x-3\ 5x + 4

e  = I 2x^ - llx; - 6| f 3; = 1 + 5x - 2|
^ — 4x + 3|

d 3 = I - 2x - 8|

f(x) = 1 - 4x - x^

a Write f(x) in the form a-{x + b^, where a and b are constants,
b Sketch the graph of 3 = f(x).

c Sketch the graph of 3 = | f(x)|.
f(x) = 2x^ + X - 3

a Write f(x) in the form a(x + b)'^ + c, where a, b and c are constants,
b Sketch the graph of 3 = | f(x)|.
a Find the coordinates of the stationary point on the curve

3 = |(x-7)(x + l)|.
b Sketch the graph of3 = |(x-7)(x + l)|.
c Find the set of values of k for which |(x-7)(x + l)| = k has

four solutions.

a Find the coordinates of the stationary point on the curve
3 = |(x + 5)(x + 1)|.

b Find the set of values of k for which |(x + 5)(x + l)| = k has
two solutions.

a Find the coordinates of the stationary point on the curve
3 = |(x - 8)(x - 3)|.

b Find the value of k for which l(x-8)(x-3)l = Ahas three solutions.

Solve these equations.

|x2-6| = 10 b |x2-2| = 2
1x2+2x1 = 24 e

a

d

c  IX - 5x| = 6

x--5x + l| = 3 f |x2+3x-1| = 3

g x2+2x-4| = 5 h |2x2-3| = 2x 1 |x2-4x + 7l = 4
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CHALLENGEQ

8 Solve these simultaneous equations.
a 3; = x + l b 2y - X + 4:

3) = I - 2x - 3
:y =

1
X - 3

C  y = 2x

y  - 1 2x- - 41

2.4 Quadratic inequalities

RECAP

You should already know how to solve linear inequalities.

Two examples are shown below.

Solve 2{x - 5) < 9

2x - 10 < 9

2x < 19

X < 9.5

expand brackets

add 10 to both sides

divide both side>i b\ 2

Solve 5 - 3x ̂  17

-3.V ̂  12

.V « -4

subtract 5 from both sides

di\ ide both sides bv -3

Q Note:

It is very important that \()u remember the rule that when you multiply
or divide both sides tjf an ineqtialit\ b\ a negative number then the
inequality sign must be reversed. This is illustrated in the second

example abo\e, when both sides of the inequality were divided bv -3.

CLASS DISCUSSION

7x + 12Robert is asked to solve the inequality ^3.

He writes: 7X +/7 ̂  3X

4X ̂ -12

Sox ̂ -3

Anna checks his answer using the number -4.

She writes: Wheu.,x = —4,

{y- X (-4) +12) ̂  (-4) = {~±&) -i- (-4) =4

t-f&Mt K = —4 ts a value of x that satisfies the oriQliA.al itvequaLLty
So Robert's aia-swer tukst be Ltvcorrecti

Discuss Robert's working out with your classmates and explain Robert's error,
7x +12

Now solve the inequality ^ ̂  3 correctly.
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Quadratic inequalities can be solved by sketching a graph and considering
when the graph is above or below the x-axis.

WORKED EXAMPLE 6

Solve - 3x - 4 > 0.

Answers

\  ̂
1

 I^

II

Sketch the graph of 31 = x^ - 3x — 4. /
When 3 = 0, x^ — 3x - 4 = 0

(x + l)(x - 4) = 0

X = -1 or X = 4.

So the x-axis crossing points are -1 and 4.

+\ /+

-i\o X

For x^ — 3x - 4 > 0 you need to find
the range of values of x for which the
curve is positive (above the x-axis).

The solution is x < -1 and x > 4.

Solve 2x2 15 _

Answers y

Rearranging: 2x2 ̂ j(._i5^q
Sketch the graph of 3 = 2x2 ̂  _ 15 \
When 3 = 0, 2x2 -1- X - 15 = 0

y= 2x^ + X- 15

/+

(2x-5)(x + 3) = 0 -3\ 0

X = 2.5 or X = -3. \

So the x-axis crossing points are -3 and 2.5.

For 2x2 ̂  _ 15 ̂  Q yQy need to find
the range of values of x for which the
curve is either zero or negative (below the x-axis).

The solution is -3 ̂  x ̂  2.5.

/2.5 X

Exercise 2.4

1  Solve.

a  (x + 3)(x-4)>0 b

d x(x — 5) < 0 e

(x-5)(x-l)^0 c (x-3)(x + 7)^0
(2x + l)(x-4) < 0 f (3-x)(x + l)^0

g  (2x + 3)(x-5) < 0 h {x-bf^Q i (x - 3)^

Solve.

a x'"^ + 5x - 14 < 0 b x^ + X - 6 ̂  0 c

d x2 + 2x - 48 > 0 e 2x2 - X - 15 ̂  0 f

x2 - 9x

0

+ 20 ̂  0

5x2 ̂  4. 4 > Q
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3  Solve.

a  < 18 - 3x

c x(3 - 2x) ̂  1

e  (x + 3)(1 - x) < X -1

12x < x2 + 35

x^ + 4x < 3(x + 2)

(4x + 3)(3x — 1) < 2x(x + 3)

4 Find the set of values of x for which

a x^ - llx + 24 < 0 and 2x + 3 < 13

b x^ - 4x ̂  12 and 4x - 3 > 1

c x(2x - 1) < 1 and 7 - 2x < 6

d x2 - 3x - 10 < 0 and x^ - lOx + 21 < 0

e x^+x-2>0 and x^ - 2x - 3 ̂  0.

5  Solve.

a  1 x^ + 2x - 2| < 13 b  1 x^- 8x + 61 < 6 C

CHALLENGE Q

6 Find the range of values of x for which
3x^ - 2x - 8

< 0.

2.5 Roots of quadratic equations
The answers to an equation are called the roots of the equation.

Consider solving the following three quadratic equations using the

-b ± yjb'^ — 4ac
formula x =

2a

x^ + 2x - 8 = 0 x^ + 6x + 9 = 0 x^ + 2x + 6 = 0

_ -2 ± - 4 X 1 X (-8)

2x1

-2±-v/36
X =

2

X = 2 or X = -4

-6 ± - 4 X 1 X 9
X -

2x1

-2±>/0
X =

2

X = -1 or X = -1

-2 ± V22 - 4 X1 X 6
X =

2x1

-2 ± V-20
X =

2

no solution

2 distinct roots 2 equal roots 0 roots

The part of the quadratic formula underneath the square root sign is called
the discriminant.

discriminant = b^ — 4ac
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The sign (positive, zero or negative) of the discriminant tells you how many
roots there are for a particular quadratic equation.

6^ - 4ac Nature of roots

>0 2 real distinct roots

= 0 2 real equal roots

<0 0 real roots

There is a connection between the roots of the quadratic equation
ax^ + bx + c = Q and the corresponding curve y = ax"^ +bx + c.

- 4ac
Nature of roots of

ax^ + 6* + c = 0
Shape of curve y = ax^ + bx+ c

>0
2 real distinct

roots

X  or

The curve cuts the x-axis at 2 distinct points.

= 0 2 real equal roots
or

The curve touches the x-axis at 1 point.

<0 0 real roots

or

The curve is entirely above or entirely below
the x-axis.

WORKED EXAMPLE 8

Find the values of k for which — Sx + 6 — k{x — 2) has two equal roots.

Answers

- 3x + 6 = k{x - 2)

x^ — 3x + 6 — kx + 2k = 0

x^ -{3+k)x + 6 + 2k = 0

For two equal roots - 4ac = 0.

(3 + kf -4x\x{6 + 2k) = 0

+ 9 - 24 - 8ft = 0

ft2 - 2ft - 15 = 0

(ft + 3)(ft-5) = 0

So ft = -3 or ft = 5.
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WORKED EXAMPLE 9

Find the values of A for which + {k — 2)x + 4 = 0 has two distinct roots.

Answers

x^ + {k- 2)x + 4 = 0 \  /
r

For two distinct roots -4ac > 0 \ /

(ft-2f-4x1x4 >0 \ /+
ft2 - 4ft + 4 --16>0 \ /

ft̂  - 4ft --i2>o

(ft + 2)(ft--6)>0

Critical values are -2 and 6.

So ft < -2 or ft > 6.

Exercise 2.5

1  State whether these equations have two distinct roots, two equal roots or
no roots.

a  + 4iX + 4 b x^ + 4x - 21 c + 9x + 1

e  - 6x + 2 f 4x^ + 20x + 25 g 3x^ + 2x + 7

2

3

d X -3x + 15

h 5x^ - 2x — 9

Find the values of k for which x + ̂x + 9 = 0 has two equal roots.

Find the values of k for which ftx^ - 4x + 8 = 0 has two distinct roots.

4 Find the values of k for which 3x^ + 2x + ̂ = 0 has no real roots.

5 Find the values of k for which (A + l)x^ + ̂x-2^ = 0 has two equal roots.

6 Find the values of k for which kx^ + 2{k + S)x + k = 0 has two
distinct roots.

7 Find the values of k for which 3x^ -4x+ 5- ̂ = 0 has two distinct roots.

8 Find the values of k for which 4x^ -{k-2)x + 9 = 0 has two equal roots.

9 Find the values of k for which 4x^ + 4{k- 2)x + k - 0 has two equal roots.

10 Show that the roots of the equation +{k- 2)x -2k = 0 are real and
distinct for all real values of k.

11 Show that the roots of the equation kx^ + 5x-2k = 0 are real and distinct
for all real values of k.
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2.6 Intersection of a line and a curve

When considering the intersection of a straight line and a parabola, there are
three possible situations.

Situation 1 Situation 2 Situation 3

2 points of intersection 1 point of intersection 0 points of intersection

The line cuts the curve at two

distinct points.
The line touches the curve at

one point. This means that
the line is a tangent to the

curve.

The line does not intersect

the curve.

You have already learnt that to find the points of intersection of the line
9

y - x-^ with the parabola y = x" - 3x - 4 you solve the two equations

simultaneously.

This would give x~-3x-4 = x- 6

x~ - 4x + 2 = 0.

The resulting quadratic equation can then be solved using the
quadratic formula;

-b ± ylb~ — 4ac
X =

2a

The number of points of intersection will depend on the value of b' - 4ac.

The different situations are given in the table below.

= 4ac Nature of roots Line and curve

>0 2 real distinct roots 2 distinct points of intersection

= 0 2 real equal roots 1 point of intersection (line is a tangent)

<0 0 real roots no points of intersection

The condition for a quadratic equation to have real roots is b - 4ac ̂  0.
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WORKED EXAMPLE 10

Find the value of k for which y = 2x + k is a tangent to the curve y - - 4x + 4.

Answers

x^ - 4x + 4 = 2x + k

x^ - 6x + (4 - k) — 0

Since the line is a tangent to the curve,
- 4ac = 0.

(-6)^-4xlx(4-^) = 0
36 - 16 + 4^ = 0

k = -b

WORKED EXAMPLE 11

Find the range of values of k for which y = x-5 intersects the curve y = kx' - 6 at two
distinct points.

Answers

kx^ — 6 = X - 5

kx^ - X - 1 = 0

Since the line intersects the curve at two distinct points,

b'^ — 4ac > 0.

(-if -4xkx (-1) > 0
1 + 4A > 0

1

WORKED EXAMPLE 12

Find the values of k for which y = kx -3 does not intersect the curve y = x'^ — 2x + 1.

Answers

x^ - 2x + 1 = A;x - 3

x^ - x(2 + ̂) + 4 = 0

Since the line and curve do not intersect.

b'^ - 4ac < 0. \  /

(2 + - 4 X 1 X 4 < 0 \  /
+ 4fe + 4 - 16 < 0

+4;i-12 < 0
+\ /+

ik + 6)ik-2) < 0 -6\ /2 ' ̂
Critical values are -6 and 2.

So -6 < A < 2.
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Exercise 2.6

1 Find the values of k for which y = kx + 1 is a. tangent to the curve

y = 2x^+x + S.

2 Find the value of k for which the x-axis is a tangent to the curve

= x^ + - k)x - {4k + 3).

3 Find the values of the constant c for which the line y = x + c is a tangent to
2

the curve y - Sx +
X

4 Find the set of values of k for which the line y = 3x + l cuts the curve

y = x^ + kx + 2 in two distinct points.

5 The line y = 2x + k is a tangent to the curve + 2x)i + 20 = 0.

a Find the possible values of k.

b For each of these values of k, find the coordinates of the point of contact
of the tangent with the curve.

6 Find the set of values of k for which the line y = k - x cuts the curve

y = x^ -7x + 4 in two distinct points.

7 Find the values of k for which the line 3; = fex - 10 meets the curve

x^ + y^ = lOx.

8 Find the set of values of m for which the line y = mx - 5 does not meet the
curve y = x^ - 5x + 4 .

9 The line 3; = mx + 6 is a tangent to the curve 3 = x^ - 4x + 7.
Find the possible values of m..

Summary

Completing the square

For a quadratic function f(x) = ax^ + bx+ c that is written in the form f(x) = a{x- Jif + k,

1  if a > 0, the minimum point is {h, k) ii if a < 0, the maximum point is {h, k).
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Quadratic equation {ax^ + bx+c = 0) and corresponding curve (y =ax^ + bx+c)

>0

Nature of roots of

ax^ + bx + c - 0

2 real distinct roots

Shape of curve y - ax^ + + c

■X or

The curve cuts the x-axis at 2 distinct points.

= 0 2 real equal roots
or

The curse touches the x-axis at 1 point.

<0 0 real roots
or

The curve is entirelv above or entirelv below the x-axis.

Quadratic curve and straight line

Situation 1 Situation 2 Situation 3

2 points of intersection 1 point of intersection 0 points of intersection
The line cuts the curve at two

distinct points.
The line touches the curve at
one point. This means that the
line is a tangent to the curve.

The line does not intersect

the curve.

Solving simultaneously the equation of the curve with the equation of the line will give a quadratic
equation of the form ax^ + bx + c = 0. The discriminant - 4ac, gives information about the
roots of the equation and also about the intersection of the curve with the line.

-4ac Nature of roots Line and curve

>0 2 real distinct roots 2 distinct points of intersection

= 0 2 real equal roots 1 point of intersection (line is a tangent)

<0 no real roots no points of intersection

The condition for a quadratic equation to have real roots is b^ — 4ac ^ 0.
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Examination questions

Worked example

The line y = 2x-8 cuts the curve 2x^ + - 5x)! + 32 = 0 at the points A and B.

Find the length of the line AB. m

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8Jun 2013

Answers

y = 2x-8 - .(1)

2x^ + y'^ - 5xy + 32 = 0 (2)

Substitute for )) from (1) in (2):

2x^ + i2x - 8)^ - 5x{2x - 8) + 32 = 0
2x^ + 4x2 _ 32x + 64 - lOx^ + 40x + 32 = 0

-4x2 + ^ 90 _ Q

x2 - 2x - 24 = 0

(x - 6)(x + 4) = 0

X = 6 or X = -4

When X 6, )) = 2(6) - 8 = 4.

When X = -4, y = 2(-4) - 8 = -16.

The points of intersection are A (6, 4) and B (-4, -16).

Using Pythagoras; AB'^ = 20'^ + 102

AB- = 500

AB =

AB = 22.4 to 3 sf

expand brackets

collect like terms

divide by -4

factorise

A (6, 4)

5 (-4, -16)

Exercise 2.7

Exam Exercise

1 Find the set of values of k for which the line y = ̂(4x-3) does not intersect the curve
y = 4x2 g^ _ g_ [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Jun 2014

2 Find the set of values of x for which x(x + 2)<x. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Jun 2014

3 a Express 2x2 _ + 5 form p[x - + r, where p, q and rare constants to be found. [3]
b Flence state the least value of 2x2 _ + 5 value of x at which this occurs. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5i,iiJun 2014
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4 Find the set of values of k for which the curve )» = (A + l)x:^ - 3x + (^ + 1) lies below the x-axis.

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2013

5 Find the set of values of x for which < 6 - 5x. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Nov 2013

6 Find the values of k for which the line 3; = A - 6x is a tangent to the curve y = x{2x + k). [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2012

7  It is given that f(x) = 4 + 8x - x^.

a Find the value of a and of b for which f (x) = a-{x + b)^ and hence write down the
coordinates of the stationary point of the curve y = f(x).

b On the axes below, sketch the graph of y = f(x), showing
the coordinates of the point where your graph intersects
the y-axis.

[3]

O

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4i, ii Nov 2012

8 Given that the straight line y = 3x + c is a tangent to the curve y = x^ + 9x + k, express k in
terms of c. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2 Nov 2011

9 Find the set of values of k for which the line y - 2x- 5 cuts the curve y = x^ + kx + \\ in
two distinct points. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4Jun 2011

10 The equation of a curve is given by y = 2x^ + ax + 14, where a is a constant.

Given that this equation can also be written as y = 2{x - + b, where is a constant, find

a the value of a and of b, [2]

b the minimum value of y. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qli, ii Nov 2010

11 Find the set of values of m for which the line y = mx -2 cuts the curve y = x^ + 8x + 7 in two
distinct points. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Nov 2010
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12 a On a copy of the grid to the right, sketch the
graph of y = I (X - 2)(X + 3 )| for -5 ̂  x ̂  4,
and state the coordinates of the points where

the curve meets the coordinate axes.

1  1 1 1 1

-5 -4 -3 -2 -1 0
1  1 1 1 *

1  2 3 4 ̂

[4]

b Find the coordinates of the stationary point on the curve y = |(x-2)(x + 3)|. [3]

c Given that ̂  is a positive constant, state the set of values of k for which l(x-2)(x + 3)| = k
has 2 solutions only. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i,ii,iii Nov 2013

13 Find the value of k for which the curve y = 2x^ - 3x +

I  passes through the point (4,-7), [1]

il meets the x-axis at one point only. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Jun 2016

14 Find the range of values of k for which the equation = 8x- 2xk has 2 real distinct
roots. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Nov 2015

15 a Find the set of values of X for which 4x? + 19x-5 0. [3]

b i Express x? + 8x-9 in the form (xAd)^ + b. where a and & are integers. [2]

ii Use your answer to part i to find the greatest value of 9 - 8x - x? and the value of x at
which this occurs. [2]

iii Sketch the graph of y = 9 - 8x - x^, indicating the coordinates of any points of
intersection with the coordinate axes. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Jun 2015



Chapter 3
Indices and Surds

This section wili show you how to:

■ perform simpleoperations with indices and surds, includingrationalising
the denominator.
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You should already know the meaning of the words index, power, exponent and base:

index, exponent or power

2x2x2x2 = 2^
t  base

The plural of the word index is indices.

You should also know and be able to apply the following rules of indices:

(These rules are always true if the hases a and h are positive real numbers and the indices m and n are real numbers.)

RULE 1:

RULE 2

RULE 3

RULE 4

RULE 5

m ̂ , n in + n
a X a = a

m  n in - ii d in - u
a  a =■ a or —77 = 0.

/ m\ n inn{a ) = a

a" X b" = {ab) "
a" _ /rt\"

RULE 6:

RULE 7:

RULE 8:

RULE 9:

"  1rt = 1

a  = -
1

a" = 4a

a" = C-te)'" =

■0

y  y-v:

If the bases a and b are negative then the indices m and n must he integers for Rules 1-5 to be always true.
Rules 6 and 7 are also true if base a is negative.

3.1 Simplifying expressions involving indices
When simplifying expressions involving indices you often need to use more
than one of the rules for indices.

In Worked Example 1 and Exercise 3.1 you may assume that all bases are
positive real numbers.

WORKED EXAMPLE 1
.i

Simplify , ^
(x'y )

(4x^y)^ X ^]9x''y^ (4)^(:«^)'(y)'x(9)5 (/)^
/ 3,-2 . 2,-2(x ) (y )

x~

48 y

6-4
y

3  '

3c~^ y"T  ,

= 48x'^/
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Exercise 3.1

1 Simplify each of the following.

a

g

b  xx^

n8

j  yj25x^ y

e

k

C X -i- X

f  ix-')^

.2 ... e 4.3i  Sx yx5x y

I  ̂j9x^y~'^ X ̂jSx^ y~^

2 Simplify each of the following.

^ X \x^
-2

(?/3c)^ X V/

X 3

X Vj?

(3xy)^ X

(2x^yl

3 Given that

4 Given that

(36x^).4^2

= 2" 3^ x\ evaluate a, 6and c.
8x X 3x

a

5 Given that

4 _2
a^b 3

_i 2
a 5^3

= x" y , find the value of a and the value of b.

= a iP, find the value of x and the value of y.

6 Given that
_2.4X

,5-*
 „ = a b , find the value of x and the value of y.

3  1

7 Simplify (1 + x) ̂ - (1 + x)

3.2 Solving equations involving indices
Consider the equation 2" = 64.

The equation has an unknown exponent (or index) and is called an
exponential equation. You have already learnt how to solve simple exponential
equations such as 2* = 64. In this section, you will learn how to solve more
complicated exponential equations.
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CLASS DISCUSSION

The diagram shows the graph of 3) = 2* for -3 ̂  x ̂  3.

Discuss the following questions with your classmates:

• How does the graph behave when x > 3?

• How does the graph behave when x < -3?

• How does the graph of y = 3* compare with the
graph of y = 2*?

• How does the graph of y = 4* compare with the
graphs of y = 2* and y = 3*?

-3 -1

3^1
-&

-X-

Now answer the following question:

•  If a > 0, is it possible to find a value of xfor which a* is either 0 or negative?

v = 2'

3

WORKED EXAMPLE 2

Solve the equation 2'^*^' = 8.

Answers

23,:+1
change 8 to 2®

23*+1 _ 2^
equate the indices

3x+ 1 =3 soive for x

3x =2
2

X — —

3

WORKED EXAMPLE 3

Solve the equation 3^* ' x 9* ' = 243.

Answers

32*-i^9*-i ^243
change to base 3

32*-1^(32).-! ̂ 35

3^*"^ X 3^*"^ = 3® add the indices on the ieft hand side

34*-3 ^35
equate the indices

4x-3 =5 solve for X

H

II

00

X = 2
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WORKED EXAMPLE 4
A

Solve the simultaneous equations.

9' (27^) = 1

4'' + (V2f = 128

Answers

9* (27^) = 1 change to base 3

4'=-f-(V2)^ =128 change to base 2

32* ̂  33, ̂  30

2^* 22^ - 2'

add iudires on the left hand side

subtract indices on the left hand side

32*+3j _ gO

2^"-^ ̂ 2'
equating the indices gives 2x + Sj = 0

equating the indices gives 2x — ■^3' = 7
2x + 3^1 =0 subli act the two equations

2x--y =7
2

3^)) =-7, so 3; =-2.
Substituting 31 = - 2 into 2a:+ = 0 gives x = 3.
The solution is x = 3,31 = --2.

WORKED EXAMPLE 5 JH
2

a Solve the equation Ay + ?>y -1=0.

b Use your answer to part a to solve the equation 4(2*)^ + 3(2*) -1=0.

Answers

a  43^ + 3y - 1 = 0 factorise

(43-1) (3+1) =0
43-1 = 0 or 3+1 = 0

1  13 = — or 3 = —1

b 4(2*)^ + 3(2*)-1 =0 2
comparing with 4y + 3y — 1 = 0 gives y = 2*

2'' = i-or2* =-l replace — with 2"^
4 '  4

2* = 2"^ or 2* =-l
X  2Solving 2=2 , gives x = -2.

There is no solution to 2* =: -1, since 2* > 0 for all real values of x.
The solution is x = -2.
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Exercise 3.2

1 Solve each of the following equations,

a 52>: = 57x-i b 4^*+1=43^-2

d  = 3
,9x+5

2 Solve each of the following equations.

b 4^"-256
in- 1 _

~4

a 2"^^ =32

d 3
2n+ 1

= 27

1

e 2'

c 2"'"^ = 128

g 5
n+ 1 _

f 2
3n+ 2

128

125
h 5^'-16 = 1

3 Solve each of the following equations.
4.3 3^*-1 = 27*

.3x+4 o4x+12

a 2* = 4-

d 3* = 9*^^ e 4 = 8^

j  5x^ + 3 = 252^

h 4
5-3x 1

,x+ 1

k 3*'"^ = 27'

c 53^-7 = 252^

f 252^^+1 = 1253^^+2

i

I  2'^*"~^-8* = 0

4 Solve each of the following equations.

a 2^*x4*^'=64 b 2^*""^ x 8*'^ = 128

c  (2^"*)(4^*"^^) = 8

5 Solve each of the following equations.

d 3*^'x9^-* = —
27

,2x+ 1272x

gO-X gx+3

ix+ 4

8~

64

4I*

b

d

4*
^Sx

2? - X

1

H

00

272x 32*+1
36-x- 9X+3

b 2^* X 5* = 8000 c 52^x4* =
1

1000

6 Solve each of the following equations.

a 3^*x2* = — b
18

7 Solve each of the following pairs of simultaneous equations.

a 4* 4-21" = 16 b 27* = 9(3^) c 125* 4-51' = 25

32*x9> = 27 2*4-81' = 1

8 a Solve the equation - 7y- 4 = 0.

b Use your answer to part a to solve the equation 2(2*) 2 - 7(2*) -4 = 0.

2

9 a Solve the equation 4y = 15 + 7y.

b Use your answer to part a to solve the equation 4(9*) = 15 + 7(3*).

3
10 a Solve the equation 3y = 8 + y. ^ ^

b Use your answer to part a to solve the equation 3x2 = 8 + 3x 2.
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33 Surds

A surd is an irrational number of the form where n is a positive integer
that is not a perfect square.

, ̂/5 and are all surds.

^/9 is not a surd because V9 = V? = 3.
I— I— I— 3 ~Other examples of surds are 2 + \5, V7 - V2 and —5~~-

When an answer is given using a surd, it is an exact answer.

CLASS DISCUSSION

The frog can only hop

onto lily pads that

contain surds.

It is allowed to move

along a row (west or

east) or a column

(north or south) but

is not allowed to move

diagonally.

Find the route that the

frog must take to catch
the fly.

,  ll'+V25^!v.. I .■ » \ „ .^1

. ♦

You can collect like terms together.

6^/^^ + 3Vir = 9-Jn and 5>/7 - 2^7 = 3>/7

WORKED EXAMPLE 6

Simplify 4(5 - ̂ /3) - 2(5^3 - l)-

Answers

4(5 - V3) - 2(5V3 - 1)
= 20-4a/3-10\/3+2
= 22 -14V3

expand the brackets
collect like terms
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Exercise 3.3

1 Simplify.

a 3>/5 + 7V5

2
A 3>/5 + 7V3

Simplify.

3 A + B

b 3VT0 + 2VT0 c 8^^TT+^/TT

B 2>/5-3Nf3 C 2>/3 - >/5

b A-C c 2A+3B

d  6^3-V3

d  5A + 2B - C

3 The first 4 terms of a sequence are

2 + 3V7 2 + 5^/7 2 + 7V7 2 + 9^/7.

a Write down the 6th term of this sequence,

b Find the sum of the first 5 terms of this sequence.

C Write down an expression for the nth term of this sequence.

4 a Find the exact length of AB. ^
b Find the exact perimeter of the triangle.

CHALLENGEQ

5 The number in the rectangle
on the side of the triangle is

the sum of the numbers at the

adjacent vertices.

Find the value of x, the value of

yand the value ofz.

17-10 a/2

CHALLENGE Q

6 This design is made from

1 blue circle, 4 orange circles

and 16 green circles.

The circles touch each other.

Given that the radius of each

green circle is 1 unit, find the

exact radius of

a  the orange circles,

b the blue circle.



3.4 Multiplication, division and simplificatlonof surds

You can multiply surds using the rule; \[ax "lb = 4ab 1

WORKED EXAMPLE 7

Simplify.

a VSxVb b  (V8)' c  2V5X3V3

Answers

a V3 X >/5 = V3^ = VT5

b  (Vs)^ = VS X VS = VM = 8 Note:

c  2a/5 X 3V3 = 6Vl5

Expand and simplify.

a  (4-V3)^ b (V3 + 5>/2)(V2+V3)

Answers

a  (4-V3)'

= (4-V3)(4-V3)

= 16-4V3-4V3+ 3

= 19-8V3

b  (V3 + 5V2)(V2 + V3)

= V6 + 3 + 10 + 5V6

= 13 + 6a/6

scpiars rrxeans multiply by itself

I xp ind the brackets

I  lifeetmtis

expand the braGkets

eelleet Eke terms

V98 can be simplified using the multiplication rule.

-M = V49x2 = V49 X V2 = 7V2
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WORKED EXAMPLE 9 1

Simplify - Vl2

Answers

V75->/l2 75 = 25 X 3 and 12 = 4 x 3

II

X

1

X

= 5 and a/4 = 2

= 5x^/3-2x a/3 collect like terms

= 3a/3

You can divide surds using the rule: •\/a a

b

WORKED EXAMPLE 10

Simplify
Nfn"

Answers 4(5 - ̂/3) - 2(5V3 - 1)

= 20-4>/3-10a/3+2

Exercise 3.4

Simplify.

at

00|
X

b a/2 X a/^ c a/5 X a/6 d

e  (VII)" f g 3a/2 x5a/3 h 7a/5 x2V7

Simplify.

a/112
U a/^ a/T2 a/T7

" V28
D c

a/3
U

A[i2 f a/T5
g
Vm a/4

® a/108
f

V3 a/6
n

a/^
.  V5 a/^ 1# 9a/^ 1 a/120

a/^
J

2a/TT 3a/5
1

a/^

Simplify.

a  a/8 b a/12 c d a/^

e f g a/T8 h a/32

1  a/^ j a/90 k I a/99

m a/44 n a/125 0 a/117 P a/200
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q

"  5

y V^x^/5

Simplify.

r  VSOOO

V  ̂!w X ̂flO w

2

^/8x VS

3

•VS X ̂/6

a

loo

+

b a/12 + a/3 c a/^ + 3a/5

d V^ + 2V3 e a/^-2V8 f a/125 + a/^

g V45 - a/5 h a/^-5a/5 i a/175 - a/^ + a/^

j

|o
+

1

joK
oo|

k a/200 - 2VI8 + a/72 I 5a/^ - 3a/63 - a/7

m V^ + 2V^ + 4a/45 n 5a/T2-3^/48 + 0 a/^ + a/8 - a/98 +

5 Expand and simplify.

a ^/2(3+^/2)

d ^/3(^/^ + 5)

g (>/2 + l)(V2-l)

j  (3 - >/2)(3 + V2)

m (4 + 2^/3)(4 - 2V3)

b >/3(2V3 + a/T2)

e  ̂/3(^/3-l)

h  (V3+5)(^/3 - 1)

k (4 + V3)(4 - >f3)

n (V7 + ̂/5)(^/7 + 2^/5)

c  a/2(5-2V2)

f  ̂/5(2V5 + ̂/^)

i  (2 + a/5)(2V5 + 1)

I  (1 + a/5)(1 - Vs)

o (3 + 2^/2)(5 + 2^/2)

6 Expand and simplify.

(2 + V5)' b  (5-^/3)' (4 + 5V3)^ d (^/2 + ̂/3)^

7 A rectangle has sides of length (2 + ̂/8) cm and (7 - >/2) cm.
Find the area of the rectangle.

Express your answer in the form a + b^I2, where a and b are integers.

8 a Find the value of AC'^.

b Find the value of tan x.

Write your answer in the form

where a and b are integers,

c Find the area of the triangle.

Write your answer in the form 5V2
where p and q are integers.

9 A cuboid has a square base.

The sides of the square are of length (l + V2) cm.

The height of the cuboid is (S - V2) cm.

Find the volume of the cuboid.

Express your answer in the form a + b^}2, where a and b are integers.
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% CHALLENGEQ

10 Find the exact value of y2 +V3 - ̂2 - Vs.

(Hint: let x = V2 + VS - V2 - VS and then square both sides of the equation.)

CHALLENGE Q

11 a Given that a/6'-4^ = Va - Vfe, find the value of a and the value of b.

b Given that "^23 - 6^6 - 4^2 = Vc + Vrf, find the value of <~ and the value of d.

3.5 Rationalising the denominator of a fraction

CLASS DISCUSSION

Khadeeja says that:

'7%e aj-UvX) irroAunuU tvumJxtYS irrxUunuU.'

Discuss this statement with your classmates and decide if this statement is:

Always true Sometimes true Never true

You must justify your decision.

You rationalise the denominator of a fraction when it is a surd.

To rationalise the denominator of a fraction means to turn an irrational

denominator into a rational number.

In Exercise 3.4, question 5m you found that

(4 + 2V3)(4 - 2^) = (4) 2 - 8V3 + 8V3 - (2^3)^ = 16 - 12 = 4

This is an example of the product of two irrational numbers (4 + 2^3 ) and
(4 - 2V3) giving a rational number (4).

4 + 2^/3 and 4 - 2^/3 are called conjugate surds.

The product of two conjugate surds always gives a rational number.

The product of conjugate surds a+ bdc and a — b4c is a rational number.

So you can rationalise the denominator of a fraction using these rules:

• For fractions of the form multiply numerator and denominator by -id.

For fractions of the form

a - bdc.

For fractions of the form

a+ ftVc.

1

a + 6Vc

1
a -

, multiply numerator and denominator by

, multiply numerator and denominator by
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Note:

To find products such as (4 + 2V^4 - 2'\/3), it is quicker to use the
algebraic identity:

2  2{x + y){x-y)=x -y

So (4 + 2^X4 - 2yf3) = 4^ - (2^13 f = 16 - 12 = 4

WORKED EXAMPLE 11

Rationalise the denominators of

, 2 . 5 . V7+3V2
V5

Answers

2 + Vs V? - V2 ■

multiply numerator and denominator by ̂

2V5

Vs V5

2V5

2 +VF

^  5(2 - VF)
(2 + VF)(2 - VF)

=  10-5^/F

= 10-5VF

V7+ 3V2

V7-V2

= (^^ + 3V2)(V7 +V2)
(V7 - V2)(^/7 + V2)

= 7+ VI4+ 3V14+ 6
(V7)^-(V2)^

_ I3 + 4VI4

multiply numerator and denominator by (2 - >/F)

use {jf+ t) =-r^ — / to exjrand the denominator

multiply numerator and denominator by(^^7 + ̂/2)

use (a'+ 1;) =x^ —yt to expand the denominator

Exercise 3.5

1 Rationalise the denominators.

m

1
h 3 9 V2

<5
□

V2
C

V3
a

a/6
4

V5
f 12

V3 g
4

VT2
h 10

V8
3

j
V2 If V3

I
a/T2

<8 V32 <15 a/156
5 7 1 + a/5 a/3-1

2V2 2V3
0

<5 P
a/3

3-V2
r

14- V7
<7
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2 Rationalise the denominators and simplify.

1
b

1

1 +a/2 3 + a/b

B
f

a/7
2 +VB 2-a/7

1
j

8

2V3-A/2 a/7-a/B

1

g

3 + >/7

2

2- ̂/3

d

h

4

5

2V3-3

3 Rationalise the denominators and simplify.
2-V3 . I + V2 . V2 + I
2 +V3

^/5 + l

3- VS

3-^/2

Vl7 - ̂̂lT

Viv + VTT
g

2V2 -1

^/3 + VV

V7-V2

V7 +a/2

a/^+ a/^

^/^-a/23

4 Write as a single fraction.

a  — + "7=^^—
a/3 + 1 a/3-1

: +

A/7 + V2 a/7-a/2
: +

1

4-a/3 4+a/3

5 The area of a rectangle is (8 + a/To) cm^.
The length of one side is (a/5 + a/2) cm.
Find the length of the other side in the form oa/K + 6a/2 , where a and b are
integers.

6 A cuboid has a square base of length (2 + a/b) cm.
The volume of the cuboid is (I6 + 7a/5) cm^.

Find the height of the cuboid.

Express your answer in the form a + , where a and b are integers.

7 A right circular cylinder has a volume of (2B + 14^/3)7^ cm^ and a base radius
of (2 + a/s) cm.

Find its height in the form {a+ b^) cm, where a and b are integers.

!+ &a/2
8 a Find the value of tan x.

Write your answer in the form
where a, b and c are integers.

b Find the area of the triangle.
^  P+^a/2

Write your answer in the form if—,

where p, 9 and rare integers.

9 Find the value of cos 6.

Write your answer in the form

where a, b and c are integers.

d + b<l

1 + 2a/2

(2+a/7) cm

Bern
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CHALLENGEQ

10 The blue circle has radius 2 and the green

circle has radius 1. A6is a common tangent
and all three circles touch each other.

Find the radius of the smaller circle.

141' >

A

3
B

3.6 Solving equations involving surds

WORKED EXAMPLE 12 JHH
Solve >/5 X = ̂/^ X + Vy.

Answers

<Ex = V2x+V7 collect a's on one side

II

X

1

X

factorise

I

II

1

divide both sides - V2)
V7

V5-V2
multiply numerator and denominator by(V5 +

V7 (V5 + V2) 2  2use (.*+)') (a—y) =.v —_v to e.xpand the denominator
(V5-V2)(V5 + V2)

V35 +Vl4

V^+ Vl4
5-2

Vl4
^  3
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WORKED EXAMPLE 13

Solve the simultaneous equations.

3x+ by = 20

V2 X- 5V2 }' = 8

Answers

3x+ 531 = 20

V2 X-5V2 y =8

3V2X+5V23) =20V2
V2 X-b^y - 8

4V2x =20V2 +8

20V2 +8
X = ==—

4V2

(20V2 +8)xV2
4V2 xvf2

40 + 8^/2
8

a: =

multiply the first equation by V2

add the two equations to eliminate y

divide both sides hy4^

multiply numerator and denominator by \/2

X = 5 + V2

Substituting x = 5 + V2 in the first equation gives
3(5 + v/2) + 5y = 20
I5 + 3V2+5y =20

5y = 5 - 3V2
5-3V2

y =-

So the solution is x = 5 + s/2, ■3V2

CLASS DISCUSSION

Haroon writes: X ^ 2

X + 2

X^ +¥x
X^ + ix " 12 ^ 0

(X + f/x; "2)^0
f&x = "S X = J

Discuss this with your classmates.

Explain why he now has two values for x.

In the class discussion you found that if you square both sides of an equation
and then solve the resulting equation, you sometimes find that you have an
answer that is not a valid solution of the original equation. Hence, it is always
important to check your answers by substituting the answers back into the
original equation.



WORKED EXAMPLE 14

Chapters: Indices and Surds

Solve yfx = 2x — 6.

Answers

Vx = 2x-6

X = (2x-6)(2x-6)

X = 4x^ — 24x + 36

4x^-25x+36 =0

(4x-9)(x-4) =0

X = ̂ or X = 4
4

Q

Check X = ̂ in the original equation:

square both skte

exjMii-d the hracte-S
c'olkttt like terms

faetortse

= I and 2 X •- 6 = -1, so X = I is not a valid solution of the original equation.
Check X = 4 in the original equation:

VT = 2 and 2x1-6 = 2, so x = 4 is a solution of the original equation.

So the final answer is x = 4.

WORKED EXAMPLE 15

Solve V3x+ 4 - V2x+ 1 = 1

Answers

V3x+ 4 - V2x+1 = 1

V3x+ 4 = 1 + V2x+1

3x + 4 =(l + V2x+l)(l + V2x+l)

3x+4 = 1 + 2V2x+ 1 + 2x+ 1

x+2 = 2V2x+ 1

(x+2)^ =4(2x+l)
x^ + 4x+4 =8x+4

x^ - 4x =0

x(x-4) =0

X = 0 or X =4

fetsiaie am fyftte rnfimm mMs
m-immhrnk skfes

expwd fte temtes

iite

mpmd dM' toeteisi
eoitegi Jfe*

tmmM'

Check X = 0 in the original equation:

V3 xO + 4 - V2 xO + 1 = V4 — Vr=l,sox = Oisa solution of the original equation.

Check X = 4 in the original equation:

V3 X ! +4 - V2 X + 1 = Vl6 - ̂/9 = l,sox = 0is also a solution of the original
equation.

So the final answer is x = 0 or x = 4.
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Exercise 3.6

1 Solve these equations,

a VT2x-•n/5x = V3 b ^/To X = V5 x+ V2

2 Solve these simultaneous equations.

a 3x-y = 5^2

2x + y = 5

d 2x + y = 11

5x-3)i = ll>/7

3 Solve these equations,

a  10^/x — 4 = 7Vx + 6

d V2x- 1-3 = 0

g 3 + V5x+ 6 = 12

4 Solve these equations,

a V2x- 1 = X

d VlO - 2x + X = 1

g Vx+ 5 + 1 = X

j  v/3x+l -X- 1 = 0

5 Solve these equations,

a V2x+ 7 = Vx+ 3 + 1

c V3x+4 - V2x+ 1=1

e  ■Vx+ 1 + V2x+ 3=5

b x + y = b
V6x+2)! = 12

e x+V2)i = 5 + 4^/2
x + ^ = 8

b 6Vx + 4 = 9Vx + 3

e V2x- 3 = 6

h V5x^ — 8 = 2x

Viy X = 2^/3 x+ Vh

c 3x + )) = 6
4x+ 3}i = 8 — SVB

c 7Vx + 9 = 10Vx+ 10

f V5x- 1 = Vx+7

i  12- Vx + 5 = 7

b ■VX+ 6 = X

e Vx+ 15 = x+ 3

h v/4x- 3 + 2x - 1 = 0

k 2x+3- V20x+9 = 0

b Vx = Vx- 5 + 1

d "Vx+ 1 - Vx = 1

f Vl6-2x = 2 + V36 + 6x

c V2x+ 3 — X = 0

f Vx+ 4 + 2 = X

i  y[x = 2x- 6

6 The roots of the equation x^ - 2^6 x + 5 = 0 are p and q, where p> q.

Write ^ in the form where a, b and c are integers.
7 Find the positive root of the equation (4 - ̂ /2) x^ - (l + 2 V2) x - 1 = 0.

Write your answer in the form where a, b and c are integers.
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Summary
Rules of indices

RULE 1
m.

RULE 2

RULES

RULE 4

RULE 5

RULE 6

RULE 7

RULES

RULE 9

, n m + n
a X a = a

m  n Im- n)
a ^ a = a or

a" xb^ = {ab)''
n  ri
a _ ia\"

b"" U/
0  1a = \

_ 1
^ ~ n
1
a" = ̂

an=mr =

= a

Rules of surds

RULE 1: W^= Vax Vi

RULE 2: = ̂
RULES: >/ax^/a=a

The product of conjugate surds a + and
a - iVc is a rational number.

mM

Examination questions

Worked example

2 + V3

Without using a calculator, find the value of cos 6, giving your answer

rs.

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Nov 2011

in the form , where a, b and c are integers.
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Answers

Using the cosine rule:

3^ = (2 + V3)^ + 2^ - 2 X (2 + ̂/3) X 2 X cos 0

Rearrange to make cos 6 the subject:

(2 + ̂/3)^ + 2^-3^
cos 6 =

cos 6 =

cos 6 =

2 X (2 + V3) X 2

7 + 4^3 + 4-9

4(2 +

2 + 4^/3

4(2 + ̂/3)
._(2 + 4V3)(2-VS)

4(2 + V3)(2-V^

■8 + 6^/3
cos 6 =

cos 6 ■■

4

-4 + 3V3

square brackets in the numerator

(2 + n/3)^ = 4 + 2V3 + 2>/3 + 3 = 7 + 4V3)

collect like terms in the numerator

multiply numerator and denominatoi'by (2 - VS)

(2 + 4>/3)(2- V3) = 4-2V3 + 8\f3-12 = -8 + 6V3
(2 + >i3)(2-Nl3) = 2'-(V3)2 = l

divide numerator and denominator by 2

Exercise 3.7

Exam exercise

1  Solve 2'^'"'' = ^.
64

2 Solve the simultaneous equations,
4*^  = 1024

256>

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Qlla Jun 2014

32^ X 9^ = 243 [5]

3 Solve the equation
362y-5^ 02^-1

03, 210^^®'

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Nov 2013

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5b Jun 2012

4  Integers a and b are such that [a + + a - ftVs = 51. Find the possible values of a and the
corresponding values of b. [0]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Nov 2014

5 Without using a calculator, express 0(l + "n/s)" ^ in the form a + 6^3, where a and b are integers
to be found. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2Jun 2014



6 Do not use a calculator in this question.
(4V5 _ 2)'^ . r-

Express — in the form pMb + q, where j&and ̂ are integers. [4]

Cambridge ICCSE Additional Mathematics 0606 Paper 21 Q2 Nov 2013

7 Do not use a calculator in any part of this question.

a  i Show that 3V5-2^/2 is a square root of 53 - 12Vl^. [1]

[1]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7a,hi,ii Nov 2012

ii State the other square root of 53 - 12^10.

b Express in the form a + Z>>/6, where a and b are integers to be found.

8 Calculators must not be used in this question.

B

V5-2

V5-1

The diagram shows a triangle ABC in which angle A = 90°.

Sides AB and AC are V5 - 2 and V5 + 1 respectively.

Find tan B in the form a + &V5, where a and b are integers. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7i Jun 2013

9 Given that ^ = p"q C, find the values of a, b, and c. [3]

p^q^r
Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q2 Mar 2016

10 Do not use a calculator in this question.

1 + 3V3

6 + 2V3
XI

5-V3

The diagram shows two parallelograms that are similar. The base and height, in centimetres, of
each parallelogram is shown. Given that x, the height of the smaller parallelogram,

ic P +IS [5]^ find the value of each of the integers p and q.

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q6 Mar 2016



Chapter 4
Factors and polynomials

This section will show you how to:

■ use the remainder and factor theorems

■ find factors of polynomials

M  solve cubic equations.
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4.1 Adding, subtracting and multiplying polynomials
A polynomial is a an expression of the form

+ ... + Cq

where:

•  X is a variable

•  n is a non-negative integer

•  the coefficients are constants

•  is called the leading coefficient and 0

•  Uq is called the constant term.

The highest power of x in the polynomial is called the degree of
the polynomial.

You already know the special names for polynomials of degree 1, 2 and 3.
These are shown in the table below together with the special name for a
polynomial of degree 4.

Polynomial expression Degree Name

ax + b, a ̂  0 1 linear

ax^ + bx + c, a ̂  0 2 quadratic

ax^ -1- bx'^ + CX + d, a ̂  0 3 cubic

ax^ + bx^ + cx^ ■¥ dx + e, a ^ d 4 quartic

The next example is a recap on how to add, subtract and multiply polynomials.

WORKED EXAMPLE 1

If P(x) = - 5 and Q(x) = x® + 2x - 1, find an expression for
a  P(x) + Q(x), b P(x)-Q(x), c 2Q(x), d P(x)Q(x).

Answers

a  P (x) + Q (x) = 2x® - 6x^ - 5 + x^ + 2x -1 collect like terms
= 3x® — 6x^ + 2x — 6

b P (x) - Q (x) = (2x' - 6x2 _ 5) _ + 2x - l) remove brackets
= 2x® - 6x2 _ 5 _ ^3 _ 2x + 1 collect like terms
= X® - 6x2 - 2x - 4

c  2Q(x) = 2(x3 + 2x-1)
= 2x^ + 4x - 2

d P(x)Q(x) = (2x® — 6x2 _ s){x^ + 2x — l)
= 2x'^ (x® + 2x — l) — 6x2 ^ 2x — l) - 5 (x^ + 2x - l)
= 2x® + 4x^ - 2x' — 6x^ — 12x® + 6x2 _ 5^3 _ ^ g
= 2x® - 6x® + 4x^ - 19x® + 6x2 _ jq^ ^ 5
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CLASS DISCUSSION

P(x) is a polynomial of degree p and Q(x) is a polynomial of degree q, where p> q.
Discuss with your classmates what the degree of each of the following polynomials is;

P(^) + Q(x) 2P(x) Q(x) + 5

-3Q(x) P2{x) [Q(^)]'
P(x)Q(x) QPW Q(x) - P(x)

Exercise 4.1

1  If P(x) = 3x'^ + - 1 and Q(x) = 2x^ + + 1, find an expression for

a P(x) + Q(x)

b 3P(x) + Q(x)

c P(x)-2Q(x)

d P(x)Q(x).

2 Find the following products,

a  (2x-l)(4x^+X + 2)

c  (3x^ + 2x - 5)(x^ + + 4)

e  (x^ - 5x + 2)^
3  Simplify each of the following,

a  (2x - 3)(x + 2) + (x + l)(x -1)

b  (3x + l)(x^ + 5x + 2) - (x^ - 4x + 2)(x + 3)

c  (2x3 + ̂ + 3^ _ 4) _ + 2)(x3 - x2 + 5x + 2)

4  If f(x) = 2x^ - X - 4 and g(x) = x^ + 5x + 2, find an expression for

a f(x) + »g(x)

b [f(x)]^
c f^(x)

d gf(x).

b (x3 + 2x'^ - l)(3x + 2)

d  (x + 2)'^ (3x3 ̂  ̂

f  {Sx-lf
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4.2 Division of polynomials
To be able to divide a polynomial by another polynomial you first need to
remember how to do long division with numbers.

The steps for calculating 5508 17 are:

324

1 7) 5 5 0 8 Divide 55 by 17
51 i 3 X 17 - 51
4 0 55 - 51 = 4, bring down the 0 from the next column
3_4 Divide 40 by 17, 2 x 17 = 34
6 8 40 - 34 = 6, bring down the 8 from the next column
68 Divide 68 by 17, 4 x 17 = 68
0  68 - 68 = 0

So 5508 -17 = 324

dividend divisor quotient
The same process can be applied to the division of polynomials.

WORKED EXAMPLE 2 1

Divide x' - 5x^ + 8x - 4 by x-2.

Answers

Step 1:

X?

X - 2) - 5x^ + 8x - 4
x^ - 2x^ i

—Sx? + 8x

divide the first term of the polynomial hjx,x^^x -
multiply (x - 2) byx2, x^{x - 2) = x® - 2x2
subtract, (x® — 5x2) _ ̂ ^3 _ ̂x'^) = -3x2
bring down the 8x from the next column

Step 2: Repeat the process

x^ - 3x

X - 2) - 5x^ + 8x - 4
x^-2x^

-3x^ + 8x
—3x^ + 6x ,,

2x-4

divide -3x2 ^ —3^2 ̂ x = —3x
multiply (x — 2) by—3x, —3x(x — 2) = —3x2 ̂
subtract, (-3x2 + _ (—3x2 + _ 2x
bring down the -4 from the next column

Step 3: Repeat the process

x^ - 3x + 2

X - 2) x^ - 5x^ + 8x - 4
x3-2x2

-3x2 + 8^
—3x2

2x-4

2x-4

0

divide 2x by x; 2x -r x = 2
multiply (.X — 2) by 2, 2(x — 2) = 2x — 4
subtract, (2x — 4) — (2x — 4) = 0

So (x® - 5x2 gjc - 4) -5- (x -2) = x2 - 3x + 2.
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WORKED EXAMPLE 3r
Divide 2x'' - x + 51 by x + 3.

There are no x2 terms in 2x^-x + 51 so we write it as 2x3 q^2 _ + 5J

Answers

Step 1:

2x2

x +3) 2x3+0x2- 52 divide the first term of the polynomial by x, 2x3 ^ = 2x2
2r + 6x2 1 multiply (x + 3) by 2x2, 2x2(x + 3) = 2x3 g^2

-6x2 _ ^ subtract, (2x3 ̂  ^ 5^2^ =-6x2
bring down the -x from the next column

Step 2; Repeat the process

2x2 _ 0^

x +3) 2x3+ 0x2- x+51
2x3 + 6x2

-6x2 _ ^ divide -6x2 —6x2 ^ = —6x
—6x2 - 18x ' multiply (x + 3) by-6x, -6x(x + 3) = -6x2 _

I7x+51 subtract, (-6x2 - x) - (-6x2 _ jg^^ = 17x
bring down the 51 from the next column

Step 3: Repeat the process

x2 - 6x+ 17

X + 3) 2x3 + 0^2 _ 52
2x3 ̂

1

H
DL
1

—6x2 _ Jgjj.

17x+51 divide I7x by .x, I7x ̂  x = 17
17x+51 multiply (x + 3) by 17, 17 (x + 3) = 17x + 51

0 subtract, (17x + 51) - (I7x + 51) = 0

So (2x3 _ j(. + 5j^ ̂  3) _ 2x^ - 6x +17.

Exercise 4.2

Simplify each of the following,

a  (x'"® + 3x^ - 46x - 48) ̂  (x + 1)

c  (x^ - 20x2 + loOx - 125) - (x - 5)

e  (x'^ — 3x2 _ 32^ 33^ _ *7^

Simplify each of the following.

a  (3x^ + 8x2 ̂  3^ _ 2) (x + 2)

c  (3x3 - 11x2 + 20) - (x - 2)

b

d

f

(x^ — x2 - 3x + 2) -5- (x — 2)

(x3 - 3x - 2) -J- (x - 2)

(x3 + 2x2 _ 9^ _ ig) ̂  (;c + 2)

b

d

(6x3 +11x2 -3x-2)-5-(3x + 1)

(3x3 _ 21^2 + 4^ _ 28) - (x - 7)
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3  Simplify.

- Sx^ — 4x + 4
a

X -1

5x^ — 50% + 8

' 3x2 +i2x-2
4 a Divide x^ — 1 by (x + 1).

^  2x3 + 9^2 + 25
b

X + 5

^  x3 - 14x - 15
x2 — 3x — 5

b Divide x^ - 8 by (x - 2).

4.3 The factor theorem

In Worked example 2 you found that x - 2 divided exactly into
(x3 - 5x2 _ 4 j _

(x3 - 5x2 + g^ _ 4^ ̂  _ 2) = x2 - 3x + 2

This can also be written as:

(x3 - 5x2 ̂  gj^ _ 4^ _ _ 2)(x2 - 3x + 2)

If a polynomial P(x) is divided exactly by a linear factor x - c to give the
polynomial Q(x), then

P(x) = (x - c)Q(x).

Substituting x = c into this formula gives P (c) = 0.

Hence:

If for a polynomial P(x), P(c) = 0 then x - c is a factor of P(x).

This is known as the factor theorem.

For example, when x = 2,

4x3 - 8x2 - X + 2 = 4(2)3 _ g(2)2 - 2 + 2- 32-32- 2 + 2 = 0.

Therefore x - 2 is a factor of 4x3 _ ^ ̂2.

The factor theorem can be extended to:

If for a polynomial P(x), = 0 then ax-b is a factor of P(x).

For example, when x = —,

4x3-2x2+ 8x-4 = 4|^ij
Therefore 2x - I is a factor of 4x3 - 2x2 + gjj, _ 4
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CLASS DISCUSSION

Discuss with your classmates which of the following expressions are
exactly divisible by * - 2.

- X - 2 2x^ + 5x^ - 4x - 3 X® - 4x^ + 8x - 8

2x^ - + Sx^ -2x - 5 x^ -8 3x^ - 8x - 8

dx^ - lOx^ - 18 - 4x - 4 x^ + X + 10

WORKED EXAMPLE 4

Show that X - 3 is a factor of — 6x^ + llx — 6 by
a algebraic division

b  the factor theorem.

Answers

a Divide - 6x^ + llx -■6 by X - 3.

— 3x + 2

X - 3) x^ - 6x^ + llx - 6

X? — 3x^
-3x2 + 11^
-3x2 ^

2x- 6
2x- 6

0

The remainder = 0, so x - 3 is a factor of x^ - 6x2 + - 6 .

b Let f(x) = x^ — 6x2 + _ 5 i f f(3) = 0,then x — 3 is a factor.

f(3) = (3)®-6(3^ + 11(3)-6
= 27-54 + 33-6

= 0

So X - 3 is a factor of x^-6x2 +llx-6.
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WORKED EXAMPLE 5

2x^ + x — \ is a factor of 2x^ - x^ + ax + b.

Find the value of a and the value of b.

Answers

Let f(x:) = — x^ + ax + b.

If 2x^ + jc - 1 = (2* - l)(x: + 1) is a factor of f(x), then 2x - 1 and AS + 1 are also factors
of f(*).

Using the factor theorem f = 0 and f(-l) = 0.

f(|) = 0 gives 2(i) = 0
1  1 « . ev

+-+i=0
4  4 2

a = -2b

f(-l) = 0 gives 2 (-if - (-if + a(-l) + b = 0
-2-l-a + b = 0

a = b-3

(2) = (1) gives b-3 = -2b
5b = 3

b = l

Substituting in (9) gives a = -2.

So a =-2, 6 = 1.

"(1)

-(2)

Exercise 4.3

1 Use the factor theorem to show:

a  AC - 4 is a factor of - 6x + 8

b AC + 1 is a factor of -Sx -2

c x-2 is a factor of 5ac^ - 17ac^ + 28

d 3ac + 1 is a factor of + 1 - 3x - 2.

2 Find the value of a in each of the following,

a X + 1 is a factor of 6x^ + 27x^ + ax + 8.

b X + 7 is a factor of x^ - 5x^ - 6x + a.

c 2x + 3 is a factor of 4x^ + ax^ + 29x + 30.

3  X - 2 is a factor of x^ + ax^ + bx - 4.

Express b in terms of a.

4 Find the value of a and the value of b in each of the following,
a x^ + 3x - 10 is a factor of x^ + ax^ + 6x + 30.

b 2x^ - 1 Ix + 5 is a factor of ax^ - 17x^ + bx- 15.

c 4x^ - 4x - 15 is a factor of 4x^ + ax^ + 6x + 30.
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5  It is given that -5x +6 and x^ - 6*^ + llx + a have a common factor.

Find the possible value of a.

6 X - 2 is a common factor of 3x^ - {a - b)x - 8 and - (a + b)x + 30.

Find the value of a and the value of b.

7  3c - 3 and 2jc - 1 are factors of 2*^ - px^ - 2qx + q.

a Find the value of p and the value of q.

b Explain why x + 3 is also a factor of the expression.

8  X + a is a factor of x^ + 8x^ + Aax - 3a.

a Show that - 4a^ + 3a = 0.

b Find the possible values of a.

4.4 Cubic expressions and equations
Consider factorising x^ - 5x^ + 8x - 4 completely.
In Worked example 2 you found that (x^ - 5x^ + 8x - 4) -s- (x - 2) = x^ - 3x + 2.
This can be rev/ritten as: x^ — 5x^ + 8x - 4 = (x - 2) (x^ — 3x + 2).
Factorising completely gives: x^ - 5x^ + 8x - 4 = (x - 2)(x - 2)(x - 1).

Hence if you know one factor of a cubic expression it is possible to then
factorise the expression completely. The next example illustrates three
different methods for doing this.

WORKED EXAMPLE 6

Factorise — 3x^ — 13x +15 completely.

Answers

Let f(x) = — 3x^ — 13x +15.
The positive and negative factors of 15 are ±1, +3, ±5 and ±15.
f(l) = (if - 3 X (if -13 X (1) +15 = 0
So X - 1 is a factor of f(x).

The other factors can be found by any of the following methods.

Method 1 (by trial and error)
f(x) = x^ - 3x^ - 13x +15

f (1) = (1)® - 3 X (1)' - 13 X (1) + 15 = 0
So X - 1 is a factor of f(x).

f (-3) = (-3)^ - 3 X (-3)^ -13 X (-3) +15 = 0
So X + 3 is a factor of f(x).

f (5) = (5)^ - 3 X (5)^ -13 X (5) +15 = 0

So X - 5 is a factor of f(x).

Hence f(x) = (x - l)(x - 5)(x + 3)
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Method 2 (by long division)

)?— 2x-15

X -l)x^-3x2- 13^+15

—2}P — ISx
-2}P + 2x

—15x+ 15

—15x+ 15

0

f(x) = (x - l)(x^ -2x- 15)
= (x - 1) (x — 5) {x + 3)

Method 3 (by equating coefficients)

Since x — 1 is a factor, x^ — 3x^ — 13x + 15 can be written as:

x^ — 5x^ - 13x +15 = (x - l)(ax^ + bx + c)

coefficient of is 1, so a

since 1x1 = 1

constant term is -15, so c = -15

since -1 X -15 = 15

x^ - 5x^ - 13x + 15 = (x - l)(x^ + bx-15) expand and collect like terms

x^ - 3x^ - 13x +15 = x^ + (6 - l)x^ + {-b - 15)x + 15

Equating coefficients of x^: 6 - 1 = -3
b = -2

f(x) = (x - l)(x^ - 2x -15)
= (x - l)(x - 5)(x + 3)

WORKED EXAMPLE 7

Solve 2x' - 3x2 - I8x - 8 = 0.

Answers

Let f(x) = 2x® - 3x2 _ _ g

The positive and negative factors of 8 are ±1, ±2, ±4 and ±8.
f (-2) = 2 (-2)® - 3 X (-2)^ -18 X (-2) -8 = 0

So X + 2 is a factor of f(x).

2x^ - 3x2 _ jgjj _ g _ + 2)(ax2 + 6x + c)

coefficient of is 2, so « = 2

since 1x2 = 2

constant term is -8, so c = -4

since 2 X -4 = -8

2x^ - 3x2 _ jgj|. _ g _ (jj + 2) (2x2 + _ 4^ expand and collect like terms

2x3 _ 3^2 _ igjj _ g = 2x3 + + 4)jj2 + (2fc _ 4)x _ 8
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Equating coefficients of 6 + 4 =

b =

f(x) = (x + 2) (2x2 _ 7;,; _ 4)

= (x + 2)(2x + l)(x - 4)

Hence (x + 2)(2x + l)(x - 4) = 0.

1
So X = -2 or X = - ̂ or X = 4.

2'

-3

-7

WORKED EXAMPLE 8

Solve 2x^ + 7x2 - 2x - 1 = 0.

Answers

Let f(x) = 2x^ + 7x2 _ 2x - 1.

The positive and negative factors of -1 are +1.

f(-l) = 2(-l)® + 7 X (-1)2 - 2 X (-1) -1 0

f (1) = 2 (1)^ + 7 X (1)2 - 2 X (1) - 1 0

So X - 1 and x+1 are not factors off (x).

By inspection, ^

So 2x - 1 is a factor of:

2x® + 7x2 - 2x - 1 = (2x - l)(ax2 + 6x + c)

1 = 0.

coefficient of is 2, so « = 1 constant term is -1, so c = 1
since 2x1=2 since -1 X 1 = -1

2x' + 7x2 _ 2x -1 = (2x - l)(x2 + 6x + l)
2x® + 7x2 - 2x -1 = 2x' + {2b - l)x2 + (2 - 6)x - 1

Equating coefficients of x^: 2b-1 = 7

b = 4

So 2x^ + 7x2 _ 2x - 1 = (2x - l)(x2 + 4x +1).

1  -4 ± V42 - 4 X 1 X1
X = — or X

2  2x1

1  -4 ± 273
X = — or X =

2  2

x = ̂orx = -2 + >/3 orx = -2->/3
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Not all cubic expressions can be factorised into 3 linear factors.

Consider the cubic expression x® + - 36.

Let f(x) = x^ + x^ - 36.

f (3) = (3)' + (3)' - 36 = 0

So X - 3 is a factor of f(x).

x^ + x^ - 36 = (x - 3)(ax^ + bx ■¥ c)

coefficient of is 1, so ct = 1
since 1x1 = 1

constant term is —36, so - 12
since -3 X 12 = -36

x^ + x^ - 36 = (x — 3)(x^ + bx + 12)
x^ + x^-36 = x^+{b- 3)x2 + (12 - 3b)x - 36

Equating coefficients of x^: ft - 3 = 1
ft = 4

So x^ + x^ — 36 = (x — 3)(x^ + 4x + 12)
(Note: x^ + 4x + 12 cannot be factorised into two further linear factors, since
the discriminant < 0.)

Exercise 4.4

1  a Show that x-1 is a factor of 2x®-x^-2x + l.

b Hence factorise 2x® - x^ - 2x + 1 completely.

2 Factorise these cubic expressions completely.
a x^ + 2x^ - 3x - 10 b

c  2x-'' - 9x^ - 18x d

e 2x^-13x2+I7x + 12 f

e 4x® - 8x2 _ ^ 2 h

x^ + 4x2 _

x^ — 8x2 j4

3x® + 2x2 _ Y^x + 6

2x^ + 3x2 _ 32^ + 15

3  Solve the following equations.
a X® — 3x2 _ 33^ + 35 = 0

c 3x3+17x2+18X-8 = 0

e 2x3-3x2-llx + 6 = 0

g 4x3 + 12x2 + 5x - 6 = 0

Solve the following equations.
Express roots in the form a ± b-Jc , where necessary.

b

d

f

h

x3 - 6x2 + llx - 6 = 0

2x3 + 3;c2 -17x + 12 = 0

2x3 ^ — 5x - 4 = 0

2x3 _ 3^2 _ 29x + 60 = 0

a

c

+ 5x2

+ 2x2

4x

7x •

2 = 0

2 = 0

x-' + 8x2 ^ y2x - 9b x3

d 2x3 ^ 3^2

0

17x + 12 = 0

Solve the equation 2x3 ^ g^2 - 14^ - 9 = 0.
Express roots in the form a ± ftVc , where necessary.
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b Hence show that x^-x^-x-2 = 0 has only one real root and state

Solve the equation + 8x^ + 12x = 9.

Write your answers correct to 2 decimal places where necessary,
a Show that X - 2 is a factor of x^ - x^ -x-2.

■ X

the value of this root.

8  f(x) is a cubic polynomial where the coefficient of is 1.

Find f(x) when the roots of f(x) = 0 are

a -2, 1 and 5 b -5, -2 and 4 c -3, 0 and 2.

9  f(x) is a cubic polynomial where the coefficient of x'' is 2.

Find f(x) when the roots of f(x) = 0 are

a —0.5, 2 and 4 b 0.5, 1 and 2 c —1.5, 1 and 5.

10 f(x) is a cubic polynomial where the coefficient of x^ is 1.

The roots of f(x) = 0 are - 3,1 + ̂2 and 1 - V2.

Express f(x) as a cubic polynomial in x with integer coefficients.

11 f(x) is a cubic polynomial where the coefficient of x'^ is 2.

The roots of f(x) = 0 are ̂ ,2 + y/S and 2 - ̂/3.
Express f(x) as a cubic polynomial in x with integer coefficients.

12 2x + 3 is a factor of 2x^ + [a^ + l)x^ - 3x^ + (l - a^)x + 3.
a Show that 4a^ - 9<2^ +4 = 0.

b Find the possible values of a.

4.5 The remainder theorem

Consider f(x) = 2x^ - 4x^ + 7x - 37 .

Substituting x = 3 in the polynomial gives f(3) = 2(3)'^ - 4(3)^ + 7(3) - 37 = 2.
When 2x^ - 4x^ + 7x - 37 is divided by x — 3, there is a remainder.

2x^ + 2x+13
X-3)2x^-4x2+ 7^_37

2x^- 6x^

2x^ + 7x

2x^ - fix
13x- 37

13x-39

The remainder is 2. This is the same value as f(3).

f(x) = 2x'' — 4x^ + 7x — 3fi, can be written as

f(x) = (x - 3)(2x2 + 2x + 13) + 2.
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In general:

If a polynomial P (x) is divided by x - c to give the polynomial
Q(x) and a remainder R, then

P(x) = (x - c)Q(x) + R.

Substituting x = c into this formula gives P(c) = R.

This leads to the remainder theorem:

If a polynomial P(x) is divided by x - c, the remainder is P(c).

The Remainder Theorem can be extended to:

If a polynomial P(x) is divided by ax - b, the remainder is ■

WORKED EXAMPLE 9

Find the remainder when 7x' + 6x^ - 40x + 17 is divided by (x + 3) by using
a algebraic division b the factor theorem.

Answers

a Divide 7x^ + 6x^ - 40x + 17 by (x + 3).
7x^+ 15x + 5

x + 3j7r'+ 6x2-40x + 17
7x^ + 21x^

—15x^ — 40x

-15x^ - 45x

5x + 17

5x + 15

2

The remainder is 2.

b Let f(x) = 7x^ + 6x^ - 40x + 17.

Remainder - f(-3)

= 7(-3f + 6 (-3)^ - 40 (-3) + 17

= -189 + 54 + 120 + 17

= 2
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WORKED EXAMPLE 10

f(x) = 2*® + ax^ -9x + b

When f{x) is divided by x - 1, the remainder is 1.

When f(x) is divided by x + 2, the remainder is 19.

Find the value of a and of b.

Answers

f(x) = 2x' + ax^ — %x + b

When f(x) is divided by x - 1, the remainder is 1 means that: f(l) = 1.

2(lf+ fl(lf-9(1) + 6 = 1
2 + a — 9 + 6 = 1

a + 6 = 8 (1)

When f(jc) is divided by x +2, the remainder is 19 means that: f(-2) = 19.

2{-2f + a{-2f - 9(-2) + 6 = 19
-16 + 4a + 18 + 6 = 19

4a + 6 = l7 (2)

(2) - (1) gives 3a = 9

a = 3

Substitudng a = 3 in equation (2) gives 6=5.
a = 3 and 6 = 5

Exercise 4.5

1 Find the remainder when

+ 2x^ - X + 3 is divided by x - 1

x^ - 6x^ + llx - 7 is divided by x - 2

x^ - 3x^ - 33x + 30 is divided by x + 2

2x^ - x^ - 18x + 11 is divided by 2x - 1.

a When x^ + x^ + ax - 2 is divided by x - 1, the remainder is 5.

Find the value of a.

b When 2x^ - 6x^ + 7x + 6 is divided by x + 2, the remainder is 3.

Find the value of b.

c When 2x® + x^ + cx - 10 is divided by 2x - 1, the remainder is -4.

Find the value of c.

f(x) = X® + ax^ + 6x - 5

f(x) has a factor of x - 1 and leaves a remainder of 3 when divided by x + 2.

Find the value of a and of b.

f(x) = x^ + ax^ + llx + 6

f(x) has a factor of x - 2 and leaves a remainder of 24 when divided by x - 5.

Find the value of a and of b.
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5  f(x) = + ax + b

f(x) has a factor of x - 3 and leaves a remainder of 15 when divided by x + 2.

a Find the value of a and of b.

b Solve the equation f(x) = 0.

6  f(x) = 4x^ + 8x^ + ax + b

f(x) has a factor of 2x - 1 and leaves a remainder of 48 when divided by x - 2.

a Find the value of a and of b.

b Find the remainder when f(x) is divided by x - 1.

7  f(x) = 2x^ + (a + l)x^ - ax + ft

When f(x) is divided by x - 1, the remainder is 5.

When f(x) is divided by x - 2, the remainder is 14.

Show that a = -4 and find the value of ft.

8  f(x) = ax^ + ftx^ + 5x - 2

When f(x) is divided by x - 1, the remainder is 6.

When f(x) is divided by 2x + 1, the remainder is -6.

Find the value of a and of ft.

9  f(x) = x^ - 5x^ + ax + ft

f(x) has a factor of x - 2.

a Express ft in terms of a.

b When f(x) is divided by x + 1, the remainder is —9.

Find the value of a and of ft.

10 f(x) = x^ + ax^ + ftx + c

The roots of f(x) = 0 are 2, 3, and k.

When f(x) is divided by x - 1, the remainder is —8.

a Find the value of k.

b Find the remainder when f(x) is divided by x + 1.

11 f(x) = 4x^ + ax^ + 13x + ft

f(x) has a factor of 2x - 1 and leaves a remainder of 21 when divided by x - 2.
a Find the value of a and of ft.

b Find the remainder when the expression is divided by x + 1.

12 f(x) = x^ - 8x^ + ftx - 20

When f(x) is divided by x — 1, the remainder is R.

When f(x) is divided by x - 2, the remainder is 4i2.

Find the value of k.

13 f(x) ̂ x^ + 2x^-6x + 9

When f(x) is divided by x + a, the remainder is R.

When f(x) is divided by x — a, the remainder is 2R.

a Show that 3a^ - 2a^ - 18a -9 = 0.

b Solve the equation in part a completely.
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14 f(x) = + Ax - 15

When f(x) is divided by x - 1, the remainder is R.

When f(x) is divided by x + 4, the remainder is -R.

a Find the value of k.

b Hence find the remainder when the expression is divided by x + 2.

15 P(x) = 5(x-l)(x-2)(x-3) + a(x-l)(x-2) + A(x-l) + c

It is given that when P(x) is divided by each of x - 1, x - 2 and x - 3 the remainders are 7, 2 and 1
respectively. Find the values of a, b, and c.

CHALLENGEQ

16 f(x) = x^ + ax'^ + bx + c

The roots of f(x) = 0 are 1, k, and k + I.

When f(x) is divided by x - 2, the remainder is 20.

a Show that - 3A - 18 = 0.

b Hence find the possible values of A.

Summary
The factor theorem:

If, for a polynomial P(x), P(c) = 0 then x - c is a factor of P(x).

If, for a polynomial P(x), = 0 then ax - b is a factor of P(x).

The remainder theorem:

If a polynomial P(x) is divided by x - c, the remainder is P(c).

If a polynomial P(x) is divided by ax - b, the remainder is •
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Examination questions

Worked example

The function f is such that f (x) = 4x® - Sx^ + ax + b, where a and b are constants. It is given that
2x - lis a factor of f(x) and that when f(x) is divided by x + 2 the remainder is 20. Find the
remainder when f(x) is divided by x - 1.

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2Nov 2011

Answer

f(x) = 4x^ — 8x^ + ax + b

If 2x - 1 is a factor, then f

v2

1
-2 +

a + 2b = S
(1)

Remainder = 20 when divided by x + 2, means that f(-2) = 20.

4 (-2)^ - 8(-2f + a (-2) + b = 20
-52-32-2a + b = 20

-2a + b = 84 (2)

From (1) a = 5- 2b.

Substituting in (2), gives: -2(3 - 2b) + b = 84

—6 + 4b + 6 = 84

5b = 90

b = 18

So a = -33, b = 18.

Remainder when f(x) = 4x® - 8x^ - 33x + 18 is divided by (x - 1) is f(l).

Remainder = 4(1)^ - 8(1)^ - 33(1) + 18
= 4-8-33 + 18

= -19
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Exercise 4.6

Exam Exercise

1  a Show that X - 2 is a factor of - 14x^ + 32. [1]

b Hence factorlse Sx^ — 14x^ + 32 completely. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12i,ii Nov 2012

2 The function f(x) = ax^ + 4x^ + bx -2, where a and b are constants, is such that 2x - 1 is a
factor. Given that the remainder when f(x) is divided by x - 2 is twice the remainder when
f(x) is divided by x + 1, find the value of a and of b. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6 Nov 2013

3  a The remainder when the expression x® + 9x^ + bx A- c is divided by x - 2 is twice the
remainder when the expression is divided by x - 1. Show that c = 24. [5]

b Given that x + 8 is a factor of x^^ + 9x- A- bx A- 24, show that the equation
x^ + 9x^ + Z'x + 24 = 0 has only one real root. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,ii Nov 2012

4 The expression x^ + 8x^ A- px -25 leaves a remainder of /?when divided by x - 1 and a
remainder of-J? when divided by X + 2.

a Find the value of p. [4]

b Hence find the remainder when the expression is divided by x + 3. [2]

Cambrid^ IGCSE Additional Mathematics 0606 Paper 21 Q5i,ii Jun 2011

5 Factorise completely the expression 2x^ - llx^ - 20x - 7. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Nov 2010

6 The expression x'^ + ax'^ - 15x + b has a factor of x - 2 arid leaves a remainder 75 when divided
by X + 3. Find the value of a and of b. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2 Nov 2010

7 The polynomial f (x) = ax^ + 7x^ -9xA-b is divisible by 2x- 1. The remainder when f(x) is
divided by x - 2 is 5 times the remainder when f(x) is divided by x + 1.

i  Show that a = 6 and find the value of b. [4]

ii Using the values from part a, show that f (x) = (2x - l)(cx^ A-dxA-e^, where c, d and e are
integers to be found,

ill Hence factorise f(x) completely.

[2]

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q7 Mar 2016
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Equations, Inequalities and graphs
This section wiii show you how to:

■ solve graphically or algebraically equations of the type |aa: + 6| = \cx + d\

■ solve graphically or algebraically inequalities of the type \ ax-^b\>c (c^O),
|ax + Z»|^c (c>0) and |ax + 6| =s|cx + d|

■ solve cubic inequalities in the form k{x - a){x- b){x — c) ̂  d graphically

■ sketch the graphs of cubic polynomials and their moduli, when given in factorised form

■ use substitution to form and solve quadratic equations.
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5.1 Solving equations of the type \ ax+ b\ = \cx+ d\

CLASS DISCUSSION

Using the fact that \p\ = and | =q^ you can say that:
p^-q^=\pf-\qf

Using the difference of two squares then gives:

p'-?'=(|p|-l?l)(l/'l+l?l)
Using the statement above, explain how these three important results can be obtained:

(The symbol O means 'is equivalent to'.)

•  l/'hkl

•  \p\<\q\ <q^, ifq*0

m

The next worked example shows you how to solve equations of the form
\ax + b\-\cx + d\ using algebra. To solve this type of equation you can use the
techniques that you learnt in Chapter 1 or you can use the rule:

|p| = |<?| P^ = q^

WORKED EXAMPLE 1

Solve the equation \ x-b\ = | x + 1| using an algebraic method.

Answers

Method 1

|x - 5| = I* + 1|

X - 5 = X + l

0 = 6

or

or

x - 5 = - (x +1)

2x=4

x=2

CHECK: |2 -5| =|2 + 1|/

The solution is x = 2

Method 2

|x - 5| = !*: ■+ 1|
(x-5)^ = (x + 1)^

x^ - lOx + 25 = + 2x + 1

12x=24

x = 2

0 - 6 is false

use \p\ ^1^1
expand
simplify
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The equation |3c-5| =|3c + l| could also have been solved graphically.

_V=|.\-+ll j=|x-51

_8 -6 -4 -2 O 2 4 6 8 1;0 ^ 12^

The solution is the x-coordinate where the two graphs intersect.

WORKED EXAMPLE 2

Solve the equation 12x + 1| = | x - 3| using an algebraic method.

Answers

Method 1

|2x + l| =|x-3|

2x + 1 = X — 3 or 2x + 1 = — (x — 3)

orx= -4 3x=2

2
X = —

3

CHECK: |2(-4) + l| =|-4 -SK,

Solution is X = — or x = -4
3

Method 2

|2x + l| -|x-3|

(2x + lf = (x-3)''^

4x^ + 4x + 1 = x^ — 6x + 9

3x^ + lOx -8 = 0

(3x-2)(x + 4) = 0

2
X = — or X = -4

3

2 2
2x- +1 --3

3 3
/

use IpI =|<7| «

expand

simplify

factorise
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The equation 12x +1| = | x - 3| could also be solved graphically.

-6 I -4 -2 O

y= \2x+ 1| >'=
W 1 i  ; /

'  J
■

1  IXI  j /

4—J -A. \  \ f\
y

1 XK /
1  x \ f' 1

^ 1 i \
\  \

i  \4-

V"

\

/ ! 1
/  !

i
1  i

!  1
/

1  i
Y

1  f 1

:  V 1 ■
V  \/
^  1 r \ 1 1 1 1 1 1 1

6 10 12X

From the graph, one of the answers is clearly x = -4. The exact value of the other answer is not so
obvious and algebra is needed to find this exact value.

The graph of y = |x-3| can be written as:

y-x-3 if

y = —(x-3) if x<3

The graph of y = 12x +1| can be written as:

y= 2x+1 if x^——

y = —{2x+1) if x<-
1

The second answer is found by finding the x value at the point where y = ~{x — 5) and y = 2x + 1
intersect.

2x + 1 = —X — 3

2x+ 1 = —x+ 3

3x= 2

2
X = —

Hence the solution is x = -4 or x = — .
3
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WORKED EXAMPLE 3

Solve |x + 41 +|x - 5| = 11.

Answers

|x + 4| +|x - 5| = 11 subtract j x - 5| from both sides

|x + 4| = 11 — |x — 5| split the equation into two parts

x + 4 = ll-|x-5| -(1)

x + 4= |x-5|-ll -(2)

Using equation (1)

|x-5| = 7-x .split this e{[uaiion into two [)ar[s

x-5 = 7-x or x-5 = -(7-- x)

2x=12 or 0 = -2 0 = -2 is false

x= 6

Using equation (2)

1X - 5| = X + 15 split this equation into two parts

x-5 = x+i5 or x-5 = -(x+15)

o

I

II

M(

U
O

o

1!

O

0= 20 is false

x = -5

CHECK: |6 + 4|+!6-5i = 11«^, 1-5+41+1-5-51 = 11/

The solution is x = 6 or x= -5.

Exercise 5.1

1  Solve.

a  |2x-l|=|x|

d  |5x + l|=|l-3x|

g  |3x-2|=|2x + 5|

b  |x + 5|=|x-4|

e  |l-4x| = |2-x|

h  |2x-l| = 2|3-x|

2 Solve the simultaneous equations | x - 5| and )) = 18 - x|.

3  Solve the equation 6|x + 2|^ + 7|x + 2|-3 = 0.

4 a Solve the equation x^-6|x|+ 8 = 0.

b Use graphing software to draw the graph off(x) = x^-6|x| + 8,

C  Use your graph in part b to find the range of the function f.

CHALLENGEQ

5  SoI\ {■ the equation |x + l|+| 2x-3| = 8.

c  |2x-3| = |4-x|

X
1-- :|3x + 2|

i  |2-x| = 5 1  ,
—x + 1
2
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CHALLENGEQ

6 Solve the simultaneous equations y = | x — 51 and 3; = 13—2x | + 2.

CHALLENGEQ

7 Solve the equation 2 [ 3x + 4;; - 21 + 3 ̂25 - 5x + 2:>^ = 0.

5.2 Solving modulus Inequalities
Two useful properties that can be used when solving modulus inequalities are:

-q^p^q and \p\^q p^-q or p^q I

The following examples illustrate the different methods that can be used when solving modulus inequalities.

WORKED EXAMPLE 4

Solve 12x - 1| <3.

Answers

Method 1 (using algebra)

12x-l|<3 use|p <q <=> -q < p < q
-3 < 2* - 1 < 3

-2 < 2x < 4

-1 < X < 2

Method 2 (using a graph)

The graphs of 31 = [ 2x - 1| and 31 = 3 intersect at the points A and B.

|2x-ll =
2x-l if X

-(2x- 1) if X < —
2

y= |2x- 1

I  At A, the line 3; = -(2x - 1) intersects the line 3 = 3.
!  -(2x-l)=3
I  -2x+l=3

2x = -2

x = -l

At B, the line 3 = 2x - 1 intersects the line 3=3.

2x-l =3

2x = 4

x=2

To solve the inequality 12x - 1| <3 you must find where the graph of the function
3 = 12x - 1| is below the graph of 3 = 3.

Hence, the solution is -1 < x< 2.
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WORKED EXAMPLE 5

Solve 12x + 3| >4.

Answers

Method 1 (using algebra)

|2x + 3| > 4 use \p\> q p < -q or p>

2x+3<-4

2x<-7

7
x< —

2

or 2*: + 3 > 4

or 2x >1

1
or X > -

Method 2 (using a graph)

The graphs of 31 = 12X + 3| and 31 = 4 intersect

at the points A and B.

|2x + 3| =

2x + 3 if

i —(2*+ 3) if X < -1

a

y

4-

At 4, the line 31 = -(2x+3) intersects the line 3 = 4. _p _] O
-(2x+3)=4

-2x-3=4

2x=-7

7
X = —

2

At B, the line 3 = 2x + 3 intersects the line 3=4.

2x+ 3 = 4

2x =1

1
X = —

2

y= \2x+ 3|

3=4
/B

X

To solve the inequality 12x + 3| > 4 you must find where the graph of the function
3 = 12x + 3| is above the graph of 3 = 4.

Hence, the solution isx<-— or x>—.
2  2
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WORKED EXAMPLE 6

Solve the inequality |2x + ll >\5- x\ ■

Answers

Method 1 (using algebra)

|2x + l| >|3-x|

(2x + l)^
4:X^ + 4x + 1 > 9 - 6x +

Sx^ + lOx -8^0

(3x-2)(x + 4)^0

IpI \q\ ^

factorise

Critical values are — and -4.
3

y=Sx^ + lOx — 8

Hence, x < -4 or x 3= — .
3

Method 2 (using a graph)

The graphs of y = 12x + 1| and y = 13 - x| intersect at the points A and B.
1.

2

1

2

X - 3 if X 3: 3

-(x- 3) if X < 3

At A, the liney = -(2x+ 1) intersects the liney = -(x- 3).

2x+ 1 = X - 3

X = -4

At B, the line y = 2x+ 1 intersects the line y = -(x- 3).

2x+ 1 =-(x-3)

3x = 2

2
X = —

3

2x+l if

-(2x+ 1) if X < —

3 — x| = |x — 3| =
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I2x + ll

-7 -6 -5 -4 -3 -2 -1 O 1  2 3 5 6

To solve the inequality | 2^? + 1| ̂  13 - x| you must find where the graph of the
function y = \2x + 1\ is ahovethe graph of j; = 13 — x|.

2
Hence, x ̂  -4 or x ̂

Exercise 5.2

y= |x - 2|

1 2 3 4^ 67 8 9 Ip^

The graphs of y = | x - 2| and 3) = 12x -10| are shown on the grid.

Write down the set of values of x that satisfy the inequality |x-2|>|2x-10|.

2  a On the same axes sketch the graphs of y = 13x - 6| and y = 14 - x|.

b  Solve the inequality 13x-6| ̂|4-x|.

3 Solve.

a  |2x-3|>5

d  |2x-7|>3

4 Solve.

a  |2x-3|^x-l

5 Solve.

a  |2x-l|^|3x|

d  |4x + 3|>|x|

b  |4-5x|^9

e  |3x + ll>8

b  |5 + x|>7-2x

b  |x + l|>|x|

e  |x + 3|3=|2x|

c  |8-3x|<2

f  |5-2x|^7

c  |x-2|-3x^l

c  |x|>|3x-2|

f  12x| < IX — 3|
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b  |a:-2|^|* + 5|

e  |jc + 2| < —x-5
2

6 Solve,

a  |x + l|>|x-4|

d  |2x + 3l^l*-3|

7 Solve.

a  2|x-3l>|3« + l| b 3|x-l|<|2x + ll

8 Solve the inequality \ x + 2k\^\x-3k\ where A is a positive constant.

9 Solve the inequality \x + Sk\<4\x-k\ where A is a positive constant.

c  |x + l| ̂|3^i: + 5|

f  |3x-2|^|x + 4|

c  |2x-5l^3l2x+l|

CHALLENGEQ

10 Solve |3x+2|+|3x-2| ̂  8.

5.3 Sketching graphs of cubic polynomials and their moduli

In this section you will leam how to sketch graphs of functions of the form y = k(x-a)(x- b)(x - c) and
their moduli.

When sketching graphs of this form you should show the general shape of the curve and all of the axis
intercepts.

To help find the general shape of the curve you need to consider what happens to

•  y as X tends to positive infinity (i.e. as x —> +0°)

•  y as X tends to negative infinity (i.e. as x —> - 0°)

WORKED EXAMPLE 7

a  Sketch the graph of the function y = (2x -1) (2 - x) (x +1).

b Hence sketch the graph of y = | (2x -1) (2 - x) (x +1)|

Answers

a When x=0,y = -l x2x 1 =-2.

.-. The curve intercepts the y-axis at (0, -2).

When y = 0, (2x- 1) (2 — x) (x+ 1) = 0

2x-l=0 2-x=0 x+l=0

1
x = —

2
X = 2 X = —1

.*. The curve intercepts the x-axis at (2, 0) and (-1, 0).
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Asx—>+00, y—

As X —> y —> +00

The graph of the function y = (2x-l)(2-x)(x+l)is:

\  ̂ y= (2x- l)(2-x)(x+ 1)

-1\ 0 /l 2) X
/ 2 \

b To sketch the curve 3i = |(23c-l)(2-*:)(x + l)| you reflect in the x-axis the parts
of the curve y = {2x- 1)(2 - x)(x + 1) that are below the se-axis.

y= |(2x-l)(2-«)(x+ 1)1

WORKED EXAMPLE 8

a  Sketch the graph of the function y = {x- if (x + 1).
b Hence sketch the graph of y = |(x-l)^{x + l)|.

Answers

When x= 0, y = (-1)^ x 1 = 1.
The curve intercepts the y-axis at (0,1).

Wheny = 0, (x- 1) (x- 1) (x+ 1) = 0

X—1=0 X—1=0 x+l=0

X = 1 (repeated root) x = -1

/. The curve intercepts the »-axis at (1,0) and (-1, 0).

As x—> +00, y —> +00

As x—^ y —> —oo
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The graph of the function y = (x - 1)^ (* +1) is:

y = (x~ \ )-{x+ 1)

b To sketch the curve y = |(a:-l)^(x + l)| you reflect in the se-axis the part of the
curve y = {x — 1)^ (x + 1) that is below the x-axis.

y jy= |(x- l)2(x+ 1)1

-1 0 1 a;

In worked examples 7 and 8, you considered the value of y as x —> + <» to determine the shape of the
cubic curve. It is often easier to remember that for a curve with equation y= k{x- a) {x- b) (x- c) the
shape of the graph is:

if ft is positive if ft is negative

Exercise 5.3

Find the coordinates of the points A, B and C
where the curve intercepts the x-axis and the
point D where the curve intercepts the
positive y-axis.

y = (x- 2) (x + 1) (x- 3)

Sketch each of these curves and indicate clearly the axis intercepts,
a y= (x-2)(x-4)(x+3) b y= (x+2)(x+l)(3-x)
c  y= (2x+l)(x+2)(x-2) d y = (3-2x)(x-1)(x+2)

Find the coordinates of the point A and the point B,
where A is the point where the curve intercepts the
positive x-axis and B is the point where the curve
intercepts the positive y-axis.

y= 2(x+ l)-(7 -2x)

A\ Jc
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a y-x^{^x + 2^
C  )) = (x + l)^(x:-2)

Sketch each of these curves and indicate clearly the axis intercepts.

b  y = x^{5-2x)
d  y = (x-2)'(10-3x)

Sketch each of these curves and indicate clearly the axis intercepts,

a  y = |(x + l)(x-2)(jc-3)| b y = 12( 5 - 2x)(3c + l)(x + 2)|
C  y = |x:(9-x^)| d y = 13( x - 1 )^ (x + 1 )|

Factorise each of these functions and then sketch the graph of each function indicating clearly the
axis intercepts.

a

c

7  a

y = 9x

2x^ +x^ - 25x +12

b  y = + 4x^ + X - 6

d  y = 2x^ + 3x^ - 29x - 60

b

a

On the same axes sketch the graphs of y = x(x-5)(x-7) and y = x(7-x), showing clearly the
points at which the curves meet the coordinate axes.

Use algebra to find the coordinates of all the points where the graphs intersect.

On the same axes sketch the graphs of y = (2x - l)(x + 2)(x +1) and y = (x +1)(4 - x), showing
clearly the points at which the curves meet the coordinate axes,

b Use algebra to find the coordinates of all the points where the graphs intersect.

CHALLENGEQ

9 The diagram shows the graph

of y=k{x- aY (x-b).

Find the values of a, b and k.

-1

-4J

X

CHALLENGEQ

10 The diagram shows the
graph of
y = |A(x-a)(x-6)(x-c)|
where a< b< c.

Find the values of a, b,

c and k.
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5.4 Solving cubic inequalities graphically
In this section you will learn how to use a graphical method to solve inequalities of the

form k{x - a){x - b){x - c) d.

WORKED EXAMPLE 9

The diagram shows part of the

graph of y = —(x - 3)(x - 2)(x + 2).
6

Use the graph to solve the

inequality {x — 5) {x - 2){x + 2) ̂  6.

y=- (x-3)(x-2)(x+2)
6

Answers

(x-3)(x-2)(x + 2) « 6

-(x-3)(x-2)(x + 2) « 1
6

You need to find where the

curve y = —(x - 3)(x - 2)(x + 2)
6

is below the line y = 1.

The red sections of the graph
represent where the

curve y = —(x - 3)(x - 2)(x + 2)
6

is the line y = 1.

The solution is x ̂  -1.6 or 1 ̂  x ̂  3.6 .

divide both sides by 6

y=- (x- 3) (x- 2)(x+ 2)
6

aj'= 1

Exercise 5.4

1 The diagram shows part of the graph of y = x{x- 2)(ie +1).

Use the graph to solve each of the following inequalities

a  x(x-2)(5c + 1)^ 0,

b  x(x —2)(x + l)^l,

c  x(x-2)(x +1)^-2.

y= x(x- 2)(x+ 1)
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2 The diagram shows part of the graph of 3) = (»: + l)^(2-x).
Use the graph to solve each of the following inequalities

a  (jc + lf (2-a:)^0,

b  (jc + l)^(2-x) ̂  4,

C  (x + lf (2-a:)^3.

1)2(2-X)

3 The diagram shows part of the graph
of 3) = (l-a:)(x-2)(x + l).

Use the graph to solve each of the following inequalities

a  (l-x)(x-2)(x +1)^-3,

b  (l-x)(x-2)(x + l)^0,

c  (1 —x)(x-2)(x+l)>—1.

(ffl^(x-2)(x+l)

5.5 Solving more complex quadratic equations
You may be asked to solve an equation that is quadratic in some function of x

WORKED EXAMPLE 10

Solve the equation 4x'* -17*2 + 4 = 0.

Answers

Method 1 (substitution method)

4x^-17x^ + 4:= 0 use the substitution v=

4y^ —\7y + 4:= 0 factorise

(43i-1)(>-4):= 0 solve

1

li

0

or ^ - 4 := 0

II afH . 1H-*

or y = 4 substitute x~ for y

2  1
X = —

4

2
or X ••= 4

x = ±-
2

or X ■= ±2



Cambridge IGCSE and 0 Level Additional Mathematics

Method 2 (factorise directly)

4x:^-17x^+4 = 0

(43c^-1)(x^-4)=:0
4x^ -1 = 0 or x^-4=0

1
or

1
x = ±— or

2

-4

x=±2

WORKED EXAMPLE 11

i  1 i
Use the substitution y = x^ to solve the equation 3x^-5x^+2 = 0.

Answers

2  1 1

3x3-5x3+2 = 0 let y = x3

3/-5y + 2 = 0 factorise

(3y-2)(y-l) = 0 solve

3y-2 = 0

2

or y - 1 = 0

or 7=1
1

substitute x3 for y

x3=-
3

1

or x3 =1 cube both sides

x= —

u.

\3
or x= (1)3

II

or x = 1

WORKED EXAMPLE 12

So\\e the equation x - 4>/x -21 = 0.

Answers

x-4^/x —21 = 0 use the substitution v = ̂/x

/-4y-21 = 0

(7-7)(7 + 3) = 0

O
II

OC
+

U
0

o
II

1>
1

OC
I

II

u
O

l>
II

substitute Vx for y

OC
I

II

u
O

x>
11

1 \/x = -3 has no real solutions

II

H
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WORKED EXAMPLE 13

Solve the equation 8^4* 33^2*^ + 4 = 0.

Answers

8(4^)-33(2*)+4 = 0

8(2')^-33(2=')+4 = 0
8y^ — 33y + 4 = 0

(83)-1)(ji-4) = 0
1  .

-v = — or v = 4
■^ 8

2" = - or 2' = 4
8

x = -3 or x = 2

..\24'-' can be written as (2^) ~ (^ )
let v=2^

substitute 2* for y

i = 2"® and 4 = 2^

Exercise 5.5
1 Find the real values of x satisfying the following equations.

a  x^-5x'^+4 = 0 b x^+x^-6 = 0 c 20x^ + 64 = 0

d x' + 2x'-8 = 0 e x'-4x'-21 = 0 f 2x'-17x'-9 = 0

A 1
4

X  X
4x''+6 = llx' '  6 3 ^

X  X

2 Use the quadratic formula to solve these equations.
Write your answers correct to 3 significant figures.
a x"-8x^+1 = 0
d 2x®-3x^-8 = 0

3 Solve.

a  x-7\/x + 10 = 0

d  ̂ /^(2 + ̂ /^) = 35
g 2x + 4 = 9^/x

b x^-5x^-2 = 0
e 3x®-5x^-2 = 0

b x-y/x-12 = 0

c  2x^+x^-5 = 0
f  2x®-7x''-3 = 0

c  X + 5y/x — 24 = 0

8x-18>/x+9 = 0 f 6x + ll^/^-35 = 0

h Syfx H —16
■sjx

2yfx H—j= = 9
Vx

4 Solve the equation 2x^ — 7x^ +6 = 0.

5 The curve y = \fx and the line 5y = x + 4 intersect at the points P and Q.
a Write down an equation satisfied by the x-coordinates of P and Q.
b Solve your equation in part a and hence find the coordinates of Pand Q.

6 Solve.

a 2^"-6(2") + 8 = 0 b 3^'^-10(3^) + 9 = 0 c 2(2^")-9(2") + 4 = 0
c  3^'^'-28(3'') + 9 = 0 d 2^'^^-33(2'') + 8 = 0 e 3^''^^+3(3'')-2 = 0
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7  = and g(x) = + 7x. Solve gf(x) = 2.

8  f(x) = x^-2 and g(x) = x"-5x. Solve gf(x) = 6.

9  f(x) = x'^+3x and g(x) = x^-4x. Solve gf(x) = 0.

Summary
Solving modulus equations

To solve modulus equations you can use the property:

\a\ =\b\ = b'^

Solving modulus inequalities

To solve modulus inequalities you can use the properties:

I a 1^6 -b a b

\a\ '  ̂b a ̂  —b or a ̂  b

\a\ >\b\ <=i' > b'^

\a\ <\b\ < b'^, b Q

The graph of j; = ̂(jc-a)(x-6)(A:-c)

The x-axis intercepts are (a, 0), {b, 0) and (c, 0).

The shape of the graph is

if ̂  is positive ^ negative

The graph of >> = | A(ji:-a)(x:-A)(jc-c)|
To sketch the curve y = |/t(x-a)(x-i)(x-c)| you reflect in the x-axis the parts of
the curve y = k{x-a){x — b){x-c) that are below the x-axis.

i
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Examination questions

Worked example

a On the same axes sketch the graphs oiy= x^{x-2) and 31 = x(6 - x), showing clearly
the points at which the curves meet the coordinate axes. [5]

b Use algebra to find the coordinates of the points where the graphs intersect. [6]

Examination style question

Answers

a The graph of)!= x^(x-2);

When x= 0, y = 0^ X (-2) = 0.
The curve intercepts the y-axis at (0, 0).

When y = 0, x^(x- 2) = 0

x=0 x=0 x-2=0

X = 0 (repeated root) x = 2

The curve intercepts the x-axis at (0, 0) and (2, 0).

As X —> +00, y —> +00
Asx^-00, y-»-oo

The graph of y = x(6 - x):

When x=0, y = 0x6 = 0.

The curve intercepts the y-axis at (0, 0).

When y = 0, x(6 - x) = 0

x=0 6-x=0

x= 0 x= 6

The curve intercepts the x-axis at (0, 0) and (6, 0).

As X —> +00, y —> -00
As X y —> —°a

y j y=x'^{x- 2)

6\

y = x (x- 6) \
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b At the points of intersection:

x^{x- 2) = x(6 - x)

x^{x- 2) - 3c(6 - x) = 0

x[x(x- 2) - (6 - x)] = 0

x(x? - X - 6) =0

x(x- 3) (x+ 2) =0

X = 0 or X = 3 or x = -2

x= 0 => y = 0

x= 3 ^ y — 9

x = -2 => }i = -16

The points of intersection are (-2, -16), (0, 0) and (3, 9).

Exercise 5.6

Exam Style Exercise

1  Solve the equation 12x - 3| = 13x - 5|.

2  Solve the inequality 12x - 1| > 7.

3  Solve the inequality 17 - 5x| < 3.

4  Solve the inequality | x| > 13x - 2|.

5  Solve the inequality | x - 1| < | x + 2|.

1
6  Solve the inequality | x + 2| < -X -1

7  Solve the inequality | x + 2^| > | x - ̂| where is a positive constant.

8  a Solve the equation | x - 13| = 14.

b Hence solve the equation \y^ - 13| = 14.

[3]

Examination style question

[3]

Examination style question

[3]

Examination style question

[4]

Examination style question

[4]

Examination style question

[4]

Examination style question

[4]

Examination style question

[3]

[1]

Examination style question

9  Sketch the graph of y = x(3 - 2x)(x - 4), showing clearly the points at which the curve meets the
coordinate axes. [3]

Examination style question
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10 Sketch the graph of 3! = 2(2x-l)(x-3)(x + l), showing clearly the points at which the curve
meets the coordinate axes. [4]

Examination style question

11

l)(x- l)(2-x)

The diagram shows part of the graph of y = 2(x + l)(x-l)(2-x).
Use the graph to solve the inequality (x + l)(x-l)(2-x)>-l. [3]

Examination style question

12 Sketch the graph of y = (x- 4)(x - l)(x + 2), showing clearly the points at which the curve
meets the coordinate axes. [4]

Hence sketch the curve y = |(x - 4)(x - l)(x + 2)|. [1]

Examination style question

13 a Facto rise completely X®+x^-6x. [3]
b Hence sketch the curve with equation y = x® + x^ - 6x, showing clearly the points at which

the curve meets the coordinate axes. [3]

Examination style question

14 a On the same axes sketch the graphs of y = (x - 3)(x +1)^ and y = —, showing clearly the
points at which the curves meet the coordinate axes,

b Hence state the number of real roots of the equation (x-3)(x + l)2  6
[5]

[1]

15 a Factorise completely 2x®+x^-25x +12.

Examination style question

[5]
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b Hence sketch the curve with equation y = 2x^ +x^ - 25x +12 , showing clearly the points at
which the curve meets the coordinate axes. [4]

Examination style qiiestion

16 a On the same axes sketch the graphs of y = (6 - x) and y = 4x(4 - x), showing the points
at which the curves meet the coordinate axes. [5]

b Use algebra to find the coordinates of the points where the graphs intersect. [6]

Examination style question
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Chapters
Logarithmic and exponential functions
This section will show you how to:

m use simple properties of the logarithmic and exponential functions including In x and e*
■ use graphs of the logarithmic and exponential functions including In x and e'^and graphs of/(e"*+o

and k ln(ox+ b) where n, k, a and b are integers
■ use the laws of logarithms, including change of base of logarithms
■ solve equations of the form o'' = £i.
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6.1 Logarithms to base 10
Consider the exponential function f(x) = 10*.

To solve 10* = 30.

You can say 10' = 10 and 10'-' = 100.
So 1 < X < 2.

The graph of y = 10* could be used to give a
more accurate value for x when 10* = 30.

From the graph, x = 1.48.

There is a function that gives the value of x directly.

If 10* = 30 then x = logiQ30.
is read as 'log 30 to base 10'.

log is short for logarithm.

:y
100-

i

y= 10*

1

80-
r

60-

40-

i

1 1 i  i

^ i :
j

1
!  1 ?^

f

\  \

1

1  ! 1 1  f̂  1 1 1 i  i ii.4^ \ X

Q Note:

logio 30 can also be written as Ig 30 or log 30.

On your calculator, for logs to the base 10, you use the or (^1^ key.
So if 10* = 30

then X = log 10 30

X = 1.477 to 4 sf.

Hence the rule for base 10 is:

If y = 10* then x = logjoy.

This rule can be described in words as:

logioy is the power that 10 must be raised to in order to obtain y.

For example, logiglOO = 2 since 100 = 10^.

y = 10* and y = logjQX are inverse functions.
y

11

1

0 /i X

y = log,„x
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CLASS DISCUSSION

Discuss with your classmates why each of these four statements is true.

logio 1=0 [ logio 10* = X for X €rlogio 10 = 1 X = for X > 0 ̂

WORKED EXAMPLE 1

a Convert 10* = 45 to logarithmic form,

b Solve 10* = 45 giving your answer correct to 3 sf.

Answers

a Method 1

10* = 45

Step 1: Identify the base and index; I he base is 10. The index is X.
Step 2: Start to write in log form: In log form the index always goes on its

Step 3: Complete the log form:

So X = logio45.

Method 2

10* = 45

logiolO* = logio45
X = logio45

b  10* = 45

X =logio45
X = 1.65

own and the base goes at the base of the
logarithm. So X = logjo?

Fill in the last number. X = logjo45

Take logs to base 10 of both sides. logiolO* = X



Cambridge IGCSE and 0 Level Additional Mathematics

WORKED EXAMPLE 2 J^H|||||^H|||H
a Convert logio* = 2.9 to exponential form.

b Solve logiox = 2.9 giving your answer correct to 3 sf.

Answers

a Method 1

logiox = 2.9

Step 1: Identify the base and index: The base is 10. The index is 2.9.

(In log form the index is always on
its own.)

Step 2: Start to write in exponential form: Write the base and the index first.

So 102-9 = p

Step 3: Complete the exponential form:

O

11

So X = 10^'®

Method 2

logiox = 2.9
IQlogioA:^ 102.9 lO^ogto'^ = X

X = lO^-^

b  logiox = 2.9

X = lO^-^

x = 794

WORKED EXAMPLE 3

Find the value of

a  logiolOO 000 b lOgigO.OOl C lOgiglOO-v/TO.

Answers

a  logiglOO 000 = logiglO^

= 5

write 100 000 as a power of 10, 100 000 = 10®

b  logioO.OOl = logiolO-^

= -3

wr ite 0.001 as a power of 10, 0.001 = 10"®

c  logiol00>/10 = logiolO" write 100-JTo as a power of 10

- 2.5 100VT0 = 102 X 10«-5 = 10"
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Exercise 6.1

1 Convert from exponential form to logarithmic form.

a  10^ = 1000 b lO'-^ = 100 c 10® = 1000000

d lO"" = 2 e 10^ =15 f 10"^ = 0.06

2 Solve each of these equations, giving your answers correct to 3 sf.

a  10^ =75 b 10^ = 300 c 10^ = 720

d 10^ = 15.6 e lO'^ = 0.02 f 10^ = 0.005

3 Convert from logarithmic form to exponential form.

a  Ig 100000 = 5

d  Ig ̂  = 7.5

b lglO = l

e  Ig X = 1.7

1
= -3c  Ig

^ 1000
f  Ig X = -0.8

VTo J'

4 Solve each of these equations, giving your answers correct to 3 sf.

a  Ig X = 5.1 b lgx = 3.16 c Ig x = 2.16

d  Ig X =-0.3 e lgx = -1.5 f Ig X =-2.84

5 Without using a calculator, find the value of

a  Ig 10000 b IgO.Ol c IgVlO

d  Ig(^) e Ig(loVlo) f Ig*"^^^®

6.2 Logarithms to base a

In the last section you learnt about logarithms to the base
of 10.

The same principles can be applied to define logarithms
in other bases.

If y = of then x = leggy.

lOggffl = 1 lOggl = 0

loggfl* = X X =

The conditions for log^x to be defined are:

•  a > 0 and a ̂  1

•  X > 0

y
y = a"

II

1// y=log^^

0 /I X
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WORKED EXAMPLE 4

Convert 2'' = 16 to logarithmic form.

Answers

Method 1

2'* = 16

Step 1: Identify the base and index:

Step 2: Start to write in log form:

Step 3: Complete the log form:

So 4 = log2l6.

The base is 2. The index is 4.

In log form the index always goes on its
own and the base goes at the base of the
logarithm. So 4 = logg?

Fill in the last number. 4 = log^lb

Method 2

2^ = 16

Iog22^ = log2l6
4 = log2l6

Take logs to base 2 of both sides, log22'' = 4,

WORKED EXAMPLE 5 ■jjjjjjjjj^HH
Convert log749 = 2 to exponential form.

Answers

Method 1

log749 = 2
Step 1: Idendfy the base and index: The base is 7. The index is 2.

(In log form the index is always on its own.)
Step 2: Start to write in exponential form: Write the base and the index first. So 7^ = ?

Step 3: Complete the exponendal form:

II

OC

So 72 = 49

Method 2

log749 = 2
ylog,49 _ y2 7log,49^4g

49 = 72
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WORKED EXAMPLE 6

Find the value of

b logs 128 c log4^a  logs 81

Answers

a  logs 81 = logs 3^
= 4

write 81 as a power of 3, 81 = 3^

b  log2l28 = logs 2^
= 7

C  log4 = log44-2

write 128 as a power of 2, 128 = 2^

1  1 ._2
write — as a power of 4, — - 4

16 ' 16

Exercise 6.2

1 Convert from exponential form to logarithmic form,

a 43 = 64 b 2^ = 32 c 5^ = 125

d 02 = 36

g

e  2--^ =

h X-

]_
32

f  3-' = —
81

a = c

2 Convert from logarithmic form to exponential form,

a  log24 = 2 b log264 = 6 c logjl = 0

e  log366 = -^d  log, 9 = 2 f  log82=i
g  log^l = 0

3  Solve.

a  logjX = 4

d  log3X = i
g  log2 (x - 1) = 4

4 Find the value of

a  log4l6

e  logs243

i  log64 8

5 Simplify.

a  log^x^

e log.

6 Solve.

a  logs (log2 = 1

h  log,8 = ))

b  loggX = 2

e  log,144 = 2

h  log3 (2x + 1) = 2

i  log„^ = c

c  log^x = 4

f  log,27 = 3

'  log5(2-3x) = 3

b  logjSl

f  log2 (8V2)

•  11  log7

c  log464

g  log5(25V5)

k  log5^

b  log,^ c log, (x^/x)

d  log20.25

.  1
h  logs

<1 log.:^
X\/x

X

/

f  log,(V^) g log,j^^j h log

b  log2(log5x) = 2

V n/x ^
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6.3 The laws of logarithms
If X and y are both positive and a > 0 and a * I, then the following laws of
logarithms can be used;

Multiplication law

(^) = log^x + log„3;

Proofs:

log«

= log„ X

= logJa'°g''^ + '°s„>)
= \og„x + log„y

log«

log«

Division law

= log„x-log„3;

)
logfl V= log«

= log«

= log„x - log„ y

log„-v - lognv"!

Using the power law, log„ j = log„x '

= -log«^

This gives another useful rule to remember:

-log^x

Power law

loga W" = m log^x

logaC^)"

= log„(a'"'°g«'^)
= m log^x

WORKED EXAMPLE 7 1

Use the laws of logarithms to simplify these expressions.

a  Ig8 + lg2 b log4l5 log45 C 21og34 + 51og32

Answers

a  Ig8 + lg2 b log4l5-r log45 C 2 log34 + 5 log3 2

= lg(8 X 2) = log342 + log32®

= lgl6 = log4 3 = log3(16x 32)

= log3512



Given that \og^p = x and \og5q= y, express in terms of x and/or

a  log5/' +logg?'' b logs/)^-loggT? c logs I

Answers

a  logs ̂  +logs

= logs/'+ 3 logs?

= x + Sy

b  logs/*^ - logsV?

= 2l0g5p-il0g5?
„  1

-2x--y

WORKED EXAMPLE 8 o

Chapter 6: Logarithmic and exponential functions

Exercise 6.3

1 Write as a single logarithm.
a  loggS + loggS b log3l2-log32

d 2 log74-31og72 e ^log325 + log34
c  31og5 2 + log58

f  2 logy 1-1 +logy8

g  l + log43 h  lg5-2 3-log4l0

2 Write as a single logarithm, then simplify your answer,

a  log256-log27 b log6l2 + log63 c  -l

d  log3l5--^log325 e log440 - ilog4l25
Z  6

1

3  Simplify,

a 21og53--|log54 + log58
4  a Express 16 and 0.25 as powers of 2.

log3l6
b Hence, simplify

log

og236 - log23

f  ̂log3l6-2 log36

b  2 + ̂log249-log221

5  Simplify.

_  logy 4

30.25

logy27 logs 64
d

logslOQ

logy2 logyS log30.25 loggO.Ol

6 Given that u = logs* , find, in simplest form in terms of u

a X b  logj
25

logs d  logs
Xy/x

125

7 Given that log^p = x and log4? = y, express in terms of x and/ory

a  log4(4/)) b c log4/' + log4 d pq.

8 Given that log^x = 5 and log^y = 8, find

b  loga  log„
^1^

log« d  log«(xy).

9 Given that log^x = 12 and log„y = 4, find the value of

a  log„

r \
X

\j /

b  log«
X'

V  /

log« (x^) d  log,,
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6.4 Solving logarithmic equations
You have already learnt how to solve simple logarithmic equations.

In this section you will learn how to solve more complicated equations.

It is essential, when solving equations involving logs, that all roots are checked
in the original equation.

WORKED EXAMPLE 9

Solve.

a 2 logf, (x + 2) = logs {2x + 19) b  4 log,2 - log,4 = 8

Answers

a 2 logs (x + 2) = logs {2x + 19) use the power law

logs + 2)^ = logs (2* + 19) use equality of logarithms

(x + 2)^ = 2x + 19 expand brackets

x^ + 4x + 4 = 2x +19

x^ + 2x - 15 = 0

(x - 3)(x + 5) = 0

X = 3 or X = -5

Check when x = 3: 2 logg (x + 2) = 2 loggS = logg 25 is defined

,  logg(2x + 19) = logg 25 is defined
So X — 3 is a solution, since both sides of the equation are defined and equivalent
in value.

Check wlien .r = -5: 2 logg (x + 2) = 2 logg (-3) is not defined
So X = -5 is not a solution of the original equation.
Hence, the solution is x = 3.

b 4 1og,2-log,4 = 2 use the power law

log, 2' - log,22 = 2 use the division law

log, 2^-2 =2

log, 2^ = 2

log, 4 = 2 convert to exponential form
x2 _ 4

X = ±2

Since logarithms only exist for positive bases, x = -2 is not a solution.

Check when x = 2: 4 log22 - log24 = 4-2 log22

= 4-2

= 2

So X = 2 satisfies the original equation.

Hence, the solution is x = 2.
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Exercise 6.4

1 Solve.

a  Iog2 X + log24 = log220

c  Iog4(x-5) + log4 5 = 21og4l0

2 Solve.

a  loggX + loggS = 2

c  log2 (x + 4) = 1 + logs (x - 3)

e  logs (10^ + 3) - logs (2^ -1) = 2

3 Solve.

a  log5(x + 8) + log5(x + 2) = log520x:

c 2 log4 X - log4 (x + 3) = 1

e  logg X + logg (2x - 5) = 1

g  lg(x + 5) + lg2x = 2

4 Solve.

a  log^64-log,4 = 1

c  log^4-21og^3 = 2

5  Solve.

a  (log5^)^ - Slogs (x) + 2 = 0
c  (logs^f-log5(x3) = 18

b  log4 2x-log4 5 = log43

d  logg (x + 3) = 2l0gg 4 + logg 5

b  lg(5x) - lg(x - 4) = 1

d  logg (2x + 3) = 2 + logg (2x - 5)

f  lg(4x + 5) + 21g2 = l + lg(2x-l)

b  logg X + logg (X - 2) = lOgglS

d  Igx + lg(x + 1) = lg20
f  3 + 2 log2 X = log2 (14x - 3)

h  lgx + lg(x-15) = 2

b  log^ie + log^4 = 3

d  logJ5 = 2 + log^5

b  (loggxf-log5(x2) = 15
d  2(log2x)^ + 51og2 (x^) = 72

CHALLENGEQ

6 Solve the simultaneous equations,

a  x^; = 64

logx7 = 2

c  log4(x + 3)) = 21og4X
log4;y = log43 + log4X

e  logioa = 2 logjo^*

logio(2«-^) = 1

b  2" = 4^

21g3! = Igx + Ig 5

d  xy = 640
21ogiox - logio^ = 2

f  4*?' =

log2:y-log2x = 1

CHALLENGEQ

7 a Show that Ig(x^)!) = 18 can be written as 21gx + Ig)) = 18.

b  Ig(x^)i) = 18 and Ig = 2.

17^

Find the value of Igx and Ig^i.
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6.5 Solving exponential equations
In Chapter 3 you learnt how to solve exponential equations whose terms could
be converted to the same base. In this section you will learn how to solve
exponential equations whose terms cannot be converted to the same base.

WORKED EXAMPLE 10

Solve, giving your answers correct to 3 sf.

a 3"^ = 40 b 5-'^+ ' = 200

Answers

3^^ = 40

IgS'' = lg40

X Ig 3 = Ig 40

,.igio
lg3

X ~ 3.36

52a:+i 200

lg52x+) ̂  ig200

(2x + l)lg5 = lg200

2x-tl = lS^
lg5

2x + l = 3.292..

2x = 2.292..

X = 1.15

take logs of both sides

use the power rule

divide both sides by Ig 3

take logs of both sides

use the power rale

divide both sides by lg5

WORKED EXAMPLE 11

Solve 3(2^^)-2^-'' -8 = 0.

Answers

3(22x)_2>t+i - 8 = 0

3(22^)-2(2'')-8 = 0
3/ - 2y - 8 = 0

{y-2)(3y + 4) = 0

When y = 2
2 = 2"

X = 1

4
When y = —

3

-1 = 2''
3

replace 2-^+' with 2(2*)

use the substitution y = 2*

facto rise

there are no solutions to this equation since 2* is always
positive

Hence, the solution is x = 1.
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Exercise 6.5

1  Solve, giving your answers correct to 3 sf.

a 2^^ - 70 b 3^ = 20 c 5'' = 4

e 3^+' = 55 f = 20 g 1"-'" = 40

i  5^+1 = 3^+2 j 4X-1 ̂  5^+1 1^ 32X+3 ̂  53x+]

d

h

I

2^" = 150

— gx+4

24--5x _ ̂ X+4:

2  a Show that 2*"^^ - 2*"' = 15 can be written as 2(2*) - —(2*) = 15.
b Hence find the value of 2 *.

C Find the value of x.

3  Solve, giving your answers correct to 3 sf.
a 2*+2 - 2* = 4 b 2*+* - 2*"' -8 = 0

c 3*+i-8(3*-^)-5 = 0 d 2*+2-2*-^ = 12
e 5* - 5*+2 + 125 = 0

4 Use the substitution y = 3* to solve the equation 3^* + 2 = 5(3*).

5  Solve, giving your answers correct to 3 sf.

a 32^ - 6 X 3* + 5 = 0 b 4^^ - 6 x 4* - 7 = 0

c  22'=-2*-20 = 0 d 5^'=-2(5*)-3 = 0

6 Use the substitution u = 5" to solve the equation 5^* - 2(5*"^') + 21 = 0.

7  Solve, giving your answers correct to 3 sf.

a  2^* + 2*+' -15 = 0 b 6^* - 6*+' +7 = 0

c  32==-2 (3*+') + 8 = 0 d 42'=+! = 17(4*)-15

8  Solve, giving your answers correct to 3 sf.

a 4*-3(2*)-10 = 0 b 16*+ 2(4*)-35 = 0
c  9* - 2(3*+') + 8 = 0 d 25*+ 20 = 12(5*)

CHALLENGEQ

9  32*+! X 5*-i = 27* X 52*

Find the value of a 15* X.

CHALLENGEQ

10 Solve the equations, giving your answers correct to 3 significant
figures.

a  |3* + 2|=|3*-10| b |2"^'+3| =|2*+ 10|

3^4 = 5(3N) + 24 d 41*1 = 5(2'*')+ 14
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CHALLENGEQ

11 Solve the inequality 12*^' -l| < 12* - Sl giving your answer in exact form.

6.6 Changeof base of logarithms
You sometimes need to change the base of a logarithm.

A logarithm in base b can be written with a different base c using the change
of base rule.

\i a,b, c > Q and b,c then:

logc«

Proof:

If x = log^a, then b" = a take logs of both sides

log^Z)^ = log^fl use the power rule

X log, 6 = log^rt divide both sides by logc b

log, a
X =

log,, a

log,.b

log,^
log,^

If c = a in the change of base rule, then the rule gives:

log^a =
loga^

WORKED EXAMPLE 12

Change logg? to base 10. Hence evaluate loga? correct to 3 sf.

Answers

log, 7 = ̂  = 2.81
lg2

Q Note:

Some calculators have a f log, D 1 key.

This can be used to evaluate logg 7 direcdy.
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The change of base rule can be used to solve equations involving logarithms with different bases.

WORKED EXAMPLE 13

Solve log,* = logg (x + 6).

Answers

log, X = loggfx + 6) change logg (x + 6) to base 3

log, (x + 6)log3X= 7'
logs 9

logs 9 = log, 3- = 2

multiply both sides by 2

2 loggX = log, (x + 6) use the power rule

loggX^ = log, (x + 6) use equality of logs

x^ = X + 6

x^ - X - 6 = 0

(x-3)(x + 2) = 0

X = 3 or X = -2

Check when .y = 3: logs 3 is defined and is equal to 1

lOgg (3 + 6) = logg 9 is defined and is equal to 1

So X = 3 is a solution, since both sides of the equation are defined and equivalent
in value.

Check when y = -2: logs (~2)is not defined

So X = -2 is not a solution of the original equation.

Hence, the solution is x = 3.

d  logy0.0025

Exercise 6.6
tt 1 1 11  Use the rule log^ a = to evaluate these correct to 3 sf.

logio^

a  logalO b loggSS c loggS

2 Given that u = log4x:, find, in simplest form in terms of u.
a  log^4, b logJ6, c log^2, d log^S.

3 Given that loggji = x, express in terms of x.
a  log,,9, b log9(9:^), c logj^ d log3(81)i).

4  a Given that log^x = 20 and log^)i = 5, find log,x.
b Given that log^X = 15 and log^F = 6, find the value of log^F.

5 Evaluate log ̂̂ 2 x loggjf?.

6  Solve.

a  loggS + log9(x + 4) = log5 25 b 21og4 2 + logy (2x + 3) = log327

7  a Express log4X in terms of loggX.

b Using your answer of part a, and the substitution u = loggX, solve the
equation log4X + loggX = 12.
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b  lOggX + 2 lOggX = 4

d 4 lOggX = lOggX + 2

8 Solve,

a  loggX + 5 log4X = 14

c 5 loggx - log4X = 3

9  a Express log^3 in terms of a logarithm to base 3.

b Using your answer of part a, and the substitution u = loggX, solve the
equation loggX = 3 - 21og^3.

10 Solve.

a  loggx = 9 log^3 b

c  log4X - 4 log^4 + 3 = 0 d

e  loggx - 9 log^2 = 8 f

11 a Express log4X in terms of loggX.

b Express logsy in terms of loggy.

c Hence solve, the simultaneous equations

6 log4X + 3 loggy = 16

loggX - 2 log4y = 4.

log5^ + log„5 = 2

log4X + 6 log^4 -5 = 0

logsy = 4-4 log^5

CHALLENGEQ

12 Solve the simultaneous equations

2 loggy = log5l25 + log3X

V =

6.7 Naturanogarithms
There is another type of logarithm to a special base called e.

The number e is an irrational number and e = 2.718.

The number e is a very important number in mathematics as it has very special
properties. You will learn about these special properties in Chapters 15 and 16.

Logarithms to the base of e are called natural logarithms.

In X is used to represent log^x.

If y = e* then x = In y.

y = In X is the reflection of y = e^ in the line y = x.
y = In X and y = e* are inverse functions.

All the rules of logarithms that you have learnt so
far also apply for natural logarithms.

y = X

y = Inx;
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^0.2

Exercise 6.7

1 Use a calculator to evaluate correct to 3 sf.

a e^ b e^-^ c e"

2 Use a calculator to evaluate correct to 3 sf.

a In 4 b In 2.1 c In 0.7

3 Without using a calculator find the value of

d  e"^

d  In 0.39

a e

4 Solve

In 5
iln64

b e2 c 3e'"2

a e'"* = 7 b  lne'' = 2.5 c e^'"* = 36

d

d

-ln|
—p 2

-In* _=  20

5 Solve, giving your answers correct to 3 sf.
a e'' = 70 .2* = 28 c e

*+i = 16 .2*-! _=  5

6 Solve, giving your answers in terms of natural logarithms.

a e" =7 b 2e'=+l = 7 c e
2*-5 _=  3

»3*-l _=  4

7  Solve, giving your answers correct to 3 sf.
a In X = 3 b In X = -2 c In (x +1) = 7 d In (2x - 5) = 3

8 Solve, giving your answers correct to 3 sf.
a  Inx® + Inx = 5 b = 2e*~' c  ln(x + 5) - Inx = 3

9  Solve, giving your answers in exact form.
a  ln(x - 3) = 2

d e* = 2e-*

c e^* - 4e* = 0b  = 7

e e^* - 9e* + 20 = 0 f e* + 6e~* = 5

10 Solve, giving your answers correct to 3 sf.
a  - 2e'' - 24 = 0 b e^'' - 5e* + 4 = 0 c e* + 2e-* = 80

11 Solve the simultaneous equations, giving your answers in exact form,
a  Inx = 21ny b e®*"^ = 3e®*

Iny - Inx = 1 e^* = Se*"^^

12 Solve 5ln(7 - e^*) = 3, giving your answer correct to 3 significant figures.

13 Solve ex-xe®''"'=0.

CHALLENGEQ

14 Solve 5x^ - x^e^* + 2e^* =10 giving your answers in exact form.
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6.8 Practical applications of exponential equations
In this section you will see how exponential equations can be applied to
real-life situations.

WORKED EXAMPLE 14

The temperature, T°C, of a hot drink, t minutes after it is made, is given by

r=75e-«"2'H-20.

a Find the temperature of the drink when it was made,

b Find the temperature of the drink when t - 6.

c Find the value of twhen T -65.

Answers

a When f = 0, T = 75e-^ '^^ ̂  + 20
= 75e" + 20 use e
= 95

Temperature of the drink when first made is 95 °C.

b When« = 6, T = 75e-° °2 ̂  ® + 20
= 86.5

Temperature of the drink when t = 6 is 86.5 °C.

0 _

c When T = 65, 65 = 75e-® "2' + 20

45 = 75e-°02'

0.6 =

In 0.6 = -0.02t

_ In 0.6

' ~ -0.02
t = 25.5 to 3 sf

subtract 20 from both sides

divide both sides by 75

take In of both sides

divide both sides by -0.02

Exercise 6.8

1 At the start of an experiment the number of bacteria was 100.

This number increases so that after t minutes the number of bacteria, N, is

given by the formula
A = 100 X 2'.

a Estimate the number of bacteria after 12 minutes,

b Estimate the time, in minutes, it takes for the number of bacteria to

exceed 10000000.

2 At the beginning of 2015, the population of a species of animals was
estimated at 50000.

This number decreased so that, after a period of n years, the population was

50000e'-^''3".

a Estimate the population at the beginning of 2020.

b Estimate the year in which the population would be expected to have
first decreased to 5000.
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The volume of water in a container, V cm^, at time t minutes, is given by
the formula

y = 2000 e-*'.

When y = 1000, t = 15.

a Find the value of k.

b Find the value of Fwhen t = 22.

A species of fish is introduced to a lake.

The population, N, of this species of fish after t weeks is given by the formula

N = 500 e-o-^'.

a Find the initial population of these fish,

b Estimate the number of these fish after 6 weeks,

c Estimate the number of weeks it takes for the number of these fish to

have fallen to — of the number introduced.

The value, $1^ of a house n years after it was built is given by the formula

y = 250000 e"".

When n = 3, y = 350000.

a Find the initial value of this house,

b Find the value of a.

c Estimate the number of years for this house to double in value.

The area, Acm^, of a patch of mould is measured daily.
The area, n days after the measurements started, is given by the formula

A = A^b".

When n = 2, A = 1.8 and when n = 5, A = 2.4.

a Find the value of b.

b Find the value of A^ and explain what Aq represents,

c Estimate the number of days for the area of this patch of mould to
exceed 7cm^.

6.9 The graphs of simple logarithmic and
exponential functions
You should already know the properties of the
graphs y = e* and y = Inx.

The graph of y = e^

•  y = e* intercepts the y-axis at (0, 1).

•  e* > 0 for all values of x.

• When X gets closer to -oo, then y gets closer to 0.

• This can be written as: As x —> -<», then y —> 0.

• The graph is said to be asymptotic to the
negative x-axis.

• Also, as X —> -l-oo, then y —> +0° .

y = X

y = Inx
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The graph of y = lnx
•  )) = Inx intercepts the x-axis at (1, 0).

•  In X only exists for positive values of x.

• As X -> 0, then y —> -«>.

• The graph is asymptotic to the negative y-axis.

• As X —> +°o, then y —> +0°.

y = e* and y = Inx are inverse functions, so they are mirror images of each
other in the line y = x.

Exercise 6.9

1 Use a graphing software package to plot each of the following family of
curves for k = S,2,1, -1, -2 and - 3.

a y = e^ b y = he" C y = e" + k

Describe the properties of each family of curves.

2 Use a graphing software package to plot each of the following family of
curves for ft = 3, 2,1, -1, -2 and - 3.

a y = In ftx b y = ft In X c y = In (x + ft)

Describe the properties of each family of curves.

6.10 The graphs of y=/ce"*+o and y = k{n(ax+b)
where n, k, a and b are integers

CLASS DISCUSSION

Consider the function y = 2e^*+ 1.
Discuss the following and decide on the missing answers:

1 When X = 0, y = ... 4 As x y

2 The y-interceptis (..., ...) 5 As x -»-«>, y —> ...

3 Wheny = 0, X is ... 6 The line y = ... is an ...

Now sketch the graph of y = 2e + 1 and compare your answer with your classmates.

(Remember to show any axis crossing points and asymptotes on your sketch graph.)
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WORKED EXAMPLE 15

Sketch the graph of = 3e -5.

Answers

When X = 0, y = 3e° — 5

= 3-5

= -2 hence the 3hintercept is (0, -2)

When 31 = 0, 0 = 3e~^* - 5

- = e-2^
3

In If 1 ■

X = -0.255 hence the x-intercept is (-0.255, 0)

As X +°o, e~^* —» 0 so 31 -» -5 hence the asymptote is 3 = -5

As X —> -00, e"^'' —> °o so 31 —> 00

The sketch graph of 3 = 3e"^* - 5 is:

3 = 3e-2^-5\ 3'

-0.255\ 0  X

-2

_  . Y——5

-5
y  ̂
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WORKED EXAMPLE 16

Sketch the graph of 31 = 4 In (Sac + 5).

Answers

When x = 0, 31 =4 In 5,
= 6.44

When 3=0, 0 = 4 In (2* + 5)

0 = ln(2»: + 5)

e" = 2x + 5

1 = 2*: + 5

x = -2

hence the 3-intercept is (0, 41n5)

hence the x4ntercept is (-2, 0)

In X only exists for positive values of x.

So 41n(2x + 5) only exists for 2x + 5 > 0
X > -2.5.

As X —¥ +00, 3 —> 00

As X —> —2.5, 3 -» -00 hence the asymptote is x = -2.5

The sketch graph of 3 = 41n(2x + 5) is:

; = -2.5

/
^n 5

r
0 X

■3 = 41n(2x + 5)

Exercise 6.10
1  Sketch the graphs of each of the following exponential functions.

[Remember to show the axis crossing points and the asymptotes.]
a y = 2e* - 4 63 = Se"" + 6 ^ 3 = 5e* + 2
d 3 = 2e"* +6 63 = 3e~* - 1 f 3 = -2e~* + 4
g 3 = 4e^* +1 h 3 = 2^^" +8 I 3 = -e^' + 2

2 Sketch the graphs of each of the following logarithmic functions.
[Remember to show the axis crossing points and the asymptotes.]
a 3 = ln(2x + 4) b 3 = ln(3x-6) c 3 = ln(8-2x)
d 3 = 21n(2x + 2) e 3 = 41n(2x-4) f 3 = -31n(6x-9)
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6.11 The inverse of logarithmic and exponential functions

In Chapter 1 you learnt how to find the inverse of a one-one function.

This section shows you how to find the inverse of exponential and logarithmic
functions.

WORKED EXAMPLE 17

Find the inverse of each function and state its domain,

a  f(x) = 2e"^*+3 for 3C€ R b f(x) = 3In(2x - 4) for x>2

Answers

a  ffx) = 20^=^+3 for*G IR

Step 1: Write the function as y =

Step 2: Interchange the x and y variables.

Step 3: Rearrange to make y the subject.

y = 2e-^' + 3

* = 2e-^> + 3

X - 3 =

^ = e-'>

f-\x)

= -^y

for X > 3

f(x) = 31n(2x-4), x>2

Step 1: Write the function as y =

Step 2: Interchange the x and y variables."

Step 3: Rearrange to make y the subject.

1  -
f~Tx) = — e 3 + 2 for x G

2

y = 31n(2x- 4)

X = 31n(2y - 4)

f = ln(2y-4)
*

es = 2y - 4
*

2y = e® + 4

1  ̂
y = - e® + 2

2

Exercise 6.11

1 The following functions are each defined for x G R.

Find f~^(x) for each function and state its domain,

a f(x) = e* -I- 4 b f(x) = e* - 2 c f(x) = 5e* -1

d f(x) = 3e^* +1 e f(x) = 5e^* -1-3 f f(x) = 4e~^* 4- 5

g f(x) = 2 - e* h f(x) = 5 - 2e~^*
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2 Find f ̂(x) for each function,

a f(jc) = ln(»: + 1), x > -1

c  f(x) = 21n(x + 2), X > -2

e f(x) = 31n(2x - 5), X > -^

b fW = ln(x - 3), X > 3

d f(x) = 21n(2x +1), X >-^
f  f(x) = -51n(3x-l),x>i

g(x) = In (2x +1) for x > - —

3  f(x) = e^* + 1 for x e R

a State the range of f(x).

c State the domain of f ~^(x).

4 f(x) = e* for x6 R g(x) = ln5x for x > 0

a Find i fg(x) ii gf(x).

b Solve g(5c) = 3f"'(x).

5  f(x) = e®* for x e R g(*:) = Inx for x > 0

a Find i fg(x) ii gf(*).

b Solve f(x) = 2g"H*)-

6  f(x) = e^* for xe R

a Find fg(x).

b Solve f(x) = 8g"'(x).

Summary

The rules of logarithms

\i y ■= a" then x = log^);.

logafl = 1 log.l = 0
log^a* = X X =

Product rule: log^ = log^x + log^j;

Division rule: log„ = log^x - log^))

Power rule: log^ (x)" = m log^x

b Find f ^(x).
d Find f~^f(x).

y=x

y = log^x

Change of base: log^a =

j^special case: log^ ^ = -log^xj
Uia. case: log.. = ^1
L  iog«^J
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Natural logarithms

Logarithms to the base of e are called
natural logarithms.
In X is used to represent logg x.

If j = e* then jc = In ;y.

All the rules of logarithms apply for
natural logarithms.

y = Q''

\

\

\

\

II

1

/  /
/  /
/  ✓
/  ✓
/  /
/  ✓
/  ✓
/  ✓

✓  ̂01^

✓

/

/  /

>

0/ /l X

*

/

✓

✓

✓

X

/

= In X

Examination questions

Worked example

By changing the base of log2a4 , express (log2a4)(l + log^2) as a single logarithm to base a. [4]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 QllbJun 2014

Answer

log2a4 =
log«2a

toga4

log«2 + log„a

log«4

1 + log„2

(log2«4)(l + log^2) = loga4 (l + log,2)
l + log„2

^ (log«4)(l + log„2)
l + log„2

= loga4

use the produet rule on the denominator

remember that log^ a = 1

divide numerator and denominator by (l + log^2)
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Exercise 6.12

Exam Exercise

1  a Using the substitution y - 5", show that the equation - 5*"^' +2 = 2(5*) can be
written in the form ay^ + by+ 2 = 0, where a and b are constants to be found. [2]

b Hence solve the equation 5^*^' - 5*^' + 2 = 2(5*). [4]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4i, ii Nov 2014

2 Solve the following simultaneous equations.

logg (x + 3) = 2 + loggji

logg (jc + ))) = 3 [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Nov 2014

3 Functions g and h are defined by

g(x) = 4e* - 2 for x € IR,

h(x) = In 5x for x > 0.

a Find [2]

b Solve gh(x) = 18. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q12bi,ii Nov 2013

4 Given that log^X = 5 and log^F = 2, find

a  log.X^, [1]

b  log^ [1]

C  logxyA [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4i,ii,iii Nov 2013

5  a Given that log4X = find the value of x.

b Solve 21og4y - log4 (5y - 12) = ̂.
[1]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4i,iiJun 2013

6  Solve the equation 3^* = 1000, giving your answer to 2 decimal places. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 QpaJun 2012

7 Express Ig a + 3 Ig 6 - 3 as a single logarithm. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2Jun 2011

8 Using the substitution u = 5", or otherwise, solve
52X+1 ̂  7(5x)_2. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Nov 2012



Chapter 6: Logarithmic and exponential functions

9 The temperature, T° Celsius, of an object, t minutes after it is removed from a heat source, is
given by

T = 55 e-o i' + 15.

a Find the temperature of the object at the instant it is removed from the heat source. [1]
b Find the temperature of the object when f = 8. [1]
c Find the value of t when T - 25. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i,ii,iiijun 2011

10 a Write loggv x: as a logarithm to base 3. [2]

b Given that log„ y = 3(log„ 15 - log„ 3) +1, express y in terms of a. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Jun 2015

11 Do not use a calculator in this question.

i  Find the value of -log^ p^.

ii

Ill Show that = (igy)^, where y is a constant to be found,
logs 10

[1]

[1]

[2]

iv Solve log^ 2x + log^ 3x: = log^ 600. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3Jun 2016

12 a i Sketch the graph of y = e'' - 5, showing the exact coordinates of any points where the
graph meets the coordinate axes. [3]

ii Find the range of values of k for which the equation e" —5 = k has no solutions. [1]

b  Simplify log„ ̂/2 + log„ 8 + log„ j, giving your answer in the form plog^ 2, where p
IS a constant,

c  Solve the equation logg x - logg 4x: = 1.

[2]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 QIO Mar 2015

13 a Solve the following equations to find p and q.
g,-l ^ 22/-+! = 4''

9^-^ X 3' = 81 [4]

b  Solve the equation lg(3x-2) +lg(x + l) = 2-Ig2. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Nov 2015



Chapter 7
Straight-line graphs

This section will show you how to:

■ solve questions involving midpoint and length of a line

■ use the condition for two lines to be parallel or perpendicular

■  interpret the equation of a straight-line graph in the form y = mx + c

■ transform given relationships, including y-ax" and 31 = 0/?*, to straight-line form and hence

determine unknown constants by calculating the gradient or intercept of the transformed graph.

.JliliiP'
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You should already be familiar with the following coordinate geometry work:

Length of a line, gradient and midpoint

Pis the point (Xj, y^) and Qis the point yg)-

M is the midpoint of the line PQ.

The length of the line PQ — )^ + (y2 ~ 3*1 T

The gradient of the line PQ - ——
*2 — *1

The coordinates of Mare ̂  ^ ^ ̂ j.

¥* ■

.Q(*2'?2)

M

Gradients of parallel lines

If two lines are parallel then their gradients are equal.

Gradients of perpendicular lines

gradient m

gradient-i

If a line has a gradient of m, a line perpendicular to it

has a gradient of - —.
m

equal gradients

This rule can also be written as:

If the gradients of the two perpendicular lines are m\
and m^, then toj X m^=-\.

The equation of a straight line

The equation of a straight line \.sy = mx + c where
m = the gradient and c = the y-intercept.
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7.1 Problems involving length of a line and midpoint
You need to know how to apply the formulae for the midpoint and the length
of a line segment to solve problems.

WORKED EXAMPLE 1

A is the point (-3, 7) and B is the point (6, -2).

a Find the length of AB.

b Find the midpoint of AB.

Answers

a  (-3,7)

tt
(*i. yi)

(6,-2)

ix2, yz)

decide which values to use for xi, vi, >'2

AB = a/{3C2 - + U - hf

= ̂(6 - -3)' + (-2 - 7f
= 9V2

b Midpoint = ^
f-3 + 6 7 + -2

~l 2 ' 2
= (1.5, 2.5)

WORKED EXAMPLE 2

The distance between two points P (7, a) and Q (a + 1, 9) is 15.

Find the two possible values of a.

Answers

(7, a) (a+ 1,9)

tt t t
(^i.yi) (j*^. 3^)

decide which values to use for

X|, y[, X9, j'l

Using Pd = >/(*2 - + (>2 -hf and PQ = 16.
^(a + 1 - if + (9 - af = 15

V(a - 6)^ + (9 - af =15 square both sides
(a - 6)^ + (9 - af = 225

- 12a + 36 + 81 - 18a + = 225 c ollect terms on one side

2a^ - 30a -108 = 0 divide both sides by 2

a^ - 15a - 54 = 0 factorise

(a-18)(a + 3) = 0 solve
a — 18 = 0ora + 3 = 0

Hence a = 18 or a = -3.



Chapter?: Straight-line graphs

KED IXAMPLE 3

The coordinates of the midpoint of the line segment joining A{-5,11) and B(p, q),
are (2.5, -6).

Find the value of p and the value of q.

Answers

(-5, 11) {p, q)

ft ft
decide which values to use for SC], y^, x^,

—_—^ ^—J midpoint = (2.5, -6).

—5 *4" p
Equating the ̂ coordinates gives: —^ = 2.5

-b + p = b

jb = 10

Equating the 3K;oordinates gives: ^ = -6

11 4-9 =-12

9 = -23
Hence /> = 10 and q = -23.

WORKED EXAMPLE 4

Three of the vertices of a parallelogram ABCD are A(-10,1), 5(6, -2) and C(14, 4).

a Find the midpoint of AC.

b Find the coordinates of D.

Answers

a Midpoint of AC = ~ ^•^)-

b Let the coordinates of Z) be {m, n).

Since ABCD is a parallelogram, the midpoint of BD is the same as the midpoint of
AC.

Midpoint of BD
6 + m -2 + n] = (2,2.5)

Equating the ̂ coordinates gives: ^ ̂  = 2
6 + m = 4

m =-2

—2 -{- fiEquating the ̂ coordinates gives: —^— = 2.5

—2 -t- w = 5

n = 7
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The coordinates of Dare (-2, 7).

D(-2. 7)

C(14, 4)

A(-10,1)

5(6, -2)

CLASS DISCUSSION

This triangle has sides of length 5>/3 cm, 2-v/6 cm and cm.
Priya says that the triangle is right-angled.

Discuss whether she is correct.

Explain your reasoning.

Exercise 7.1

1 Find the length of the line segment joining

a  (2, 0) and (5, 0) b (-7, 4) and (-7, 8) c (2,1) and (8, 9)

d  (-3,1) and (2, 13) e (5,-2) and (2,-6) f (4, 4) and (-20,-3)

g  (6, -5) and (1, 2) h (-3, -2) and (-1, -5) i (-7, 7) and (5, -5).

2 Calculate the lengths of the sides of the triangle PQR-
Use your answers to determine whether or not the triangle is right-angled.
a P(3,11), Q(5,7),/?(ll, 10)

b P(-7,8), Q(-l,4),i?(5,12)

c P(-8,-3), Q(-4,5),i?(-2,-6)

3 A(-l,0),fi(l, 6) and C(7,4).

Show that triangle ABC is a right-angled isosceles triangle.

4 The distance between two points P(10, 2b) and -5) is 5-s/IO.
Find the two possible values of b.

5 The distance between two points P(6, -2) and Q^{2a, a) is 5.

Find the two possible values of a.

6 Find the coordinates of the midpoint of the line segment joining

a  (5, 2) and (7, 6) b (4, 3) and (9,11) c (8, 6) and (-2,10)

d (-1, 7) and (2, -4) e (-7, -8) and (-2, 3) f (2a, -Sb) and (4a, 5b).
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7 The coordinates of the midpoint of the line segment joining P(-8, 2) and
Q{a, b), are (5, -3).

Find the value of a and the value of b.

8 Three of the vertices of a parallelogram ABCD are A{-7, 6), 8)
and C(7, 3).

a Find the midpoint of AC.

b Find the coordinates of D.

9 The point P{2k, k) is equidistant from A (-2, 4) and B{7, -5).
Find the value of k.

10 In triangle ABC, the midpoints of the sides AB, BC and AC are P(2, 3), <2(3,
5) and R (-4, 4) respectively. Find the coordinates of A, B and C.

7.2 Parallel and perpendicular lines

You need to know how to apply the rules for gradients to solve problems
involving parallel and perpendicular lines.

WORKED EXAMPLE 5

The coordinates of 3 points are A{8 - ft, 2), B{-2, ft) and C(-8, 2ft).

Find the possible values of k ifA,B and C are collinear.

Answers

If A, B and C are collinear then they lie on the same line.

gradient of AB = gradient of BC

k-2 2k-k

-2 - (8 - k) -8 - (-2)

k-2 k cross multiply
k-\0 -6

-6(ft-2) = A(A-IO) expand brackets

-6k + I2 = k^- lOA collect tenns on one side

k^ - 4k -12 = 0 factorise

(k-6){k + 2) = 0 solve

ft — 6 = 0 or ̂  + 2 = 0

Hence ft = 6 or ft = -2.
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WORKED EXAMPLES

The vertices of triangle ABCdne A(-4, 2), B(5, -5) and C{k, k + 2).

Find the possible values of k if angle ACB is 90°.

Answers

Since angle ACB is 90°,

gradient of AC x gradient of BC = -1.

(fe + 2)-2 ̂ ^{k + 2)-{-5)
k -(-4) k-5

k  k + 7

= -1

= -1
k+4 k-5

k{k + 7) = -{k + 4){k-5)

k^ + 7k = -{k^-k-20)
+ 7k = -k^ + k + 20

2k^ + - 20 = 0

+ 3* - 10 = 0

{k + 5){k-2) = Q

A + 5 = 0orft-2 = 0

Hence k--5ork-2.

The two possible situations are:

A{-4, 2)
C{k, k + 2)

B{5, -5)

y

A(-4, 2)

y

A(-4, 2)^
C(2, 4)

X  \ \  X

C(-5^^3r^
5(5,-5) 5(5,-5)

Exercise 7.2

1 Find the gradient of the line AB for each of the following pairs of points,

a A (1,2) 5(3,-2) b A (4,3) 5(5,0)

c A (-4,4) 5(7,4) d A (1,-9) 5(4,1)

e A (-4,-3) 5(5,0) f A (6,-7) 5(2,-4)

2 Write down the gradient of lines perpendicular to a line with gradient

d  1
1 -2i

2
a s b -i c ? _

2  5 4

Two vertices of a rectangle ABCD are A (3, -5) and 5(6, -3).

a Find the gradient of CD.

b Find the gradient of BC.
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A (-1,-5), 5(5,-2) and C(l, 1).

ABCD is a trapezium.

AB is parallel to DC and angle BAD is 90°.
Find the coordinates of D.

The midpoint of the line segment joining P(-2, 3) and (2(4, -1) is M.
The point Chas coordinates (-1, -2).

Show that CM is perpendicular to PQ.

A(-2,2),5(3, -1) andC(9, -4).

a Find the gradient of AB and the gradient of BC.
b Use your answer to part a to decide whether or not the points A, B and C

are collinear.

The coordinates of 3 points are A (-4, 4), B{k, —2) and C{2k + 1, —6).
Find the value of kif A, B and C are collinear.

The vertices of triangle ABC are A {—k, —2), B {k, —4) and C(4, k — 2).
Find the possible values of k if angle ABC is 90°.

CHALLENGEQ

9 A is the point (-2, 0) and B is the point (2,6).
Find the point C on the x-axis such that angle ABC is 90°.

7.3 Equations of straight lines
You should already know that the equation of a straight line is

y = mx + c

where m = the gradient and c = the y -intercept.

There is an alternative formula that can be used when you know the gradient
of the straight line and a point on the line.

Consider a line, with gradient m, which passes through the known point
A(xj, yi) and whose general point is P{x, y).

*P{x, y)

y^)

o
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Gradient of AP = m, hence ——— = m
X — X.

multiply both sides by {x - xi)

y- yi = m{x - Xj).

The equation of a straight line, with gradient m, which passes through the
point (xj, yj)is:

WORKED EXAMPLE 7

Find the equation of the straight line
a with gradient 2 and passing through the point (4, 7)
b passing through the points (-5, 8) and (1,-4).

Answers

a Using y-yi = m(x - Xi) with ot = 2, = 4 and = 7

y - 7 = 2(x - 4)

y-7 =2*-8

y =2x-l

b  (-5,8) (1,-4)

tt f t
l*!.)'!) (X2,y2)

decide which values to use for Xi, 31, x^, yz

Gradient = m
2-x, l-(-5)

= -2

Using y-yi = m{x - *1) with m = -2, xi = -5 and 3;! = 8.
31-8 =-2{x + 5)

y-8 =-2x-10

y = -2x - 2
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WORKED EXAMPLE 8

Find the equation of the perpendicular bisector of the line joining A{S, 2) and 5(7,10).

yz - h
using

using mj X w?2 = -1

using
^1 + ̂2 h +yz

Answers

Gradient of AB - —- = — = 2.
7-3 4

Gradient of the perpendicular is — ~ •

Midpoint of AB = = (5, 6).

So the perpendicular bisector is the line passing through the point (5, 6) with
gradient _1

2" 1
Using y-y^ = m(x - Xj) with Xj = 5, 31, = 6 and m =

3-6 = -|(x-5)

31 = — — X + 8.5
2

x + 231 = 17

multiply both sides by 2 and rearrange

Exercise 7.3

1 Find the equation of the line with

a gradient 3 and passing through the point (6, 5)
b gradient -4 and passing through the point (2, -1)

c gradient -- and passing through the point (8, -3).

2 Find the equation of the line passing through
a  (3, 2) and (5, 7) b (-1, 6) and (5, -3) c (5, -2) and (-7, 4).

3 Find the equation of the line

a parallel to the line y = 2x + 4, passing through the point (6, 2)
b parallel to the line x + 2y = 5, passing through the point (2, -5)
c perpendicular to the line 2x + Sy = 12, passing through the point (7, 3)
d perpendicular to the line 4x- y = &, passing through the point (4, -1).

4 Pis the point (2, 5) and Qis the point (6, 0).
A line I is drawn through P perpendicular to PQto meet the 3!-axis at the
point R.

a Find the equation of the line I.

b Find the coordinates of the point R.
c Find the area of triangle OPP where O is the origin.

5 Find the equation of the perpendicular bisector of the line segment
joining the points
a  (1, 3) and (-3, 1) b (-1, -5) and (5, 3) c (0, -9) and (5, -2).
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The perpendicular bisector of the line joining A(-l, 4) and 5(2, 2)
intersects the x-axis at P and the 3)-axis at Q.

a Find the coordinates of Pand of Q.

b Find the length of PQ.

c Find the area of triangle OPQwhere O is the origin.

The line li has equation Sx + 2y = 12.

The line has equation 3* = 2x - 1.

The lines li and ̂  intersect at the point A.

a Find the coordinates of A.

b Find the equation of the line through A which is perpendicular to the line /j.

The coordinates of three points are A(l, 5), 5(9, 7) and C{k, -6).
M is the midpoint of A5 and MC is perpendicular to A5.
a Find the coordinates of M.

b Find the value of k.

The coordinates of triangle ABC are A (2, -1), 7) and C(14, 5).
P is the foot of the perpendicular from 5 to AC.
a Find the equation of BP.

b Find the coordinates of P.

c Find the lengths of AC and BP.

d Use your answers to part c to find the area of triangle ABC.

QCHALLENGEQ

10 The coordinates of triangle PQR are P(-3, -2), Q{5,10) and
5(11, -2).

a Find the equation of the perpendicular bisectors of i PQ ii QR.
b Find the coordinates of the point which is equidistant from P, Q and 5.

Note:

The point

is where the

perpendicular
bisectors of the

sides intersect.

7.4 Areas of rectilinear figures

CLASS DISCUSSION

Discuss with your classmates, how you can find the area
of triangle ABC.

Try to find as many different methods as possible.
Compare the ease of use of each of these methods.

y

9

8

7

6-

5-

4-

3-

2-

1

00123456789 10 ̂
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There is a method that you might not have seen before. It is often referred to
as the 'shoestring' or 'shoelace' method. You do not have to know this method
for the examination, but you may find it useful to know.

If the vertices of triangle A5C are A(xj,y,), 5(x2.y2) and C(x3,3)3), then:

Area of triangle ABC = - ̂^1^2 + -H x^y-^ - Xgyi - x^y^ - *1^3

This complicated formula can be written as;
ji >3 y\

The products in the direction are given positive signs and the products in
the direction are given negative signs.

3^1 ̂ 8-^3
For the triangle in the class discussion 1
A(l, 3), J5(9, 1) and C(3, 8): ^

area of triangle ABC = ̂| 1x1 + 9x8 + 3x3-3x9-1x3-8x1
= -^11 + 72-^9-27-3-81

= -|44|
2

= 22 units^

This method can be extended for use with polygons with more
than 3 sides.

WORKED EXAMPLE 9

The vertices of a pentagon ABCDEzre A(0, -1), 5(5, 1), C(3, 4), 5(-l, 6) and C(-3, 2).
a Find the area of the pentagon using the 'shoestring' method,
b Find the area of the pentagon using the 'boxing in' method.

Answers

a  1

Area of pentagon = -| 0 + 20 +18 + (-2) + 3 -(-5) - 3 - (-4) - (-18) - 0

= 31.5 units®

Q Note:

If you take the
vertices in an

anticlockwise

direction

around a shape,
then the inside

of the modulus

sign will be
positive. If you
take the vertices

in a clockwise

direction, then

the inside of the

modulus sign
will be negative.
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b For the 'boxing in' method, you draw a rectangle
around the outside of the pentagon.

- .-7- i
:  ■ i

■ 4 / r 6  /I
. ̂  / 5- /■ 1 r

r  1
^  ■1  /—! / 4-

1  /

, / I
1  i-

\ 5 !|V 3- : \i 1 4

— 2- \  i L\: i
—! \ 1-

14.5 \ 1

1  1 1 X yO
4 -5 -2 -IX

1  1 p. 1 1 ^
3^4 5 f

Area of pentagon = area of rectangle - sum of the outside areas
= (8x7)-(4+ 6 + 5 + 5 + 4.5)
= 56 - 24.5

= 31.5 units^

b P(-3,l), Q(5,-3), i?(2,4)

Exercise 7.4

1 Find the area of these triangles,
a A (-2, 3), B(0,-4), C(5, 6)

2 Find the area of these quadrilaterals.
a A(1,8),B(-4, 5), C(-2, -3), D{4, -2)
b P{2, 7), Q{-5, 6), P(-3, -4), S{7, 2)

3 Triangle PQPwhere P(l, 4) , Q{-S, -4) and R{7, k) is right-angled at Q,
a Find the value of fe. b Find the area of triangle PQR.

4 A is the point (-4, 0) and B is the point (2,3).
M is the midpoint of the line AB.

Point C is such that MC = •

a Find the coordinates of M and C.

b Show that CM is perpendicular to AB.
c Find the area of triangle ABC.

5 Angle ABC is 90° and M is the midpoint of the
line AB.

The point C lies on the 31-axis.
a Find the coordinates of B and C.

b Find the area of triangle ABC.

A(8,3)



Chapter?: Straight-line graphs

A is the point (-4, 5) and B is the point (5, 8).

The perpendicular to the line AB at the point A crosses the ̂j-axis at the
point C.

a Find the coordinates of C.

b Find the area of triangle ABC.

AB is parallel to DC and BC is perpendicular to AB.

a Find the coordinates of C.

b Find the area of trapezium ABCD.
D{S.5, 8)

5(9, 3)

A(l,l)

ABCD is a square.

A is the point (-2, 0) and Cis the point (6, 4).

AC and BD are diagonals of the square, which intersect at M.

a Find the coordinates of M, B and D.

b Find the area of ABCD.

The coordinates of 3 of the vertices of a parallelogram ABCD are A (—4, 3),
5(5, -5) and C(15, -1).

a Find the coordinates of the points of intersection of the diagonals,
b Find the coordinates of the point D.

C Find the area of parallelogram ABCD.

7.5 Converting from a non-linear equation to
linear form

Some situations in the real world can be modelled using
an equation.

Consider an experiment where a simple pendulum, of length Lcm, travels
from A to 5 and back to A in a time of Tseconds. The table shows the time
taken, T, for different lengths L.

L 5 10 15 20 25 30

T 0.45 0.63 0.78 0.90 1.00 1.10 B
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When the graph of T against L is drawn, the points lie on a curve.
They do not lie on a straight line.

30 L

So how can you find the equation of the curve?

If you are told that the rule connecting the variables T and L is believed to be
T = a-JL , you should draw the graph of T against yfT. To do this, you must
first make a table of values for T and yfZ .

41 2.24 3.16 3.87 4.47 5.00 5.48

T 0.45 0.63 0.78 0.90 1.00 1.10

T-—1 T T r

1  2 3 4 5 6 VI

The fact that the points now lie on a straight line confirms the belief that the
rule connecting the variables T and L is T = ayfL .



Chapter?: Straight-line graphs

The gradient of the straight line tells you the value of a.
TT • , , 1.1-0.45Using the two end points, gradient = ————— = 0.2.

5.48 — 2.24

Hence the approximate rule connecting T and L is

T = O.2VI

In the example above you have converted from a non-linear graph to a
linear graph.

Before you can model more complicated relationships, you must first learn
how to choose suitable variables for Y and X to convert from a non-linear

equation into the linear form Y = mX c where m is the gradient of the
straight line and c is the F-intercept.

WORKED EXAMPLE 10

Convert y - ax + — ̂ where a and b are constants, into the form Y - mX + c.
X

Answers

Method 1 y = ax + —
X

Multiplying both sides of the equation by x gives:

xy = ax^ + b
Now compare xy = ax^ + b with Y - mX + c:

xy = a Ix^ 1+ b

; = i ̂ t
+  c

The non-linear equation y = ax + — becomes the linear equation:

Method 2

Y = mX + c, where Y = xy, X = x^, m = a and c = b

b
y = ax+

Dividing both sides of the equation by x gives:
y  b
^ = a + —

y  b
Now compare - = a + — with Y=mX + c\

X  X

t  t t t
Y = ,n X + c

The non-linear equation y = ax + — becomes the linear equation:
X

"V 1Y=mX+c, where Y = ̂  , X = —, m = b and c = a

It is important to note that the variables Xand Fin F= mX -f c must contain
only the original variables x and y. They must not contain the unknown
constants a and b.
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Similarly the constants m and c must contain only the original unknown
constants a and b. They must not contain the variables x and y.

WORKED EXAMPLE 11

Convert y = ae where a and b are constants, into the form Y = mX + c.

Answers

-bx
y - ae

Taking natural logarithms of both sides gives

Iny = In (ae"*^
In 31 = In a + In e"**
Iny = \na - bx

Iny = -bx + In a

Now compare Iny = —bx + Ina with Y = mX + c:
(1^= -b(^ + Ina
t  t T t
Y = m X + c

The non-linear equation y = ae"'* becomes the linear equation:

Y = mX + c, where Y = \ny,X=x,m=-b and c = In a

Exercise 7.5

1 Convert each of these non-linear equations into the form Y = mX -I- c, where
a and b are constants. State clearly what the variables X and Yand the
constants m and c represent.

(Note: there may be more than one way to do this.)
bb y = ax ̂ —a y = ax^ -f b c  y = ax - bx

d y{a - x) = bx

g X = axy + by

/— b
e y = ayjx + —j=

yjx

1  r- b
h  — a\J X I—

y  vx

f  y = ̂  + b

Convert each of these non-linear equations into the form Y = mX + c,
where a and b are constants. State clearly what the variables X and Y and
the constants m and c represent.

(Note: there may be more than one way to do this.)

a  y = 10'"*+' b y = e°*"'

d y = a¥

g a = e*^+^
e x^y' = e^

h y = oe'*

c  y = ax'

f  xa^ = b
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7.6 Converting from linear form to a non-linear equation

EXAMPLE T 2

Find y in terms of x.

a  y b  xy

^^^T6,8)
^1,7)

>
2)

~d 0 X

Answers

a The linear equation is F = mX + c, where Y= y and X = x^.

r A- . 8-4 2Gradient = m = = —
6-0 3

F-intercept = c - 4
C)

Hence F = -X + 4.
3  2

The non-linear equation is y = —x^ + 4.

b The linear equation is F = mX + c, where F
2-7

Gradient = m = = -1
6-1

Using F = mX + c, m——\, X = & and F = 2

= xy and X = x.

2 = -1 X 6 + c

ii

CO

Hence Y = -X + 8.

The non-linear equation is = -x + 8
,  8

= —1 H .
X
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WORKED EXAMPLE 13

Variables xand y are such that y = aX b", where
a and b are constants.

The diagram shows the graph of Ig)! against x,
passing through the points (2, 5) and (6, 13).

Find the value of a and the value of b.

(6,13

Answers

y = ax b"

Taking logarithms of both sides gives:

lg3i = Ig (a X 6^)

lg3i=lga + lgi'

Ig^i = xlgZ) + Iga

Now compare lg)i = x Ig 6 + Ig a vrith Y = mX + c:

)= lg/50+ lg«
1  f t t
Y X =  +

13-5
Gradient = m = = 2

6-2

Igb =2

b = lO^

Using Y = mX + c,m=2, X = 2 and F =

5 =2 X 2 + t:

c =1

Iga =1

a =10^

Hence a = 10 and b = 100.
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Exercise 7.6

1 The graphs show part of a straight line obtained by plotting y against some
function of x.

For each graph, express y in terms of x.

O

(1,5)

(5, 3)

(4,-1) 2

2 For each of the following relations

i  express y in terms of x

O

(5, 6)

O

ii find the value of y when x = 2.

c

xy

(6, 15)

(1,5)

O

f

.(2, 6)

fy

\i2, 9)

X +y

/ao, 8)
ylx

-^5, 6)

y(6, 1) /
^1.2)0 /  x^

/(2,-2)
0 0 X
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3 Variables x and y are related so that, when is plotted on the vertical axis
X

and x^ is plotted on the horizontal axis, a straight-line graph passing
through (2, 12) and (6, 4) is obtained.

Express y in terms of x.

4 Variables x and y are related so that, when y'^ is plotted on the vertical axis
and 2* is plotted on the horizontal axis, a straight-line graph which passes
through the point (8, 49) with gradient 3 is obtained.

a Express y'^ in terms of 2*.

b Find the value of X when )! = 11.

5 Variables x and y are related so that, when — is plotted on the vertical
X

axis and x is plotted on the horizontal axis, a straight-line graph passing
through the points (2, 4) and (5, -2) is obtained.

a Express y in terms of x.

b Find the value of x and the value of y such that — = 3.
X

6 Variables x and y are related so that, when e'' is plotted on the vertical
axis and x^ is plotted on the horizontal axis, a straight-line graph passing
through the points (3, 4) and (8, 9) is obtained.

a Express e^ in terms of x.

b Express y in terms of x.

7 Variables x and y are related so that, when Ig y is plotted on the vertical
axis and x is plotted on the horizontal axis, a straight-line graph passing
through the points (6, 2) and (10, 8) is obtained.

a Express Ig y in terms of x.

b Express y in terms of x, giving your answer in the form y = ax 10**.

8 Variables x and y are related so that, when Ig y is plotted on the vertical
axis and Igx is plotted on the horizontal axis, a straight-line graph passing
through the points (4, 8) and (8, 14) is obtained.

a Express y in terms of x, giving your answer in the form y = ax x^.
b Find the value of X when y = 51.2.

9 Variables x and y are related so that, when In y is plotted on the vertical
axis and Inx is plotted on the horizontal axis, a straight-line graph passing
through the points (1, 2) and (4, 11) is obtained.

a Express In y in terms of x.

b Express y in terms of x.

10 Variables x and y are such that, when In y is plotted on the vertical axis and
Inx is plotted on the horizontal axis, a straight-line graph passing through
the points (2.5, 7.7) and (3.7, 5.3) is obtained.

a Find the value of Iny when Inx = 0.

b Given that y = a x x*, find the value of a and the value of b.
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7.7 Finding relationships from data
When experimental data is collected for two variables, it is useful if you can
then establish the mathematical relationship connecting the two variables.

If the data forms a straight-line when a graph is plotted, it is easy to establish
the connection using the equation y - mx c.

It is more usual, however, for the data to lie on a curve and to be connected by

a non-linear equation.

In this section, you will learn how to apply what you have just learnt in sections
7.5 and 7.6 to find the non-linear equation connecting two variables.

WORKED EXAMPLE 14

X 5 10 20 40 80

y 2593 1596 983 605 372

The table shows experimental values of the variables x and y.

a By plotting a suitable straight-line graph, show that x and y are related by the
equation y = k X x", where k and n are constants,

b Use your graph to estimate the value of k and the value of n.

Answers

a take logs of both sides

use the multiplication law

use the power law

y = kxx"

lgy=lg{k X x")

lgy = lgk + \gx''

\gy = nlgx + Ig^

Now compare Igy = nlgx + lgk with Y = mX + c\

(g)= n(^+ Ig k
t  f t t
Y = m X + c

Hence the graph of Igy against Ig x needs to be drawn where

•  gradient = n
•  intercept on vertical axis = Ig k.
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Table of values is

Igx 0.699 1.000 1.301 1.602 1.903

Igy 3.414 3.203 2.993 2.782 2.571

b The points form an approximate straight line, so x and y are related hy the
equation
y = kXx".

n = gradient

_ 2.571-3.414
~ 1.903-0.699

« -0.7

Ig = intercept on vertical axis

lgA = 3.9

k = 10^-9

k = 7943
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WORKED EXAMPLE 15

X 2 4 6 8 10

y 4.75 2.19 1.42 1.05 0.83

where a and h

The table shows experimental values of the variables x and v.
a+ bx

The variables are known to be related by the equation y — —— ■.
are constants.

a Draw the graph of against x.
b Use your graph to estimate the value of a and the value of b.

An alternate method for obtaining a straight-line graph for the equation
a + bx 1

y = — is to plot xy on the vertical axis and — on the horizontal axis.
c Without drawing a second graph, estimate the gradient and the intercept on the

vertical axis of this graph.

Answers

a First make a table of values for of x^y and x:
X 2 4 6 8 10
2x^y 19 35.0 51.1 67.2 83

The graph of x^y against x is;

x-v

90

80

70

60

50

40

30

20

10

O

>

; / 1 ■

1 2 3 4 6 7 8 9 10

b Using y =
a + bx

x^y = bx + a
Now compare x^y = bx-¥ a with Y = mX + c:

(^x^= b (^+ (I
t  t t t
F = X 4- c

83 -19Hence, b = gradient = = 8 and a = y-intercept = 3
10

0=3 and 6 = 8

C Using

-2

a + bx

x2
a + bx

y

xy

a
xy = — + I

X

aNow compare xy = — -i- 6 with Y = mX + c:
X(J)= «X0+ 6

t  t t t
Y = m X -1- c

Gradient = o = 3 and intercept on vertical axis = 6 = 8.
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Exercise 7.7

1 0.5 1.0 1.5 2.0 2.5

y 1.00 3.00 3.67 4.00 4.20

The table shows experimental values of the variables x and y.

a Copy and complete the following table.

X

xy

b Draw the graph of xy against x.

c Express y in terms of x.

d Find the value of x and the value of y for which xy = 2.

X 0.1 0.2 0.3 0.4 0.5

y 0.111 0.154 0.176 0.189 0.200

The table shows experimental values of the variables x and y.

a Copy and complete the following table.

1

X

1

y

b Draw the graph of - against —.
y  X

c Express y in terms of x.

d Find the value of x when y = 0.16.

3
X 1 2 3 4 5

y 12.8 7.6 6.4 6.2 6.4

The table shows experimental values of the variables x and y.

a Draw the graph of xy against x^.

b Use your graph to express y in terms of x.

c Find the value of x and the value of y for which xy = 12.288.
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The mass, m grams, of a radioactive substance is given by the formula
riQe"'", where t is the time in days after the mass was first recorded andm

mo and k are constants.

The table below shows experimental values of t and m.

t 10 20 30 40 50

m 40.9 33.5 27.4 22.5 18.4

a Draw the graph of In m against t.

b Use your graph to estimate the value of Wq and k.

c Estimate the value of m when t = 27.

5
X 10 100 1000 10000

y 15 75 378 1893

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = kx" where k and
n are constants.

a Draw the graph of Igy against Igx.

b Use your graph to estimate the value of k and n.

6
X 2 4 6 8 10

y 12.8 32.8 83.9 214.7 549.8

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = ax b" where
a and b are constants,

a Draw the graph of Ig y against x.

b Use your graph to estimate the value of a and the value of b.

7
X 2 4 6 8 10

y 4.9 13.3 36.2 98.3 267.1

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = ax e"" where a
and n are constants,

a Draw the graph of In y against x.

b Use your graph to estimate the value of a and the value of n.
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X 2 4 6 8 10

y 30.0 44.7 66.7 99.5 148.4

The table shows experimental values of the variables x and y.
The variables are known to be related by the equation y = where a
and b are constants.

a Draw the graph of In y against x.

b Use your graph to estimate the value of a and the value of b.

C Estimate the value of x when y = 50.

X 2 4 6 8 10

0.10 0.33 1.08 3.48 11.29

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y - 10° x b", where
a and b are constants.

a Draw the graph of Ig y against x.

b Use your graph to estimate the value of a and the value of b.

c Estimate the value of x when y = 5.

10
X 0.2 0.4 0.5 0.7 0.9

y 36 12 9 6 4.5

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y =
X + b

, where a

and b are constants,

a Draw the graph of y against xy.

b Use your graph to estimate the value of a and the value of b.

An alternate method for obtaining a straight-line graph for the equation

y =

C Without drawing a second graph, estimate the gradient and the

a  1
IS to plot X on the vertical axis and - on the horizontal axis.

X + b y

intercept on the vertical axis of this graph.

11
X 2 5 15 25 60

y 11.5 5.54 2.30 1.53 0.76

The table shows experimental values of the variables x and y.

a Draw the graph of Iny against Inx.

b Express y in terms of x.

An alternate method for obtaining the relationship between x and y is to
plot Igy on the vertical axis and Ig x on the horizontal axis.

C Without drawing a second graph, find the gradient and the intercept on
the vertical axis of this graph.
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Summary

Length of a line segment, gradient and midpoint

Length of PQ = yj(x2 " + (y^ " )'i)^
3*2 ~ yi

Gradient of PQ -
X

QiXry^^

i
M

Midpoint of PQ =
X\ + *2 3*1 3*2

P(Xi,yi)2  2

Parallel and perpendicular lines

If two lines are parallel then their gradients are equal.
1

If a line has a gradient of m, a line perpendicular to it has a gradient of .
m

If the gradients of the two perpendicular lines are ?Wj and m^, then wij x mg = -I.

The equation of a straight line

y = mx + c where m = the gradient and c = the y -intercept.

3) - jij = »w(x - JCj) where m = the gradient and (xj.jii) is a known point on the line.

Non-linear equations

To convert a non-linear equation involving x and y into a linear equation, express the equation in
the form Y = mX -I- c, where X and Y are expressions in x and/or y.

Examination questions
Worked example

Solutions to this question by accurate drawing will not be accepted.

O

m, 5)

A(l,4)

The diagram shows a quadrilateral ABCD in which A is the point (1, 4), and B is the point (6, 5).
Angle ABC is a right angle and the point Clies on the x-axis. The line AD is parallel to the y-
and the line CD is parallel to BA. Find

axis

a  the equation of the line CD,

b  the area of the quadrilateral ABCD.

[5]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,ii Nov 2010
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Answers

a Gradient of AB
5-4

6-1

Gradient of EC = -5

Equation of EC: y

1_

5

When 3> = 0,

C is the point (7, 0)

Equation of CD:

Equation of CD is

 — y\ = m (x - Xj)
- 5 = -5 (x - 6)

3) - 5 = 30 - 5x

3 = 35 - 5x

0 = 35 - 5x

X = 7

31-3)] = m(x - Xj)

,-0 = i(*-7)

j = ̂(«-7)

use m-{m2 1 to find gradient of EC

use m = -5, Xj = 6 and yi = 5

use m = —, =7 and >>1 = 0
5

b AD is parallel to the j-axis, hence the x-coordinate of D is 1.

Substituting x = 1 into the equation 3' = — (x - 7) gives y = -1.2.
5

Use the 'shoestring' method with A(l, 4), E(6, 5), C(7, 0) and D(l, -1.2).

Area of AECD = —
2

1

X 5 X 0 x.,,x4

-| 5 + 0 + (-8.4) + 4 - 24 - 35 - 0 - (-1.2)1

= -1-57.21
2' '

= 28.6 units^

Exercise 7.8

Exam exercise

1 The point Plies on the line joining A(-2, 3) and 5(10, 19) such that AP-.PE - 1:3.

a Show that the x-coordinate of P is 1 and find the 3)-coordinate of P.

b Find the equation of the line through P which is perpendicular to AE.

The line through P which is perpendicular to AE meets the 31-axis at the point Q.

C Find the area of the triangle AQB.

[2]

[3]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8 Nov 2014
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2 The table shows values of variables V and p.

V 10 50 100 200

p 95.0 8.5 3.0 1.1

a By plotting a suitable straight line graph, show that Tand p are related by the equation
p = kV", where /Eand nare constants. [4]

Use your graph to find

b the value of n, [2]

c  the value of p when V = 35. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i,ii,iiiJun 2014

3  Solutions to this question by accurate drawing will not be accepted.

The points A (-3, 2) and B{1, 4) are vertices of an isosceles triangle ABC, where angle B = 90°.

a Find the length of the line AB. [1]

b Find the equation of the line BC. [3]

c Find the coordinates of each of the two possible positions of C. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10i,ii,iii Nov 2013

4 Variables x and y are such that y = Ab", where A and b are constants. The diagram shows the
graph of Iny against x, passing through the points (2, 4) and (8, 10).

Iny

O

(8,10)

(2, 4)^

Find the value of A and of b. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2Jun 2013
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5  Solutions to this question by accurate drawing will not be accepted.

5(7, 7)

A(ll,4)

The diagram shows a trapezium A5CZ) with vertices A (11, 4), 5(7, 7), C(-3, 2) and D.
The side AD is parallel to BC and the side CD is perpendicular to EC.

Find the area of the trapezium ABCD. [9]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 QIOJun 2012

6 The table shows experimental values of two variables x and y.

X 1 2 3 4 5

y 3.40 2.92 2.93 3.10 3.34

It is known that x and y are related by the equation y = + ox, where a and b are constants,

a Complete the following table.

y4x
[1]

b On a grid plot y4x against xyfx and draw a straight line graph. [2]
c Use your graph to estimate the value of a and of b. [3]

d Estimate the value of y when x is 1.5. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9i-iv Nov 2011

7 The points A and B have coordinates (-2, 15) and (3, 5) respectively.

The perpendicular to the line AB at the point A{-2, 15) crosses the y-axis at the point C.

Find the area of triangle ABC. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7Jun 2011

V.
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8 Variables x and y are such that, when In 3; is plotted against Inx, a straight line graph passing
through the points (2, 5.8) and (6, 3.8) is obtained.

(6, 3.8)

(2, 5.8)

a

b

[4]

Inx

Find the value of In 3* when Inx = 0. [2]
Given that y = Ax'', find the value of A and of b. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i,ii Nov 2010

9  Solutions to this question by accurate drawing will not be accepted.

The points A and B have coordinates (2, -1) and (6, 5) respectively.

1  Find the equation of the perpendicular bisector of AB, giving your answer in the form
ax + by = c, where a, b and c are integers.

The point Chas coordinates (10, -2).

ii Find the equation of the line through Cwhich is parallel to AB. [2]
iii Calculate the length of BC. [2]
iv Show that triangle ABC is isosceles. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q8 Mar 2015

10 The curve y = xy + s? — 4: intersects the line y = ̂x—\ at the points A and B. Find the
equation of the perpendicular bisector of the line AB. [8]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Jun 2015

Solutions to this question by accurate drawing will not be accepted.

Two points A and JShave coordinates (-3, 2) and (9, 8) respectively.

Find the coordinates of C, the point where the line AB cuts the y-axis.

Find the coordinates of D, the mid-point of AB.

Find the equation of the perpendicular bisector of AB.

The perpendicular bisector of AB cuts the y-axis at the point E.

iv Find the coordinates of E.

V  Show that the area of triangle ABE is four times the area of triangle ECD.

[3]

[1]

[2]

[1]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Nov 2015



!

Chapters
Circular measure

This section will show you how to:

m use radian measure

M solve problems Involving the arc length and sector area of a circle.
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8.1 Circularmeasure

Have you ever wondered why there are 360 degrees in one complete
revolution?

The original reason for choosing the degree as a unit of angular measure is
actually unknown but there are a number of different theories:

•  ancient astronomers claimed that the Sun advanced in its path by one
degree each day and that a solar year consisted of 360 days

•  the ancient Babylonians divided the circle into 6 equilateral triangles
and then subdivided each angle at O into 60 further parts, resulting in
360 divisions in one complete revolution

•  360 has many factors which makes division of the circle so much easier.

Degrees are not the only way in which you can measure angles. In this section
you will learn how to use radian measure. This is sometimes referred to as

the natural unit of angular measure and it is used extensively in mathematics
because it can simplify many formulae and calculations.

In the diagram below, the magnitude of angle AOB is I radian (1 radian is
written as I rad or P).

An arc equal in length to the radius of a circle subtends
an angle of I radian at the centre.

It follows that the circumference (an arc of length 27tr) subtends an angle of
2k radians at the centre.

27C radians = 360°

n radians = 180°

When an angle is written in terms of K, the radian symbol is usually omitted.
Hence, K = 180°.
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Converting from degrees to radians

Since 180° = 7C, then 90° = —, 45° = — etc.
2  4

Angles that are not simple fractions of 180° can be converted using the
following rule:

To change from degrees to radians, multiply by
71

Converting from radians to degrees

Since 7C = 180°, - - 30°, — = 18° etc.
6  10

Angles that are not simple fractions of 7t can be converted using the
following rule:

To change from radians to degrees, multiply by
180

n

180
(It is useful to remember that 1 radian = 1 x = 57°.)

Tt

WORKED EXAMPLE 1

a Change 60° to radians, giving your answer in terms of 7t.
371

b Change — radians to degrees.

Answers

a Method 1:

180° = 7t radians

radians
flBOy _ 71
I 3 J " 3

60° = — radians
3

b Method 1:

7t radians = 180°

7t
radians = 36°

— radians = 108°
5

Method 2:

60 = f60x—1
I  180;

60° = — radians
3

radians

Method 2:

37C
— radians
5

371
radians = 108°
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Exercise 8.1

1 Change these angles to radians, in terms of Tt.

a 10° b 20° c

o

O

d

o

O

e 15°

f  120° g 135° h 225° i 360° j 720°

k 80° I  300° m 9° n 75° 0 210°

Change these angles to degrees.
Tt

' i b ^
6

c

Tt

12
d

Tt

9
e

2Tt

3

^  47T
5

In

^ w
h

5Tt

Ti" i

3Tt

20
j

9Tt

To

,  fijt
k —

5
\  37t m

In

T
n

8Tt

T
0

9Tt

Y

Write each of these angles in radians correct to 3sf.

a 32° b 55° c 84° d 123° e 247°

Write each of these angles in degrees correct to 1 decimal place,

a  l.Srad b 2.5rad c 1.02rad d l.SSrad e 0.58rad

Copy and complete the tables, giving your answers in terms of 71.

a Degrees 0 45 90 135 180 225 270 315 360

Radians 0 7t 27C

Degrees 0 30 60 90 120 150 180 210 240 270 300 330 360

Radians 0 71 271

6 Use your calculator to find

a sin l.Srad b tanO.Srad

7t

sm
Tt

COS

C  sinl.2rad

,  Tt
f  tan —.

4

Note:

You do not need to change the
angle to degrees. You should
set the angle mode on your
calculator to radians.

CHALLENGE Q

7 Anna is told the size of angle BAC in degrees and she is
then asked to calculate the length of the line EC. She
uses her calculator but forgets that her calculator is in
radian mode. Luckily she still manages to obtain the
correct answer. Given that angle BAC is between 10°
and 15°, use graphing software to help you find the size
of angle BAC in degrees correct to 2 decimal places.
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CLASS DISCUSSION

You should already be familiar with the following mathematical words that are used in circle questions.

chord arc sector segment

Discuss and explain, with the aid of diagrams, the meaning of each of these words

Explain what is meant by;

• minor arc and major arc

• minor sector and mzyor sector

• minor segment and major segment.

If you know the radius, rcm, and the angle 9 (in degrees) at the centre
of the circle, describe how you would find:

•  arc length • area of sector

•  perimeter of sector • length of chord

•  perimeter of segment • area of segment.

8.2 Length of an arc

From the definition of a radian, the arc that subtends an angle of 1 radian

at the centre of the circle is of length r. Hence, if an arc subtends an angle
of 6 radians at the centre, the length of the arc is rd.

Arc length = rd

WORKED EXAMPLE 2 1

An arc subtends an angle of
7t
— radians at the centre of a circle with radius 8 cm.

Find the length of the arc in
0

terms of it.

Answers

Arc length = rd

= 8x-
6

4jt
= — cm

3



A sector has an angle of 2 radians and an arc length of 9.6cm.
Find the radius of the sector.

Answers

Arc length = rO

9.6 = rx 2

r = 4.8cm

12 cm
The circle has radius 5 cm and

centre O.

PQis a tangent to the circle at the
point P.

QRO is a straight line. Find

a angle POQ in radians

5 cm

c  the perimeter of the shaded region.

Answers

triangle QPOis right-angled since PQis a tangenttan POQ - —

remember to have your calculator in radian modeAngle POQ = tan

= 1.176...

= 1.18 radians

b 0Q2 = 122 + 52

0Q2 = 169

OQ = lS

Hence QR = 8 cm.

using Pythagoras

use are PR = rOc Perimeter = PQ + QR + arc PR

= 12-h8+ (5 X 1.176...)

= 25.9 cm

175

WORKED EXAMPLE 3

WORKED EXAMPLE 4

Chapters: Circularrtieasure

Exercise 8.2

1  Find, in terms of n, the arc length of a sector of

a radius 6 cm and angle ̂  b radius 5 cm and angle ̂
Sn

c radius 10 cm and angle —
5k

d radius 18 cm and angle —.
6
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Find the arc length of a sector of

a radius 8 cm and angle 1.2 radians b radius 2.5 cm and angle 0.8 radians.

Find, in radians, the angle of a sector of

a radius 4 cm and arc length 5 cm b radius 9 cm and arc length 13.5 cm.

Find the perimeter of each of these sectors.

4 cm

5 ABCD is a rectangle with AJ5 = 6 cm and BC = 16 cm.

O is the midpoint of BC.

OAED is a sector of a circle, centre O. Find

a AO

b angle ADD, in radians

c  the perimeter of the shaded region.

Find

a  the length of arc AB

b the length of chord AB

c  the perimeter of the shaded segment.

Triangle EFG is isosceles with EG = EG = 16 cm.

OH is an arc of a circle, centre E, with angle HEG = 0.85
radians. Find

a the length of arc GH

b the length of EE

c  the perimeter of the shaded region.

3rad

16 cm 16 cm
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8.3 Area of a sector

To find the formula for the area of a sector you use the ratio:

area of sector angle in the sector
area of circle complete angle at the centre

When 6 is measured in radians, the ratio becomes

area of sector _

2%

e

%r

area of sector =
2n

X jcr^

area of sector = ~ r^d
2

WORKED EXAMPLE 5

271

Find the area of a sector of a circle with radius 6 cm and angle radians.

Give your answer in terms of 7t.

Answers

Area of sector ■r^e

1  -2 2Tt
- X 6'' X —
2  3

= 123tcm''

WORKED 6

i 2rad \Calculate the area of the shaded segment correct
to 3 sf. 1  8 cimx^ cm \

V ° J
Answers

-t

Area of triangle A0J5 = - x 8 x 8 x sin (2'^) using area of triangle - - a/^sinC
= 29.0975...

= 29.0975...
1  1Area of sector AOB = — x8x8x2 using area of sector = „ ̂

= 64

Area of segment = area of sector AOB - area of triangle AOB
= 64-29.0975...

= 34.9cm2
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Exercise 8.3

1 Find, in terms of 7t, the area of a sector of

a radius 6 cm and angle ̂  b radius 15 cm and angle —
^  5

C radius 10 cm and angle 771

10

Sxt
d radius 9 cm and angle —.

^  6
2 Find the area of a sector of

a radius 4cm and angle 1.3 radians b radius 3.8 cm and angle 0.6 radians.

3 Find, in radians, the angle of a sector of

a radius 3 cm and area 5 cm^ b radius 7 cm and area 30 cm^.

4 POQis the sector of a circle, centre O, radius 10 cm.

The length of arc PQis 8 cm. Find

a angle POQ, in radians b the area of the sector POQ.

5 A sector of a circle, radius rcm, has a perimeter of 150 cm.

Find an expression, in terms of r, for the area of the sector.

6 ABCD is a rectangle with AJ5 = 9 cm and PC = 18 cm.

O is the midpoint of BC.

OAED is a sector of a circle, centre O. Find

a AO

b angle ADD, in radians

c  the area of the shaded region.

7 The circle has radius 12 cm and centre O.

PQis a tangent to the circle at the point P.

QRO is a straight line. Find

a angle POQ, in radians

b the area of sector PGR

c  the area of the shaded region.

8 AOB is the sector of a circle, centre O, radius 8 cm.

AC is a tangent to the circle at the point A.

CBO is a straight line and the area of sector AOB is 32 cm^.

Find

a angle AOB, in radians

b the area of triangle AOC

c  the area of the shaded region.

35 cm
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9 Triangle EFG is isosceles with EG = EG = 9 cm.

GEI is an arc of a circle, centre E, with angle

HEG = 0.6 radians. Find

a the area of sector of HEG

b the area of triangle EEG

c  the area of the shaded region.

10 The diagram shows a circle, centre O, radius 12cm.

Angle AOB = 0 radians.

Arc AB - 97tcm.

a Show that 0 =
371

b Find the area of the shaded region.

11 AOD is a sector of a circle, centre O, radius 4 cm.

BOG is a sector of a circle, centre O, radius 10 cm.

The shaded region has a perimeter of 18 cm. Find

a angle AOD, in radians

b the area of the shaded region.

12 AOB is a sector of a circle, centre O, with radius 9 cm.

Angle GOD = 0.5 radians and angle ODG is a right angle.
OC = 5 cm. Find

a OD

b CD

c  the perimeter of the shaded region
d the area of the shaded region.

13 EOG is a sector of a circle, centre O, with angle
FOG = 1.2 radians.

EOH is a sector of a circle, centre O, with radius 5 cm.

The shaded region has an area of 71.4 cm^.

Find the perimeter of the shaded region.

O

■ 97ccm

D

9 cm

5 cm
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CHALLENGEQ

14 The diagram shows a semi-circle, centre O, radius 10 cm.

FH is the arc of a circle,

centre E.

Find the area of

a  triangle EOF

b sector FOG

c sector FEE[

d the shaded region. H G

CHALLENGEQ

15 The diagram shows a circle inscribed inside a square
of side length 10 cm. A quarter circle of radius 10 cm
is drawn with the vertex of the square as its centre.
Find the shaded area.

Summary
One radian (l'^)is the size of the angle subtended
at the centre of a circle, radius r, by an arc of length r.

When 6 is measured in radians:

the length of arc AB = rd

the area of sector AOB = —r^O
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Examination questions

Worked example D

The diagram shows an isosceles triangle A05 and a sector OCDE'O of a circle with centre O.
The line AB is a tangent to the circle.

Angle AOB = 1.8 radians and the radius of the circle is 12 cm.

a  Show that the distance AC = 7.3 cm to 1 decimal place,
b Find the perimeter of the shaded region,
c  Find the area of the shaded region.

[2]

[6]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11 Jun 2011

Answer

a  cos 0.9 =

0A =

AC =

22
OA

12
19.3047...

cos 0.9

OA -12 = 7.3047.

7.3 to 1 dp

Perimeter = arc CDE + EB + BA + AC

arc CDE: arc CDE = id

= 12 X (271 -1.8)

= 53.798...

22
OB

12

EB: cos 0.9 =

0B =

hence need to find arc CDE, EB and BA

where Ois the angle in the major sector = 2n- 1.8

using half of the isosceles triangle

= 19.3047.
cos 0.9

EB = OB-0E = 19.3047 - 12 = 7.3047...

BA: BA = 2x(0Ax sin 0.9) = 30.24378...

Perimeter = arc CDE + EB + BA + AC

= 53.798... + 7.3047... + 30.24378... + 7.3047.
= 98.7 cm
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c  area of shaded region = area of triangle OAB + area of m^or sector CDE

= —ab sin C + — r^6
2  2

= i 19.3072 X sin 1.8 + - X12^ x (2Tt -1.8)
2  2

= 504 cm^

Exercise 8.4

Exam Exercise

1

O R
xcm-

The diagram shows a sector OPQ of a circle with centre O and radius x cm.
Angle POQis 0.8 radians. The point Slies on OQsuch that OS = 5 cm.
The point Plies on OP such that angle OPS is a right angle.
Given that the area of triangle OPS is one-fifth of the area of sector OPQj, find
a the area of sector OPQin terms of x and hence show that the value of x is 8.837 correct

to 4 significant figures,

b the perimeter of PQSR,

c the area of PQSR.

Camlmdge IGCSE Additional Mathematics 0606 Paper 21 Qlla,b Nov 2014

The diagram shows a circle with centre O and a chord AB.
The radius of the circle is 12 cm and angle AGE is 1.4 radians,

a Find the perimeter of the shaded region.

b Find the area of the shaded region.

Cambridge IGCSE Additional Mathematics 0606 Paper 21 QlOi,ii Nov 2013

V.
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6 cm

16 cm

I6cm

The diagram shows a square ABCD of side 16 cm. M is the mid-point of AB.

The points E and Fare on AD and BC respectively such that AE = BE = 6 cm.

FFis an arc of the circle centre M, such that angle EMEis 6 radians.

a Show that 0 = 1.855 radians, correct to 3 decimal places. [2]

b Calculate the perimeter of the shaded region. [4]

c Calculate the area of the shaded region. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i,ii,iiiJun 2013

12 cm

The diagram shows a right-angled triangle ABC and a sector CBDC of a circle with centre C and
radius 12 cm. Angle ACB = 1 radian and ACD is a straight line.

a Show that the length of AB is approximately 10.1 cm. [1]

b Find the perimeter of the shaded region. [5]

C Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Qlli,ii,iii Jun 2012
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The diagram shows two circles, centres A and B, each of radius 10cm. The point B lies on the
circumference of the circle with centre A. The two circles intersect at the points C and D. The
point E lies on the circumference of the circle centre B such that ABE is a diameter.

i  Explain why triangle A5C is equilateral. [1]

ii Write down, in terms oftt, angle CBE. [1]

Find the perimeter of the shaded region. [5]

Find the area of the shaded region. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 QIO Nov 2015

III

iv

The diagram shows a circle, centre O, radius 8 cm. The points Pand Qhe on the circle.
3n

The lines PT and QT are tangents to the circle and angle POQ - — radians.

I  Find the length of PT. [2]

ii Find the area of the shaded region. [3]

iii Find the perimeter of the shaded region. [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4 Jun 2015

v_
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The diagram shows a circle, centre O, radius r cm. Points A, B and C are such that A and B
lie on the circle and the tangents at A and B meet at C. Angle AOB = 0 radians.
i  Given that the area of the major sector AOB is 7 times the area of the minor sector AOB,

find the value of 0. [2]

ii Given also that the perimeter of the minor sector AOB is 20 cm, show that the value
of r, correct to 2 decimal places, is 7.18. [2]
Using the values of 0and rfrom parts i and ii, find the perimeter of the shaded region
ABC. [3]

Find the area of the shaded region ABC. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q9 Mar 2016

III

IV



Chapter 9
Trigonometry

This section will show you how to:

m find the trigonometric ratios of angles of any magnitude

■ determine the amplitude and period of trigonometric functions

m describe the relationship between trigonometric graphs

u sketch graphs of 31 = |f(x) |, where f(x) is a trigonometric function

■ draw and use the graphs of 3) = asin to + c, y = acosbx + c, 31 = atan to + r where a is a positive

integer. 6 is a simple fraction or integer and cis an integer

■ use trigonometric relationships

■ solve simple trigonometric equations

■ prove simple trigonometric identities.
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You should already know the following trigonometric rauos:

smf =
_  opposite

hypotenuse
cos 6

adjacent

hypotenuse

sin y = COS0 = -
r

tan^ =

tan (

opposite

adjacent

y.
X

9.1 Angles between 0° and 90^

WORKED EXAMPLE 1

Given that sin0 = -7= and that 6 is acute, find the exact values of

sin 6
a  sin^ 0 b cos0 c tan0

tan 6 — cos 0

Answers

a  sin^ 6 = sin 9 x sin 9

- A A.

_ 4

~ 5

b  sin0 = —;=
V5

The right-angled triangle to represent 9 is:

Using Pythagoras' theorem, x

X = 1

1  >/5
H

sin^ 9 means (sin 9)^

ence, cos 9 =

c  tan 0 = - = 2
1

Vs 5 ■

V5
tan 0 - cos 0 2 ^

sin0

V5

~ 2S -1

2{2S + 1)
~ (2V5 -l)(2s/5 + 1)
2(275 + 1)

~  19

2 -t 475

19

multiply numerator and denominator by 75

multiply numerator and denominator by (275 + l)
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7C 7C 7C
The sine, cosine and tangent of 30°, 45° and 60° (or —, — and —) can be
obtained exactly from the following two triangles: ® ^ ^
Consider a right-angled isosceles triangle whose two equal sides are of length
1 unit.

The third side is found using Pythagoras' theorem: Vl^ + 1^ = y/2

sin 45° =
V2

cos 45°

tan 45° = 1

J2I

2y

2

.  n 1
sm— = -7=

4  yf2

n  1
cos— = —pr

4  ̂/2

tan— = 1
4

2

Consider an equilateral triangle whose sides are of length 2 units.

The perpendicular bisector to the base splits the equilateral triangle into two
congruent right-angled triangles.

The height of the triangle can be found using Pythagoras' theorem:

V22 - 1^ = V3

2
sin 60°

.  n
sm— =

3 2

Ao^

2/
\

/60\
r

\

cos 60° = —
2

tan 60° = y/S

1

2

2

sin 30° =

cos 30° =

71 1
cos— =

3 2

71
tan— =

3

K  1
sm-

7t y/S
COS — = —

6  2

tan 30° =
V3

V3" 7C
tan— =

6

_1_
yJS

Q Note:

You do not need to learn these triangles and ratios for the examination,
but you may find it useful to know them.
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WORKED EXAMPLE 2

Find the exact value of

a  sin 45° sin 60° b cos^ 45°

Answers

1  Js
a  sin 45° sin 60° =-4= X —

^/2 2

2yj2

s/3 xV2

2^/2 xV2

= A
4

b  cos^ 45° = cos 45° x cos 45°

_ J_ J_

= 1
~ 2

7C . 71 /3' , 1
tan — + sin — vo + -7=

3  4 ^
1 - cos

71 1-1

= 2>/3 + V2.

x2

71 . n
tan —t- sin —

3  4

1  "1 - cos —
3

rationalise the denominator

cos^ 45° means (cos 45°)

the denominator simplifies to

expand brackets

rationalise the denominator

1

Exercise 9.1
21 Given that tan ̂  ^ that 6 is acute, find the exact values of

a  sin 0 b cos 6 c sin^ 6

d  sin^ 6 + cos^ 6
2 + sin0

3 - cos 6

2 Given that sin 9 = and that 6 is acute, find the exact values of

a  COS0 b tan0 c 1 - sin^ 0b tan0

d  sin 0 +COS 0
cos 0 - sin 0

e  .
tan0

3 Given that cos 9 - — and that 0is acute, find the exact values of

a  sin0 b tan0 c tan0cos0

d  sin^ 0 + cos^ 0
cos 0 - tan0

1 - cos^ 0
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4 Find the exact value of each of the following,

a  tan 45° cos 60° b tan^60° cb tan^ 60°

d  sin 45° + cos 30°
cos2 30°

cos 45° + cos 60°

5 Find the exact value of each of the following.

f

.  K n
a  sin — COS —

4  3

Tt
5 - tan —

3
.  K
Sin —

3

u  - 2^b sm^ —

1 1

.  n n
sin — cos —

6  4

tan 30°

cos 30°

tan 45° - sin30°

1 + sin2 60°

K
tan —

6
K

COS —

4

Tt
tan —

4

.  Tt
- Sin —

4
K

tan —

6

.  Tt
Sin —

6

9.2 The general definition of an angle
You need to be able to use the three basic trigonometric functions for
any angle.

To do this you need a general definition for an angle:

SECOND FIRST

QUADRANT QUADRANT

P

0 X

THIRD FOURTH

QUADRANT QUADRANT

An angle is a measure of the rotation of a line OF about a fixed point O.

The angle is measured from the positive x-direction.

An anticlockwise rotation is taken as positive and a clockwise rotation is taken
as negative.

The Cartesian plane is divided into four quadrants and the angle 6 is
said to be in the quadrant where OP lies. In the diagram above, 6 is in the
first quadrant.
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WORKED EXAMPLE S

Draw a diagram showing the quadrant in which the rotating line OP lies for each of
the following angles. In each case find the acute angle that the line OP makes with the
»-axis.

2n
a 240° b -70° c 490° d —

Answers

a  240° is an anticlockwise rotation b -70° is a clockwise rotation

y. k

\60°/a X

p

y,

o \70°/ *

o

O
>J

p

acute angle = 60° acute angle = 70°

2Jt
C 490° is an anticlockwise rotation d — is an anticlockwise rotation

490° = 360° + 130°

y\
P.

V■^^90°
50A

Q j  X

y\
p

2n

7T\ 3

3 \
a X

acute angle = 50° acute angle ^

Exercise 9.2
1 Draw a diagram showing the quadrant in which the rotating line QP lies for

each of the following angles. In each question indicate clearly the direction
of rotation and find the acute angle that the line QP makes with the x-axis.

a 110° b -60° c 220° d -135° e -300°
371

* T g
771

T
.  57t
h

3

.  1371
1

9

57C

2  State the quadrant that OP lies in when the angle that OP makes with the
positive x-axis is
a 110° b 300° c -160° d 245° e -500°

71

* 4 g
llTt

h -
57t 1371

J
971

T
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9.3 Trigonometric ratios of general angles
In general, trigonometric ratios of any angle 9 in any quadrant
are defined as:

y  X T
sin0 = —, COS0 = —, tan0 = —, x ̂  0

where x and y are the coordinates of the point P

and ris the length of QP and r =

You need to know the signs of the three trigonometric ratios in the
four quadrants.

In the first quadrant sin, cos and tan are positive. (Since x, y and rare
all positive.)

By considering the sign of x and y you can find the sign of each of the three
trigonometric ratios in the other three quadrants.

CLASS DISCUSSION

By considering the sign of y in the second, third and fourth
quadrants, determine the signs of the sine ratio in each of these
quadrants.

By considering the sign of x in the second, third and fourth
quadrants, determine the signs of the cosine ratio in each of
these quadrants.

By considering the sign of x and y in the second, third and fourth
quadrants, determine the signs of the tangent ratio in each of
these quadrants. What happens to the tangent ratio when x = 0?

On a copy of the diagram, record which ratios are positive in each
quadrant.

The first quadrant has been completed for you.

(All three ratios are positive in the first quadrant.)

sin 6

 1^51-
II

cos 6
X

r

tan0= 1
X

y\
sin

cos

tan



The results of the class discussion, can be summarised as:

You can memorise this diagram using a mnemonic such as
'All Students Trust t ambridge'.

180°

Chapter 9: Trigonometry

90°

7 '

Sin All

X

Tan Cos

0°, 360°

270°

WORKED EXAMPLE 4

Express in terms of trigonometric ratios of acute angles,
a  cos(-110°) b sin 125°

Answers

a The acute angle made with the *-axis is 70°.

In the third quadrant only tan is positive,
so cos is negative.

cos(-110°) =^os70°

b The acute angle made with the *-axis is 55°.

In the second quadrant sin is positive,

sin 125° = sin 55°

7

S A

'  ' j >

o

O

O  x

T  / c

y ■

S  t A

A
Xl25°

/ 55°\
0

T

^  ' ►

X

c
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WORKED EXAMPLE 5

Given that sin 0 = — and that 180° « 0 « 270°, find the value of tan 0 and the value
of cos 0. ^

Answers

0 is in the third quadrant.

tan is positive and cos is negative in this quadrant.

+ (-3)^ = 5'^
,.2 ==  25 - 9 = 16

Since x < 0, * = -4

tan0
-3 3 . _ -4 4
— = — and COS0 = — = —
-4 4 5 5

7'

S A

xf
LI I ^ O  X

-3; Jy
iX ̂

T C

Exercise 9.3

1 Express the following as trigonometric ratios of acute angles.
a sin220° b cos325° c tan 140° d cos(-25°)

7k
h (e tan 600°

27t
I  tan —

.  471
f  sin —

5

.  Otc
I  sm —
*  4

g tan-  cos-")

2 Given that cos0 = - and that 270° < 0 ̂  360°, find the value of
5

a  tan0 b sin0.

3 Given that tan0 = -VS and that 90° ̂  0 ̂  180°, find the value of

a  sin0 b cos 0.

4 Given that sin0 = — and that 0is obtuse, find the value of
13

a COS0 b tan0.

2
5 Given that tan0 = - and that 0 is reflex find the value of

3

a  sin0 b COS0.

4  1
6 Given that tan A = — and cos B = —1=, where A and B are in the same

3  -v3
quadrant, find the value of

a sin A b  cos A c  sinjB d  tanjB.

12 3
7 Given that sin A = and cosB = - , where A and B are in the same

13 5

quadrant, find the value of

a cos A b tan A c  sinB d  tan 5.



9.4 Graphs of trigonometric functions
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CLASS DISCUSSION

Consider taking a ride on a Ferris wheel, with radius 50 metres,
which rotates at a constant speed.

You enter the ride from a platform that is level with the centre of
the wheel and the wheel turns in an anticlockwise direction.

Sketch the following two graphs and discuss their properties:
•  a graph of your vertical displacement from the centre of the

wheel plotted against angle turned through

•  a graph of your horizontal displacement from the centre of
the wheel plotted against angle turned through.

The graphs of y = sinx and y = cosx
Suppose that OP makes an angle of xwith the positive
horizontal axis and that P moves around the unit circle,

through one complete revolution. The coordinates of Pwill
be (cosx,sinx).

The height of P above the horizontal axis changes
from 0—>l-^0->-l->0.

The graph of sinx against xfor 0° ̂  x 360° is:

The distance of Pfrom the vertical axis changes

from 1—>0—»-l—>0—>1.

The graph of cosx against xfor 0° ̂  x ̂  360° is:

P(cosx, sinx)

= sin X

y = cos X

I  ' X

70 360
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The graphs of 31 = sinx and 3 = cos* can be continued beyond 0° ^ 360°:

y

1-

1

0

90 18\) 270 450 540 ^

^^1-

The sine and cosine functions are called periodic functions because they
repeat themselves over and over again.

The period of a periodic function is defined as the length of one repetition
or cycle.

The basic sine and cosine functions repeat every 360°.

We say they have a period of 360°. (Period = 271, if working in radians.)

The amplitude of a periodic function is defined as the distance between a
maximum (or minimum) point and the principal axis.

The basic sine and cosine functions have amplitude 1.

The graph of y=tanx

7

y

0

0

000-
1

9^ 180 ̂ 0 360 4^ 540 ^
-1-

I  y = tan x

0 /ISO 270/360 4^0/ 40 ^-180 -^0 /6

The tangent function behaves very differently to the sine and cosine functions.

The tangent function repeats its cycle every 180° so its period is 180°.

The red dashed lines at * = ±90°, x = 270° and x = 450° are asymptotes. The
branches of the graph get closer and closer to the asymptotes without ever
reaching them.

The tangent function does not have an amplitude.

The graphs of y = as\nbx + c, y = acosbx + c and y = atanbx + c

You have already learnt about the graphs of y = sin x, y = cos * and y = tan*.

In this section you will learn how to sketch the graphs of
y = a sin bx + c, y - a cos bx + c and y = a Xznbx + c where a and b are positive
integers and c is an integer.

You can use graphing software to observe how the values of a, b and c affect
the trigonometric functions.
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The graph of y = o sin *
Using graphing software, the graphs of )) = sin x and )) = 2 sin x are:

t---
y = sin X:

I y = 2 sin x

The graph of )i = 2 sin x is a stretch of the graph of )> = sin x.

It has been stretched from the x-axis with a stretch factor of 2.

The amplitude of 3) = 2 sin x is 2 and the period is 360°.

Similarly, it can be shown that graph of y = 3 sin x is a stretch of y = sin x
from the x-axis with stretch factor 3. The amplitude of y = 3 sin x is 3 and the
period is 360°.

ACTIVITY

Use graphing software to confirm that:

• y = 2 cos X is a stretch of y = cos x from the x-axis with stretch factor 2

« y = 3 cos X is a stretch of y = cos x from the x-axis with stretch factor 3

and

• y = 2 tan x is a stretch of y = tan x from the x-axis with stretch factor 2

• y = 3 tan x is a stretch of y = tan x from the x-axis with stretch factor 3.

The graph of y = sin bx
Using graphing software, the graphs of y = sin x and y = sin 2x are:

-l-"
y = sin2x y = sinx

The graph of y = sin 2x is a stretch of the graph of y = sin x.
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It has been stretched from the y-axis with a stretch factor of —.
2

The amplitude of y = sin 2x is 1 and the period is 180°.

Similarly, the graph of y = sin Sx is a stretch, from the y-axis, of y = sin x

with stretch factor —.
3

The amplitude of y = sinSx is 1 and the period is 120°.

ACTIVITY

Use graphing software to confirm that:

•  y = cos2x is a stretch of y = cos x from the y-axis with stretch factor
1

2

•  y = cos3x is a stretch of y = cos x from the y-axis with stretch factor ̂
and

•  y = tan2x is a stretch of y = tanx from the y-axis with stretch factor —

•  y = tanSx is a stretch of y = tan x from the y-axis with stretch factor ̂

The graph of y = sin x + c
Using graphing software, the graphs of y = sin x and y = sin x + 1 are:

-I-'

^ ̂

y = sin X

.  y = sin X + 1

X

90 18bv 270 /^60

The graph of y = sin x + 1 is a translation of the graph of y = sin x.

It has been translated by the vector

The amplitude of y = sin x + 1 is 1 and the period is 360°.

Similarly, the graph of y = sin x + 2 is a translation of y = sin x by the
fo'i

vector .

The amplitude of y = sinx + 2 is 1 and the period is 360°.
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ACTIVITY

Use graphing software to confirm that:

•  3) = cos X + 1 is a translation of 3) = cos x by the vector

•  31 = cos X + 2 is a translation of 31 = cos x by the vector

•  y = cos X - 3 is a translation of 3; = cos x by the vector

and

•  y = tan x + 1 is a translation of y = tan x by the vector

^0^

vl/

^ 0^

V:

■

y = tan x - 2 is a translation of 3; = tan x by the vector ^ 0^

v-2y

In conclusion,

affects

amplitude
(amplitude = a)

y = a sin bx + c

affects

period

.  ̂ 360° 2Jt'
penod = or —
^  b b ,

vertical translation

translation = ' ̂

y = a cos bx + c

affects

amplitude
(amplitude = a)

affects

period

(  . 360° 27c'|I penod = —^— or — I

vertical translation

translation = ' ̂

y = a tan bx + c

stretches the graph affects
Note: there is no period

amplitude for a tangent ( 180°
function periods— orf)

vertical translation

translation ' ̂
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Sketching trigonometric functions
The sketch graph of a trigonometric function, such as
y = 2 cos 3* - 1 for 0° ̂  x ̂  360°, can be built up in steps.

Step 1: Start with a sketch of )) = cosx:

Period = 360°

Amplitude = 1 ^

-1

-2-

1 y = cos X
1  j X

9 !0 ̂ ^^70 3^0

Step 2: Sketch the graph of 31 = cos3x:

Stretch y = cos x from the ji-axis

with stretch factor —.
3

Q^AO

Period = — = 120°
3

Amplitude = 1

y = cos 3x I

Step 3: Sketch the graph of y = 2cos3x:

Stretch y = cos 3x from the x-axis

with stretch factor 2.

360°
P 120°eriod =

Amplitude = 2

yfi cos 3x

Step 4: Sketch the graph of y = 2cos3x - 1:

' O^iTranslate 31 = 2 cos 3x by

Q^AO

Period = = 120°

Amplitude = 2

-1,
cos 3x- 1
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WORKED EXAMPLE 6

f(x:) =3 sin 2x for 0° ̂  ^ 360°

a Write down the period of f.

b Write down the amplitude of f.

C Write down the coordinates of the maximum and minimum points on the curve
3) =f(3c).

d Sketch the graph of 3 = f(x).

e Use your answer to part d to sketch the graph of y = 3 sin 2x +1.

Answers

Perioda

360°

b

c

= 180°

Amplitude = 3

y = sin X has its maximum and minimum points at:

(90°, 1), (270°,-1), (450°, 1) and (630°,-1)

Hence, f(x) = 3 sin 2x has its maximum and minimum points at:

(45°, 3), (135°, -3), (225°, 3) and (315°, -3)

-3-

y= 3 sin 2x

/ \ i
1  \ /  \/  \ /  \ X

94  \i10 2' 0

i\ /r
i v/l

y = 3 sin 2x +1 is a translation of the graph y = 3 sin 2x by the vector ̂  ̂

: 3 sin 2x + 1
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WORKED EXAMPLE 7

a On the same grid, sketch the graphs of y = sin 2x and 3) = 1 + cos 2x for
0° « x « 360°.

b State the number of roots of the equation sin2x = 1 + cos2x for 0° ̂  360°.

Answers

a

3

1

0

-1

y = 1 + (:os 2x

/
/\ A X

( 80 2 50

iin 2x

b The graphs of 3; = sin 2x and 3) = 1 + cos2x intersect each other at 4 points in
the interval.

Hence, the number of roots of sin 2* = 1 + cos2x is 4.

Exercise 9.4

1  a The following functions are defined for 0° ̂  ^ 360°.

For each function, write down the amplitude, the period and the
coordinates of the maximum and minimum points.

i  f(x) = 7cosx ii f(x) = 2sin2x iii f(x) = 2cos3x

iv f(x) = 3sin —X
2

V  f(j:) = 4cosx + 1 vi f(x) = 5sin2x - 2

b Sketch the graph of each function in part a and use graphing software
to check your answers.

a The following functions are defined for 0 x =5 2)1.

For each function, write down the amplitude, the period and the
coordinates of the maximum and minimum points.

i  f(x) = 4 sin x

iv f(x) = 3cos —x
2

II f(x) = cosSx III f(x) = 2sin3x

V  f(x) = sin2x + 3 vl f(x) = 4cos2x - 1

b Sketch the graph of each function in part a and use graphing software
to check your answers.
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The graph of 3) = a + fisincx, for 0 ̂  ^ 7i, is shown above.

Write down the value of a, the value of b and the value of c.

y

4

3

2

1

O

/ \

/  \
\  /

-— — -

45 90 135 180
X

Part of the graph of 31 = osinftx + c is shown above.

Write down the value of a, the value of b and the value of c.

]  \ j
j
J  X J

I- I— - '

The graph of 3* = <2 + bcoscx, for 0° ̂  ^ 360°, is shown above.

Write down the value of a, the value of b and the value of c.

a The following functions are defined for 0° ̂  jc ̂  360°.

For each function, write down the period and the equations of the
asymptotes.

1  f(«:) = tan2j!: ii f(a:) = 3tan^x Hi f(x:) = 2tan3x +1
b Sketch the graph of each function and use graphing software to check

your answers.
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a The following functions are defined for 0 ^ 271.

For each function, write down the period and the equations of
the asymptotes.

i  f(x:) = tan4x: ii f(x) = 2 tanSx iii f(x) = 5tan2x - 3

b Sketch the graph of each function and use graphing software to check
your answers.

8

o
7t /  71 371 /  2n X
2

/  '1
Part of the graph of y = A tan Bx + C is shown above.

The graph passes through the point

Find the value of A, the value of B and the value of C.

9  f(x) = a + ftsincx

The maximum value of f is 13, the minimum value of f is 5 and the period
is 60°.

Find the value of a, the value of b and the value of c.

10 f(x) = A + ScosBx for 0° ̂  x ̂  360°

The maximum value of f is 5 and the period is 72°.

a Write down the value of A and the value of B.

b Write down the amplitude of f.

c Sketch the graph of f.

11 f(x) = A + BsinCx for 0° ̂  x ̂  360°

The amplitude of f is 3, the period is 90° and the minimum value of f is -2.

a Write down the value of A, the value of B and the value of C.

b Sketch the graph of f.

12 a On the same grid, sketch the graphs of y = sinx and y = 1 + sin2x for
0° ̂  X < 360°.

b State the number of roots of the equation sin 2x — sin x + 1 = 0 for
0° ̂  X ̂  360°.
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13 a On the same grid, sketch the graphs of 3; = sin x and 31 = 1 + cos 2x for
0° ̂  X ̂  360°.

b State the number of roots of the equation sin x = 1 + cos 2x for
0° ̂  X ̂  360°.

14 a On the same grid, sketch the graphs of 3* = 3cos2x and 3; = 2 + sinx
for 0° ̂  X ̂  360°.

b State the number of roots of the equation 3 cos 2x = 2 + sin x for
0° ̂  X ̂  360°.

9.5 Graphs of y = | f(x) |, where f(x) is a trigonometric
function

You have already learnt how to sketch graphs of 3 = | f(x)| where f(x) is either
linear or quadratic.

In this section you will learn how to sketch graphs of 3 = | f(x)| where f(x) is a
trigonometric function.

WORKED EXAMPLE 8

a Sketch the graph of f(x) = |sinx | for 0 ̂  x ̂  2jt.

b State the range of the function f.

Answers

a Step 1: Sketch the graph of 3 = sin x

y

rl-

0 ̂  f(x) ̂  1 -
J' = I sin

sin X

1-

Step 2: Reflect in the x-axis the part of the curve 3 = sin x that is below the x-axis.

b The range of the function fis 0^f(x)^l.
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WORKED EXAMPLE 9

a On the same grid, sketch the graphs of 3; = |sin2x| and y = co&x for 0° ̂  x ̂  360°

b State the number of roots of the equation | sin 2x\ = cos x for 0° ̂  x 360°.

Answers

a For y = |sin2x| sketch the graph of 31 = sin2x and then reflect in the iJ^axis the
part of the curve 31 = sin 2x that is below the x-axis.

-1-

jr = I sin 2x\

9t) 1^0 27f) 360

'\y' y = sin 2x

Hence, the graphs of 31 = |sin2x| and y = cosx are:

y = sin 2x1 y = cos

b The graphs of 31 = |sin2x| and y = cosx intersect each other at 4 points in the
interval.

Hence, the number of roots of |sin2x| = cosx is 4.

Exercise 9.5

Use graphing software to check your graphs in this exercise.

1  Sketch the graphs of each of the following functions, for 0° ̂  x 360°,
and state the range of each function.

a f(x) = |tanx| b f(x) = |cos2x| c f(x) = |3sinx|

d f(x)
.  1
sin —X

2
e f(x) = 2 cos — X

2
f  f(x) = I 2sin2x|

g f(x) = I sinx - 2| h f(x) = 1 5sinx + 1| i f(x) = 14cosx - 3|

2 a Sketch the graph of y = 2sinx - 1 for 0° ̂  x 180°.

b Sketch the graph of y = | 2sinx - 1| for 0° ̂  x ̂  1^°-
c Write down the number of solutions of the equation | 2 sin x - 11 = 0.5

for 0° 180°.
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3  a Sketch the graph of y = 2 + 5cosx for 0° ̂  ^ 180°.

b Sketch the graph of )) = | 2 + 5cosx| for 0° x ̂  180°

c Write down the number of solutions of the equation | 2 + 5 cos x | = 1 for
0° ̂  X ̂  180°.

4 a Sketch the graph of y = 2 + Scosx for 0° ̂  x ̂  180°.

b Sketch the graph of )) = | 2 + 3cosx| for 0° ̂  x ̂  180°.

c Write down the number of solutions of the equation 12 + 3 sin 2x | = 1
for 0° ̂  X ̂  180°.

5  a On the same grid, sketch the graphs of )i = | tanx| and y - cosx for
0° ̂  X ̂  360°.

b State the number of roots of the equation | tanx| = cosx for
0° ̂  X ̂  360°.

6  a On the same grid, sketch the graphs of = | sin 2x | and y = tan x for
0 ̂  X ̂  27C.

b State the number of roots of the equation | sin 2x | = tan x for
0 ̂  X ̂  271.

7  a On the same grid, sketch the graphs of )> = 10.5 + sinx| and y = cosx
for 0° ̂  X ̂  360°.

b State the number of roots of the equation | 0.5 + sinx| = cosx for
0° ̂  X ̂  360°.

8  a On the same grid, sketch the graphs of = 11 + 4 cosx| and
y = 2 + cosx for 0° ̂  x ̂  360°.

b State the number of roots of the equation 11 + 4 cosx| = 2 + cosx for
0° ̂  X ̂  360°.

9 The equation 13cosx -2\ = k, has 2 roots for the interval 0 ̂  x ̂  27t.

Find the possible values of k.

CHALLENGEQ

10

360 X

The diagram shows the graph of f(x) = | a + 6coscx|, where a, 6 and c
are positive integers.

Find the value of a, the value of b and the value of c.
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9.6 Trigonometric equations
Consider the right-angled triangle:

y  X ^ y
sin0 = — cosO = — tan0 = —

r  r X

tan 6 divide numerator and denominator by r

The following rules can be found from this triangle:

- I
X

1
y  ̂ n

use — = sin0 and — = cos a
r  r

r

_ r_

X

tanO
sin0

cost

divide both sides by

X

use — = COS0 and - = sin0

cos^ 6 + sin^ 9 = 1

These two important rules will be needed to solve some trigonometric
equations later in this section.

Consider solving the equation: sin x = 0.5

X = sin ' (0.5)

A calculator will give the answer:

X

II

OO
o
o

There are, however, many more values of x for which sin x = 0.5.

Consider the graph of y = sin x for -360° ̂  X ̂  360°:

1-

Ol
o

II

-360 -270 -180 -90 ^ 90 180 270 360^
-330 -210 30 150

-1- y = sin X

The sketch graph shows there are four values of x, between -360° and 360°, for
which sin x = 0.5.
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You can use the calculator value of x = 30°, together v^ith the symmetry of the
curve to find the remaining answers.

Hence the solution of sinx = 0.5 for -360° ̂  x ̂  360° is;

X = -330°, -210°, 30° or 150°

WORKED EXAMPLE 10

Solve cosx = -0.4 for 0° ̂  x ̂  360°.

Answers

cosx = -0.4

X =113.6°

T

1-

O

-H

use a calculator to find cos" (-0.4) to 1 decimal place

y= cos

113.6

9a^-----180 360-•
y=-0.4

The sketch graph shows there are two values of x, between 0° and 360°, for which
cos X = -0.4.

Using the symmetry of the curve, the second value is (360° - 113.6°) = 246.4°.

Hence the solution of cos x = -0.4 for 0° x 360° is

x = 113.6° or 246.4°.
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WORKED EXAMPLE 11

Solve tan2A = -1.8 for 0°

/A

/A

00
o
o

Answers

tan2A = -1.8 let x = 2A

tanx = -1.8 use a calculator to find tan '(-1.8)
= -60.95°

I 1

/ y= tan x

-60.95 y y
-90 \/^ 90 i/^80 270 1^-^60''

(
00

l-H

I

II
Using the symmetry of the

1  1

curve:

X =-60.95 X = (-60.95 + 180) x = (119.05 + 180)
= 119.05 =299.05

Using X = 2A,

2A = -60.95 2A = 119.05 2A= 299.05

A = -30.5 A = 59.5 A = 149.5

Hence the solution of tan2A =-1.8 for 0° ̂  « 180° is

A =59.5° or A = 149.5°.
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WORKED EXAMPLE 12

Solve sin ̂ 2A ~ ̂j ~ 0 ̂  A ̂  7t.

Answers

sin

sinx = 0.6

X = 0.6435 radians

let X = 2v4
3

use a calculator to find sin"' 0.6

0.6435 ji

2
y = sin X

-1-

Using the symmetry of the curve:

x = 0.6435 x=jc-0.6435

= 2.498

Using X = 2A - -
3

2A - - = 0.6435
3

2A - - = 2.498
3

A = i (^0.6435 +1j A = i (^2.498 + ̂jA:

A - 0.845 A = 1.77

Hence the solution of sin ̂ 2A^J ~ 0 < A ̂  7t is
A = 0.845 or 1.77 radians.
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WORKED EXAMPLE 13

Solve sin^ x - 2 sin x cos x = 0 for 0° ̂  x ̂  360°.

Answers

sin^ X - 2 sin X cos x = 0 facto rise

sin X (sin x - 2 cos x) = 0

sin X = 0 or sin x — 2 cos x = 0

X = 0°, 180°, 360° sin x = 2 cos x

tanx = 2

X = 63.4 or 180 + 63.4

X = 63.4° or 243.4°

The solution of sin^ x - 2 sin x cos x = 0 for 0° ̂  x ̂  360° is

X = 0°, 63.4°, 180°, 243.4° or 360°.

WORKED EXAMPLE 14

Solve 1 + cosx = 3 sin^x for 0° ̂  x ̂  360°.

Answers

1 + cos X = 3 sin^ x

1+cosx =3(l-cos^x)

3 cos^ X + cos X - 2 =0

(3 cos X - 2) (cos X + 1) = 0

3cosx-2 = 0 or

2
cosx = —

3

X = 48.2° or 360 - 48.2

x = 48.2° or 311.8°

cosx + 1=0

cosx =-l

X = 180°

use sin^x = 1 - cos^x

expand brackets and collect terms

facto rise

y = cos X

The solution of 1 + cos x = 3 sin^ x for 0° < x ̂  360° is

X =48.2°, 180° or 311.8°.
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Exercise 9.6

1  Solve each of these equations for 0° ̂  x ̂  360°.

a sinx = 0.3 b cosx = 0.2 c tanx = 2 d

e tanx =-1.4 f sin x =-0.8 g 4sinx-3 = 0 h

2 Solve each of the these equations for 0 ̂  x ̂  271.

a cosX = 0.5 b tanx = 0.2 c sinx = 2 d

e sinx =-0.75 f cosx =-0.55 g 4sinx = l h

3  Solve each of these equations for 0° ̂  x 180°.

a sin2x = 0.8 b cos2x =-0.6 c tan2x = 2 d

e 5cos2x = 4 f 7sin2x=-2 g l + 3tan2x = 0 h

4 Solve each of these equations for the given domains,

a cos(x - 30°) = -0.5 for 0° ̂  x ̂  360°.

b 6sin(2x + 45°) = -5 for 0° x ̂  180°.

« 540°.

cos! X + ̂] = -0.5 for 0 < x < 271.
2cos| y1 + >/3 = 0 for 0°

sin X = -0.6

2 cos X + 1 = 0

tanx = -3

5 sin X + 2 = 0

sin2x = -0.6

2 - 3 sin 2x = 0

6

7

sin (2x - 3) = 0.6 for 0 < x < 7t radians.

(X TC I
sin - + — = 1 for 0 < x < 47C radians.

12 6)

Solve each of these equations for 0° ̂  x ̂  360°.

a 4sinx = cosx b 3sinx + 4cosx = 0

c  5sinx - 3cosx = 0 d 5cos2x - 4sin2x = 0

Solve 4sin(2x - 0.4) - 5cos(2x - 0.4) = 0 for 0 ̂  x ̂  7t.

Solve each of these equations for 0° ̂  x ̂  360°.
a  sinxtan(x-30°) = 0 b 5tan2 x - 4tanx = 0

c 3cos^x = cosx d sin^x + sinxcosx = 0

e 5 sin X cos X = cosx f sin x tanx = sinx

' X 360°.8  Solve each of these equations for 0°
a 4 sin^ X = 1

9  Solve each of these equations for 0°

a  tan^ X + 2tanx - 3 = 0

c  3cos^ X - 2cos X — 1 = 0

e 3 cos^ X - 3 = sin x

g 2 cos^ X - sin^ x-2sinx-l = 0

I  3 cosx = 8 tanx

K
10 f(x) = sinx for 0 ̂  x ̂  —

2
Solve gf(x) = 0.5.

b 25tan^ x = 9

X ̂  360°.

b

d

f

h

2 sin^ X + sin x - 1 = 0

2 sin^ X - cos x - 1 = 0

sin X + 5 = 6 cos^ x

1 + tan X cos x = 2 cos^ x

g(x) = 2x - 1 for X € IR
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9.7 Trigonometric identities

sin^ X + cos^ X = 1 is called a trigonometric identity because it is true for all
values of x.

In this section you will learn how to prove more complicated identities
involving sinx, cosx and tanx.

When proving an identity, it is usual to start with the more complicated side
of the identity and prove that it simplifies to the less complicated side. This is
illustrated in the next example.

Note:

LHS means left-hand side and RHS means right-hand side.

WORKED EXAMPLE 15

Prove the identity (1 + sin x)^ + (1 - sin x)^ + 2 cos^ x = 4.

Answers

LHS = (1 + sinx)^ + (1 - sinx)^ + 2cos^ x

= (1 + sinx)(l + sinx) + (1 - sinx)(l - sinx) + 2cos^x expand brackets

= 1 + 2 sin X + sin^ x + 1 — 2 sin x + sin^ x + 2 cos^ x collect like terms

= 2 + 2 sin^ X + 2cos^ x

= 2 + 2 (sin^ X + cos^ x) use sin" x + cos^ x = 1

=2+2x1

= 4

= RHS

WORKED EXAMPLE 16

Prove the identity cos x = sin x tan x.
cosx

Answers

LHS =
1

cosx

1

■ - COS X

cosx cosx

1 - COS^ X

cosx

cosx

sinx
= sinx X

cosx

= sinxtanx

= RHS

use 1 - cos^ X = sin^

smx

use tanx
cosx
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CLASS DISCUSSION

Equivalent trigonometric expressions

Discuss why each of the trigonometric expressions in the blue boxes simplify to sin x.

Create as many trigonometric expressions of your own which simplify to tan x.

(Your expressions must contain at least two different trigonometric ratios.)

Compare your answers with your classmates.

sm X

sin X

sin'' X + sin X cos'' x

sin' X

tan X cos x

tan X cos x

1 - sin X

tan'^x cos'^x

sin X

cosx

Exercise 9.7

1 Prove each of these identities.

sinx
a  = cosx

tanx

1 - sin^ X
c  = cosx

cosx

/  • \2e  (sm X + cos x) =1 + 2 sin x cos x

cos X sm X

tanx
= 1 - sin^ X

cos^ X - sin^ X

cosx + sinx
+ sin X = cos X

f  tan^ X - sin^ x = tan^ X sin^ X

2 Prove each of these identities,

a cos^ X - sin^ x = 2 cos^ x - 1

c  cos^ X + sin^ X cos^ x = cos^ x

e 2 - (sin x + cos x)^ = (sin x - cos x)^

3 Prove each of these identities.

cos^ X — sin^ X
= cos X + sm X

cosx - smx

cos"* X - sin^ X

cos^ X
= 1 - tan^ X

b cos^ X - sin^ X = 1 - 2 sin^ x

d 2(1 + cosx)-(1 + cosx)^ = sin^x

f  cos^ X + sin^ X = sini x + cos^ x

b

d

smx

1 + cosx
■ + ■

1 + cosx

sin^x(l — cos^x)
=

smx

2,

smx

cos^x(l- sin^x)  tan^ X
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9.8 Further trigonometric equations
The cosecant, secant and cotangent ratios
There are a total of six trigonometric ratios. You have already met the ratios
sine, cosine and tangent. In this section you will learn about the other three

ratios, which are cosecant (cosec), secant (sec) and cotangent (cot). These
three ratios are defined as:

cosec0 =
1

sin0
sec 9 -

1
cot 9 =

cost

1  { cos 6*^ I
tan0 V sin0 ) f

Consider the right-angled triangle:

sin0 = —
r

T

cosecd = -

y

^  X ^ V
cos 6 = — tan 9 = —

r  X

sec 6 = —
X

cot$ =
X

The following rules can be found from this triangle:

divide both sides by-I-

1-1-
y  T

use — = tan0 and — = sec0

x^

II

CM

+ ^2

/ ̂ 2 / \
X

+ 1 =
r

— —

yy) yy)

1 + tan^ 9 = sec^ 9

divide both sides by

X

y  y

cot^ 9 + \ = cosec^ 9

X  r
use — = cot0 and — = cosec 9

These important identities will be needed to solve trigonometric equations in
this section.



Solve 2cosec^x + cotx -8 = 0 for 0° ̂  ^ 360°.

Answers

2cosec^x + cot* -8 = 0

2 (l + cot^ jc) + cot jc - 8 = 0

2 cot^ X + cot X — 6 = 0

(2cotx: - 3)(cotx + 2) = 0

2cota:-3 = 0 or cotx + 2 = 0

use 1 + cot - X = cosec^x
expand brackets and collect terms
factorise

= tan X

cotx = -2cotx = — -26.6

y = — 0.5tanx = -tanx = —

X = 33.7 or 33.7 + 180 x = -26.6 or -26.6 + 180 or -26.6 + 360

X = 33.7° or 213.7° x = 153.4° or 333.4° (since -26.6° is out of range)

The solution of 2cosec^x + cotx — 8 = 0 for 0° ̂  x ̂  360° is

X = 33.7°, 153.4°, 213.7° or 333.4°.

Exercise 9.8

1  Solve each of these equations for 0° ̂  x ̂  360°.
Exercise 9.8

1  Solve each of these equations for 0° ̂  x ̂  360°
217

WORKED EXAMPLE 17
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a cotx = 0.3 b secx = 4 c cosecx = —2

2 Solve each of the these equations for 0 ̂  x ̂  27t.

a cosecx = 5 b cotx = 0.8 c secx = —4

3 Solve each of these equations for 0° ̂  x < 180°.

a sec2x = 1.6 b cosec2x = 5 c cot2x =-1

4 Solve each of these equations for the given domains,
a  sec (x - 30°) = 3 for 0° x 360°

b cosec(2x + 45°) = -5 for 0° ̂  x 180°

c  cot l^x -t- = 2 for 0 < X < 271
d 3 sec (2x + 3) = 4 for 0 < x < 7t

5 Solve each of these equations for 0° < x ̂  360°.

d  3 sec X - 5 = 0

d  2 cotx + 3 = 0

d  5cosec2x = -7

a sec^ X = 4 b  9cot^ X = 4 c  16cot^ —X = 9
2

Solve each of these equations for 0° x 360°.

a 3tan^ X - secx - 1 = 0 b 4tan^ x + 8secx = 1

c 2sec^ X = 5tanx + 5 d 2cot^ x - 5cosecx - 1 = 0

e 6cosx + 6secx = 13 f cotx + 6sinx — 2cosx = 3

g 3cotx = 2 sinx h 12secx - lOcosx - 9tanx = 0



Cambridge IGCSE and 0 Level Additional Mathematics

9:9 Further trigonometric identities
In this section you will learn how to prove trigonometric identities that involve
any of the six trigonometric ratios.

CLASS DISCUSSION

Odd one out

cosx

cotx

cosec X — cotx cos x

sin^ X + cos^ X

cosecX

simx cosec^x

cotx sinx tanx

Find the trigonometric expression that does not match the other six expressions.
Create as many expressions of your own to match the odd one out'.
(Your expressions must contain at least two different trigonometric ratios.)
Compare your answers with your classmates.

smx

cosec^ X - cor

cos X

sec X - tan^ x

WORKED EXAMPLE 18

Prove the identity
1 + sec X

tan X + sin X
cosecx.

Answers

LHS =
1 + sec X

tan X + sin X

1  sin X
use sec x = and tan x =

cosx cosx

cosx

sinx
1- sin X

cosx

_  cosx +1

sinx + sinx cosx

_  cosx +1

sinx (cosx + 1)

-  1
sinx

= cosecx

= RHS

multiply numerator and denominator by cos x

factorise the denominator

divide numerator and denominator by (cosx + 1)

1
use cosecx =

sinx
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Exercise 9.9

1 Prove each of these identities.

a  tan x + cot x = sec x cosec x

C cosec X - sin a: = cos x cot x

2 Prove each of these identities.

a  (1 + sec x) (cosec x - cot x) = tan x

b (1 + secx)(l - cosx) = sinxtanx

C  tan^ X - sec^ x + 2 = cosec^x - cot^ x

d (cotx + tan x) (cot X - tanx) = cosec^x - sec^ x

3 Prove each of these identities.

1

b s

b
sin^ X

in X + cos X cot x = cosec x

d secXcosecX - cotx = tanx

= sin X cos X

tanx + cotx

sin^ xcosx + cos^ x

sinx

1 + tan^ X

= cotx

= sec X cosec X

tanx

smx tan'^ x

1 + tan^ X

1 + sin X

= sin^ X

1 - sinx
= (tanx + secx)

4 Prove each of these identities.

sin X cos X
a  1 = secx cosec X

cosx smx

1  1
+ ■

1 + cosx 1 - cosx
= 2cosec^x

cos X cos X
e  ̂ 1- ^— = 2 sec x

1  + sinx 1 - sinx

d

f

h

j

b

d

f

 + cos^ X

cos^ X

1 - cos^ X

sec^x

= sec^ X

1
= 1 - sin^ X

smx

1 - cos^ X

1 - sec^ X

1 - cosec^x

cosxcotx

cosx + cotx

1

=

= cosec X

 tan'* X

= secx - tanx

1

1 - sinx 1 + sinx

cosx sinx

= 2tanxsecx

1 - tanx 1 - cotx
smx + cosx

cosx
■ + ■

cosx

cosecx + 1 cosecx - 1
= 2 tanx

5

6

Show that (3 + 2sinx)^+(3-2sinxf+ 8cos^x has a constant value for all xand state this value,

a  Express 5sin^x-2cos^x in the form a + isin^x.

b  State the range of the function f (x) = 5 sin^ x - 2 cos^ x for 0 ̂ x ̂  27t.

CHALLENGEQ

7  a Express sin^ 9 + 4 cos 0 + 2 in the form a - (cos 9 - bf.

b Hence state the maximum and minimum values of sin^ 9 + 4 cos 9 + 2.
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Summary

Positive and negative angles
Angles measured anticlockwise from the positive -direction are positive.

Angles measured clockwise from the positive -direction are negative.

Diagram showing where sin, cos and tan are positive

90°

180°-

Sin

>

All

X

Tan Cos

0°, 360°

270°

Useful mnemonic: All Students Trust Cambridge'

Cosecant, secant and cotangent
1  „ 1

cosec u

sin0

Trigonometric identities
sinx

tanx =

cosx

sin^ X + cos^ X = 1

1 -I- tan^ X = sec^ x

1 + cot^ X = cosec^ X

secy =

COS0
cot y =

tan0
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Examination questions

Worked example

The diagram shows the graph of 31 = asin(6x) + c for 0 ̂  x ̂  27t, where a, ̂ >and care positive
integers.

y

State the value of a, of h and of c. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Nov 2013

period = 7U =
27C

^0^

vly
hence c = 1.

y = asin(te) + c

a — amplitude

a=3 b=2

The graph of 3; = 3 sin 2x has been translated by the vector

a = 3, ̂» = 2, c = l

Exercise 9.10

Exam Exercise

1  a Sketch the curve y = 3cos2x - 1 for 0° ̂  x =€ 180°. [3]

b i State the amplitude of l-4sin2x. [1]

ii State the period of 5tan3x + l. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2014

2 a Solve 2cos3x = cot3x for 0° < x 90°. [5]

Tt'
b Solve sec j y + ~ | = ~2 for 0 ^ 7t radians. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q11 a,b Nov 2014

a Prove that sec x cosec x - cot x = tan x. [4]

b Use the result from part a to solve the equation sec x cosec x = 3cotx for 0° < x < 360°. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,ii Nov 2014
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ii cv, ^ l + sin0 cos64 Show that + = 9 sec 6.
cos d 1 + sin 0

5  a Solve the equation 2 cosec x +

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12a,b Nov 2013

COS*

0 for 0° ̂  < 360°. [4]

b Solve the equation 7 sin (23) - l) = 5 for 0 < 31 ̂  5 radians. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qli,ii,iiiJun 2013

6 On a copy of the axes below sketch, for 0 ^ 2Jt, the graph of

[2]

[2]

a y = COS* - 1

b 3; = sin 2*.

3^1

2-

-1-

-2-

7|C

I
It 37t

T
27t *

C State the number of solutions of the equation cos* - sin 2* = 1, for 0 ̂  * ̂  27C. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qli, ii, HiJun 2013

7 Prove that
1 + sin0

cos 6
+

- sin0

V cosQ
= 2 + 4 tan^ 0. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Jun 2013

8 a Given that 15cos^ 6 + 2sin^ 6 = 7, show that tan^ 6 = —. 14]
5

b Solve IScos^ 6 + 2sin2 6 = 7 for 0^ 6 radians. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,iiJun 2012
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[3]

180° *

a The diagram shows a sketch of the curve y = a sin {bx) + c for 0° ̂  ^ 180°.

Find the values of a, b and c.

b Given that f(x) = 5cos3x + 1, for all x, state

i  the period off, [1]

ii the amplitude of f. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3a,bi,ii/I'w 2012

10 a Solve 4sinx = cosecx for 0°^x^360°. [3]

180°b  Solve tan^3)i-2sec33)-2 = 0 for 0°^

c  Solve tan|^z-^j = ̂/3 for 0^z^2ti radians.
[6]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 QIO Jun 2015

11 Show that Vsec^ 0 -1 + Vcosec^O -1 = secOcosecO. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3 Nov 2015

12 Solve the following equations.

4sin2x + 5cos2x = 0 for 0°^x^l80°

i  cot^ + 3 cosec3» = 3 for 0° ;360°

II cos ^ j = - ̂ for 0 z ̂  2ti radians, giving each answer as a multiple of n

[3]

[5]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Nov 2015
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Permutations and combinations

This section will show you how to:

■ find the number of arrangements of n distinct items

■ find the number of permutations of r items from n distinct items

■  find the number of combinations of r items from n distinct items

■ solve problems using permutations and combinations.

'W:
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10.1 Factorial notation

5x4x3x2x1 is called 5 factorial and is written as 5!

It is useful to remember that n! = n x (n- 1)1

For example 5! = 5 x 41

WORKED EXAMPLE 1

Find the value of

8!

5!

11!

Answers

8! _ 8 X 7 X 6
5! Fx /x/x/x/l'
=8x7x6

= 336

^ J4!__ 11x1Qx9x/x/x^x/x/x/x/x/
813! Fx/x/xi^x/x/x^x/x 3 x2 x I

990

6

= 165

Exercise 10.1

1 Without using a calculator, find the value of each of the following.
Use the xl key on your calculator to check your answers.

a 71

.  41

2121

11
21

61

3121

71
c —

31

f
61

(31)-

11
51

51 71
— X —

31 41

2 Rewrite each of the following using factorial notation.

a 2x1 b 6x5x4x3x2x1 c 5x4x3

d  17x16x15x14
10x9 x8

3x2x1

12x 11 X 10x9x8

4x3x2x1

CHALLENGE Q

3 Rewrite each of the following using factorial notation.

a n(n—1)(n-2)(n-3) b n(n-1)(n-2)(n-3)(n-4)(n-5)

n{n— 1) (n- 2)

5x4x3x2x1

n{n- l)(n-2)(n-3)(n-4)

3x2x1
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10.2 Arrangements

CLASS DISCUSSION

These books are arranged in the order G. (Blue, Red,
Orange, Green).
The books could be arranged in the order OGBR.
Find the number of different ways that the 4 books can be arranged in
a line.

You will need to be systematic.
How many ways are there of arranging five different books in a line?

To find the number of ways of arranging the letters A, B and C in a line you can use two methods.

Method 1

List all the possible arrangements.

These are: ABC ACB BAG BCA CAB and CBA.

There are 6 different arrangements.

Method 2

Consider filling 3 spaces.nilmg d

□□
The first space can be fi lled in 3 ways with either A or B or C.
For each of these 3 ways of fi lling the first space there are 2 ways of fi lling the second space.
There are 3x2 ways of fi lling the first and second spaces.
For each of the ways of filling the first and second spaces there is just 1 way of filling the third space.
There are 3x2x1 ways of fi lling the three spaces.
The number of arrangements = 3x2x1 = 6.
3 X 2 X 1 is called 3 factorial and can be written as 3!

In the class discussion, you should have found that there were 24 different ways
of arranging the 4 books.
4! = 4x3x2x1 = 24

The number of ways of arranging n distinct items in a line = n\.

WORKED EXAMPLE 2

00000\  J L ) L J) I -JJ

a  Find the number of different arrangements of these nine cards if there are no
restrictions.

b Find the number of arrangements that begin with GRAD.
C  Find the number of arrangements that begin with G and end with S.



Chapter 10: Permutation', and combination-i

Answers

a There are 9 different cards.

number of arrangements = 9! = 362 880

b The first four letters are GRAD, so there are now only 5 letters left to be
arranged.
number of arrangements = 5! = 120

c The first and last letters are fixed, so there are now 7 letters to arrange between
the G and the S.

number of arrangements = 7! = 5040

WORKED EXAMPLE 3

□□□□ooo
Find the number of different arrangements of these seven objects if there are
no restrictions.

Find the number of arrangements where the squares and circles alternate.
Find the number of arrangements where all the squares are together.
Find the number of arrangements where the squares are together and the circles
are together.

Answers

a There are 7 different objects.
number of arrangements = 7! = 5040

b  If the squares and circles alternate, a possible arrangement is:

□onoooD
There are 4! different ways of arranging the four squares.
There are 31 different ways of arranging the three circles.
So the total number of possible arrangements = 4! x 3! = 24 X 6 = 144.

c  If the squares are all together, a possible arrangement is:

oO'D □ □io c:
The number of ways of arranging the 1 block of four squares and the 3
circles = 4!

There are 4! ways of arranging the four squares within the block of squares.
So the total number of possible arrangements = 4! x 4! = 24 x 24 = 576.

d  If the squares are together and the circles are together, a possible arrangement is:

□ □ □□iOO Q
There are 4! X 3! ways of having the squares at the start and the circles at the end.
Another possible arrangement is:

OOO iio I I I 1
There are 3! x 4! ways of having the circles at the start and the squares at the end.
total number of arrangements = 4! x 3! + 3! x 4! = 144 + 144 = 288
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Exercise 10.2

1 Find the number of different arrangements

a 4 people sitting in a row on a bench

b 7 different books on a shelf.

2 Find the number of different arrangements of letters in each of the
following words.

a TIGER b OLYMPICS c PAINTBRUSH

3 a Find the number of different four-digit numbers that can be formed
using the digits 3, 5, 7 and 8 without repetition.

b How many of these four-digit numbers are

i  even

li greater than 8000?

4 A shelf holds 7 different books.

4 of the books are cookery books and 3 of the books are history books.

a Find the number of ways the books can be arranged if there are
no restrictions.

b Find the number of ways the books can be arranged if the 4 cookery books
are kept together.

5 Five-digit numbers are to be formed using the digits 2, 3, 4, 5 and 6.

Each digit may only be used once in any number.

a Eind how many different five-digit numbers can be formed.

How many of these five-digit numbers are

b even

c greater than 40 000

d even and greater than 40 000?

6 Three girls and two boys are to be seated in a row.

Eind the number of different ways that this can be done if

a  the girls and boys sit alternately

b a girl sits at each end of the row

c  the girls sit together and the boys sit together.

7 a Eind the number of different arrangements of the letters in the
word ORANGE.

Find the number of these arrangements that

b begin with the letter O

c have the letter O at one end and the letter E at the other end.

8 a Eind the number of different six-digit numbers which can be made using
the digits 0, 1, 2, 3, 4 and 5 without repetition. Assume that a number
cannot begin with 0.

b How many of the six-digit numbers in part a are even?
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9 6 girls and 2 boys are to be seated in a row.

Find the number of ways that this can be done if the 2 boys must have
exactly 4 girls seated between them.

10.3 Permutations

In the last section, you learnt that if you had three letters A, B and C and 3 spaces to fill, then the
number of ways of filling the spaces was 3x2x1 = 3!

□ □□
Now consider having 8 letters A, B, C, D, E, F, G, H and 3 spaces to fi ll.

The fi rst space can be fi lled in 8 ways.

For each of these 8 ways of fi lling the fi rst space there are 7 ways of filling the
second space.

There are 8x7 ways of filling the fi rst and second spaces.

For each of the ways of fi lling the fi rst and second spaces there are 6 ways of
fi lling the third space.

There are 8x7x6 ways of fi lling the three spaces.

The number of different ways of arranging three letters chosen from eight
letters = 8x7x6 = 336.

The different arrangements of the letters are called permutations.

The notation is used to represent the number of permutations of 3 items
chosen from 8 items.

Note that 8x7x6 can also be written as
8x7x6x5x4x3x2x1 8! 8!

So ^Pg 8' -=8^=336.
5x4x3x2x1 5! (8-3)1

(8-3)1 51

The general rule for finding the number of permutations of r items from n
nldistinct items is "P^ =

(n- r)!

Note:

•  In permutations, order matters.
• By definition, 0! = 1.
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To explain why 0! = 1, consider finding the number of permutations of 5
letters taken from 5 letters.

/ / t \ \
5  4 3 2 1

choices choices choices choices choice

The number of ways of filling the 5 spaces with the 5 letters = 5x4x3x2x1 = 120.
5'

But,5P5=
(5

120

0!

120

-5)!

So = 120. Hence 0! must be equal to 1.
0! ^

A security code consists of 3 letters selected from A, B, C, D, E, F followed by 2 digits
selected from 5, 6, 7, 8, 9.

Find the number of possible security codes if no letter or number can be repeated.

Answers

Method 1

There are 6 letters and 5 digits to select from.

Number of arrangements of 3 letters from 6 letters =

Number of arrangements of 2 digits from 5 digits =

So number of possible security codes = ®P3 x ̂P2 = 120 x 20 = 2400.

Method 2

There are 6 letters and 5 digits to select from.

choices choices choices choices choices

The first three spaces must be filled with three of the six letters.

There is a choice of 6 for the first space, 5 for the second space and 4 for the third
space.

The last two spaces must be filled with two of the 5 digits.

There is a choice of 5 for the first space and 4 for the second space.

So number of possible security codes = 6x5x4x5x4 = 2400.

230

WORKED EXAMPLE 4
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WORKED EXAMPLE 5

Find how many even numbers between 3000 and 4000 can be formed using the digits
1, 3, 5, 6, 7 and 9 if no number can be repeated.

Answers

Method 1

The first number must be a 3 and the last number must be a 6.

There are now two spaces to fill using two of the remaining four digits 1, 5, 7 and 9.

Number of ways of filling the remaining two spaces = P2 =

There are 12 different numbers that satisfy the conditions.

4! 4!

(4-2)! 2!
12.

Method 2

Consider the number of choices for filling each of the four spaces.

/  t \ \
1 4 3 1

choice choices choices choice

Number of ways of filling the four spaces =1x4x3x1

There are 12 different numbers that satisfy the conditions.

Method 3

In this example it is not impractical to list all the possible permutations.

These are: 3156 3516 3176 3716 3196 3916

3576 3756 3196 3916 3796 3976

There are 12 different numbers that satisfy the conditions.

Exercise 10.3

1 Without using a calculator, find the value of each of the following.
Use the key on you calculator to check your answers.

a % b c "Pg d %

2 Find the number of different ways that 4 books, chosen from 6 books be
arranged on a shelf.

3 How many different five-digit numbers can be formed from the digits 1, 2,
3, 4, 5, 6, 7, 8, 9 if no digit can be repeated?

4 There are 8 competitors in a long jump competition.
In how many different ways can the first, second and third prizes
be awarded?



Cambridge IGCSE and 0 Level Additional Mathematics

5 Find how many different four-digit numbers greater than 4000 that can he
formed using the digits 1, 2, 3, 4, 5, 6 and 7 if no digit can be used more
than once.

6 Find how many even numbers between 5000 and 6000 can be formed from

the digits 2, 4, 5, 7, 8, if no digit can be used more than once.

7 A four-digit number is formed using four of the eight digits 1, 2, 3, 4, 5, 6, 7
and 8. No digit can be used more than once.

Find how many different four-digit numbers can be formed if

a there are no restrictions b the number is odd

c the number is greater than 6000 d the number is odd and greater than 6000.

8 Numbers are formed using the digits 3, 5, 6, 8 and 9.

No digit can be used more than once.

Find how many different

a three-digit numbers can be formed

b numbers using three or more digits can be formed.

9 Find how many different even four-digit numbers greater than 2000 can
he formed using the digits 1, 2, 3, 4, 5, 6, 7, 8 if no digit may be used more
than once.

CLASS DISCUSSION

You have already investigated the number of ways of arranging
4 different books in a line.

You are now going to consider the number of ways you can select 3
books from the 4 books where the order of selection does not matter.

If the order does not matter, then the selection BRO is the same as
OBR.

Find the number of different ways of selecting 3 books from the
4 books.

I/)

Z

o

A combination is a selection of some items where the order of selection does

not matter.

So for combinations order does not matter.

Consider the set of 5 crayons.

To find the number of different ways of choosing 3 crayons
from the set of 5 crayons you can use two methods.

Method I

List all the possible selections.

Ill no III HQ 111 101 HQ 101 HI 101
So there are 10 different ways of choosing 3 crayons from 5.
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Method 2

The number of combinations of 3 from 5 =

10.4 Combinations

5! 5x4

3!2! 2!
= 10.

The general rule for finding the number of combinations of r items from
n distinct items is:

f

nl

rl(n— r)!

Note:

• In e©mbinati©n§, ©rdtr dots not matttn

•  is rtad as 'n ehoost r\

So ®G| is read as "B choose S\
•  can also be written as (^
•  is the same as

So the number of of ehoosittf S from 10 is the same as the number
of ways of ehoosinf 7 from 10-. This is because when you choose a group
of S from 10, you are automatically left with a group of 7.

WORKED EXAMPLE 6

A team of 6 swimmers is to be selected from a group of 20 swimmers.

Find the number of different ways in which the team can be selected.

Answers

20!
Number of ways of selecting the team =
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WORKED EXAMPLE 7

A  B

The diagram shows 2 different tents A and B.

Tent A holds 3 people and tent B holds 4 people.

Find the number of ways in which 7 people can be assigned to the two tents.

Answers

Number of ways of choosing 3 people from 7 for tent A = = 35.

So, the number of ways of assigning the 7 people to the two tents = 35.

WORKED EXAMPLE 8

3 coats and 2 dresses are to be selected from 9 coats and 7 dresses.

Find the number of different selections that can be made.

Answers

Number of ways of choosing 3 coats from 9 coats = ̂Cg.
Number of ways of choosing 2 dresses from 7 dresses = ̂C2.
So, the number of possible selections = ̂Cg x ̂C2 = 84 x 21 = 1764.

WORKED EXAMPLE 9

A quiz team of 5 students is to be selected from 6 boys and 4 girls.

Find the number of possible teams that can be selected in which there are more boys
than girls.

Answers

If there are more boys than girls there could be:

5 boys 0 girls number of ways = x ̂Cq = 6x1=6
4 boys 1 girl number of ways = ̂€4 X = 15 x 4 = 60
3 boys 2 girls number of ways = ®Cg x ̂ €2 = 20 x 6 = 120
So, the total number of possible teams = 6 + 60 + 120 = 186.
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WORKED EXAMPLE 10

Sofia has to play 5 pieces of music for her music examination.
She has 13 pieces of music to choose from.

There are 7 pieces written by Chopin, 4 written by Mozart and 2 written by Bach.
Find the number of ways the 5 pieces can be chosen if

a  there are no restrictions

b  there must be 2 pieces by Chopin, 2 pieces by Mozart and 1 piece by Bach
c  there must be at least one piece by each composer.

Answers

a Number of ways of choosing 5 from 13 = ̂̂ Cs = 1287

b Number of ways of choosing 2 from 7 pieces by Chopin =
Number of ways of choosing 2 from 4 pieces by Mozart = ̂Cj
Number of ways of choosing 1 from 2 pieces by Bach = ̂Ci
So, number of possible selections = 'C2 x ̂ C2 x ̂Ci = 21 x 6 x 2 = 252.

C  If there is at least one piece by each composer there could be;
3 Chopin 1 Mozart 1 Bach number of ways = 'C3 X '^Ci x ̂Ci = 35 x 4 x 2 = 280
1 Chopin 3 Mozart 1 Bach number of ways = 'Cj x ̂ Cj x ̂ Cj = 7x4x2 = 56
2 Chopin 2 Mozart 1 Bach number of ways =''C2 x ̂Cg x ̂Cj = 21 x 6 X 2 = 252
2 Chopin 1 Mozart 2 Bach number of ways = 'C2 x '^Cj x ̂ C2 = 21 x 4 x 1 = 84
1 Chopin 2 Mozart 2 Bach number of ways = 'Ci X '*C2 x ̂C2 = 7x6x1 = 42

So, total number of ways = 280 + 56 + 252 + 84 + 42 = 714.

0

Exercise 10.4

1 Without using a calculator find the value of each of the following, and then
use the "C^ key on your calculator to check your answers.

a  ̂Ci b ^C3 c 4C4 d (^) e (I) f
2 Show that = ̂Cs.

3 How many different ways are there of selecting

a 3 photographs from 10 photographs

b 5 books from 7 books

c a team of 11 footballers from 14 footballers?

4 How many different combinations of 3 letters can be chosen from the
letters P, Q, R, S, T?
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A B

5 The diagram shows 2 different boxes, A and B.

8 different toys are to be placed in the boxes.

Find the number of ways in which the 8 toys can
be placed in the boxes so that 5 toys are in box A and 3 toys are in box B.

6 4 pencils and 3 pens are to be selected from a collection of 8 pencils and
5 pens.

Find the number of different selections that can be made.

7 Four of the letters of the word PAINTBRUSH are selected at random.

Find the number of different combinations if

a  there is no restriction on the letters selected

b the letter T must be selected.

8 A test consists of 30 questions.

Each answer is either correct or incorrect.

Find the number of different ways in which it is possible to answer

a exacdy 10 questions correctly

b exactly 25 questions correctly.

9 An athletics club has 10 long distance runners, 8 sprinters and 5 jumpers.

A team of 3 long distance runners, 5 sprinters and 2 jumpers is to be selected.

Find the number of ways in which the team can be selected.

10 A team of 5 members is to be chosen from 5 men and 3 women.

Find the number of different teams that can be chosen

a  if there are no restrictions

b that consist of 3 men and 2 women

c  that consist of no more than 1 woman.

11 A committee of 5 people is to be chosen from 6 women and 7 men.

Find the number of different committees that can be chosen

a  if there are no restrictions

b  if there are more men than women.

12 A committee of 6 people is to be chosen from 6 men and 7 women.

The committee must contain at least 1 man.

Find the number of different committees that can be formed.

13 A school committee of 5 people is to be selected from a group of 4 teachers
and 7 students.

Find the number of different ways that the committee can be selected if

a  there are no restrictions

b  there must be at least 1 teacher and there must be more students

than teachers.
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14 A test consists of 10 different questions.

4 of the questions are on trigonometry and 6 questions are on algebra.

Students are asked to answer 8 questions.

a Find the number of ways in which students can select 8 questions if there
are no restrictions,

b Find the number of tbese selections which contain at least 4 algebra

questions.

15 Rafiu has a collection of 10 CDs.

4 of the CDs are classical, 3 are jazz and 3 are rock.

He selects 5 of the CDs from his collection.

Find the number of ways he can make his selection if

a  there are no restrictions

b his selection must contain his favourite jazz CD

c his selection must contain at least 3 classical CDs.

16 In a group of 15 entertainers, there are 6 singers, 5 guitarists and
4 comedians.

A show is to be given by 6 of these entertainers.

In the show there must be at least 1 guitarist and 1 comedian.

There must also be more singers than guitarists.

Find the number of ways that the 6 entertainers can be selected.

Summary

Arrangements in a line

The number of ways of arranging n distinct items in a line is
nx (n- 1) X (n-2) x ... x 3 x 2 x 1 = n!

Permutations

The number of permutations of r items from n distinct items is

np _

^  (n — r)\
In permutations, order matters.

Combinations

The number of combinations of r items from n distinct items is

n\"c,=(;!)=•
r\{n — r)\

In combinations, order does not matter.

si .i
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Examination questions

Worked example

1  a i Find how many different 4-digit numbers can be formed using the digits 1, 2, 3, 4, 5
and 6 if no digit is repeated. [1]

ii How many of the 4-digit numbers found in part i are greater than 6000? [1]

ill How many of the 4-digit numbers found in part i are greater than 6000 and
are odd? [1]

b A quiz team of 10 players is to be chosen from a class of 8 boys and 12 girls.

I  Find the number of different teams that can be chosen if the team has to have equal
numbers of girls and boys. [3]

II Find the number of different teams that can be chosen if the team has to include the

youngest and oldest boy and the youngest and oldest girl. [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Oai, ii. Hi, hi, ii Nov 2014

Answers

1  a I Number of 4-digit numbers = ®P4 = 360.

II Method 1

The first number must be a 6.

There are now three spaces to fill using three of the remaining five digits 1, 2, 3, 4 and 5.
5'

5p-Number of ways of filling the remaining three spaces = P3

There are 60 different numbers that satisfy the conditions.

5!

(5-3)
-= — =60.

2!

Method 2

Consider the number of choices for filling each of the four spaces.

/  f \ \
1

choice

5

choices

4  3

choices choices

Number of ways of filling the four spaces =1x5x4x3.

There are 60 different numbers that satisfy the conditions.
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Hi Method 1

The first number must be a 6.

The last number must be a 1, 3 or 5.

The middle two spaces must then be filled using two of the remaining four numbers.

Number of ways of filling the four spaces = 1 x x 3 = 1 x
41 41
——x3 = 3x —=36.
(4-2)! 2!

There are 36 different numbers that satisfy the conditions.

Method 2

Consider the number of choices for filling each of the four spaces.

The first number must be a 6.

The last number must be a 1, 3 or 5.

When the first and last spaces have been filled there will be four numbers left to
choose from.

/  f \ \
1 4 3 3

choice choices choices choices

Number of ways of filling the four spaces = 1x4x3x3.

There are 36 different numbers that satisfy the conditions,

b i There must be 5 boys and 5 girls.

Number of ways of choosing 5 boys from 8 = ̂Cs.

Number of ways of choosing 5 girls from 12 = ̂̂ €5.

Number of possible teams = ̂€5 x = 56 x 792 = 44 352.

ii The team includes the youngest and oldest boy and the youngest and oldest girl.

There are now 6 places left to fill and 16 people left to choose from.

Number of ways of choosing 6 from 16 = = 8008.

Number of possible teams = 8008.

Exercise 10,5

Exam Exercise

1  a How many even numbers less than 500 can be formed using the digits 1, 2, 3, 4 and 5?

Each digit may be used only once in any number. [4]
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b A committee of 8 people is to be chosen from 7 men and 5 women.

Find the number of different committees that could be selected if

I  the committee contains at least 3 men and at least 3 women, [4]

if the oldest man or the oldest woman, but not both, must be included in the committee.

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10a,bi,iiJun 2014

2  a An art gallery displays 10 paintings in a row.

Of these paintings, 5 are by Picasso, 4 by Monet and 1 by Turner.

1  Find the number of different ways the paintings can be displayed if there are
no restrictions. [1]

ii Find the number of different ways the paintings can be displayed if the paintings hy
each of the artists are kept together. [3]

b A committee of 4 senior students and 2 junior students is to be selected from a group of 6
senior students and 5 Junior students.

i  Calculate the number of different committees that can be selected. [3]

One of the 6 senior students is a cousin of one of the 5 junior students.

Ii Calculate the number of different committees which can be selected if at most one of

these cousins is included. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9ai,ii,bi,ii Nov 2012

3  a Arrangements containing 5 different letters from the word AMPLITUDE are to be made.

Find

1  the number of 5-letter arrangements if there are no restrictions, [1]

Ii the number of 5-letter arrangements which start with the letter A and end with the
letter E. [1]

b Tickets for a concert are given out randomly to a class containing 20 students.

No student is given more than one ticket. There are 15 tickets.

I  Find the number of ways in which this can be done. [1]

There are 12 boys and 8 girls in the class. Find the number of different ways in which

II 10 boys and 5 girls get tickets, [3]

III all the boys get tickets. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4ai,ii,bi,ii,iiiJun 2012
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4 Six-digit numbers are to be formed using the digits 3, 4, 5, 6, 7 and 9.

Each digit may only be used once in any number,

a Find how many different six-digit numbers can be formed.

Find how many of these six-digit numbers are

b

c

d

5  a

even,

greater than 500 000,

even and greater than 500 000.

[1]

[1]

[1]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4i-iv New 2011

A shelf contains 8 different travel books, of which 5 are about Europe and 3 are
about Africa.

I  Find the number of different ways the books can be arranged if there are no restrictions.
[2]

ii Find the number of different ways the books can be arranged if the 5 books about
Europe are kept together. [2]

b 3 DVDs and 2 videotapes are to be selected from a collection of 7 DVDs and 5 videotapes.
Calculate the number of different selections that could be made. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6ai,ii,bJun 2011

A 4-digit number is formed by using four of the seven digits 1, 3, 4, 5, 7, 8 and 9.

No digit can be used more than once in any number.

Find how many different 4-digit numbers can be formed if

a

b

c

there are no restrictions,

the number is less than 4000,

the number is even and less than 4000.

[2]

[2]

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6i,ii,iii Nov 2010

a Jean has nine different flags.

i  Find the number of different ways in which Jean can choose three flags from her
nine flags. [1]

ii Jean has five flagpoles in a row. She puts one of her nine flags on each flagpole.
Calculate the number of different five-flag arrangements she can make. [1]

b The six digits of the number 738925 are rearranged so that the resulting six-digit
number is even. Find the number of different ways in which this can be done. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q2 Mar 2015
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8  a

9  a

10 a

A lock can be opened using only the number 4351. State whether this is a
permutation or a combination of digits, giving a reason for your answer. [1]

There are twenty numbered balls in a bag. Two of the balls are numbered 0, six are
numbered 1, five are numbered 2 and seven are numbered 3, as shown in the table below.

Number on ball

Frequency

2

5

3

7

[1]

[1]

[2]

Four of these balls are chosen at random, without replacement. Calculate the
number of ways this can be done so that

i  the four balls all have the same number, [2]

il the four balls all have different numbers, [2]

Hi the four balls have numbers that total 3. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Jun 2015

6 books are to be chosen at random from 8 different books.

I  Find the number of different selections of 6 books that could be made.

A clock is to be displayed on a shelf with 3 of the 8 different books on each side of it.
Find the number of ways this can be done if

ii there are no restrictions on the choice of books,

iii 3 of the 8 books are music books which have to be kept together.

A team of 6 tennis players is to be chosen from 10 tennis players consisting of 7 men and 3
women. Find the number of different teams that could be chosen if the team must include

at least 1 woman. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Nov 2015

A 6-character password is to be chosen from the following 9 characters,

letters A B E F

numbers 5 8 9

symbols * $

Each character may be used only once in any password.

Find the number of different 6-character passwords that may be chosen if

i  there are no restrictions, [1]

ii the password must consist of 2 letters, 2 numbers and 2 symbols, in that order, [2]

iii the password must start and finish with a symbol. [2]

An examination consists of a section A, containing 10 short questions, and a section B,
containing 5 long questions. Candidates are required to answer 6 questions from
section A and 3 questions from section B. Find the number of different selections
of questions that can be made if

i  there are no further restrictions,

ii candidates must answer the first 2 questions in section A and the first question
in section B.

[2]

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q5 Mar 2016
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Series Mi. -

This section will show you how to:

use the binomial theorem for expansion of {a+b)" for positive integral«
/  \

^ a"~''b'^ for a binomial expansion
V^J

use the general term

■  recognise arithmetic and geometric progressions

■ use the formula for the nth term and for the sum of the first n terms to solve problems involving

arithmetic and geometric progressions

■ use the condition for the convergence of a geometric progression, and the formula for the sum to
infinity of a convergent geometric progression.
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11.1 Pascal's triangle

The word 'binomial' means 'two terms'.

The word is used in algebra for expressions such as x + 5 and 2x - Sy.

You should already know that (a+ b)^ = {a+ b){a+ b) = + 2ab+ b^.

The expansion of (a+ bf' can be used to expand (a+ b)^.

{a+ b)^ = {a+ b){a+ b)^

= {a+ b) (<2^ + 2ab+ b^)

= c? + 2c?b + alP^ + c?b + 2al^ + I?

=  + Sa^b + 3ab^ + b^

Similarly it can be shown that {a + b)'^ = a^ + Aa^b + + Aab^ + 6^.

Writing the expansions of (a + 6)" out in order:

{a-¥b)^ = la + 16
(a + b)2 _ la^ + 2ab + 16^

(a+6)^ = la^ + 3c^6 + 3a6^ + 16^
(a+6)^ = la^ + 4a^6 + 6a^6^ + Aab^ + 16"^

If you look at the expansion of (a + b)^, you should notice that the powers of a
and b form a pattern.

• The first term is and then the power of a decreases by 1 whilst the power
of b increases by 1 in each successive term.

• All of the terms have a total index of 4 (a^, a^6, a^6^, aJ? and b^).

There is a similar pattern in the other expansions.

The coefficients also form a pattern that is known as Pascal's triangle.

1 1

'5'
+ii

Note:

•  Each row always starts and finishes with a 1.

•  Each number is the sum of the two numbers in the row above it.

The next row would be:

1  5 10 10 5 1

This row can then be used to write down the expansion of (a+ b)^.

{a + bf = la® + 5a^6 + lOa^ft^
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CLASS DISCUSSION

There are many number patterns in Pascal's triangle.

For example, the numbers 1,4, 10 and 20 have been highlighted.

O

1  4 10

These numbers are called tetrahedral numbers.

Which other number patterns can you find in Pascal's triangle?

What do you notice if you find the total of each row in Pascal's triangle?

WORKED EXAMPLE 1

Use Pascal's triangle to find the expansion of

a  (2 + 5x)3 b (2x-3)4

Answers

a  (2 + 5x)^
The index = 3 so use the third row in Pascal's triangle.

The third row of Pascal's triangle is 1,3,3 and 1.

(2 + 5x)^ =1 (2)^ + 3(2)^(5x) + 3(2)(5x)^ + i Use the expansion of (n+ 6)^.
= 8 + 60x+ 150x? + 125j(?

b (2x-3)^

The index = 4 so use the fourth row in Pascal's triangle.
The fourth row of Pascal's triangle is 1, 4,6, 4 and 1.

(2jc- 3)'* = 1 (2*:)^ + 4 (2x)®(-3) + 6 (2x)^{—3)^ Use the expansion of (a+ £>)''.
+ 4(2x)(-3)3 + 1 (-3)^

= Ifix'* - 96*? + 216x^ - 216x^ + 81
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WORKED EXAMPLE 2

a Expand (2 - x)®.

b Find the coefficient of in the expansion of (1 + 3x) (2 - x)®.

Answers

a  (2-x)®

The index = 5 so use the fifth row in Pascal's triangle.

The fifth row of Pascal's triangle is 1,5,10 ,10 ,5 and 1.
(2-x)® =1 (2)5 + 5(2)''(-x) +10 (2)^(-x)2 + io (2)2(-x)^ + 5(2)(-x)^ + 1 (-x)®

= 32 - 80x+ 80x2 _ 40^3+ jqx^ - x®

b  (1 + 3x) (2 - x)5 = (1 + 3x) (32 - 80x+ 80x2 _ 40^3 + jqx^ - x^)

The term in x^ comes from the products:

(1 + 3x) (32 — 80x+ 80 x~ - 40 X® + lOx'* - x^)

1 X (-40 X®) = -40x® and 3x x 80 = 240x®

So the coefficient of x^ is -40 + 240 = 200.

Exercise 11.1

1

2

Write down the sixth and seventh rows of Pascal's triangle.

Use Pascal's triangle to find the expansions of

(1 + xf b  (1 - xY

f

9

e  (x + f (3) + 4)^

i  (x - 23)^ j (3x - 4)^

Find the coefficient of x^ in the expansions of

c  (p+^r
g  {a-bf

k
2

X H

X

5

6

d

h

I

d

h

(2 + x)^

(2x + 3)^
2

1

a  (x + 4)^ b (1 + x)® c (3 - x)^

e  (x - 2)^ f (2x + 5)^ g (4x - 3)®

(4 + x)^ + (4 - x)^ = A + 5x2 4.
Find the value of A, the value of B and the value of C.

Expand (1 + 2x)(l + 3x)^ .

The coefficient of x in the expansion of (2 + axf is 96.
Find the value of the constant a.

a Expand (3 + x)^.
b Use your answer to part a to express (3 + Vs) in the form a + b-Jb.

2x^

(3 + 2x)^

3--X
2
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8  a Expand (1 + jc)^.
b Use your answer to part a to express

i  (l + y/E'f in the form a + b-yjs, ii (l - Vs) in the form c + rf-v/S.
c Use your answers to part b to simplify (l + Vs) + (l - Vs) .

9  a Expand (2 -
b Find the coefficient of x® in the expansion of (l + 3x^)(2 - x^)^.

10 Find the coefficient of x in the expansion

(  1 Y11 Find the term independent of x in the expansion of I + — J .

CHALLENGEQ

12 a Find the first three terms, in ascending powers of y, in the
expansion of (2 + y) .

b By replacing y with - 4x^, find the coefficient of x^ in the
expansion of (2 + 3x - 4x^)^.

CHALLENGEQ

13 The coefficient of x^ in the expansion of (3 + ax)^ is 12 times the
/  \4

coefficient of x^ in the expansion of M + — j . Find the value of a.

CHALLENGEQ

14 a Given that ^x^ ̂  ~ ) ~ ^ ~ value of a and
the value of b.

b Hence, without using a calculator, find the exact value of

2 +

CHALLENGEQ

15 Given that y = x + —, express
X

3  1 ■a  X + -J m terms of y

b  X® + -^ in terms of y.
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CLASS DISCUSSION

The stepping stone game

The rules are that you can move East—► or South j from any stone.

D H

I N

M R

n  rv
C G L Q u

F K •  1 p| T w

J 0 S V
FINISH

The diagram shows there are 3 routes from the START stone to stone G.
1 Find the number of routes f rom the START stone to each of the foliowing stones.

a A ii B

b C ii D iii E

c F ii G iii H iv I

What do you notice about your answers to parts a, b and c?
There are 6 routes from the START to stone L.

How could you have calculated that there are 6 routeswithout drawing or visualising them?
What do you have to do to find the number of routes to any stone?
How many routes are there from the START stone to the FINISH stone?

In the class discussion you should have found that the number of routes from the START stone to stone
Qis 10.
To move from START to Qyou must move Fast (F) 3 and South (S) 2, in any order.
Hence the number of routes is the same as the number of different combinations of 3 F's and 2 S's.

The combinations are:

FFESS FFSFS FFSSE ESFSE ESEES

ESSFF SSFFF SESEE SEESE SEEES

So the number of routes is 10.

This is the same as ^€3 (or ^€2).
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11.2 The binomial theorem

Pascal's triangle can be used to expand {a + &)" for any positive integer n, but if n is large it can take a
long time. Combinations can be used to help expand binomial expressions more quickly.

Using a calculator:

^Co = 1 ^Ci = 5 ^C2 = 10 = 10 ^€4 = 5 ^Cs = 1

These numbers are the same as the numbers in the fifth row of Pascal's triangle.

So the expansion of {a + hf is:

(a + bf = ̂Co + ®Ci a% + + ̂C4 b^

This can be written more generally as:

{a + by = "Coa"+"Ci a"" ̂ 6+"Cg + "Cg 0""^^ + ... + ''6''+... + "C„ 6"

But "Co = 1 and "C„=l, so the formula simplifies to:

(«+^>)"=a" + "Ci a"-i6+"C2 + + "C,a""'■6'"+... +y)
or

n(a+6)"=a"+ I j
f \
n

v2y i) K a"-^6'"+...+ 6"

-Si

J
The formulae above are known as the binomial theorem.

WORKED EXAMPLE 3

Use the binomial theorem to expand (3 + 4x)®.

Answers

(3 + 4x)5 = 3^ + 5Ci 3^4x) + ®C2 5^(4xf + ^Cg 32(4x)3 + 3(4*)^ + {4xy
= 243 + 1620X+ 4320*2 + 5760*® + 3840*^ + 1024*®

WORKED EXAMPLE 4

Find the coefficient of *2" in the expansion of (2 — *)2®.

Answers

(2 - *)2® = 22® + 25c, 22^ (-*) + 2®C2 22® (-*)2 + ... + 2® (-*)2» + ... + (-x)25
The term containing *2° is 25C2o X 2® x (-*)2''.

= 53130 X 32 X *20
= 1700160*2"

So the coefficient of *2" is 1700160.
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Using the binomial theorem,

(1 + x)^= V + 'Ci 1® X + 'C2 1® 1^ X^ + ̂C4 l^x^ + ...

= 1 + X + ''C2 x^ + 'C3 x^ + 'C4 x^ + ...

But 'Cj, 'C2, 'Cg and 'C4 can also be written as:

''Ci = — = 7
1!6!

^C2 =
7! 7x6

2!5! 2!
^Cg-

7! 7x6x5

314! 3!

7! 7x6x5x4

413! 4!

So, (1 + — 1 + 7x +
7x6

x^ +
7x6x5

X® +
7x6x5x4

2! 3! 4!

This leads to an alternative formula for binomial expansions:

x^ +...

(1 + x)" = 1 + nx +
n{n - 1) ̂  ̂ n{n - l)(w - 2) ̂  ̂ n{n- l)(n - 2)(n - 3) ̂4

21 31 41
+

The following example illustrates how this alternative formula can be applied.

WORKED EXAMPLE 5

Find the first four terms of the binomial expansion to

a  (l + S;;)' b (2-31)®

Answers

a  (i + 33/=H-7(33) + ̂(3>.f +7x6x5
3!

(37)'+-

b  (2-3^

= 1 + 213 + 189/ + 9453^ + ...

6

2|1

= 2®|1-1

1 + 61-11 + .^f-lT + 6x5x47 3? ̂
*  3! ■

2®
2; 21 V 2

= 2®^
L  ' 4 '

- 64 - 1923 + 24O32 - I6O3® +...

1-33 + ̂

Replace x by 33; and w by 7 in the formula

The formula is for (1 + x)" so take out a factor

of 2.

Replace x by ̂  ^ ̂ and n by 6 in the formula.
Multiply terms in braeketsby 2®.
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Exercise 11.2

1 Write the following rows of Pascal's triangle using combination notation,

a row 3 b row 4 c row 5

2 Use the binomial theorem to find the expansions of

a  (1 +

e  (x + 3))^

b (1 - x)^

f  (2 - x)^

j  (1-

c  (l + 2x)'

g  {a-nf

.2 V lOy V X,

Find the term in for each of the following expansions,

a  (2 + xf b (5 + xf c (l + 2x)®
e  (l-xf f {2-xf g (10-3x)

d  (3 + xf

h  (2x + 33)f

I x^ +
1

2x2

d  (3 + 2xf
h  (4 - bxf^.

4 Use the binomial theorem to find the first three terms in each of these expansions.

b (l + 2x)® c  (l-3x)^ d  (3 + 2x)®a  (1 + x)'°

e  (3-x)® f 1^2 + ̂xj g (5-x2)® h (4x-53!f''.
5  a Write down, in ascending powers of x, the first 4 terms in the expansion of (1 + 2x)®.

b Find the coefficient of x^ in the expansions of 1 - - j(l + 2x)®.
^  f x

6 a Write down, in ascending powers of x, the first 4 terms in the expansion of 1 + -
f  xV®b Find the coefficient of x^ in the expansions of (1 + 3x)l 1 + — j .

7  a Write down, in ascending powers of x, the first 4 terms in the expansion of (1 - 3x)"^

b Find the coefficient of x^ in the expansions of (1 - 4x)(l - 3x)^''.
8  a Find, in ascending powers of x, the first 3 terms of the expansion of (1 + 2x)'.

b Hence find the coefficient of x^ in the expansion of (1 + 2x)' (l - 3x + 5x^).

9 a Find, in ascending powers of x, the first 4 terms of the expansion of (1 + x)'.
b Hence find the coefficient of in the expansion of (1 + 31-312)'.

f  3V10 Find the coefficient of xin the binomial expansion of I x J .

11 Find the term independent of x in the binomial expansion of |^x + •

CHALLENGE Q

12 When (1 + ax)" is expanded the coefficients of and are equal.

Find a in terms of n.
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11.3 Arithmetic progressions
At IGCSE level you learnt that a number sequence is an ordered set of
numbers that satisfy a rule and that the numbers in the sequence are called
the terms of the sequence. A number sequence is also called a progression.

The sequence 5, 8, 11, 14, 17, ... is called an arithmetic progression. Each term
differs from the term before by a constant. This constant is called the common
difference.

The notation used for arithmetic progressions is:

a = first term d = common difference I = last term

The first five terms of an arithmetic progression whose first term is a and
whose common difference is d are:

a  a + d

term 1 term 2

This leads to the formula:

a + 2(i

term 3

u + 3d

term 4

a + 4d

term 5

1 nth term = + (w—l)d 1

WORKED EXAMPLE 6

Find the number of terms in the arithmetic progression -17, -14, -11, -8, ... , 58.

Answers

nth term = a+ {n-\)d use fl = -17,d = 3 and nthterm = 58

58=-17 + 3(n-l) solve

n-1 =25

n = 26

WORKED EXAMPLE 7

The fifth term of an arithmetic progression is 4.4 and the ninth term is 7.6. Find the
first term and the common difference.

Answers

fifth term = 4.4 =>a+4d=4.4 (1)

ninth term = 7.6 => a + 8d = 7.6 (2)

(2) - (1), gives 4d = 3.2

d =0.8

Substituting in (1) gives a+ 3.2 = 4.4

a = 1.2

First term = 1.2, common difference = 0.8.



WORKED EXAMPLE 8
A

The nth term of an arithmetic progression is 11 - 3n. Find the first term and the
common difference.

Answers

First term = 11-3(1) =8 substitute n = 1 into nth term = 11 — 3w

second term = 11 - 3(2) =5  substitute m=2 into nth term = 11 — 3n

Common difference = second term - first term = -3.

The sum of an arithmetic progression
When the terms in a sequence are added together the resulting sum is called a series.

CLASS DISCUSSION

l+2 + 3 + 4+ ... + 97 + 98 + 99 + 100 = ?

It is said that at the age of eight, the famous mathematician Carl Gauss was asked to find the sum
of the numbers from 1 to 100. His teacher expected this task to keep him occupied for some time
but Gauss surprised his teacher by writing down the correct answer after just a couple of seconds.
His method involved adding the numbers in pairs: 1 + 100 = 101, 2 + 99 = 101, 3 + 98 = 101, ...

1 Can you complete his method to find the answer?

2 Use Gauss's method to find the sum of

a  2 + 4 + 6 + 8 + ... + 394 + 396 + 398 + 400

b  3 + 6 + 9+ 12+...+ 441 +444 + 447 + 450

c  17 + 24 + 31 + 38 + ... + 339 + 346 + 353 + 360.

3 Use Gauss's method to find an expression, in terms of n, for the sum

l + 2 + 3 + 4+... + (n-3) + (n-2) + (TO-l) + TO.

It can he shown that the sum of an arithmetic progression, can be written as:

+ 0 or S„ =-|[2a + (n-l)d]

Proof:

Reversing:

ci +(fl+d) + (<z+2^i) + ... + (/ — 2(1) + (^l — (f) + /

I  +(/—(i) + (/ —2cO +... + ((2 + 2d) + {a + d) + a

Adding: 2S„= n{a+I) + {a+I) + {a+I) +... + {a+l) + ia+I) + {a+I)

2S„ = n{a+ I)

n

=-(« + /)
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Using 1 = a+ {n-\)d, gives = ̂[2a + (n-l)d]
It is useful to remember the following rule that applies for all progressions:

nth term = S„-S,•n-l

WORKED EXAMPLE 9

In an arithmetic progression, the first term is 25, the 19th term is -38 and the last
term is -87. Find the sum of all the terms in the progression.

Answers

nth term = a+ (n-l)d

-38 = 25 + 18d

d = -3.5

nth term = a + {n-l)d

-87 =25-3.5(n-l)

n-l =32

n = 33

use «th term =-38 when «= 19 and a = 25

solve

use nth term = -87 when a = 25 and d=-3.5

solve

Sn=^{a+l) use a = 25, 1= -87 and n = 33

33%=y(25-87)

=-1023

WORKED EXAMPLE 10

The 12th term in an arithmetic progression is 8 and the sum of the first 13 terms is 78.

Find the first term of the progression and the common difference.

Answers

nth term = a + (n-l)d use wth term = 8 when n = 12

8 ~ a+ lid - (1)

S„ = ■|[2a + (n-l)d] use w = 13 and = 78

1378 = Y(2a + 12d) simplify

6 = a + fid (2)
(1) - (2) gives 5d = 2

d = 0.4

Substituting d= 0.4 in equation (1) gives a= 3.fi.
First term = 3.fi, common difference = 0.4.



Chapter 11: Series

WORKED EXAMPLE 11

The sum of the first n terms, 5„, of a particular arithmetic progression is given by
S„ = brr - 3n.

a  Find the first term and the common difference.

b  Find an expression for the nth term.

Answers

a Si = 5(1)2-3(1) =2 => first term = 2

.% = 5(2)2-3(2) = 14 => first term + second term = 14

second term = 14-2 = 12

First term = 2, common difference =10.

b Method 1:

nth term =a+(n-l)d use a =2, d= 10

= 2 + 10(n- 1)

= lOn-8

Method 2:

nth term = -Sn - j =5n2-3n- [5(n-l)2-3(n-l)]

= 5n2 - 3n - (Sn^ - lOn + 5 - 3n + 3)

= 10n-8

Exercise 11.3

1 The first term in an arithmetic progression is a and the common difference
is d.

Write down expressions, in terms of a and d, for the fifth term and the
14th term.

2 Find the sum of each of these arithmetic series.

a 2+ 9 +16+... (15 terms) b 20+ 11 + 2 + ... (20 terms)

c 8.5 + 10 + 11.5 + ... (30 terms) d -2x-5x-8x-... (40 terms)

3 Find the number of terms and the sum of each of these arithmetic series,

a 23 + 27 + 31 ... + 159 b 28 + 11 - 6- ...-210

4 The first term of an arithmetic progression is 2 and the sum of the first 12
terms is 618.

Find the common difference.

5  In an arithmetic progression, the first term is -13, the 20th term is 82 and
the last term is 112.

a  Find the common difference and the number of terms,

b  Find the sum of the terms in this progression.

6 The first two terms in an arithmetic progression are 57 and 46. The last
term is -207. Find the sum of all the terms in this progression.
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7 The first two terms in an arithmetic progression are -2 and 5. The last term
in the progression is the only number in the progression that is greater
than 200. Find the sum of all the terms in the progression.

8 The first term of an arithmetic progression is 8 and the last term is 34. The
sum of the first six terms is 58. Find the number of terms in this progression.

9 Find the sum of all the integers between lOO and 400 that are multiples of 6.

10 The first term of an arithmetic progression is 7 and the eleventh term is 32.
The sum of all the terms in the progression is 2790. Find the number of
terms in the progression.

11 Rafiu buys a boat for $15 500. He pays for this boat by making monthly
payments that are in arithmetic progression. The first payment that he makes
is $140 and the debt is fully repaid after 31 payments. Find the fifth payment.

12 The eighth term of an arithmetic progression is -10 and the sum of the
first twenty terms is -350.

a  Find the first term and the common difference,

b Given that the nth term of this progression is -97, find the value of n.

13 The sum of the first n terms, S,„ of a particular arithmetic progression is
given by S„ = 4n- + 2n. Find the first term and the common difference.

14 The sum of the first n terms, S„, of a particular arithmetic progression is
given by = -Sn^ - 2n. Find the first term and the common difference.

15 The sum of the first n terms, of a particular arithmetic progression is

Tl

given by = —(4n + 5). Find an expression for the nth term.

16 A circle is dmded into twelve sectors. The sizes of the angles of the sectors
are in arithmetic progression. The angle of the largest sector is 6.5 times
the angle of the smallest sector. Find the angle of the smallest sector.

17 An arithmetic sequence has first term a and common difference d.
The sum of the first 25 terms is 15 times the sum of the first 4 terms,

a  Find a in terms of d.

b  Find the 55th term in terms of a.

18 The eighth term in an arithmetic progression is three times the third term.
Show that the sum of the first eight terms is four times the sum of the first
four terms.

CHALLENGE Q

19 The first term of an arithmetic progression is cos^ x and the second
term is 1.

a Write down an expression, in terms of cosx, for the seventh term of
this progression.

b  Show that the sum of the first twenty terms of this progression is
20 + 170 sin2x.

fci:
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CHALLENGEQ

20 The sum of the digits in the number 56 is 11. (5 + 6 = 11)

a  Show that the sum of the digits of the integers from 15 to 18 is 30.

b  Find the sum of the digits of the integers from 1 to 100.

11.4 Geometric progressions
The sequence 7, 14, 28, 56, 112, ... is called a geometric progression.Each
term is double the preceding term. The constant multiple is called the
common ratio.

Other examples of geometric progressions are:

Progression Common ratio

1,-2,4, -8, 16, -32, ... -2

81,54, 36, 24, 16, 10-, ...
3

2

3

-8, 4,-2, l.-i'T'-
2 4

1

2

The notation used for a geometric progression is:

a = first term r = common ratio

The first five terms of a geometric progression whose first term is a and whose
common ratio is rare:

a  ar

term 1 term 2

This leads to the formula:

ar^

term 3

3
ar

term 4

ar

term 5

nth term = ar

WORKED EXAMPLE 12

The third term of a geometric progression is 144 and the common ratio is —.
Find the seventh term and an expression for the nth term. ^

Answers

nth term = ar"' use nth term = 144 when n = 3 and r = -

-(I)144

a = 64

seventh term = 64

nth term = arn-l 64

729

(11
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WORKED EXAMPLE 13

The second and fourth terms in a geometric progression are 108 and 48 respectively.
Given that all the terms are positive, find the first term and the common ratio. Hence,
write down an expression for the nth term.

Answers

108 = ar -

(2)-(l)

(1)

gives
ar^

ar

AS = a^- (2)

48

108

4

9

3

^ 2
2,

all terms are positive => r > 0

2
Substituting r = — into equation (1) gives a= 162.

3
2  (2First term = 162, common ratio = —, nth term = 1®2|—

-1

258 ■ WORKED EXAMPLE 14

f  1YThe nth term of a geometric progression is ~ g J '
common ratio

Answers

first term = 30| - — | = -15
iV

second term = 30(-lJ = W
Common ratio =

2nd term _ 7.5 _ 1^
1st term -15 2

1
First term = -15, common ratio -- -
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WORKED EXAMPLE 15

In the geometric sequence 2, 6,18, 54, ... which is the first term to exceed 1000000?

Answers

nth term = use a = 2 and r = 3

2x3"-^ >1000000 divide by 2 and take logs

logioS"" ̂ > logio 500000 use the power rule for logs

(n- 1) logio 3 > logio 500000 divide both sides by logio3

logio 500000
n - 1 >

logio 3

n-1 > 11.94...

n >12.94...

The 13th term is the first to exceed 1000000.

CLASS DISCUSSION

In this class discussion you are not allowed to use a calculator.

1 Consider the sum of the first 10 terms, 5io, of a geometric progression with o = 1 and r= 5.

Sio = 1 + 5 + 52 + 5^ ... + 5' + 5® + 5^
a Multiply both sides of the equation above by the common ratio, 5, and complete the

following statement.

5Sio- 5 + 52 + 5- + 5- + ... + 5- + 5- + 5-

b What happens when you subtract the equation for Sjo from the equation for 5Sio?
c  Can you find an alternative way of expressing the sum 5io?

2 Use the method from question 1 to find an alternative way of expressing each of the following
a  3 + 3x2 + 3x2^ + 3x2^+... (12 terms)

b  32 + 32x- + 32x(-
2  I2

c  27-18+12-8 + ...

+ 32 X + ... (15 terms)

(20 terms)

It can be shown that the sum of a geometric progression, 5„, can be written as:

1 - r
or S. Q

1

Note:

For these

formulae, r +=1

Either formula can be used but it is usually easier to

•  use the first formula when -1 < r< 1.

•  use the second formula when r> 1 or when r<-l.
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Proof:

r X (!)■

Sn = a + ar+ai^ + ... + ar" + ar""^ + ar"~'

ar + ai^ + ... + ar^~^ + + ar"~^+ ar"rS„ =
(1)

(2)
(2) - (1): rS„-Sn =ar"-a

(r-l)5„ =«(r"-l)
a(r" - 1)

Sn =
r- 1

Multiplying numerator and denominator by -1 gives the alternative formula a(l-r")

1-r

WORKED EXAMPLE 16

Find the sum of the fi rst ten terms of the geometric series 2 + 6+18 +54+...

Answers

o  a(r" -1)
r-1

use a = 2, r= 3 and w = 10

o  2(31"-1)
3-1

simplify

= 59048

WORKED EXAMPLE 17

The second term of a geometric progression is 9 less than the first term. The sum
of the second and third terms is 30. Given that all the terms in the progression are
positive, find the fi rst term.

Answers

second term = first term -9

ar= a-9
Q

rearrange to make a the subject
«= (1)

1-r

second term + third term = 30

ar+ = 30 factorise
ar(l +r)-30 (2)

.  ar(l + r) 30(1 - r)(2) - (1 gives =°  a 9 simplify
3»2+ 13r-10=0 factorise and solve
(3r-2)(r+5) = 0

o
1.

r=— or r=-5
3

2

aU terms are posidve => r> 0

r= —

2 ^Substituting r=— into (1) gives a =27.

First term is 27.



Exercise 11.4

1  Identify whether the following seqtiences are geometric. If they are
geometric, write down the common ratio and the eighth term.

a 1,2,4,6,... b -1,4,-16, 64,...

. 2 3 5 8
c 81,27,9,3, ...

e 2,0.4,0.08,0.16, .
11 11 11 11

f -5, 5, -5, 5, ...

3

4

5

The first term in a geometric progression is a and the common ratio is r.
Write down expressions, in terms of a and r, for the ninth term and the
20th term.

The third term of a geometric progression is 108 and the sixth term is -32.
Find the common ratio and the first term.

The first term of a geometric progression is 75 and the third term is 27.
Find the two possible values for the fourth term.

The second term of a geometric progression is 12 and the fourth term is
27. Given that all the terms are positive, find the common ratio and the
first term.

5
6 The sixth and 13th terms of a geometric progression are — and 320

respectively. Find the common ratio, the first term and the 10th term of
this progression.

7 The sum of the second and third terms in a geometric progression is 30.
The second term is 9 less than the first term. Given that all the terms in the

progression are positive, find the first term.

8 Three consecutive terms of a geometric progression are x, x + 6 and x + 9.
Find the value of x.

9  In the geometric sequence —, —, 1, 2, 4, ... which is the first term to exceed
4 2

500000?

10 In the geometric sequence 256, 128, 64, 32, ... which is the first term that
is less than 0.001?

11 Find the sum of the first eight terms of each of these geometric series,

a  4 + 8 +16 + 32 +...

b  729 + 243 + 81 +27 + ...

C  2-6 +18-54+...

d -5000 + 1000-200 + 40-

12 The first four terms of a geometric progression are 1, 3, 9 and 27. Find the
smallest number of terms that will give a sum greater than 2000000.

13 A ball is thrown vertically upwards from the ground. The ball rises to a ^
height of 10m and then falls and bounces. After each bounce it rises to —
of the height of the previous bounce. ^
a Write down an expression, in terms of n, for the height that the ball

rises after the nth impact with the ground.
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b Find the total distance that the ball travels from the first throw to the
fifth impact with the ground.

14 The third term of a geometric progression is nine times the first term. The
sum of the first four terms is k times the first term. Find the possible values
of k.

15 John competes in a 10 km race. He completes the first kilometre in 4
minutes. He reduces his speed in such a way that each kilometre takes him
1.05 times the time taken for the preceding kilometre. Find the total time,
in minutes and seconds, John takes to complete the 10 km race.

Give your answer correct to the nearest second.

16 A geometric progression has first term a, common ratio rand sum to
n terms, S„.

Show that 2n _ ̂2n

CHALLENGEQ

17 1,1,3.1 9.1 27, i 81,
Show that the sum of the first 2n terms of this sequence is —(S" - 3' " + 2).

CHALLENGEQ

18 S„ = 6 + 66 + 666 + 6666 + 66666 + ...

Find the sum of the first n terms of this sequence.

11.5 Infinite geometric series
An infinite series is a series whose terms continue forever.

The geometric series where a = 2 and r = — is 2 + 1 + ̂ + — + ̂+...
2  4 8

For this series it can be shown that

Si = 2,5^ = 3,S3=3i,54=3|,S5=3^,....
This suggests that the sum to infinity
approaches the number 4.

The diagram of the 2 by 2 square is a visual
representation of this series. If the pattern
of rectangles inside the square is continued
the total areas of the inside rectangles
approaches the value 4.

This confirms that the sum to infinity of
•  c . 1 1 1the series 2 + lH 1 1 h... is 4.

2  4 8

1

2
i
4
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This is an example of a convergent series because the sum to infinity converges
on a finite number.

CLASS DISCUSSION

Use a spreadsheet to investigate whether the sum of each of these infinite geometric series
converge or diverge. If they converge, state their sum to infinity.

fl = r= 2
5

a = -3, r =
1

"2
a = 5,r-- 1  Ka= — ,r= -5

2

2

3

Find other convergent geometric series of your own. In each case find the sum to infinity.

Can you find a condition for rfor which a geometric series is convergent?

Consider the geometric series a+ ar + ar^ + ar^ + ... + ar" '.

a(\ - r")
The sum, , is given by the formula = —j .

If-1 < r < 1, then as n gets larger and larger, r" gets closer and closer to 0.

We say that as n ̂  oo, r" —> 0.

a(l-r") a(l-O) a
Hence, as n —> <» , — — = .

I-r 1-r 1-r

This gives the result

5„ = -
1 — r

provided that -1 < r < 1

Q Note:

This is not true

when r> 1 or

when r= -1

WORKED EXAMPLE T8

The first three terms of a geometric progression are 25,15 and 9.

a Write down the common ratio,

b  Find the sum to infinity.

Answers

a  Common ratio

b  S„ =

second term 15 3

first term 25 5

1-r

25

1_!

use a = 25 and r =

= 62.5
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WORKED EXAMPLE 19

A geometric progression has a common ratio of — and the sum of the first four terms

is 164. ^

a  Find the first term of the progression,

b  Find the sum to infinity.

Answers

a  S, =

164 =

a(l - r"*)

1 - r

1- -
4

ma 41164 = a
125

a = 500

b  S„ =
a

1 - r

500

1

7
= 277-

9

use 54 = 164 and r = - -

simplify

solve

use a = 500 and r = —
5

Exercuse 11.5

1  Find the sum to infinity of each of the following geometric series.

o  1 1 1a  3 + 1 + - + -+...
3  9

O  8 8 8
C  84 1 1 h

5  25 125

w  1 1 1 1 1b  1 1 1 ...
2  4 8 16

d -162 + 108-72 + 48-...

2 The first term of a geometric progression is 10 and the second term is 8.
Find the sum to infinity.

3 The first term of a geometric progression is 300 and the fourth term is
2

-2—. Find the common ratio and the sum to infinity.

4 The first four terms of a geometric progression are 1, 0.8^, 0.8^ and 0.8®.
Find the sum to infinity.

5  a Write the recurring decimal 0.42 as the sum of a geometric
progression.

b Use your answer to part a to show that 0.42 can be written as 11
33"

6 The first term of a geometric progression is -120 and the sum to infinity is
-72. Find the common ratio and the sum of the first three terms.
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7 The second term of a geometric progression is 6.5 and the sum to infinity
is 26. Find the common ratio and the first term.

8 The second term of a geometric progression is -96 and the fifth term is

40-.
2

a  Find the common ratio and the first term,

b  Find the sum to infinity.

9 The first three terms of a geometric progression are 175, k and 63. Given
that all the terms in the progression are positive, find

a  the value of k

b  the sum to infinity.

10 The second term of a geometric progression is 18 and the fourth term is
1.62. Given that the common ratio is positive, find

a  the common ratio and the first term

b  the sum to infinity.

11 The first three terms of a geometric progression are k+ 15, k and k-l2
respectively, find

a  the value of k

b  the sum to infinity.

12 The fourth term of a geometric progression is 48 and the sum to infinity is
three times the first term. Find the first term.

13 A geometric progression has first term a and common ratio r. The sum of
the first three terms is 62 and the sum to infinity is 62.5. Find the value of a
and the value of r.

14 The first term of a geometric progression is 1 and the second term is

TC 7t
2sin?c where — <x< —. Find the set of values of x for which this

2  2

progression is convergent.

315 A ball is dropped from a height of 12 m. After each bounce it rises to — of

the height of the previous bounce. Find the total vertical distance that the
ball travels.
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CHALLENGEQ

16 Starting with an equilateral triangle, a Koch snowflake pattern can be
constructed using the following steps:

Step 1: Divide each line segment into three equal segments.
Step 2: Draw an equilateral triangle, pointing outwards, which has

the middle segment from step 1 as its base.
Step 3: Remove the line segments that were used as the base of the

equilateral triangles in step 2.

These three steps are then repeated to produce the next pattern.

Pattern 1 Pattern 2 Pattern 3 Pattern 4

You are given that the triangle in pattern 1 has side length x units.

a Find, in terms of x, expressions for the perimeter of each of patterns
1, 2, 3 and 4 and explain why this progression for the perimeter of
the snowflake diverges to infinity.

b Show that the area of each of patterns 1,2,3 and 4 can be written as

Pattern Area

n/3x^

%/3x^
+ 3

\/3x^
+ 3—^^^ + 12-

73/ ^ f Ml
^ + 3—5^ + 12—^ + 48
4  4 4

Hence show that the progression for the area of the snowflake
g

converges to — times the area of the original triangle.
5
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CHALLENGEQ

17 A circle of radius 1 unit is drawn touching the three edges
of an equilateral triangle.

Three smaller circles are then drawn at each corner to

touch the original circle and two edges of the triangle.

This process is then repeated an infinite number of times,

a Find the sum of the circumferences of all the circles,

b Find the sum of the areas of all the circles.

11.6 Further arithmetic and geometric series
Some problems may involve more than one progression.

CLASS DISCUSSION Hi
a, b, c,...

1 Given that a, b and c are in arithmetic progression, find an equation connecting a, b and c.

2 Given that a, b and c are in geometric progression, find an equation connecting a, b and c.

WORKED EXAMPLE 20

The first, second and third terms of an arithmetic series are x, y and The first,
second and third terms of a geometric series are X, and y. Given that x < 0, find:

a  the value of x and the value of y

b  the sum to infinit)' of the geometric series

C  the sum of the first 20 terms of the arithmetic series.

Answers

a Arithmetic series is: x + y + + ... use common differences

y - X = - y

2y - x'^ + X ---(1)
Geometric series is: x + »? + y + ...

2
y

9 ~
X

use common ratios

y  (2)
(1) and (2) give 2x^= + x divide hy x (since x 0) and rearrange

2x^ - X - 1 = 0 factorise and solve

(2x+ l)(x-l) = 0

1  .
x = — orx=l

2
x^l sincex<0

Hence, x = - - and y = - - .
2 -^ 8
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b
1 — r

1

2  _1

C  S„=-[2a + {n-\)d\

5^0 =
2

= 61.25

rs'
1 + 19 -

V8.

use a = — and r = —
2  2

use n = 20, .-,d=y-x = -

Exercise 11.6

1 The first term of a progression is 8 and the second term is 12. Find the sum
of the first six terms given that the progression is

a arithmetic b geometric.

2 The first term of a progression is 25 and the second term is 20.

a Given that the progression is geometric, find the sum to infinity.

b Given that the progression is arithmetic, find the number of terms in
the progression if the sum of all the terms is -1550.

3 The first, second and third terms of a geometric progression are the first,
fifth and 11th terms respectively of an arithmetic progression. Given
that the first term in each progression is 48 and the common ratio of the
geometric progression is r, where r * 1, find

a  the value of r

b  the sixth term of each progression.

4 A geometric progression has six terms. The first term is 486 and the

.  . 2
common ratio is —. An arithmetic progression has 35 terms and common

3  ̂
difference —. The sum of all the terms in the geometric progression is

equal to the sum of all the terms in the arithmetic progression. Find the
first term and the last term of the arithmetic progression.

5 The first, second and third terms of a geometric progression are the first,
fifth and eighth terms respectively of an arithmetic progression. Given
that the first term in each progression is 200 and the common ratio of the
geometric progression is r, where 1, find

a  the value of r

b the fourth term of each progression

c  the sum to infinity of the geometric progression.

6 The first term of an arithmetic progression is 12 and the sum of the first 16
terms is 282.



a Find the common difference of this progression.

The first, fifth and nth term of this arithmetic progression are the first,
second and third term respectively of a geometric progression.

b Find the common ratio of the geometric progression and the value of n.

7 The first two terms of a geometric progression are 80 and 64 respectively.
The first three terms of this geometric progression are also the first, 11 th
and nth terms respectively of an arithmetic progression. Find the value of n.

8 The first two terms of a progression are 5x and respectively.

a For the case where the progression is arithmetic with a common
difference of 24, find the two possible values of x and the corresponding
values of the third term,

b For the case where the progression is geometric with a third term
g

of- — , find the common ratio and the sum to infinity.

Summary

Binomial expansions

If n is a positive integer then {a + b)" can be expanded using the formula

(a + b)" = a"+"Ci + + + +

or

= a"+r L-ift+r ar-^b^ + a"-'"6''+...+ 6"

and where "C,
n n!

rj {n-r)\r\

In particular,
o , ..\n 1 . , n{n-\) 9 n{n-\){n-t) 3, n(n - l)(n - 2)(n - 3) 4(1 + xj = I + nx + —— )C + — ^ XT + — — — x^ + ... + x".

2! 3! 4!

Arithmetic series

For an arithmetic progression with first term a, common difference d and n terms:

•  the Ath term = a+(A-I)<i

•  the last term = a+(n-l)rf

•  the sum of the terms =S„ = —(a + /) = —[2a + (n-l)d].
2  2
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Geometric series

For a geometric progression with first term a, common ratio rand n terms:

•  the kth term = or*" ̂

•  the last term = ar"~^

1 - r r - 1

The condition for a geometric series to converge is -1 < r< 1.

the sum of the terms = = ■

When a geometric series converges, =
a

1 - r

Examination questions

Worked example

a  Find the first 4 terms in the expansion of (2 + in ascending powers of
3 V

b Fi

X.

nd the term independent of x in the expansion of (2 + 11 1 .

[3]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3i, ii Jun 2015

Answer

a  Expanding (2 + x^) using the binomial theorem gives

2® + ®Ci 2^x2 + ®C2 2^ (x^)^ + 2^ [x^f = 64 + 192x2 + 240x4 + 160x®..

b  (2 + x2)6 l-^ = (64 + 192x2+ 240x4+160x^..) 1-^ + ̂
\  X J V X X

Term independent of x = (64 x 1) + |^192x2 x + ̂240x4 x
= 64-1152 + 2160

= 1072

Exercise 11.7

Exam Exercise

1  a Find the first four terms in the expansion of (2 + x)^ in ascending powers of x.

b Hence find the coefficient of x^ in the expansion of (1 + 3x)(l - x)(2 + x)®.

[3]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i,ii Jun 2013

(  2 V2  a Find the first 3 terms, in descending powers of x, in the expansion of I x H—-\ . [3]

b Hence find the term independent of x in the expansion of |^2 s "i" j "
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,ii Nov 2012



/  X Y 33 The coefficient of in the expansion of [^1 + g j > where n is a positive integer is - .
a Find the value of n.

b Using this value of n, find the term independent of x in the expansion of
\2

[4]

[4]

4 a Find the coefficient of in the expansion of ~ ̂  j •
b Find the coefficient of in the expansion of (1 + 4x)^l - .

Cambndge IGCSE Additional Mathematics 0606 Paper 11 Q7i,iiNov 2011

12

[2]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2i, iiJun 2011

5  a Find, in ascending powers of x, the first 3 terms in the expansion of (2 - 5x)®, giving your
answer in the form a + bx + cx^, where a, b and care integers. [3]

\10

[3]b Find the coefficient of x in the expansion of (2 — 5x)^ ̂ 1 + —^
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,ii Nov 2010

6  i Write down, in ascending powers of x, the first 3 terms in the expansion of (3 + 2x)®.
Give each term in its simplest form. [3]

ii Hence find the coefficient of x^ in the expansion of (2 - x) (3 + 2x)®. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q4 Mar 2015

7  i Find the first 4 terms in the expansion of (2 + in ascending powers of x. [3]

ii Find the term independent of xin the expansion of + . [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3 Jun 2015

8  a i Use the Binomial Theorem to expand (fl + 6)^, giving each term in its simplest form. [2]

ii Hence find the term independent of x in the expansion of ̂ 2x + —j . [2]

b The coefficient of x^ in the expansion of [ 1 + - ] equals
positive integer«, ^

5n

1^
.  Find the value of the

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Jun 2016
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9 The first term of a geometric progression is 35 and the second term is -14.

a Find the fourth term. [3]

b Find the sum to infinity. [2]
Examination style question

10 The first three terms of a geometric progression are 2k + 6, k + 12 and k respectively.

All the terms in the progression are positive.

a Find value of [3]

b Find the sum to infinity. [2]
Examination style question

11 An arithmetic progression has first term a and common difference d. Give that the sum of the
first 100 terms is 25 times the sum of the first 20 terms.

[3]

[2]

Examination style question

a  Find d in terms of a.

b Write down an expression, in terms of a, for the 50th term.

12 The 15th term of an arithmetic progression is 3 and the sum of the first 8 terms is 194.
a  Find the first term of the progression and the common difference. [4]
b Given that the nth term of the progression is -22, find the value of n. [2]

Examination style question

13 The second term of a geometric progression is -576 and the fifth term is 243. Find
a

b

c

14 a

the common ratio

the first term

the sum to infinity.

[3]

[1]

[2]

Examination style question

15 a

The sixth term of an arithmetic progression is 35 and the sum of the first ten terms
is 335. Find the eighth term. [4]
A geometric progression has first term 8 and common ratio r. A second geometric
progression has first term 10 and common ratio —r. The two progressions have the

same sum to infinity, S. Find the values of rand the value of S. [3]
Examination style question

The 10th term of an arithmetic progression is 4 and the sum of the first 7 terms is -28.
Find the first term and the common difference. [4]

The first term of a geometric progression is 40 and the fourth term is 5. Find the sum
to infinity of the progression.

Examination style question
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16 a A geometric progression has first term a, common ratio rand sum to infinity 5.

A second geometric progression has first term 3a, common ratio 2rand sum to
infinity 4S. Find the value of r.

b An arithmetic progression has first term -24. The nth term is -13.8 and the (2n)th
term is -3. Find the value of n.

[3]

[4]

Examination style question



Chapter 12
Differentiation 1

This section will show you how to:

use the notations f'(x), f"(x),
6y d^y d I dy
dx' dx^' dxi^ dx^

■ use the derivative of x" (for any rational n), together with constant multiples, sums and composite
functions of these

■ differentiate products and quotients of functions

■ apply differentiation to gradients, tangents and normals, stationary points, connected rates of
change, small increments and approximations and practical maxima and minima problems

■ use the first and second derivative tests to discriminate between maxima and minima.
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RECAP

You have leamt how to find the gradient of a straight line joining the two points (xj, 3)1) and
(x^, y^) using the formula:

y — y
Gradient = — ^

You should also have leamt how to estimate the gradient of a curve
at a particular point.

For example, to find the gradient of the curve y = x^ at the point (1,1)
Step 1: Draw the graph of 3 = x^.

Step 2: Draw a tangent to the curve at the point (1,1).
y — y

Step 3: Find the gradient of the tangent using ̂
x^-x^

\  ̂ /}'

^  \ X
1

.y=x-

This method only gives an approximate answer (because of the
inaccuracy of drawing the tangent) and it is also very time consuming.

In this chapter you will leam an accurate method for finding the gradient of a curve, which does not involve drawing
the curve fiirst. This accurate method is called differentiation.

12.1 The gradient function

y
y=X'

X

- V.2The diagram shows a point A(x, y) on the curve y = x^ and a point 5 which is
close to the point A.

The coordinates of B are (x: + bx, y + 8y) where 5x is a small increase in the
value of X and 5y is a small increase in the value of y.

The coordinates of A and B can also be written as (x:, and + 5x, (x + 5x)^ j.
gradient of chord AB = ———

X2 — *1

_ (x: + 6x:)^ - x^
(x + 5*) - X

_ x^ + 2x8x + (Sjc)^ - x^
dx

_ 2x8x + (5x:)^
5x:

= 2x: + 5x:
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As B A, bx ̂  0 and the gradient of the chord AB —> the gradient of the
curve at A.

Hence, gradient of curve = 2x.

This process of finding the gradient of a curve at any point is called
differentiation from first principles.

Notation

There are three different notations that can be used to describe the rule

above.

dy _
1  If y = x^, then — — 2x.

dx

2  If f(x) = x^, then fX''^) = 2x.

3 —(x2) = 2x.
dx

dy
— IS called the derivative of y with respect to x.
dx

f'Cx) is called the gradient function of the curve y = f(3c).

— (x^) = 2x means 'if you differentiate x^ with respect to x, the result is 2x'.
dx

You do not need to be able to differentiate from first principles for the
examination but you are expected to know the rules of differentiation.

Differentiation of power functions

The rule for differentiating power functions is:

If)) = x", then — - nx" '.
dx

It is easier to remember this rule as:

'multiply by the power n and then subtract one from the power'

So for the earlier example where y = x^,

^ = 2 X x2-i
dx

= 2x1

= 2x.
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WORKED EXAMPLE 1

Differentiate with respect to x.

a x® b -7 c yfx
x'

d 3

Answers

a —(x®) = 5x®-' b Afl
dx Vx®

CO
I

II

= bx'^ = -3x-®-i

= -3x-^

3

x^

c  = Apl
dx^ ' dxl^ J d ;^(3)

dx

0
H

OC

II

1
= —x2
2

II

0
H
0

= 0

2

1

2>/x

You need to know and be able to use the following two rules:

Scalar multiple rule:

I
Addition/subtraction rule:

£[f(x) ± g(x)] = £[f(«)] ± :^[g(^)]
dx
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WORKED EXAMPLE 2

1  5Differentiate - Sx^ + — + with respect to x

Answers

—(2x^-3x'+ ,
dx V 2x^X^ yfx J dx

2x^ - 3x^ + —X ̂ + 5x 2
2

= 2 —(x®) - + — — (»: + 5 — 1 X 2
dx da: 2 da: da:

= 2(5a:'')-3(2x) + ̂(-3x-^) + 5j^-ia:"2j
^  —

= lOx'* - 6a: x'^ a: 2

WORKED EXAMPLE 3

Find the gradient of the curve 31 = (3a: + 2) (2x - 1) at the point (-1, 3).

Answers

y = (3x + 2) (2a: - 1)

y = Ga:^ + a: - 2

da:

When a: = -l, ̂  = 12(-1) + 1
da:

= -11

Gradient of curve at (-1, 3) is -11.

Exercise 12.1

1 Differentiate with respect to x.

a X
4

f
1

X'^

k

p  X

b

g yfx

q x^ X X

c x~

h yf}7

m x

d x"®

i  x 5

3

n *2

X

Tx

1
e -

X

1

j  *3

O

xTx
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2 Differentiate with respect to x.

a  - 5x + 4

d Sx^ + --\
X  x^

g
- 3

b 8x^ - 5x^ - 2

e 2*: - - - -4=
X  yjx

,  5x^ — yfx

j  5*^ (x + 1)

m (3x + lf

k X ̂  {2x - 5)

n  (l -

c 7 - 2x^ + 4x

^  X + 5

* ~7r

- * - 1

'  7^

I  -(«'-2)
X

o (2x-l)(3x + 4)

dy
3 Find the value of — at the given point on the curve,

dx

a y = 3x^ - 4

b y = 4 - 2x^

c  3, 2.5
X

at the point (1, -1)

at the point (-1, 2)

at the point (-2, -2)

d y = 5x^ - 2x^ - 3 at the point (0, -3)
X + 5

e 3 = at the point (5, 2)

f  y =

X

X — 3

yfx
at the point (9, 2)

4 Find the coordinates of the point on the curve y = 2x^ - x - 1 at which the
gradient is 7.

X — 45 Find the gradient of the curve y = at the point where the curve
crosses the x-axis. *

6 Find the gradient of the curve y = x^ — 2x^ + 5x - 3 at the point where the
curve crosses the ))-axis.

7 The curve y = 2x'^ + '7x- 4 and the line 31 = 5 meet at the points Pand Q.

Find the gradient of the curve at the point P and at the point Q.

8 The curve y = ax^ + hx has gradient 8 when x = 2 and has gradient -10
when X = -1.

Find the value of a and the value of b.
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9 The gradient of the curve y = ax + — at the point (-1, -3) is -7.
X

Find the value of a and the value of b.

10 Find the coordinates of the points on this curve y = 1- 6x - 1

where the gradient is 2.

11 The curve "v = — - 2x^ - 8x + 5 and the line y = x + 5 meet at the
-^ 3 ^

points A, B and C.

a Find the coordinates of the points A, B and C.

b Find the gradient of the curve at the points A, B and C.

12 y — 4x^ + 3x^ — 6x - 1
d)i

a Find
dx

d}'b Find the range of values of x for which — 3== 0.
dx

Yi y — x^ + x"^ — 16x — 16

a Find .
dx

b Find the range of values of x for which
dy

dx
0.

CHALLENGE Q

14 A curve has equadon y = x^ — 5x^ + 25x- + 145x + 10. Show that the
gradient of the curve is never negative.

12.2 The chain rule

To differentiate y = (2x + 3)^, you could expand the brackets and then
differentiate each term separately. This would take a long time to do. There is
a more efficient method available that allows you to find the derivative without
expanding:

Let M = 2x + 3, then y - (2x + 3)® becomes y = m®.

The derivative of the composite function y = (2x + 3)^ can then be found
using the chain rule;

dy _ dy ̂  Au
dx dw dx
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WORKED EXAMPLE 4

Find the derivative of y = (2x + 3)®.

Answers

y = (2x + 3)®

Let M = 2x + 3 so y

dw _ 9 j dy
— - 2 and —
dx du

= 8m'

.  dy dy dw
Using X —

dx dw dx

= 8m^ X 2

= 8(2x +3)^x2

= 16(2x + 3f

With practice you will find that you can do this mentally:

Consider the 'inside' of {2x + 3)^ to be 2x + 3.

To differentiate (2x + 3)®:

Step 1: Differentiate the 'outside' first: 8(2x + 3)^

Step 2: Then differentiate the 'inside': 2

Step 3: Multiply these two expressions: 16(2x + 3)^

WORKED EXAMPLE 5

Find the derivative of y

Answers

(5*:^

y =(5x^ -1)^

Let u = 5x^ - 1

du

dx

Using

= lOx

so

and

y = 2u-^
dy _

du
-8u~

dj) _ d^i ^ dw
dx du dx

= -8m-5 X lOx

= -8(5x^- 1)-® X lOx
_  —80x

(Sx^ -1)^
Alternatively, to differentiate the expression mentallv:

9

Write -— ^ as 2(5x^-1)-^.
(5x^ -1)

Step 1: Differentiate the 'outside' first: -8(5x^ - 1)~®
Step 2: Then differentiate the 'inside': lOx

Step 3: Multiply the two expressions: —80x(5x^ — l)~^ = —80x

(5x^ -1)®
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Exercise 12.2

1 Differentiate with respect to x.

a (x + 2)^ b (3x - 1)^

e  ̂ f 2(x-4)®
3

i  + 2)^ j (l - 2x^y

2 Differentiate with respect to x.
1  3

a  b
{ (2x + 4)

4

x - 1)
1

(x^ - 2x) (x - 1)®

3 Differentiate with respect to x.

a \jx + 2 b yj5x - 1

e ^3^^ f 4V2x -1

c  (1 - 5x)^

g 6(5-x)^

k (x^ - 3x)^

(2 - 3x)
2

^  (5x + 1)^

c V2x2 _ 3

1

g \JSx — 1

ix-7

h -(2x + 5)^
2

X H
X

d

h

16

(2x^ - 5)
1

2(3x - 2)^

d  x/x^T^

3

^2 - 5x

4 Find the gradient of the curve y = (2x - 5)'' at the point (3,1).

5 Find the gradient of the curve y = at the point where the curve
(x

crosses the 3)-axis.
- 2)'

6 Find the gradient of the curve y = x + at the points where the curve
crosses the x-axis.

7 Find the coordinates of the point on the curve y = yj{x^ - 6x + 13) where
the gradient is 0.

8 The curve y = ^ passes through the point (1, 4) and has gradient
3  V^x +1

- — at this point.

Find the value of a and the value of b.

12.3 The product rule
Consider the function 3; = x^ (x^ + l).

31 = x' + x^

— = 7x® + 2x
dx

The function y - x^ (x^ + l) can also be considered as the product of two
separate functions y = uv where « = x^ and n = x^ +1.

To differentiate the product of two functions you can use the product rule

d . . dv du
— {uv) = u 1- V——
dx dx dx
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It is easier to remember this rule as

'(first function X derivative of second function) + (second function x derivative of first function)

So for )i = + l), = (x^) — («:^ + 1) + (x^ + 1) , (^ )

first differeiitiate + second differentiate
second first

= (x^)(5x'^) + (x^ + l)(2x)
= 5x® + 2x® + 2x

= 7x® + 2x

WORKED EXAMPLE 6

Find the derivative of y = (5x + 1) v6x - 1.

Answers

y = (5x + 1) y/Qx — 1

= (5x + l)(6x -1)2

d3i

dx
= (5x + 1) ̂ |^(6x - 1)2 j + |^(6x - 1)2

fost ^ (liffpientiate + second differentiate
second first

= (5x + l)|^|(6x - 1)"2 (6)j + (V6x-l)(5)
V.

use the chain rule

,w±a^5V6;rrT
y/6x - 1

3(5x + l) + 5(6x-l)

y/6x - 1

_ 45x-2

yJ&X — 1

-(5x + 1)

write as a single fraction

simplify the numerator
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EXAMPLE 7

Find the ̂ coordinate of the points on the curve y =
gradient is 0.

X + 2)^(2x - 5)^ where the

Answers

y = {x + 2f{2x - 5f

first differentiate + second differeiitiate
second first

= (x + 2)2[3(2x - 5)2(2)] + (2x - 5)3[2(x + 2)1(1)]
^  ̂

use the chain rule use the chain rule

= 6(x + 2)2(2x - 5)2 + 2(x + 2) (2x - 5)^ factorise

= 2(x + 2) (2x - 5)2[3(x + 2) + (2x - 5) ] simplify

= 2(x + 2) (2x - 5)2(5x +1)

^ = 0 when 2(x + 2) (2x - 5)2(5x + 1) = 0
x+2=0 2x-5=0 5x+l=0

X = -2 X = 2.5 X = -0.2

Exercise 12.3

1 Use the product rule to differentiate each of the following with respect to x:

a x(x + 4) b 2x(3x + 5) C a:(x + 2)^

d  e Xyjx - 5 f {x + 2)yfx

g  h V^(3-x2f i (2x + 1)(x2 + 5)
j  (x + 4)(x-3f k (x-lf(x + 2f I (2x + lf(x-3)^

Find the gradient of the curve y = x^^x + 2 at the point (2, 8).

Find the gradient of the curve y = {x - 1)^ (x + 3)^ at the point where x = 2.

Find the gradient of the curve )) = (x + 2)(x - 5)^ at the points where the
curve meets the x-axis.

Find the x-coordinate of the points on the curve 3; = (2x - 3)^ (x + 2)''
where the gradient is zero.

Find the x-coordinate of the point on the curve 3 = (x -I- 3) V4 - x where
the gradient is zero.

2

3

4
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12.4 The quotient rule
+ 1

The function y =
(2x - 3)

can be differentiated by writing the function in

the form y - {x^ + 1) {2x - 3) ' and then by applying the product rule.

X^ "i" 1
Alternatively, y =

separate functions:

u

can be considered as the division (quotient) of two

y = — where u = x^ +\ and u = 2x - 3.
V

To differentiate the quotient of two functions you can use the quotient rule:

dwdu

d fu

dx Vu

V  u —

dx ^

It is easier to remember this rule as:

(denominator x derivative of numerator) - (numerator x derivative of denominator)

(denominator)^

WORKED EXAMPLE 8

Use the quotient rule to find the derivative of ■» = •
(2x - 3)

Answers

+ 1

^ " (2x - 3)
denominator differentiate

numerator
—  numerator differentiate

denoimnator

(2x-3)x^(x'' + l) - {x' + l)x-^i2x-S)
dx (2x - 3)'^

j  denominator squared 1
(2x-3)(3x2)-(x^-t■ 1)(2)

(2x - 3)'-^
6x^ - 9x^ - 2x^ - 2

(2x - 3)-
4x® - 9x'^ - 2

(2x - 3)^
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CLASS DISCUSSION

dy
An alternative method for finding — in worked example 8 is to express y in the form

dx

j; = (x3 + l)(2x-3ri
and to then differentiate using the product rule.

Try this method and then discuss with your classmates which method you prefer.

WORKED EXAMPLE 9

Find the derivative of )> =

Answers

(i+lf
yJx + 2

•Jx + 2
denominator differentiate

numerator

numerator differentiate
denominator

dy _

dx

Vx + 2 X—[(x + 1)^1 - (x + if x-^fVx + 2 1
L  J r1 V ̂dx'

denominator squared

(^/;^T2)[2(x + 1)' (1)] - (x + 1)'[i(x + 2)4 (1)]
X + 2

x + 2

_ 4(x + l)(x + 2) - (x + 1)^
~  2(x + 2)>/jr+2

_ (x + 1) [4 (x + 2) - (x + 1)]

2(x + 2)l
= (x + l)(3x + 7)

2(x + 2)l

multiply numerator and denominator
by 2Vx + 2

factorise the numerator
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Exercise 12.4

1 Use the quotient rule to differentiate each of the following with respect to x:
1 + 2x

5 — X

5x - 2

b

f

3x + 2

X + 4

X

X' 1

X -1

3x + 4

5

3x — 1

d

h

5x-2

3 - 8x

X + 4

x2 -2

X + 32 Find the gradient of the curve y = ^ at the point (2, 5).

Find the coordinates of the points on the curve )' = where — = 0.
^  2x -1 dx
7x- 2

2x + 3
4 Find the gradient of the curve y =

crosses the ))-axis.

5 Differentiate with respect to x:

Vx . X
a  b ,

2x + 1 yjl - 2x

6 Find the gradient of the curve y = ?
vx + 5

•J

at the point where the curve

x- + 2
byfx

3 + X

at the point (-4, -6).

2(x-5)7 Find the coordinates of the point on the curve y = —, where the
p, vx + 1

gradient is —.

CHALLENGEQ

8 The line 5x - 5y = 2 intersects the curve x^y -5x + y + 2 = 0 at three
points.

a Find the coordinates of the points of intersection,

b Find the gradient of the curve at each of the points of intersection.

12.5 Tangents and normals

y= f(x)

tangent

normal

The line perpendicular to the tangent at the point A is called the normal at A.
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If the value of — at the point (x,, jij) is m, then the equation of the tangent is
,  dx

given by:

y~y\~ ~ *i)

The normal at the point (xp y,) is perpendicular to the tangent, so the

gradient of the normal is - — and the equation of the normal is given by:
m

y — yi = (x — Xj), m ̂  0
m

WORKED EXAMPLE 10

a 1 ° u
Find the equation of the tangent and the normal to the curve j - ox- - x + - at the
point where x = 2.

Answers

y = 3x^ — X + 8x~'

— = 6x - 1 - 8x"^
dx

When x = 2,y = 3(2)" - (2) + 8(2)"' = 14

and ^-6{2)-l-8(2)-''=9
d;c

Tangent: passes through the point (2, 14) and gradient = 9

y - 14 = 9(x - 2)

y = 9x — 4
1

Normal: passes through the point (2, 14) and gradient - ~ g

y-14 = -i(x-2)
9y + X = 128
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WORKED EXAMPLE 11

The normals to the curve y = - 5x^ + 3x + 1, at the points A (4, -3) and 5(1, 0),
meet at the point C.

a Find the coordinates of C.

b Find the area of triangle ABC.

Answers

a ^ = 3x^ - lOx + 3
dx

When x^4,^ = 3(4f - 10(4) + 3 = 11
dx

When X = 1, = 3(1)^ - 10(1) + 3 = -4
dx

Normal at A: passes through the point (4, -3) and gradient = -
11

^-(-3) = --(x-4)

11)1= -X - 29 (1)

Normal at JS: passes through the point (1, 0) and gradient

31-0 =

4y = X — 1 - (2)

Adding equations (1) and (2) gives \by = -30
> = -2

When y = -2,11 (-2) = -x - 29

X = -7

Hence, Cis the point (—7, -2).

7

5(1,0)

^ \ X

A(4, -3)

Area of triangle ABC = — 4viv-7v 4
-3-^0'^-2 ̂ -3

= -|0 + (-2) + 21-(-3)-0-(-8)|

= i|30|
2

= 15 units'^
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Exercise 12.5

Find the equation of the tangent to the curve at the given value of x.

a y = x^-3atx = l b y = x'^ + 3x + 2 at X = -2

c  y = 2x^ + 5x^ - 1 at X = 1

e  )) = (x - 3)(2x - 1)^ at X = 2

d )i = 5h— atx = -2
X

f  y = at X = -3
^  x + 1

Find the equation of the normal to the curve at the given value of x.

a  )) = x^ + 5x at X = -1 b )> = 3x^ - 4x + 1 at x = 2

Sx'' - 7x^ + 2x at X = -1

= 2x(x - 3)^ at X = 2

d y = A

f  :y

X'

X + 2

X - 2

at X = -2

at X = 6

.  . O3 Find the equation of the tangent and the normal to the curve 3; = 5x
at the point where x = 1. ^

4 The normal to the curve y = x^ -2x + 1 at the point (2, 5) intersects the
3!-axis at the point P.

Find the coordinates of P.

X — 1
5 Find the equation of the tangent and the normal to the curve y = ,

. . . . . . . \ X A
at the point where the curve intersects the }i-axis.

6 The tangents to the curve 3) = x^ - 5x + 4, at the points (1,0) and (3, -2),
meet at the point Q.

Find the coordinates of Q.

7 The tangent to the curve y = 3x^ - 1 Ox - 8 at the point Pis parallel to the
line 31 = 2x - 5.

Find the equation of the tangent at P.

8 A curve has equation 3 = x^ - x + 6.

a Find the equation of the tangent to this curve at the point P(-l, 6).

The tangent at the point Qis parallel to the tangent at P.

b Find the coordinates of Q.

c Find the equation of the normal at Q.

9 A curve has equation 3 = 4 + (x - 1)"*.
The normal at the point P(l, 4) and the normal at the point Q(2, 5)
intersect at the point R.

Find the coordinates of R.

10 A curve has equation 3 = (2 - Vx) .
The normal at the point P(l, 1) and the normal at the point <2(9, 1)
intersect at the point R.

a Find the coordinates of R.

b Find the area of triangle PQR.
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11 A curve has equation y - yfx{x -2)^.

The tangent at the point P{3, Vs) and the normal at the point Q{9, 1)
intersect at the point R.

a Show that the equation of the tangent at the point P (s, VS ] is
19S l7ylS

y = X .
-^ 6 2

b Find the equation of the normal at the point Q(l, -1).

12 The equation of a curve is 31 =
X + 2

The tangent to the curve at the point where x - S meets the 31-axis at M.

The normal to the curve at the point where x --3 meets the x-axis at N.

Find the area of the triangle MNO, where Ois the origin.
X — 3

13 The equation of a curve is 3 = — .

The curve intersects the x-axis at the point P.

The normal to the curve at P meets the ̂j-axis at the point Q.

Find the area of the triangle POQ, where O is the origin.

12.6 Small increments and approximations

y = fW

Q (x + 5x, 3) + 831)

5y

tangent

The diagram shows the tangent to the curve y = f(x) at the point P(x, 3;).

The gradient of the tangent at the point Pis —.
dx

The point Q[x + 8x, y + 831) is a point on the curve close to the point P.

The gradient of the chord PQis 83)

8x

If P and Qare sufficiently close then:

831 dy

8x dx
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WORKED EXAMPLE 12

Variables x and y are connected by the equation y =

Find the approximate increase in y as x increases from 2 to 2.05.

Answers

y = X® + x^

— = 3x^ + 2x
dx

When X = 2, = 3 (2)^ + 2 (2) = 16
dx

Using
5y _ dy

= 16

8x dx

8y _

8y = 16 X 0.05

8y = 0.8

WORKED EXAMPLE 13

The volume, Vcm®, of a sphere with radius r cm is V = — Tcr®.
3

Find, in terms of p, the approximate change in Vas r increases from 10 to 10 + where
p is small.

Answers

4
F

dV

dr

-Jtr-'

3

4jcr^

When r = 10,

8F
Using

dV

dr

dV

dr

= 400jt

4jt(10f = 40071

8r

W

P

8y » 4007C/»
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Exercise 12.6

1 Variables x and y are connected by the equation y - 2x^ - Sx.
Find the approximate change in y as x increases from 2 to 2.01.

r 2 82 Variables x and y are connected by the equation y — 5x ~ ̂  •

Find the approximate change in y as x increases from 1 to 1.02.

3 Variables x and y are connected by the equation x'^y = 400.
Find, in terms of p, the approximate change in y as x increases from 10 to
10 + p, where p is small. ^

Variables x and y are connected by the equation y — | — x

Find, in terms of p, the approximate change in y as x increases from 9 to
9 + />, where p is small.

A curve has equation y = (x + 1) (2x - S)"*.
Find, in terms of p, the approximate change in y as x increases from 2 to
2 + p, where p is small.

A curve has equation y = (x - 2) V2x + 1.
Find, in terms of p, the approximate change in y as x increases from 4 to
4 + /?, where p is small.

The periodic time, T seconds, for a pendulum of length Lcm is

T = 271,/^.
Vio

Find the approximate increase in T as L increases from 40 to 41.

8

y cm

'^xcm

2xcm

The volume of the solid cuboid is 360 cm"^ and the surface area is Acm^.

a Express y in terms of x.

u cu t. . 2 1080b Show that A - 4x'^ H .
X

C Find, in terms of p, the approximate change in A as x increases from 2
to 2 + j!?, where p is small. State whether the change is an increase
or decrease.
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12.7 Rates of change

CLASS DISCUSSION

■im

Consider pouring water at a constant rate of lOcm^s'^ into each of these three large containers.
1 Discuss how the height of water in container A changes with time.
2 Discuss how the height of water in container B changes with time.
3 Discuss how the height of water in container C changes with time.
On copies of the axes below, sketch graphs to show how the height {h cm) varies with time
{t seconds) for each container.

h  h h

dvYou already know that — represents the rate of change of y with respect to x.
dx

There are many situations where the rate of change of one quantity depends
on the changing value of a second quantity.

In the class discussion, the rate of change of the height of water at a particular

time, t, can be found by finding the value of — at time t. (The gradient of
the tangent at time t.)

WORKED EXAMPLE 14

Variables Vand iare connected by the equation V = - 8t + 3.
Find the rate of change of Vwith respect to twhen t = 4.

Answers

y = - 8t + 3

dV
= m-8

dt

When t = 4,
dt

10(4)-8 = 32
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Connected rates of change

When two variables x and y both vary with a third variable t, the three
variables can be connected using the chain rule:

dt dac dt

You may also need to use the rule that:

dx _ 1

dy ~ W
dx

WORKED EXAMPLE 15

Variables x and y are connected by the equation y = x^- 5x^ + 15.
Given that x increases at a rate of 0.1 units per second, find the rate of change of y
when X = 4.

Answers

dx
y = x^ — 5x^ + 15 and — = 0.1

dt

-^ = 3x2 - lox
dx

When X = 4,
dy

dx
3(4f

8

10(4)

dy dy dx
Using the chain rule, — = — X —

®  dt dx dt
= 8 X 0.1

= 0.8

Rate of change of y is 0.8 units per second.
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WORKED EXAMPLE 16

120 cm

The diagram shows a water container in the shape of a triangular prism of length
120 cm.

The vertical cross-section is an equilateral triangle.

Water is poured into the container at a rate of 24cm^s~'.
a  Show that the volume of water in the container, V cm'', is given by T = 40y/3 hr,

where h cm is the height of the water in the container,

b Find the rate of change of h when h = \2.

Answers

a  Length of side of triangle =
h

sin 60°

2Sh

Areaofaia„g.= = ix?|5x»

V = area of triangle x 120

= :^xi2o
3

= 40V3

dT r- dV
b — = 80V3 /t and — = 24

dh dt

dV r-
When h = U, = 80>/3 (12)

dh

= 960V3

TT • u u ■ , d/t dh dVUsing the chain rule, — = x
®  d< dV dt

1

960>/3

A
120

x24

y/S
Rate of change of h is cm per second.

A'
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Exercise 12.7

1 Variables x and y are connected by the equation y = - 5x.

Given that x increases at a rate of 0.05 units per second, find the rate of
change of y when x -4.

2 Variables x and y are connected by the equation y = x + yjx - 5 .
Given that increases at a rate of 0.1 units per second, find the rate of
change of y when * = 9.

3 Variables x and y are connected by the equation y = (x - 3)(x + 5)"^.
Given that x increases at a rate of 0.2 units per second, find the rate of
change of y when x = -4.

4 Variables x and y are connected by the equation y = 2^-1'
Given that y increases at a rate of 0.1 units per second, find the rate of
change of xwhen x = -2.

5 Variables x and y are connected by the equation y =
2x

x^ + 3

Given that x increases at a rate of 2 units per second, find the rate of
increase of y when x = 1.

6 Variables x and y are connected by the equation y
2x-5

X -1

Given that x increases at a rate of 0.02 units per second, find the rate of
change of y when y = 1.

1 1 2
7 Variables x and y are connected by the equation ~ ~ g ~ ~ •

Given that x increases at a rate of 0.01 units per second, find the rate of
change of y when x = 8.

8 A square has sides of length x cm and area Acm^.
The area is increasing at a constant rate of 0.2 cm^s"^
Find the rate of increase of x when A = 16.

9 A cube has sides of length x cm and volume Vcm^.
The volume is increasing at a rate of 2 cm^s"'.
Find the rate of increase of xwhen V = 512.

10 A sphere has radius r cm and volume Vcm^.

The radius is increasing at a rate of — cm s~'.
71

Find the rate of increase of the volume when V = 97271.

11 A solid metal cuboid has dimensions x cm by x cm by 5x cm.

The cuboid is heated and the volume increases at a rate of 0.5cm'^s"^

Find the rate of increase of x when x = 4.

12 A cone has base radius rcm and a fixed height 18 cm.

The radius of the base is increasing at a rate of 0.1 cms~^
Find the rate of change of the volume when r = 10.
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13 Water is poured into the conical container at a rate of 5 cm® s ̂

After t seconds, the volume of water in the container, Vcm®, is given by

^ ~ 12 ^ height of the water in the container.
a Find the rate of change of h when h = b.

b Find the rate of change of h when h = 10.

14 Water is poured into the hemispherical bowl at a rate of 47tcm®s \

After i seconds, the volume of water in the bowl, Fcm®, is given by

V = 87i/i^ - i 7t/i® , where h cm is the height of the water in the bowl,
a Find the rate of change of h when = 2.

b Find the rate of change of h when h = 4.

12.8 Second derivatives

If you differentiate y with respect to x you obtain
dy .

dy

dx

— is called the first derivative of y with respect to x.
dy d

If you differentiate — with respect to x you obtain —
(jSy dx dx

written as —^ .
dx2

ydx)
which can also be

d^y .
dx^

So for y = X® - 7x^ + 2x + 1

is called the second derivative of y with respect to x.

f(x) = X® - 7x^ + 2x +1or

dy _
=

dx
 3x^ - 14x + 2

d^y _
=

dx^
 6x -14

or

or

f'(x) = 3x2 -14^ + 2

f"(x) = 6x - 14

WORKED EXAMPLE 17

Given that y = 3x^ - —, find .

Answers

y = 3x^ - Sx"'

— = 6x + 5x"^
dx

d^y _
dx^

6 - lOx-®

= 6-1?
x'
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Exercise 12.8

1 Find
dx^

for each of the following functions.

a y = 5x^ -7x + 5 b y = 2x^ + 3^:^ -1 c 31 = 4 —-
x^

.  / 4
f  y =d y = {Ax + 1) e y

d^y

-Jx + 3

2 Find —^ for each of the following functions.
dx^

/  ..xs Ax-1a y = x(x-A) b y = —-— c

x + 2
d  :y = 7^ e y =

 y =

f  y =
— 1 X - 5

3 Given that f(x) = x^ - 7x^ + 2x + 1, find

a f(l) b f'(l) c f"(l).

4 A curve has equation y = Ax^ + 3x^ - fix - 1.
dii
— - 0 when x = -1 and when x = 0.5.a Show that

X + 1

X — 3

2x + 5

3x — 1

dx

b Find the value of
dx^

when X = -1 and when x = 0.5.

5 A curve has equation y = 2x^ - 15x^ + 24x + fi.

dy d^y
Copy and complete the table to show whether — and —^ are positive (+),

dx dx"^

negative (-) or zero (0) for the given values of x.

X 0 1 2 3 4 5

dy;

dx

dx^

dy
6 A curve has equation y = 2x^ + 3x^ - 3fix + 5. Find the range of values of x for which both — and

d2y
—j are both positive,
dx"^

d ̂ d
7 Given that y = x^ - 2x + 5, show that 4—j + (x - 1) — = 2y.

dx'' dx

i CHALLENGEQ
d^'v dy

fi 8 Given that y = SVx, show that 4x^ —^ + 4x — = y.
6 dx
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12.9 Stationary points

Consider the graph of the function y = f(x) shown below.

nJ  < 0
dx

y = f(x)

O  X

The red sections of the curve show where the gradient is negative (where f(x)
is a decreasing function) and the blue sections show where the gradient is
positive (where f(x) is an increasing function). The gradient of the curve is
zero at the points P, Qand R.

A point where the gradient is zero is called a stationary point or a
turning point.

Maximum points

The stationary point Qis called a maximum point because the value of y at
this point is greater than the value of y at other points close to Q.

At a maximum point:

.  ■4: = o
dx

•  the gradient is positive to the left of the maximum and
negative to the right

Minimum points
The stationary points P and R are called minimum points.
At a minimum point:

.  ■i = o
dx

•  the gradient is negative to the left of the minimum and
positive to the right
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Stationary points of inflexion

There is a third type of stationary point (turning point) called a
point of inflexion.

At a stationary point of inflexion:

.  = o
dx j from positive to zero and then to positive again

•  the gradient changes < or

l^from negative to zero and then to negative again

You do not need to know ahout points of inflexion for the examination. They
have been included here for completeness.

WORKED EXAMPLE 18

Find the coordinates of the stationary points on the curve y = x'' - 3x + 1 and
determine the nature of these points. Sketch the graph of y = - 3x + 1.

Answers

y = x^ - 3x + 1

-3
dx

For stationary points ^ = 0.
dx

3x2 - 3 = 0

x2 - 1 = 0

(x + l)(x - 1) = 0

X = -1 or X = 1

When X =:-l,y = (-1)^-3(-l) + 1 =3
When x = l,y = (l)^-3(l) + l=-l
The stationary points are (-1, 3) and (1,-1).

^ -r -0-9

dy

dx
3(-l.l)2 - 3 = positive 0 3(—0.9)2 _ g _ fjegajiye

direction of

tangent

shape of
curve

0.9 1

dy

dx
3(0.9)2 - 3 = negative 0 3(1.1)2 — 3 = positive

direction of

tangent

shape of
curve
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So (-1, 3) is a maximum point and (1, -1) is a minimum point.

The sketch graph of - 3a: + 1 is:

(-1, 3)

y = -3x + I

Second derivatives and stationary points
Consider moving from left to right along a curve, passing through a
maximum point:

The gradient, —, starts as a positive value, decreases to zero at the maximum
dx

point and then decreases to a negative value.

df r d-V .
Since — decreases as x increases, then the rate of change of — is negative.

di) d (d))^ d^y
[The rate of change of is written as -J

This leads to the rule:

dv d^'v
If ̂  = 0 and —f < 0, then the point is a maximum point.

dx dx^

Now, consider moving from left to right along a curve, passing through a
minimum point:
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d)!
The gradient, —, starts as a negative value, increases to zero at the minimum

dx

point and then increases to a positive value.
dy d)>

Since increases as x increases, then the rate of change of — is positive.
dx d;*

This leads to the rule:

dy d^y
If — = 0 and —^ > 0, then the point is a minimum point.

dx dac'^

WORKED EXAMPLE 19

Find the coordinates of the stationary points on the curve y = - I5x^ + 24x + 6 and
determine the nature of these points. Sketch the graph of y = 2x^ - 15x^ + 24x + 6.

Answers

y = 2x^ — \bx^ + 24x + 6

dy

dx
= 6x^ - 30x + 24

For stationary points, -^ = 0.
^  dx

6x^ - 30x + 24 = 0

x^ - 5x + 4 = 0

(x - l)(x - 4) = 0

X = 1 or X = 4

When X = 1, y = 2(1)® - 15(1)2 + 24(1) + 6 = 17
When X = 4, y = 2(4)® - 15(4)2 + 24(4) + 6 = -10
The stationary points are (1,17) and (4, -10).

0 = 12.-30
d2y

When X = 1, —-r = -18 which is < 0
dx'^

d2y
When X = 4, —5- = 18 which is > 0

dx"'

So (1, 17) is a maximum point and (4, -10) is a minimum point.
The sketch graph of y = 2x® - 15x2 + 24x + 6 is:

y V = 2x'' - 15x- + 24x + 6

i
t \  / X

1 (4,-10)
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Exercise 12.9

1 Find the coordinates of the stationary points on each of the following
curves and determine the nature of each of the stationary points.

a y = - 12x + 8 b y = (5 + x)(l - x)

c  y = - I2x + 2 d y = x^ + x^ - 16x - 16

e y = x(3 —4x-x^) f y = (x - 1) (x^ — 6x + 2)

2 Find the coordinates of the stationary points on each of the following
curves and determine the nature of each of the stationary points.

a y — yfx +
yfx

b y = x^
X

d y =
2x

x^ + 9
e y =

3 The equation of a curve is y

dy
Find

X +1

_ 2x + 5

X +1

y = —I- yfx
X

x^ - 5x + 3

x + 1

— and hence explain why the curve has no turning points,
dx

The curve y = 2x^ + ax^ - 12x + 7 has a maximum point at x = -2.

Find the value of a.

The curve y = x^ + ax + b has a stationary point at (1, 3).

a Find the value of a and the value of b.

b Determine the nature of the stationary point (1,3).

c Find the coordinates of the other stationary point on the curve and
determine the nature of this stationary point.

The curve y = x^ + — + b has a stationary point at (1, -1).
X

a Find the value of a and the value of b.

b Determine the nature of the stationary point (1, -1).

The curve y = ax +-^ has a stationary point at (-1, -12).
a Find the value of a and the value of b.

b Determine the nature of the stationary point (-1, -12).

CHALLENGE Q

8 The curve y = 2x^ - 3x'^ + ax + b has a stationary point at the point
(3,-77).

a Find the value of a and the value of b.

b Find the coordinates of the second stationary point on the curve.

c Determine the nature of the two stationary points.

d Find the coordinates of the point on the curve where the gradient is
minimum and state the value of the minimum gradient.
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12.10 Practical maximum and minimum problems
There are many problems for which you need to find the maximum or
minimum value of a function, such as the maximum area that can he enclosed

within a shape or the minimum amount of material that can be used to make
a container.

WORKED EXAMPLE 20

xcm

15cm

24cm

The diagram shows a 24 cm by 15 cm sheet of metal with a square of side x cm
removed from each comer. The metal is then folded to make an open rectangular
box of depth x cm and volume Vcm^.

a Show that V = 4x^ - 78*:^ + 360x

b Find the stationary value of Tand the value of * for which this occurs,
c Determine the nature of this stationary value.

Answers

a V = length x breadth x height

= (24-2x)(15-2x)x

= (360 — 78x + 4x^^x
= 4x^ - 78*2 + 360x

dV

dx
= 12*2 - I56x + 360

Stationary values occur when -^ = 0.
dx

12a?- 156X + 360 =0

5£^-13*: + 30 =0

(x-10)(x-3) =0

X = 10 or X = 3

The dimensions of the box must be positive so x = 3.
When x = 3,V= 4(3)^ - 78(3)^ + 360(3) = 486.
The stationary value of Tis 486 and occurs when x = 3.

d^V „

d^y
When X = 3, — = 24(3) - 156 = -84 which is < 0

The stationary value is a maximum value.
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WORKED EXAMPLE 21

T

p  yva Q

A piece of wire, of length 2 m, is bent to form the shape PQRST.
PQST is a rectangle and QRS is a semi-circle with diameter SQ.
FT = x: m and PQ^ = ST = m.

The total area enclosed by the shape is Am^.
a Express y in terms of x.

b Show that A = x -
2  o

dA d^A
c Find — and —-r.

dx dx''

d Find the value for x for which there is a stationary value of A.

e Determine the magnitude and nature of this stationary value.

Answers

a Perimeter = PQ, + arc QRS + ST + TP

2 = y + 1 X + y + Jc

2 = 2y + ijtx + X

2y = 2 - X - ijix
,  1 1

b A = area of rectangle -t- area of semi-circle

JlX^

1  9 1 ? 1 2
= X —x^ —Jtx'^ + —nx'^

2  4 8

1  2 1 2
= X x^ JIX"'

2  8

= 1 - X 7CX
dx 4

d^A , 1
= -1 It

dx^ 4
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d Stationary values occur when
dx
= 0.

1
1 — * %x = 0

4

4 — 43c - Jcx = 0

x:(4 + Ji) = 4

Stationary value occurs when x

e When x =
(4 + 7t)

A =
4

(4 + 7l)

1

When X =
(4 + 7t)'

(4 + n) 2L(4 + it)

4 (4 + 7i) - 8 - 271

(4 + itf
8 + 2k

(4 + Ji)^
2(4 + 71)

(4 + 7C)^
2

(4 + 7l)

1  1 u- V, •= -1 71 which IS < 0
4

1
7C

8 (4 + 7l),

The stationary value of A is
(4 + 7l)

and it is a maximum value.

Exercise 12.10

1 The sum of two numbers x and y is 8.

a Express y in terms of x.

b  i Given that P = x)), write down an expression for Pin terms of x.
ii Find the maximum value of P.

c  i Given that 5 = , write down an expression for S, in terms of x.

ii Find the minimum value of S.

2 The diagram shows a rectangular garden with a fence on three of
its sides and a wall on its fourth side. The total length of the fence
is 100 m and the area enclosed is Am^.

a Show that A = ix(100 - x) .
b Find the maximum area of the garden enclosed and the value of x for

which this occurs.

3 The volume of the solid cuboid is 576 cm^ and the surface area is Acm^.

a Express y in terms of x.
1728

b Show that A = 4x^ H .
X

C Find the maximum value of A and state the dimensions of the

cuboid for which this occurs.

xm

y cm

xcm

2xcm
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A cuboid has a total surface area of 400 cm^ and a volume of Fcm^.
The dimensions of the cuboid are 4x cm by x cm by h cm.
a Express h in terms of Tand x.

b Show that V = 160x - —
5

C Find the value of xwhen Tis a maximum.

A piece of wire, of length 60 cm, is bent to form a sector of a circle with
radius rcm and sector angle Q radians. The total area enclosed by the
shape is Acm^.

a Express 6 in terms of r.

b Show that A = 30r - r^.

, p. , dA ^ d^A
c Find — and —-.

dr dr
d Find the value for rfor which there is a stationary value of A.
e Determine the magnitude and nature of this stationary value.

The diagram shows a window made from a rectangle with base 2rm
and height h m and a semicircle of radius r m. The perimeter of the
window is 6 m and the surface area is Am^.

Express h in terms of r.

b Show that A = 6r - 2r^ - — Ttr'^.
2

^  , dA ^ d^A
c Find — and —-.

dr dr^

d Find the value for rfor which there is a stationary value of A.
e Determine the magnitude and nature of this stationary value.

ABCD is a rectangle with base length 2p units, and
area Aunits^.

The points A and B lie on the x-axis and the points
C and D lie on the curve y = 4 — x^.

a Express BC in terms of p.

b Show that A = 2p{4: - p'^).
c Find the value of p for which A has a stationary value
d Find this stationary value and determine its nature.

A solid cylinder has radius rcm and height h cm.

The volume of this cylinder is 25071 cm^ and the surface area is A cm

a Express h in terms of r.

b Show that A = 27tr^ +

dA d^A
c find — and —

dr dr
d Find the value for rfor which there is a stationary value of A.

e Determine the magnitude and nature of this stationary value.

h m

2rm

>

dX
X[
/ 1
/  1
/  1
/  1
/  1
/  1
/  1
/  1
/  1

II

1  rKl
/ A< *B \ X

2p units
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The diagram shows a solid formed hy joining a hemisphere of
radius rcm to a cylinder of radius rcm and height h cm. The surface
area of the solid is 2887t cm^ and the volume is Fcm^.

a Express h in terms of r.
5

b Show that V = 1447lr TCr^.
6

C Find the exact value of r such that Fis a maximum.

10 A piece of wire, of length 50 cm, is cut into two pieces.

One piece is bent to make a square of side x cm and the other is hent to
make a circle of radius rcm. The total area enclosed by the two shapes is
A cm^.

a Express rin terms of x.
(71 + 4)x2 - lOOx + 625

b Show that A =
71

c Find the stationary value of A and the value of x for which this occurs.

Give your answers correct to 3 sf.

11 The diagram shows a solid cylinder of radius rcm and height 2h cm
cut from a solid sphere of radius 5 cm. The volume of the cylinder
is Fcm^.

a Express rin terms of h.

b Show that V = 27t/i(25 -h'^).
c Find the value for h for which there is a stationary value of V.

d Determine the nature of this stationary value.

CHALLENGEQ

12 The diagram shows a hollow cone with base radius 12 cm and
height 24 cm.

A solid cylinder stands on the base of the cone and the upper edge
touches the inside of the cone.

The cylinder has base radius rcm, height h cm and volume Fcm^.
a Express h in terms of r.

b Show that V = 27ir^ (12 - r).

C Find the volume of the largest cylinder which can stand inside
the cone.

24cm

12cm
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CHALLENGEQ

13 The diagram shows a right circular cone of base radius rcm and
height h cm cut from a solid sphere of radius 10 cm. The volume of the
cone is Vcm^.

a Express r in terms of h.

b Show that y = (20-/1).

C Find the value for h for which there is a stationary value of V.

d Determine the magnitude and nature of this stationary value.

dy
If y = x", then = nx" '

dx

£[fM±gW] = £[fW]±£[gW]
dy _ dy ̂  dtt
dx du dx

d - , dw dtt
— (ttu) = u h V —
dx dx dx

Summary

Rules of differentiation

Power rule:

Scalar multiple rule:

Addition/subtraction rule:

Chain rule:

Product rule:

Quotient rule:

Tangents and normals

If the value of — at the point (xj, yj) is m, then:
dx

the equation of the tangent is given by y - yj = to(x - Xj)

the equation of the normal is given by y — yj = - —(x - Xj)
m

Small increments and approximations „
6y dy

If 5x and 5y are sufficiently small then ~ —.
ox dx

Stationary points

Stationary points (turning points) of a function y = f(x) occur when = 0.
Ax

d / u

dx vw

du dv
V  u —

dx dx

dy
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First derivative test for maximum and minimum points

At a maximum point:
dy _

u  =z 0
I  ■ dx

-  a the gradient is positive to the left of the maximum and negative to the right

At a minimum point:

. ̂ = 0
dx

®  the gradient is negative to the left of the minimum and positive to the right

Second derivative test for maximum and minimum points

f d'"^)!
< 0

I If -^ = 0 and <
dx

'I

m

dx^

dx^

, then the point is a maximum point

> 0, then the point is a minimum point

Examination questions

Worked example

r cm

r cm

The figure shows a sector ABC of a circle centre C, radius 2r cm, where angle ACE is 30 radians.
The points D, E, Tand G lie on an arc of a circle centre C, radius r cm. The points D and G are the
mid-points of CA and CB respectively. Angles DCE and EGG are each 0 radians. The area of the
shaded region is 5 cm^.

a By first expressing 0in terms of r, show that the perimeter, Pcm, of the shaded region is

given by P = 4r + —. [6]

b Given that r can vary, show that the stationary value of Pcan be written in the form ky/2 ,
where ̂  is a constant to be found. [4]

c Determine the nature of this stationary value and find the value of 0 for which it occurs. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 QlO(part) Nov 2011
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Answers

a Area of sector ABC - (area of sector DCE + area of sector FCG) = 5

-r^e = b

5r^6 = 5

0 = 4

P = CE + arcED + m + arc AB + 5G + arcGP + PC

= r + rO + r + (2r)(30) + r + r0 + r

= 4r + 8r0

= 4r- + 8r X ̂
,  8
= 4r + -

r

P = 4r + 8r"^

— = 4 - 8r-2
dr

dP
Stationary values occur when — = 0.

dr

4-4 = 0
r2 = 2

r = ̂

When r = yl2 , P = 4 = 8>/2

Stationary value of Pis 8^2 .

c When r = y/2 , 6 =
1 1

2

When r = yj2 ,

dr

d^P

dr^

d^P

= 4 - 8r-2

= 16r-3

16

dr^ (V2)
3" = positive

The stationary value is a minimum and occurs when ̂  ~ ̂  •
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Exercise 12.11

Exam Exercise

1 Find the coordinates of the stationary point on the curve y = x'^ +
16

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 QlNov 2014

2 Given that y =
Ay kx

, show that — = .9
2 + Ax (2 + xf

, where A is a constant to be found. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i Nov 2014

3 Given that a curve has equation y = — + 2-s/x , where x > 0, find
a ^ [2]

dx'

b  [21
dx^

Hence or otherwise, find

C  the coordinates and nature of the stationary point on the curve. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i,ii,iiijun 2014

4 A sector of a circle of radius r cm has an angle d radians, where 6 <%. The perimeter of the
sector is 30 cm.

a Show that the area, Acm^, of the sector is given by A = 15r - r^. [3]

b Given that r can vary, find the maximum area of the sector. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i,iiJun 2014

5 a Given that y = f — x - , find —. [2]
U  J dx

b Hence find the approximate change in y as x increases from 12 to 12 + p, where p is small. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3i, ii Nov 2013

X^ + 8
6 Find the equation of the normal to the curve y

X - 2
at the point on the curve where x = 4.

[6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6 Jun 2013

7 a Find the equation of the tangent to the curve y = x^ + 2x^ - 3x + 4 at the point where the
curve crosses the y-axis. [4]

b Find the coordinates of the point where the tangent meets the curve again. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,iiJun 2012

8 The normal to the curve y = x^ + 6x^ - 34x + 44 at the point P(2, 8) cuts the x-axis at A and
the y-axis at B. Show that the mid-point of the line AB lies on the line 4y = x -I- 9. [8]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6 Nov 2012
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6489 Given that f (^c) = , find the value of x for which f"(x) = 0. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7Jun 2012

10
xcm

45 cm

xcm

xcm

60 cm

A rectangular sheet of metal measures 60 cm by 45 cm. A scoop is made by cutting out squares,
of side X cm, from two corners of the sheet and folding the remainder as shown.

a Show that the volume, Vcm^ of the scoop is given by

7 = 2700x - 165x2 + 2x\ [2]

b Given that x can vary, find the value of x for which Vhas a stationary value. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i,ii Nov 2010

11
X cm-

xcm

xcm

The diagram shows an empty container in the form of an open triangular prism. The triangular
faces are equilateral with a side of xcm and the length of each rectangular face is ycm. The
container is made from thin sheet metal. When full, the container holds 200^/3 cm^.

i  Show that Acm^, the total area of the thin sheet metal used, is given by

,  ̂/3^ 1600
A = + .

2  ̂ [5]

Given that x and y can vary, find the stationary value of A and determine its nature. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q9 Mar 2015
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Chapter 13
Vectors

This section will show you how to:

use vectors in any form, e.g.
a

AB,p, at + b'i

■ use position vectors and unit vectors

■  find the magnitude of a vector; add and subtract vectors and multiply vectors by scalars
■ compose and resolve velocities.
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You should already be familiar with the following vector work;

Quantities that have both magnitude and direction are called vectors.

Quantities that have only magnitude are called scalars.

AB means the displacement from the point A to the point B.

41-For the diagram, AB

The 'magnitude' of the vector AB means the 'length' of the vector AB and is denoted by I AB I.
I AB I is called the modulus of the vector AB.

Using Pythagoras for the diagram, I AB I - V(4)^ + (-3)^ = 5.

Two vectors are said to be equal if they are the same length
and are in the same direction.

The vector -a is the same length as the vector a but is in the opposite direction.

Addition and subtraction of vectors

The vector a + b means the vector a followed by the vector b.
The vector a - b means the vector a followed hy the vector -b.
The resultant vector is often shovra with a double arrow.

It is drawn from the starting point to the finishing point.

For example, if a = | ^ | and b then a + b and a - b can be shown on a vector diagram as:

I"ini
u

a +b

Start

Finish 7
-b

St

/
art

—

a + b and a - b can also be found as follows:

'44 f2 + 4^
lu U+1

a + b a - b
2-4

3-1

-2

Multiplication by a scalar

The vector a + a can be written as 2a.
2a,

The vectors a and 2a are examples of parallel vectors.

Two vectors are parallel if one vector can be written as a multiple of the other vector.
For example:

0
and(s)are parallel and in the same direction because 1 .^1 = 5' ^

15

2

-4

-6and I I are parallel and in opposite directions because
'-6
12

Collinear points

If AB = MC then the points A, B and C are collinear.
(This is because the lines AB and AC must be parallel and the point A lies on both lines.)
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13.1 Further vector notation

The vector AB in the diagram can be written in component form as

AB can also be written as 41 + 3j , where:

i is a vector of length 1 unit in the positive x-direction

and j is a vector of length 1 unit in the positive ))-direction.

Note:

A vector of length 1 unit is called a unit vector.

^4^

v3y
B

y/i

J

J L

j
i k

j
A

i

WORKED EXAMPLE 1

a Write PQ in the form ai + b\.

b Find I ^|.

Answers

P

Q

a PQ^ = 41 - 2j

b Using Pythagoras, | PQ \ = + (-2)^ = -JW = 2-\/5.

You could be asked to find the unit vector in the direction of a given vector.

The method is outline in the following example.

WORKED EXAMPLE 2

= 41 + 3j

Find the unit vector in the direction of the vector EF.

Answers

First find the length of the vector EF:

EF^ =4^+3^ using Fvthagoras

Hence the unit vector in the direction of EF is:

1
-(4i + 3j)
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WORKED EXAMPLE 3

a = -2i + 3j, b = 4i - j and c = -221 + 18j.

Find A and such that la + /tb = c.

Answers

la + ;Ub c

l(-2i + 3j) + ̂(41 - j) = -22i + 18j

Equating the i's gives
-21 + 4fl = -22
-l + 2/x = -ll (1)

Equating the j's gives
31 - ju = 18
61 - 2/t = 36 (2)

Adding equations (i) and (2) gives
51 = 25

1 = 5

Substituting for 1 in equation (1) gives
-5 + 2jU = -11

2fi = -6

/t = -3

So 1 = 5, /i = -3.

Exercise 13.1

1 Write each vector in the form ai + .

a AB b AC C aB
d AE e BE f Be

g EA h DB i Be

2 Find the magnitude of each of these vectors.

a -2i b 4i + 3j c 5i-12j d -81-6j

e 7i + 24j f 151-8j g -41 + 4j h 51-lOj

3 The vector AB has a magnitude of 20 units and is parallel to the
vector 41 + 3j .

Find AB.

4 The vector PQ has a magnitude of 39 units and is parallel to the
vector 121 - 5j .

Find PQ.

5  Find the unit vector in the direction of each of these vectors.

a 61 + 8j b 51 + 12j c -41 - 3j d 81 - 15j e 31 + 3j

6  p = 81 - 6j, q = -21 + 3j and r = 101

Find

A E

D

'c

b'

a 2q b  2p + q
1
p - 3r

1
-r-p-q.
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7  p = 9i + 12j, q = 3i - 3j and r = 7i + j

Find

a |p + q| b |p + q + r|.

8  p = 7i -2j and q = i + jUj .

Find A and such that Ap + q = 36i - 13j.

9  a = 5i - 6j, b = -i + 2j and c = -131 + 18j .

Find A and /X such that Aa + /ib = c .

13.2 Position vectors

The position vector of a point P relative to an origin,
O, means the displacement of the point P from O.

For this diagram, the position vector of Pis

OP =
^3^

v2.
or OP = 31 + 2j

Now consider two points A and B with position vectors a and b.

A

B

i b

o

AB means the position vector of B relative to A.

AB =Ad + OB

= -0A + OB

Hence:

Ab = OB - OA or AB = b - a
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WORKED EXAMPLE 4

Relative to an origin O, the position vector of P is 4i + 5j and the position vector of
Qis lOi - 3j.

a Find PQ.

1
The point Plies on PQsuch that PR - — PQ.

b Find the position vector of P

Answers

a P(l = OQ- OP

= (10i-3j)-(4i + 5j)

PQ - 6i-8j

PR = -PQ
4 ^

= i(6i-8j)
4

= 1.5i-2j

OR =OP + m

= (4i + 5j) + (L5i-2j)

OR = 5.5i + 3j

OQ = 101- 3j and OP = 41 + 5j

collect I's and j's

WORKED EXAMPLES

Relative to an origin O, the position vectors of points A, B and C are -21 + 5j, 101 - j
and A (21 + j) respectively. Given that C lies on the line AB, find the value of A.

OB - OA

collect I's and j's

Answers

AB =

+ 5j
= (101-j)-(-21 + 5j)

= 121-6j

If Clies on the line AB, then AC = k AB.

AC = OC-OA

= A(21 + j)-(-21 + 5j)

= (2A + 2)l-(5-A)j

kAB = 1^(121-6j)

= 12^1 - 6ki

Hence, (2A + 2) 1 - (5 - A) J = 12^:1 - 6ftj

Equating the I's gives: 2A + 2 = I2k

Equating the j's gives: 5 - X = 6k

10-2X = 12k

Using equation (1) and equation (2) gives

2A + 2 = 10 - 2A

4A = 8

A = 2

OC = A,(

OB = 101-j and OA =-21

21 + j) and OA - -21 + 5j

collect I's and j's

-d)

multiply both sides by 2

-(2)



Chapter 13: Vectors

Exercise 13.2

1 Find AB, in the form a\ + b], for each of the following,

a A (4, 7) and B (3, 4) b A (0, 6) and B (2, -4)

c A (3, -3) and B (6, -2) d A (7, 0) and B (-5, 3)

e A (-4, -2) and B (-3, 5)

2  a

f A (5, -6) and B (-1, -7).

3O is the origin, Pis the point (1, 5) and PQ ~ I ^ j • Find OQ.

-2

3'

-5,

b O is the origin, E is the point (-3, 4) and EF —
Find the position vector of F.

c O is the origin, M is the point (4, -2) and NM =
Find the position vector of N.

3 The vector OA has a magnitude of 25 units and is parallel to the
vector -3i + 4j.

The vector OB has a magnitude of 26 units and is parallel to the
vector 12i + 5j.

Find:

a OA b 'OB c AB d IabI.
4 Relative to an origin O, the position vector of A is -7i - 7j and the

position vector of P is 9i + 5 j.

The point Clies on AB such that AC = SCB.

a FindAP.

b Find the unit vector in the direction of AB.

C Find the position vector of C.

5 Relative to an origin O, the position vector of Pis -2i - 4j and the position
vector of Qis 8i + 20j.

a Find PQ.

b Find I ^|.
C Find the unit vector in the direction of PQ.

d Find the position vector of M, the midpoint of PQ.

6 Relative to an origin O, the position vector of A is 4i - 2j and the position
vector of P is Ai + 2j.

The unit vector in the direction of AB is 0.3i + 0.4j. Find the value of A.

7 Relative to an origin O, the position vector of A is

^ 10^
-11

-10

.  10.
and the

position vectors of P is

a Find AB.

The points A, P and C lie on a straight line such that AC = 2AP.

b Find the position vector of the point C.
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8 Relative to an origin O, the position vector of A is | j the
^24^
18

position vectors of B is

a Find:

i  1"^! ii I iil Ilil.
The points A, B and Clie on a straight line such that AC = CB.

b Find the position vector of the point C.

9 Relative to an origin O, the position vector of A is 31 - 2j and the position
vector of B is 151 + 7j.

a Find AB.

The point Clies on AB such that AC = ̂ AB.
b Find the position vector of C.

10 Relative to an origin O, the position vector of A is 61 + 6 j and the position
vector of is 121 - 2j.

a Find AB.

The point Clies on AB such that AC = ̂AB.
b Find the position vector of C.

( 3^11 Relative to an origin O, the position vector of A is 1 1 and the position

( 5^
vector of B is

The points A, B and C are such that BC = 2AB. Find the position vector of C.

12 Relative to an origin O, the position vectors of points A, B and C are
-51 - llj , 231 - 4j and A(1 - 3j) respectively.
Given that Clies on the line AB, find the value of X.

13 Relative to an origin O, the position vectors of A, B and C are -21 + 7j,
21 - j and 61 + Aj respectively.

a Find the value of A when AC = 17.

b Find the value of A when ABC is a straight line.

c Find the value of A when ABC is a right-angle.

14 Relative to an origin O, the position vector of A is —61 -I- 4 j and the

position vector of 5 is 181 -I- 6j. Clies on the y-axis and OC = OA -I- XOB.

Find OC.

15 Relative to an origin O, the position vector of Pis 81 -t- 3j and the position

vector of Qis -121 - 7j. Plies on the x-axis and OR = OP + flOQ.

Find OR.
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CHALLENGE Q

16 Relative to an origin O, the position vectors of points P, Qand i?are
-6i + 8j, -4i + 2j and 5i + 5j respectively.

a Find the magnitude of:

I ̂  li ̂  iii
b Show that angle PQR is 90°.

c If OP = AOQ + liOR, find the value of A and the value of fl.

13.3 Vector geometry

WORKED EXAMPLE 6

OA=ti,OB=h,BX=-= BA and OY = -OA.
5  4

a Find in terms of a and b:

\ M W WC iii OX iv ̂

b Given that OP = AOX, find OP in terms of A, a and b.

C Given that BP = jlBY, find OP in terms of jl, a and b.

d Find the value of A and the value of II.

Answers

BA = OA - 0B==: SL-h

i  BX=-H = -(a-b)
5  5

ii ^ = 0B+H =b + -(a-b) = -a+-b
5  5 5

V RY = 10 + 0Y =-b + -'dA =-a-b
4  4

b OP=AOX

= A —a + —b
\5 5

3A 2A^
= —a + —b
5  5
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c OP = OB + BP

= b + /i(|a-b)
3/i

a + (1 - jii)b

d Equating the coefficients of a for OP gives:

3A _ 3^

T~T
A _ £
"S ~ 4
4A = 5jU (1)

divide both sides by 3

multiply both sides by 20

2A ,
— = 1- u
5  ̂

Equating the coefficients of b for OP gives:

multiply both sides by 5

2A = 5-5/x (2)

Adding equation (1) and equation (2) gives:

6A = 5

A = ̂
5  2

Substituting A = — in equation (1) gives p = —■
6  3

5  2
Hence, A = — and U = —■

6  3

WORKED EXAMPLE 7

OA = 3a, OB — 4b and M is the midpoint of OB.

OP : PA=4:3and^ = XBP.
a Find in terms of a and b:

B

i  AB ii AM.

b Find in terms of A, a and b:
M^u

i  BX ii JiX. ^ 1
C  If M, X and A are collinear, find the value of A. ^ p A

Answers

a  i AB =A0+7)B
= -3a + 4b

W Im = MO + OA
= -2b + 3a

= 3a - 2b
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b  \ BX = Xbp

= XiW + 'op)

= Xf^-Ab + ̂'OA
I2A .

=  a - 4Ab
7

li MX = MB +H

OU 12-^= 2b + a - 4Ab
7

use OA = 3a

-TTS 12?^
use BX = -—a - 47.b

7

collect a's and b's

12A
a + (2 - 4A)b

If M, X and A are collinear, then MX = kMA.
1 9^

-^a + (2-4A)b = A(3a-2b)
Equating the coefficients of a gives:

3. = 1M
7

divide both sides by 3

7 -d)

Equating the coefficients of b gives:

-2k = 2- 4A

k = 2A-1 (2)

Using equation (1) and equation (2) gives:

2A -1 = ̂
7

14A - 7 = 4A

lOA = 7

A = 0.7

divide both sides by -2

Exercise 13.3

1 OA = a, OB = b.

Ris the midpoint of OA and OP = SOB.

AQ = XaB and ̂  = ju^.
a Find OQ in terms of A, a and b.

b Find OQ in terms of n, a and b.

c Find the value of A and the value of ji.

2 AB=5a,^ = 3aandH = b.

AX = AAC and DX = j^iDB.

a Find in terms of a and b, i AD, ii DB.

b Find in terms of A, jU, a and/or b, i AX, ii DX-

c Find the value of A and the value of fx.
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3 OP = a, PY = 2b, and OQ = 3b.

OX = WY and = ̂jL^.
a Find OX in terms of A, a and b,

b Find OX in terms of ji, a and b,

C Find the value of A and the value of fl.

4 OA = a, OB = b.

B is the midpoint of OD and AC = — QA.

'ax = AAD and H = iiBC. ^
a Find OX in terms of A, a and b.

b Find OX in terms of a and b.

c Find the value of A and the value of fl.

5 OA ̂  a, OB ̂  b.

M is the midpoint of AB and OY — ̂  OA.
'ox = XOM and H

a Find in terms of a and b,

i AB ii OM.

b Find OX in terms of A, a and b.

c Find OX in terms of jl, a and b.

d Find the value of A and the value of fl.

OA =a,OB=h,BX = - BA and OY^-OA.
5  7

'op = XOX and ̂  = [lEY.
a Find OP in terms of A, a and b.

b Find OP in terms of fl, a and b.

c Find the value of A and the value of fl.

OA = a, OB =h and O is the origin.

'ox - XOA and OY = flOB.
a  I Find BX in terms of A, a and b.

ii Find AF in terms of fl, a and b.

b 5BP = 2^ and AF = W.
i  Find OP in terms of A, a and b.

ii Find OP in terms of fi, a and b.

iii Find the value of A and the value of fl.



Chapter 13: Vectors

8 O, A, B and C are four points such that

'OA = 7a-5b,'OB = 2a + 5b and^ = -2a + 13b.
a Find i AC ii AB.

b Use your answers to part a to explain w y B lies on the line AC.

CHALLENGEQ

9 OA = a and OB = b.

OA : A£ = 1 : 3 and A5: 5C = 1 : 2.

OB = BD

a Fin^ in terms of a and/or b^ ^
i OE ii OD iii OC.

b Find, in terms of a and/or b,

i C£ ii CO iii DE.

C Use your answers to part b to explain why C, D and E are collinear.
d Find the ratio CD : DE.

13.4 Constant velocity problems
If an object moves with a constant velocity, v, where v = (41 - 2j) ms"\
the velocity can be represented on a diagram as:

Velocity is a quantity that has both magnitude and direction.

The magnitude of the velocity is the speed.

If V = (41 - 2j) ms-i then,

speed = yJ{Af + {-2f

=

= 2>/5 ms""^

You should already know the formula for an object moving with constant speed:

speed =
distance travelled

time taken

Similarly, the formula for an object moving with constant velocity is:

,  . displacement
raocity = —

time taken
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Splitting a velocity into its components
The velocity of a particle travelling north-east at 4>/2 m s"^ can be written in
the form (ai -t- ms"^:

b
cos 45° = and sin 45° =

4>/2 - 4V2
a = 4>/2 X cos45° b = 4>^ x sin45

a = 4 6 = 4

Hence the velocity vector is (4! + 4j) ms"^

The velocity of a particle travelling on a bearing of 120° at 20 ms
can be written in the form (xi + yj) ms"^:
sin 60° = — and cos 60° = —

20 20

a: = 20 X sin 60° y = 20 x cos 60°

jc = lOyfE y = 10

Hence the velocity vector is (lO-v/S^i - lOj) ms"^
□

WORKED EXAMPLE 8

An object travels at a constant velocity from point A to point B.
AB = (321 - 24j) m and the time taken is 4 s. Find:
a  the velocity b the speed.

Answers

,  . displacement 321-241 ,
a velocity = — = = (8i - 6j) ms"

time taken 4

b speed = yjiSf + (-6)^ = 10 ms"^

:ity 2^kmhConsider a boat sailing with velocity

At 12 00 hours the boat is at the point A with position vector
to an origin O.

The diagram shows the positions of the boat

at 12 00 hours, 1 pm, 2 pm, 3 pm, 4 pm ...

The position at 1 pm =

The position at 2 pm =

The position at 3 pm =

'.a-l-f 6^
11-

13

13

\  /<g^

v9/

The position at 4 pm ~ I jg J ^
M-("

13

y
14

12

10

8

6

4

2

km relative

O

1

s 111,
%

3 pm
%

4 P»n

i  i

2  4 6 8 10 12 14 16 18 20 22



Hence the position vector, r, of the boat t hours after 12 00 hours is given by
the expression:

r =
3

,13 -2,

This leads to the general rule:

If an object has initial position a and moves with a constant velocity v, the
position vector r, at time t, is given by the formula: r = a + /v.

Chapter 13: Vectors

Exercise 13.4

1  a Displacement = (21i + 54 j) m, time taken = 6 seconds. Find the velocity.

b Velocity = (5i - 6j)ms"\ time taken = 6 seconds. Find the displacement.

c Velocity = (-4i + 4j)kmh"\ displacement = (-50i + 50j)km.
Find the time taken.

2 A car travels from a point A with position vector (60i - 40j) km to a point B
with position vector (—50i + 18j) km.
The car travels with constant velocity and takes 5 hours to complete
the journey.
Find the velocity vector.

3 A helicopter flies from a point Pwith position vector (50i + 100j)km to a
point Q.

The helicopter flies with a constant velocity of (30i - 40j) kmh"^ and takes
2.5 hours to complete the journey. Find the position vector of the point Q.

4 a A car travels north-east with a speed of 18>/2 kmh"K
Find the velocity vector of the car.

b A boat sails on a bearing of 030° with a speed of 20 km h"^
Find the velocity vector of the boat,

c A plane flies on a bearing of 240° with a speed of 100 m s"^
Find the velocity vector of the plane.

5 A particle starts at a point Pwith position vector (-80i + 60j)m relative to
an origin O.

The particle travels with velocity (I2i - 16j) ms~^.
a Find the speed of the particle,

b Find the position vector of the particle after

i  1 second ii 2 seconds iii 3 seconds,

c Find the position vector of the particle t seconds after leaving P.
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\

' 5'
-{-t

J 112J

6 At 12 00 hours, a ship leaves a point Qwith position vector (lOi + 38j) km
relative to an origin O. The ship travels with velocity (6i - 8j) km h"^

a Find the speed of the ship,
b Find the position vector of the ship at 3 pm.
C Find the position vector of the ship t hours after leaving Q.

d Find the time when the ship is at the point with position vector
(61i - 30j) km.

7 At 12 00 hours, a tanker sails from a point Pwith position vector (5i + 12j)
km relative to an origin O. The tanker sails south-east with a speed of
I2V2 kmh-^
a Find the velocity vector of the tanker,

b Find the position vector of the tanker at

i  14 00 hours ii 1245 hours.

C Find the position vector of the tanker t hours after leaving P.

8 At 12 00 hours, a boat sails from a point P.

The position vector, r km, of the boat relative to an origin O, t hours after

12 00 is given by r =

a Write down the position vector of the point P.

b Write down the velocity vector of the boat,

c Find the speed of the boat.

d Find the distance of the boat from P after 4 hours.

9 At 15 00 hours, a submarine departs from point A and travels a distance of
120 km to a point B.

The position vector, r km, of the submarine relative to an origin O, t hours

after 15 00 is given by r = ^ .
^20 -H

a Write down the position vector of the point A.

b Write down the velocity vector of the submarine.

C Find the position vector of the point B.

10 At 12 00 hours two boats, A and B, have position vectors (-101 + 40j)km
and (701 + lOj) km and are moving with velocities (201 + lOj) kmh"^ and
(-101 -I- 30j) kmh"^ respectively.
a Find the position vectors of A and B at 15 00 hours.

b Find the distance between A and B at 15 00 hours.

11 At time t = 0, boat Pleaves the origin and travels with velocity (31 -I- 4j)kmh"^
Also at time t = 0, boat Q leaves the point with position vector
(-101 -I- 17j)km and travels with velocity (51 -I- 2j)kmh"^
a Write down the position vectors of boats A and B after 2 hours,

b Find the distance between boats Pand Qwhen t = 2.



Chapter 13: Vectors

Summary

Position vectors

AB means the position vector of B relative to A.

AB = OB - OA or AB = b - a

If an object has initial position a and moves with a constant velocity v,

the position vector r, at time t, is given by the formula: r = a + iv.

Velocity

,, , . displacement
Velocity = —'

time taken

Examination questions

Worked example

In this question | ^ | is a unit vector due east and | ^
At 12:00 a coastguard, at point O, observes a ship with position vector
The ship is moving at a steady speed of lOkmh"' on a bearing of 330°.

is a unit vector due north.

km relative to O.
^16^

vl2.

a Find the value of p such that km h represents the velocity of the ship. [2]

b Write down, in terms of t, the position vector of the ship, relative to O, t hours after 12 00. [2]

c Find the time when the ship is due north of O. [2]

d Find the distance of the ship from O at this time. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i-iv Nov 2012

Answers

a  cos60° =
10

X = 10 X cos 60°

X = 5

and sin 60° =
10

y = 10 X sin 60°

y = 5-\/3

The velocity vector of the ship is

Hence, p = 5>/3.

ms
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flfil ' 16-5t '
r =

,5>/3, 12 + 5y/St^

c  r =
16-5f

12 + 5>/3r
V  y

Ship is due north of Owhen

16 - = 0

t =3.2

Time =15 12

' 16-5x3.2 ' ^  0 ^
r =

J2 + 5^x 3.2^ J2 +16>/3^
d When t = 3.2, r =

Distance of ship from 0=12 + 16^3 = 39.7 km to 3 sf.

Exercise 13.5

Exam Exercise

1 Relative to an origin O, the position vectors of the points A and B are 21 - 3j and 111 + 42j
respectively.

a Write down an expression for AB.

The point Clies on AB such that AC = ̂ AB.
[2]

[4]b Find the length of OC.

The point D lies on OA such that DC is parallel to OB.

C Find the position vector of D. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i,ii,iiiJun 2012

In the diagram OA = a, OB = b and AP = — AB.

a Given that OX = pOP, where pis a. constant, express OX in terms of p, a and b. [3]

b Given also that AX = XOB, where X, is a constant, use a vector method to find the value

of p and of X. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i,ii Nov 2011



Chapter 13: Vectors

3 Relative to an origin O, the position vectors of the points A and B are i - 4j and 71 + 20j

respectively. The point Clies on AB and is such that AC = — AB. Find the position vector of C
and the magnitude of this vector. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3Jun 2011

4 The position vectors of the points A and B relative to an origin O are -21 + I7j and 61 + 2j
respectively.

Find the vector AB. [ 1 ]

Find the unit vector in the direction of AB. [2]

The position vector of the point C relative to the origin O is such that OC = OA + mOB,

where w is a constant. Given that Clies on the x-axis, find the vector OC. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q5 Mar 2015

5 a The four points O, A, B and C are such that OA = 5a, OB = 15b, OC = 24b - 3a.

Show that B lies on the line AC. [3]

b  Relative to an origin O, the position vector of the point Pis 1 - 4j and the position vector of
the point Qis 31 + 7j. Find

i  1^ I, [2]
11 the unit vector in the direction PQ_, [1]

IN the position vector of M, the mid-point of PQ. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7Jun 2015

(5] '-lo'
and

UJ I I2J

1

I—1
00

6 Relative to an origin O, points A, B and Chave position vectors

respectively. All distances are measured in kilometres. A man drives at a constant speed directly
from A to B in 20 minutes.

1  Calculate the speed in km h-i at which the man drives from A to B.

He now drives directly from B to C at the same speed.

[3]

11 Find how long it takes him to drive from B to C. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Nov 2015
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The position vectors of points A and B relative to an origin 0 are a and b respectively. The
point Pis such that OP = jlOA. The point Qis such that OQ = ̂OB. The lines AQand BP
intersect at the point K

I  Express AQ_ in terms of A, a and b.

ii Express BP in terms of H, a and b.

It is given that SAP = AQ and 9>BR = IBP.

iii Express OR in terms of A, a and b.

Express OR in terms of n, a and b.

Hence find the value of fl and of A.

IV

V

[1]

[1]

[2]

[2]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper II Q12 Nov 2014

The figure shows points A, B and C with position vectors a, b and c respectively, relative
to an origin O. The point Plies on AB such that AP: AB = 3:4. The point Qlies on OCsuch
thatOQ:QC = 2:3.

Express AP in terms of a and b and hence show that OP = -(a + 3b). [3]

I  Find PQ in terms of a, b and c. [3]

ii Given that 5PQ = 6PC, find c in terms of a and b. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper II Q9Jun 2013



Chapter 13: Vectors

9 a The vectors p and q are such that p = Hi - 24j and q = 21 + aj.

I

ii

Find the value of each of the constants a and p such that p + 2q = (« + y9)i - 20j.

Using the values of a and /S found in part i, find the unit vector in the direction
p + 2q.

The points A and B have position vectors a and b with respect to an origin O.
The point C lies on AB and is such that AB: AC is 1 : X. Find an expression

for OC in terms of a, b and X.

The points S and Thave position vectors s and t with respect to an origin O.

The points O, S and Tdo not lie in a straight line. Given that the vector 2s + is
parallel to the vector (/t + 3)s + 9t where // is a positive constant, find the value of fl.

[3]

[2]

[3]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q10 Mar 2016
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This section will show you how to:

H differentiate sin X, cosx, tanx, e'^and In x together with constant multiples, sums and composite
functions of these.



Chapter 13: Vectors

dv
In Chapter 12 you learnt that if y = x^, then — = 2x

This can also be written as: if f(A:) = then f'(x) = 2x.

Graphing software can be used to show the function f(x) = x^
and its gradient (derived) function ("'(x).

i Iv ■"

3" '

\
\
\
\

1-

y = i

// ✓
/ y
/✓

^ /
✓ /

✓ /
✓ /

1  1

-2 -1 XI-0  -[ 2 ^

-2-

-3 -
✓

-4-

1

1

\
\
\

14.1 Derivatives of exponential functions

CLASS DISCUSSION

Graphing software has been used to draw the graphs of y = 2" and 3) = 3* together with their
gradient (derived) functions.

3

10-

8-

6-

4-

31 = 2'

2-
gradient
function

-2 -1 O

gradient
function

Discuss with your classmates what conclusions can be made from these two graphs.
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In Chapter 6 you learnt about the exponential function y = e" where
e « 2.718.

This function has the very special property that the gradient function is
identical to the original function. This leads to the rule:

— (e*) = e*
dx^ '

The derivative of e^'^^

Consider the function y = e^^*\

Let y = e" where m = f(x)

du
= e" - = f'W

dx ^ ^

Using the chain rule: — = — x —
dx dw dx

= e" X f'(x)

= f'(x) X e^^*'

—  = f'(x) X e^^*^

In particular:

— fe®*"'"*] = ax e'""'"*
dx^ -■



Chapter 14: Differentiation 2

WORKED EXAMPLE 1

Differentiate with respect to x.

a  e" b

Answers

a — (e5^)= 5 xe®^ = 5e®^

c  x^e

e2x

d —
X

differentiate originai
index funttion

dx
= (2x - 3) X = (2x - 3)e"' -3x

differentiate oiigituil
index runction

— (x^e = x^ X —(e ®*) + e X —(x^)
dx^ ' dx^ ' dx^ '

= x^ X (-3e~^'') + x 2x

= —3x^e"®* + 2xe~®*

== X 6-3" (2 - 3x)

dx

/„2x N X ̂  (x)
^  * dx dx

X X 2e^'' - e^"" X 1

e^'' (2x - 1)

product rnle

quotient rule

WORKED EXAMPLE 2

A curve has equation y = (e^'' +
dy

Find the value of — when x = 0.
dx

Answers

y = + e®*)^

— = 5(e^'' + e®')^ X (26^" + 3e®'')
dx

When X = 0, — = 5(e® + e°)^ x (2e® + 3e°)
dx

= 5 X 2^ X 5

= 400

chain snle
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CLASS DISCUSSION

By writing 2 as find an expression for —(2*).
d  d

Discuss with your classmates whether you can find similar expressions for —(3*) and —(4*).
dx djc

Exercise 14.1

1 Differentiate with respect to x.

b  e^*>7*
a e

d 2e"^*

g e"

j  2(3-e^'^)

e  6e 2

h  5x — 3e^

e* + e"*

c

f

2 Differentiate with respect to x.

a xe" b x^e^"

e*
e —

X

d yjx

g
e^ +1

e* -1
h  xe^"

^2*

3 Find the equation of the tangent to

5
a y =

.2x + 3
at X = 0

3e^^

^3*+l

C

f

2 + ̂
5^x^ + e*^j

3xe *

e2*

yfx

x^e" - 5

e* +1

b y = + 1 at x = In 5

c y = x^(l + e*) at x = 1.

4 A curve has equation y = 5e^* - 4x - 3.

The tangent to the curve at the point (0, 2) meets the x-axis at the point A.

Find the coordinates of A.

5 A curve has equation y = xe *.

a Find, in terms of e, the coordinates of the stationary point on this curve and determine its
nature.

b Find, in terms of e, the equation of the normal to the curve at the point P(l, e).

c The normal at P meets the x-axis at A and the y-axis at B. Find, in terms of e, the area of
triangle OAB, where O is the origin.
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14.2 Derivatives of logarithmic functions

CLASS DISCUSSION

Graphing software has been used to draw the
graph of = In X together with its gradient
(derived) function.

The gradient function passes through the

points 1^1 sj, (l. l), (^2, and [^5, .
Discuss with your classmates what conclusions
you can make about the gradient function.

y -\nx

J'

4-
1

3-

1
1

t

1

2-
\  y = In X

1 - gradient
fonction

-i O
-1 -

/f 1 1 1 1 1 1 '
/I 2 3 4 5 6 7^

-2 -/
-3-

-4-

From the class discussion you should have concluded that:

—(Inx) = -
dx X

The derivative of In f(x)

Consider the function y = Inf(x).

Let y = \nu where m = f(x).

dy _ 1

6.U u

dw
— = f (x)
dx

Using the chain rule: — = x
dx du dx

= — X f'(x)
u

f'(x)

f(x)

dx
DnfW] = ̂
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In particular:

— [in (ax + fe)] =
dx ax + b

WORKED EXAMPLE 3

Differentiate with respect to x.

a  InSx b ln(5x-7)

Answers

a — (InSx) = —
dx 8x •<

c  ln(2x- + 5)

-'inside' differentiated

- 'inside'

d  Xn-Jx —10

1

X

— r In (2x^ + 5)1 =
dx

5x — 7

4x

2x^ -I- 5

- 'inside' differentiated

'inside'

- 'inside' differen tiated

- 'inside'

1-(X-10)-2(1)^
d Method 1: — f In Vx - 10 1 =

dx Vx -10

1

- 'inside' differentiated

- 'inside'

2(x-10)

Method 2: using the rules of logarithms before differentiating.

dx
[^In Vx - 10 ] =

dx

dx

ln(x -10)2

— ln(x -10)

use In a'" = m\n a

= •ix^[ln(x-10)]
2  dx

1  1
= - X ■

2  X - 10 <-

1

2(x - 10)

• 'inside' differentiated

■ 'inside'
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Inx

Sx

WORKED EXAMPLE 4

Differentiate with respect to x

a  5x® In 2x

Answers

a — (5x® In 2x) = 5x® x — (In 2x) + In Sx x (5x®)
dx^ ' dx dx ̂ '

9

= 5x® X — + In 2x X 30x®
2x

product rule

= 5x® + 30x® In 2x

— (Inx)-lnx:
dx dx_

:l3xjdxl (3x)^

1
3x X — Inx X 3

X

9x2

1 — Inx

3x2

quotient rule

WORKED EXAMPLE 5

%A curve has equation 31 = 3x sin x + —.

a Show that 3 = ̂In(2x - 1) - In(x2 + l).
dti

b Hence, find the value of — when x = 1.

Answers

a  3 = In
x2 + 1

= ln(2x-l)i-ln(x2 + l)

= iln(2x -1) - ln(x2 + l)

use

use log„ {xT = m log^x

dy

d^c
— riln(2x-
dxL2 ^ 1)

i X ;i[ln(2« -1)] - +1)]
2  dx'

1
= - X

2x

2  2x - 1 x2 + 1

1  2x

2x - 1 x2 + 1

x2 + 1-2x(2x-1)
(2x-l)(x2 +1)

_ —3x2 + 2x +1
~ (2x-l)(x2+l)

When X = 1, — = 0.
dx
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WORKED EXAMPLE 6

A curve has equation y = log,, [bx - 2).

a Show that y = ■j-^[ln(5x - 2)].
dv

b Hence, find the value of — when x = 2.
ax

Answers

a  31 = log2 (5x - 2)
_ ln(5x - 2)

use log;, a =_  logc«
log,b

In 2

1

In 2
[ln(5x-2)]

b ^ = J_x-l-[,n(5x-2)]
dx ln2 dx^

1  5
X

In 2 5x - 2

5

(5x-2)In2
dj _ 5

When X = 2,
dx 8 In 2

Exercise 14.2

1 Differentiate with respect to x.
B  Inbx b lnl2x

d 2 + ln(l-x^) e ln(3x + l)
f4g  ln(2-5x)'^ h 2x + ln

c  ln(2x + 3)

f  In + 2

i  5 - In ■
(2

j  In (In 3c) k  In (yfx + l)
2 Differentiate with respect to x.

a xlnx b 2x^lnx

d Sxlnx^

4
g

e x^ln(lnx)

.  ln(2x + l)
Inx

- 3x)
(  ln(x^ + Inx)

c  (x - 1) In X
^  ln2x

X

ln(x^ -l)
'  2x + 3

3 A curve has equation = x^ In 3x.

Find the value of and —j at the point where x = 2.
dx dx*^
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4 Use the laws of logarithms to help differentiate these expressions with respect to

^  C lnj^x(x - S)"*]a  InvSx+T b In- ,
(2x

"2.x +1^
d  In

X -1

- 5)

g In
2x + 3

h  In
(x - 5)(x -1-1) (x -1-3) (x — 1)

f  In

In

X (x -I-1)

X -f 2

(x -f l)(2x - 3)

X (x -1)

5 Find — for each of the following.
dx

a y = logg X

b 3) = log2 x^

c  ;y = log4 (5x -1)

d'v
6 Find — for each of the following.

dx

a e^ = 4x^ -1

b e^ = 5x^ - 2x

C e'' = (x -I- 3) (x - 4)

7 A curve has equation x = — -I-1J.
d'v ^

Find the value of — when x = 1.
dx

14.3 Derivatives of trigonometric functions

N

CLASS DISCUSSION

ote:

Use change of base of logarithms before
differentiating.

Q Note:
Take the natural logarithm of both sides
of the equation before differentiating.

Graphing software has been used to draw the graphs of j; = sinx and y = cos x together with
their gradient (derived) functions.

y = sinx y = COSX

1-

gradient
function

'

1

\
gradient
function /

y= cosx

0

/  \ \  /
0

\ /  / \

1,
TV,

2\
A  /37t

\  ■' ^
/ZTC

/y= sin:r

\  A2\ /tt pn

/ ̂
in ^

-1- -1- ''vy
Discuss with your classmates what conclusions you can make from these two graphs.
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From the class discussion you should have concluded that if is measured
m

— (sinx) = cosx
dx

dx
(cos x) = — sinX

The derivative of tan x can be found using these two results together with the
quotient rule.

dx
(tanx) =

dxVcosxy

d  d
cosx X — (sinx) - sinx x —(cosx)

dx dx
(cosx)^

cosx X cosx -sinx x (-sinx)

cos^ X

cos^ X + sin^x

cos^ X

cos^x

= sec^ X

use the quotient rule

use cos^ X + sin^ x = 1

1
use = secx

cosx

— (tanx) = sec^x
dx
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1 WORKED EXAMPLE 7
Differentiate with respect to x.

-  . 0 3 tanx
a  7 cos X b sin X c d

X

(5 - 3cosx)®

Answers

a  -^(7cosx) =
dx

7—(cosx)
dx

-7 sin X

b  -^(x^sinx) =
dx

X -^(sinx) + sinx x —(x^)
dx' dx^ ^ product rule

= x^ cos X + 2x sin x

^  d f 3 tanx^ X X -^(3tanx) - 3tanx x —fx)
dx dx' ̂

quotient ruledxl X ) x2

X X 3sec^ X - 3tanx X 1

x^

3x sec^ X - 3 tan x

d r,d ^ [(5 - 3 cos
x2

x)® ] = 8(5 -Bcosxf X 3sinx

= 24 sin X (5 - 3 cos x)^

chain rule

Derivatives of s'm{ax+b),cos{ax + b) and tan(oA^+/})
Consider the function y = sin {ax + b) where x is measured in radians.

Let )> = sin M where u = ax + b.

d))

du
= COSM

du

dx:

Using the chain rule: ̂  ̂  ̂
dx du dx

= cos ux a

= a cos {ax + b)

dx
[sin (ax + i)] = a cos (ax + b)

Similarly, it can be shown that:

d
[

dx

dx

cos (ax + 6)] = —a sin (ax + b)

[tan (ax + b)\ = a sec^ (ax + b)
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Q Note:

It is important to remember that, in calculus, all angles are measured in
radians unless a question tells you otherwise.

WORKED EXAMPLE 8

Differentiate with respect to x.

a 5sin|^^-2x^ b xcosSx X

sin(2x +
d (1 + 3 tan 2*)^

Answers

dx
5 sin

= 5 X - 2xj X (-2)
= -10 cos

b —(xcosSx) = X X —(cosSx) + cosSx X -^(x)
dx dx dx

product rule

= X X (-3sin3x) + cosSx x (1)

= cos3x - SxsinSx

^ dx

-
~

sinf 2x + jc'i
-

I 4J.
[sm[2x + 5]]

^2x + ^ (2*) - X 1^2 cos^2x + ̂

quotient rule

sin^ ̂ 2x +
2x sin^2x + ~ 2x^cos|^2x +

sin^ ̂ 2x +

d —r(l + 3tan2xfl= 5(l + 3tan2x)^ x6sec2 2x
dx •- ■'

chain rule

= 30 sec^ 2x (1 + 3 tan 2x)^

Exercise 14.3
1 Differentiate with respect to x.

a 2 + sinx b 2sinx + 3cosx
d 3sin2x e 4tan5x

g tan (3x + 2) h sin(^2x + |j
c 2cosx-tanx

f 2 cos 3x - sin 2x

i  2cos(
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2 Differentiate with respect to x.

sin'' X

d  (3-cosx)'^

b 5 cos^ (3x)

e 2sin3(2x + -
3 Differentiate with respect to x.

a  sin X

d X tan'

tanx

1

sin-^ 2x

b 2 sin 2x cos 3x

5
e

h

k

cos 3x

sin^c

2 + cosx

3x

sin 2x

Differentiate with respect to x.
-| ^COSX

^ g(sinx+cosx)

g e* (cos X + sin x)

j  x^ln(cosx)

gCosS*

e e* sin x

h x^e™"

,  sin 3x

sin^ X - 2cosx

3 cos'^x + 2 tan^ I 2x -
K

X tanx

X

cosx

sinx

3x — 1

sin X + cos X

sin X — cos X

C  e''
1

e ' cos —X

2

In (sinx)
xsinx

5 Find the gradient of the tangent to
K

a y — 2xcos3x when x = —
3

1  d6  a By writing secx as , find—(secx).
cosx dx

1  db By writing cosecx as ^ , find—(cosecx).
sinx dx

COS X dC By writing cotx as ^ , find —(cotx).
sinx dx

d)!7 Find — for each of the following.

a  = sin3x b e> = 3cos2x

.  2 - cos X , 7t
0 y = when X - —

3tanx 4

Note:

Take the natural logarithm of both sides
of the equation before differentiating.

CHALLENGEQ

8 A curve has equation y = A sin x + B sin 2x.

The curve passes through the point p[ -, 3 ] and has a gradient of
3^/2 ^ 71 ;

when X = — .
2  4

Find the value of A and the value of B.
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CHALLENGEQ

9 A curve has equation y = Asinx + Bcos2x.

The curve has a gradient of 5-y/3 when * ~ ^ gradient of

6 + 2\f2 when ^ .
4

Find the value of A and the value of B.

14.4 Further applications of differentiation
You need to be able to answer questions that involve the differentiation of
exponential, logarithmic and trigonometric functions.

WORKED EXAMPLE 9

A curve has equation = 3x sin x + —.

The curve passes through the point '''j •
a Find the value of a.

b Find the equation of the normal to the curve at P.

Answers

Tt

a When X = —, y = 3x
n  . fn) n
— X sin — + —
2  I2J 6

_ 3ji n 571
J'-y+g- 3

Hence, a =
5k

o  .

b  y = 33csinx + —
6

— = 3x cos X + 3 sin X
dx

Normal: passes through the point , —j and gradient
5n l(

5k 1 K
y  — = — — X + —

3 3  6

1  llJi

3  6



A curve has equation 3; = In x.

Find the approximate increase in 31 as x increases from etoe + p, where p is small.

Answers

y = x^ Inx

■^ = X - + Inx X 2x
dx X

= x + 2xlnx

product rule

When X = e. = e + 2elne

= 3e

Using
dx

Sy

3ep

In XVariables x and y are connected by the equation y = ^ —.
Given that 31 increases at a rate of 0.1 units per second, find the rate of change of x
when X = 2.

Answers

and = 0.1

quotient rule
(2x + 5)^

(2x + 5)-2xlnx
dx

x(2x + 5f
d3i _ (4 + 5) - 4 In 2
dx ~ 2(4 + 5f

9-41n2

When X

162

Using the chain rule, = — X

162
xO.l

9-41n2

Rate of change of x is 2.60 units per second correct to 3 sf.

351

WORKED EXAMPLE 10

WORKED EXAMPLE 11

Chapter i4: Differentiation 2
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WORKED EXAMPLE 12

A curve has equation y - e * (2sin23i: - 3cos2x) for 0 < x < — radians.

Find the ̂ coordinate of the stationary point on the curve and determine the nature of
this point.

Answers

y = e"* (2 sin 2*: - 3 cos 2*)

dx
= e"* (4 cos 2* + 6 sin 2x) - e * (2 sin 2* - 3 cos 2*)

= e"* (7 cos 2x + 4 sin 2x)

product rule

dy
Stationary points occur when — = 0.

dx

e"* (7 cos 2x + 4 sin 2x) = 0

7 cos 2x + 4 sin 2x = 0 or

7
tan 2x = —

4

2x = 2.0899

X = 1.045

e"' = 0

no solution

There are other values of x for which

7
tan 2x = — but they are outside the

4
%

range 0 < ̂ ~ •

d^y
—i = e"* (—14 sin 2x + 8 cos 2x) — e~* (7 cos 2x + 4 sin 2x)
dx"^

= e~* (cos 2x -18 sin 2x)

When X = 1.045,^i<0.
dx^

Hence the stationary point is a maximum point.
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WORKED EXAMPLE 13

10 cm

16 cm

—*

]() cm

P  Q

The diagram shows an isosceles trapezium PQ/iSwith area Acm^.
Angle SPQ = angle PQR — 6 radians.

PS = QR = 10 cm and SR = 16 cm.

a Show that A = 160 sin0 +100 sin 0 cos0.

b Find the value of 0 for which A has a stationary value,

c Determine the nature of this stationary value.

Answers

a A = ̂(a + b) h
i(PQ + SP)xlOsin0

use h = 10 sin 0

use PQ_ = 10 cos 0 +16 +10 cos 0 = 16 + 20 cos 0

= —[(16 + 20 cos 0) + 16] X 10 sin 0

= 5 sin 0 (32 + 20 cos 0)

= 160 sin 0 +100 sin 0 cos 0

dA
b —— = 16Ocos0 + [lOOsin0(—sin0) + lOOcos^ 0] use the product rule on 100 sin 0

djc

= 160 cos 0 - 100 sin^ 0 + lOOcos^0

= 160 cos 0 - 100 (l - cos^ 0) +100 cos^ 0
= 200 cos2 0 + 160 cos 0-100

dA
Stationary values occur when — = 0.

dx:

200 cos2 0 +160 cos 0 -100 = 0

10 cos^ 0 + 8 cos 0 — 5 = 0

cos0 = 0.412 or cos0 =-1.212

0 = 1.146 radians no solution

d^A

use sin ̂ 0=1-

use the quadratic formula

= -400 cos 0 sin 0 - 160 sin 0

fl2 4
When 0 = 1.146, ̂ <0.

dx^
Hence the stationary value is a maximum value.
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Exercise 14.4

1 A curve has equation y = 3 sin|^2jc + ̂  j.
Find the equation of the normal to the curve at the point on the curve where x = — .

2 A curve has equation 3) = x sin 2x for 0 ̂  ^ 7t radians.
I 7C Ia Find the equation of the normal to the curve at the point P —, — .

b The normal at P intersects the a:-axis at Qand the 31-axis at R.

Find the coordinates of Qand R.

c Find the area of triangle OQR where O is the origin.
1

3 A curve has equation y = + 1.

The curve crosses the ̂^-axis at P.

The normal to the curve at P meets the x-axis at Q.

Find the coordinates of Q.

4 A curve has equation y = 5 - e^*.

The curve crosses the x-axis at A and the ̂i-axis at B.

a Find the coordinates of A and B.

b The normal to the curve at B meets the x-axis at the point C.

Find the coordinates of C.

5 A curve has equation y = xe".

The tangent to the curve at the point P(l, e) meets the ̂(-axis at the point A.

The normal to the curve at P meets the x-axis at the point B.

Find the area of triangle OAB, where O is the origin.

6 Variables x and y are connected by the equation y = sin 2x.

Find the approximate increase in y as x increases from — to — + p, where
p is small. ^ ^

7 Variables x and y are connected by the equation y = 3 + ln(2x - 5)

Find the approximate change in y as x increases from 4 to 4 + jb, where
p is small.

In X
8 Variables x and y are connected by the equation y = — .

X  "t" 3

Find the approximate change in y as x increases from 1 to 1 + p, where
p is small.

9 Variables x and y are connected by the equation y = 3 + 2x - 5e"*.

Find the approximate change in y as x increases from In 2 to ln2 + />,
where p is small.

ln(x^ - 2)
10 A curve has equation y = ^—-—.

X ~

Find the approximate change in y as x increases from yfS to yfS + p, where
p is small.
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11 Find the coordinates of the stationary points on these curves and determine their nature.
X

a y = xe^ b y = c )i = e* - 7x + 2

d 3; = 5e^* - lOx -1 e 31 = - 8)e"* f 3 = x^lnx:

Inx
g y = —

x^

ln{x^ +1)

12 Find the coordinates of the stationary points on these curves and
determine their nature.

n

a  31 = 4 sin X + 3 cos x for 0 ̂  a: ̂  —

X  X

b 3» = 6cos-+ 8sin- for 0 =S x 27t

c  31 = 5 sin

d y =

(-§)
n  5k

for ^ X < —
6  6

for 0 < X < K
sinx

e 3! = 2sinxcosx + 2cosx for 0 ̂  ^ 7t

13 A curve has equation y = Ae^' + £e~^'.

The gradient of the tangent at the point (0,10) is -12.

a Find the value of A and the value of B.

b Find the coordinates of the turning point on the curve and determine
its nature.

14 A curve has equation 3) = xlnx.

The curve crosses the x-axis at the point A and has a minimum point at B.

Find the coordinates of A and the coordinates of B.

15 A curve has equation y = x^e".

The curve has a minimum point at P and a maximum point at Q.
a Find the coordinates of Pand the coordinates of Q.

b The tangent to the curve at the point A (1, e) meets the 3)-axis at the
point B.

The normal to the curve at the point A (1, e) meets the 3-axis at the
point C.

Find the coordinates of B and the coordinates of C.

c Find the area of triangle ABC.
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16 The diagram shows a semi-circle with diameter EFof
length 12 cm.

Angle GEF = 6 radians and the shaded region has an area
of Acm^.

a Show that A = 360 +18 sin 20.

b Given that 0 is increasing at a rate of 0.05 radians per
71

second, find the rate of change of A when ̂  radians.

CHALLENGEQ

17 The diagram shows an isosceles triangle PQR
inscribed in a circle, centre O, radius rcm.

PR = QR and angle ORP = 0 radians.

Triangle PQR has an area of Acm^.

a Show that A = sin 20 + r- sin 20 cos 20.

b Find the value of 0 for which A has a

stationary value and determine the nature of this
stationary value.

12cm

Summary

Exponential functions

A(e-) = e'
djc

[e°*"^*] = aeax+b
d*

Logarithmic functions

— (Inx) = -
djc X

Trigonometric functions

^[ln(ajc + ft)] = °
djc ax + b

dx
(sinx) = cos*

d*
[sin {ax + ft)] = <2 cos (ax 4- ft)

—(cos*) = - sin*
d* ^

— [cos(a* -t- ft)] = - a sin(a* + ft)
d*^ -■

d*
(tan*) = sec^ *

d*
[tan(fl* -f- ft)] = a sec^ (ax + ft)
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Examination questions

Worked example

The figure shows a sector OAB of a circle, centre O, radius 10 cm. Angle AOB = 20 radians where
71

0 < 0 < —. A circle centre C, radius r cm, touches the arc AB at the point D. The lines OA and OB

are tangents to the circle at the points E and T respectively.

a Write down, in terms of r, the length of OC. [1]

b Hence show that r =
10 sin 0

[2]
1 + sin0

C Given that 0 can vary, find — when r = —.
^  d0 3

TTd Given that ris increasing at 2cms"', find the rate at which 0 is increasing when 0 = —.
6

[6]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10(part) Nov 2011

Answers

a OC = OD-CD

OC = 10 - r

b Using triangle OCE:

T

sin0 =
OC

sin0 =
10-r

r = 10 sin 0 - r sin0

r + rsin0 = 10 sin 0

r(l + sin0) = lOsin0

10 sin 0

use OC = 10 - r

multiply both sides by (10 - r)

collect terms involving r

factorise

divide both sides by (1 + sin 0)

r =

1 + sin 0
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10 sin 0
r =

1 + sin 0

dr _ (1 + sin0)lO cos0 - 10sin0cos0
d0 (1 + sin0)^

dr 10cos0
(1)d0 (1 +

use the quotient rule

sin0)^
10 10 10 sin 0

When r = —, — =
3  3 1 + sin0

30 sin 0 = 10 + 10 sin 0

20 sin 0 = 10

sin0 = —

1  y/S
If sin0 = —, then cos0 = —.

2  2

Substituting in equation (1) gives:
dr

d0

10 X
2  _ 20^/3

^  ̂ 1 ^ ̂ dr 20>/3d When 0 = —, sin0 = -, cos0 = — and — =
6  2 2 d0 9

TT • U U • , d0 d0 drUsing the chain rule: — = — x —
dt dr df

9
X 2

20^/3
9

~ 10^/3

_ Sy/S
10

Exercise 14.5

Exam Exercise

1  a Find the equation of the tangent to the curve — In * at the point on the curve
where x = 1.

b Show that the tangent bisects the line joining the points (-2,16) and (12, 2).

[4]

[2]

dv
2 Find — when

dx

a y

b )! =

cos 2x sin

tanx

1 + Inx

3/

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2014

[4]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,lljun 2014
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K
3 Variables x and y are related by the equation y = 10 - 4 sin^ x, where 0 ̂  x ̂  .

Given that x is increasing at a rate of 0.2 radians per second, find the corresponding rate of
change of y when y = 8. [6]

4 Given that y =
dy cos4x

find

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3Jun 2013

[3]
K  71

b the approximate change in y when x increases from — to — + p, where p is small. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2012

5 Variables xand y are such that y = e^* + e

a Find
dx dy

b By using the substitution u = e^", find the value of y when — = 3.
dx

[2]

[4]

c Given that x is decreasing at the rate of 0.5 units s \ find the corresponding rate of
change of y when x = 1. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Oi, ii, HiJun 2012

P= (l,ln2)
3i = m(x+ l)-lnx

[8]

[3]

The diagram shows part of the curve y = ln(x + 1) - Inx. The tangent to the curve at
the point P(l, In 2) meets the x-axis at A and the y-axis at B. The normal to the curve
at P meets the x-axis at C and the y-axis at D.

a Find, in terms of In 2, the coordinates of A, B, C and D.

.  , Area of triangle BPD 1
b Given that ;——— = -- , express k in terms of In 2.

Area of tnangle APC k
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12(part) Ncrv 2011

A curve has equation y = 2xsinx -I- —. The curve passes through the point p{—, a .
3  V2 /

a Find, in terms of %, the value of a. [1]

b Using your value of a, find the equation of the normal to the curve at P. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2010
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tan 2x dv
8  I Given that y = , find .

X  dx

ii Hence find the equation of the normal to the curve y -

where x = —.
8

tan2x
at the point

[3]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q6 Mar 2015

In "h sl
The point A, where x = 0, lies on the curve y = — . The normal to the curve at A

X  X
meets the x-axis at the point B.

i  Find the equation of this normal. [7]
ii Find the area of the triangle AOB, where O is the origin. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7 Jun 2015

10 Variables x and y are such that = (x - 3) In (2x^ + l).
dy

i  Find the value of — when x = 2.
dx

ii Hence find the approximate change in y when x changes from 2 to 2.03.

[4]

[2]

11 A curve has equation y =
x^ +1

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Nov 2015

[5]i  Find the coordinates of the stationary points on the curve.

ii Show that ^ where p and q are integers to be found, and determine
dx^ (x^ +1)3

the nature of the stationary points of the curve. [5]
Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q11 Mar 2016

12

The diagram shows a circle, centre O, radius rcm. The points A and B lie on the circle such that
angle AOB = 26 radians.

i  Find, in terms of rand 6, an expression for the length of the chord AB.
10

[1]

6 + sin0
ii Given that the perimeter of the shaded region is 20 cm, show that r =

dr It
lil Given that r and 6 can vary, find the value of — when 6 -

da 6

iv Given that ris increasing at the rate of IScms-^ find the corresponding rate of
rt

change of 0when 6 = —.
o

[2]

[4]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qll Jun 2016
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Chapter 15

Integration

This section will show you how to:

■ use integration as the reverse process of differentiation
1

integrate sums of terms in powers of x, including - and
X  ax + b

integrate functions of the form (ax + b)", e'"■'^ sin(ox + fj), cos{ax + b)
evaluate definite integrals and apply integration to the evaluation of plane areas.
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In Chapter 12, you leamt about the process of obtaining — when you know y.
This process was called differentiation. dx

You learnt the rule for differentiating power functions: If y = x", then = nx""'.
dx

Applying this rule to functions of the form y = x^ + c you obtain:

y = x^ + 5.3 ^
y = x2+2 I dy

= 2x
y = x2

- v2y = x^ — 3

dx

In this chapter you will leam about the reverse process of obtaining y when you know
reverse process is called integration.

dy

dx

Note: There are

an infinite number

of functions

that when

differentiated

give 2x.

15.1 Differentiation reversed

CLASS DISCUSSION

dy
Find for each of the following functions,

dx ,

y = — x^ + 3
4

y = i3C^-0.8

1  3 ^y = — X + 4
3

1  2 1y = —X +1
^  -2

1
x2 -7

.  dy
Discuss your results with your classmates and try to find a rule for obtaining y if — = x^

Describe your rule in words.

ijS#

From the class discussion you should have concluded that:

If -^ = x" then y = ——x""^^ + c, where c is an arbitrary constant and n ̂  -1.
dx n +1

It is easier to remember this rule as:

'increase the power n by 1 to get the new power, then divide by the new power'.
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WORKED EXAMPLE 1

Find y in terms of x for each of the following.

djc

Answers

a
d*

y =
1

4 + 1

= -x® +c

b ̂  = ̂
dx

.  d^i -
b — =

dx

1  i+i
X2 +C

2 -
-x^+c
3

= -y^x' + C

d^) _ 1

dx X®

dx

1
y =

-3 + 1

J_

-2

1

-x-®+^ + c

2x2
+ c

WORKED EXAMPLE 2

Find y in terms of x for each of the following.

dy _
=

a

 6x2 + 4x
dx x2

Answers

— = 6x2 _ 5ju-2 +
dx

_ 6 3
^  S'' '(-l)- X
= 2x® + 5x~' + 2x2 ̂  ̂

= 2x® + — + 2x2 + ̂
X

■^ = 8x® - -X-® - 2x»
dx 3

b ■^ = 8x®--^-2
dx 3x

d;y _ (x - 2) (x + 5)

8 4y = -x*
3 (-4)

x"^ --x' +c

= 2x^ +-x^ -2x + c
3

= 2x^ + —^ — 2x + c
3x^

dy x2 + 3x -10
dx yfx

3  1 j[
= X2 + 3x2 _ 10x~2

1  — % — 10 —

9 5 3 1
= -x2 +2x2 -20x2 +C

5

dx yfx

write in index form ready for integration

write in index form ready for integration

write in index form ready for integration
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WORKED EXAMPLE 3

dv
A curve is such that — = (1 - a:)(3A: - 2) and (2, 8) is a point on the curve,

dx

Find the equation of the curve.

Answers

Ay
(l

dx
-x)(3x-2)

= -3x2 + 5x - 2

= -3x2 + 5^1 _ 2^0

5
■y = -X® + —x2 - 2x + c

2

When X = 2, = 8

8 = -(2f+ |(2)'-2(2) + c
8 = -8 + 10-4 + c

c = 10
5

The equation of the curve is ;y = -x* + — x2 - 2x +10.

expand brackets

write in index form ready for integration

Exercise 15.1

1 Find y in terms of x for each of the following.

a  -^ = 12x4
dx

d ^ = -
dx X®

b ^ =
dx

e ^ = -L
dx 2x^

^ = 7x3d}i
dx

d))
dx

3^
yfx

2 Find y in terms of x for each of the following.

a  = 7x® + 2x'^ + 3
dx

dy 3 15
c — = —7 7 + x

dx X x2

3 Find y in terms of x for each of the following.

a  -^ = 3x(x-2)
dx

b — = 2x^ - 3x^ + 5x
dx

dx X x'

d)i
dx

= x2 (4x2 _ 3^

g

^ = (x + 2V^f
dx '

dy _ — 3x
dx 2x^
dy _ x^ — 4x2 ^ 2
dx 2x2

d);
dx

d ^ =

f

h

d);
dx

d);
dx

x(x - 3)(x + 4)

(2x - 3)(x - 1)
x^

(3x + 5)(x - 2)
-v/x
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dv
4 A curve is such that — = 3*^ - 4x + 1.

dx

Given that the curve passes through the point (0, 5) find the equation of
the curve.

cJ-v
5 A curve is such that — = fix (x - 1).

dx

Given that the curve passes through the point (1, -5) find the equation of
the curve.

-  . . u u 2x^ + fi
6 A curve is such that ^—.

dx

Given that the curve passes through the point (-1, 10), find the equation of
the curve. , .2

dy (2 - )
7 A curve is such that — = p •

dx vx

Given that the curve passes through the point (9, 14), find the equation of
the curve.

dv
8 A curve is such that — = kx^ - 2x where k isa constant.

dx

Given that the curve passes through the points (1, fi) and (-2, -15) find the
equation of the curve.

d^V
9 A curve is such that —^ = 12x - 12.

dx2
The gradient of the curve at the point (2, 9) is 8.

a Express y in terms of x.

b Show that the gradient of the curve is never less than 2.
dy

10 A curve is such that —^ = kx - 5 where A is a constant.
dx j

The gradient of the normal to the curve at the point (2, -1) is —.
3

Find the equation of the curve.

15.2 Indefinite integrals

The special symbol J is used to denote integration.
When you need to integrate x^, for example, you write

I'x
1

^ dx = — X + c.

Jx^ dx is called the indefinite integral of x^ with respect to x.
It is called 'indefinite' because it has infinitely many solutions.

Using this notation the rule for integrating powers of x can be written as:

Jx" dx = n +1
-x""^^ + c, where c is a constant and n ̂  -1
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This section provides you with practice at using this new notation together
with the following rules;

J A:f(x) d* = Ajf(x) dx, where ft is a constant

J [f(»:) ± gW] d* = Jf(a;) dx ± J g(x) dx

WORKED EXAMPLE 4

Find: a [x^ (lOx^ - 8x + 3) dx b f -— dx
J  J xvx

Answers

a Jx^ (lOx^ - 8x + 3) dx = J (lOx^ - 8x® + 3x^) dx
10x5 8x^ 3x5

=  + + c

5  4 3

= 2x5 _

x^-2
dx

/[

3

5  3\

=  *2 - 2X 2 dx

X2 - -——X 2 + c

© H)
2 ̂  -i

= — x2 + 4x 2 + C
7

2 o (— 4
= — x'vx + —^ + c
7  Vx

Exercise 15.2

1 Find each of the following.

a J 4x^ dx b J 12x^ dx
4

I d dx x

2 Find each of the following.

a J (x + 2)(x + 5)dx b J (x — l)(2x + 3)dx
d  I (Jx + sf dx e |x(x-l)^dxJ  + 3)' Jx(x -1)^

J 2x ̂  dx
6

J d
■y/x

x

J (x - 5)^ dx
J ̂ (x - 4)dx
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3 Find each of the following.

I

J

dx

- SVic
dx e

J

J

x^ - 8

2x3

x^ + 5

X^Vx

dx

dx

(x +1)^
Sx^J

l(^

dx

\2

+ dx

15.3 Integration of functions of the form (ax+b)"
In Chapter 12 you learnt that:

d r 1
(2 (2

dx 12 X 8
x + 5)'' x + 5)'

Hence f (2x + 5)' dx = ——(2x + 5)^ + c.
J  2x8

This leads to the general rule:

f (ax + b)" dx = —"(ax + 6)"^^ + c, n ̂  -1 and a ̂  0
J  a(n + 1)

WORKED EXAMPLE 5

Find

Answers

a J (3x- 8)'3 dx = — -(3x - 8)^' + c
3(5 + 1)^ '

= —{3x-8f + c
18

8

(4x + ly
dx= 8j (4x + ir3dx

(4x + + c
8

4(-3 + l)'

-(4x + l)~^ + c
1

+ c
(4x + 1)'

19 1 1■(2x-7)"r'+c
<4 -)

= 12V2x - 7 + c

■  ■
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Exercise 15.3

1 Find:

g

J (x + 2)® d

j3(2-3x)

I a/x + 1

dx

J (2x - 5)

[ (7x + 2)

1(—J Ux + 3

(4x +1)^.

dx

3 dx

dx

c J2(3x + 2)^dx

f  J ̂(3x - if dx

i
2(3-2xr

d)!
2 A curve is such that —^ =

dx

Given that the curve passes through the point (0, -1.95) find the equation
of the curve.

3 A curve is such that — = V2x^n.
dx

Given that the curve passes through the point (4,11) find the equation of
the curve.

dx 1
4 A curve is such that —- = . ̂  .

dx vlO - X

Given that the curve passes through the point (6,1), find the equation of
the curve.

dx «
5 A curve is such that — = k{2x - 3) where ft is a constant.

dx J
The gradient of the normal to the curve at the point (2, 2) is —.

8
Find the equation of the curve.

6 A curve is such that ̂  = 2(ftx - l)^ where ft is a constant.
Given that the curve passes through the points (0, 1) and (1,8) find the
equation of the curve.

15.4 Integration of exponential functions
In Chapter 15, you learnt the following rules for differentiating exponential
functions:

— (e*) = e* — (e®*"*"*) = ae'^"''*
dx^ ' dx^ '

Since integration is the reverse process of differentiation, the rules for
integrating exponential functions are:

Je* dx = e* + c J'
1

dx = -e'"+* + c I
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WORKED EXAMPLE 6

Find

dx J'dx b I e dx c I e®" ® dx.J'

Answers

/■a  I = — e^* + c
2

1b  e * dx - e~^* + c
-7

1
i.

7

c  I e®* ® dx = — e®* ® + c
6

Exercise 15.4

1 Find:

a  I e®* dx/■ dx

d  e dxJ
!■g  I dx

2 Find

a Je*(5 -

J'
f 4e^

fe=-=

dx

dx

dx b J + l)' dx

I +4
dx 1 5e®* —

2e*
dx f

3 Find:

a J  |^2e* + dx b J (x^ - dx c J

Je2 dx
J 2e^* dx
J  dx

J (3e* + e"*)^ dx
f (e''^ -2e^f

J  e®^'

3x^e^* — 4e

dx

12x^e*
ci'v

4 A curve is such that — = 2e-'' + e"*.
dx

Given that the curve passes through the point (0, 4), find the equation of
the curve.

dy 9_— - ke'^ " + 4x, where A is a constant.5 A curve is such that
dx

At the point (2, 10) the gradient of the curve is 1.
a Find the value of k.

b Find the equation of the curve.
d^v6 A curve is such that —^ = 8e
d

-2x

x^
dvGiven that — = 2 when x = 0 and that the curve passes through the point

f, 2 \
I 1> , find the equation of the curve.
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7 The point P(—, 51 lies on the curve for which — = 2e^
^  U y d;c

The point Q(l, k) also lies on the curve,

a Find the value of k.

The normals to the curve at the points Pand <2 intersect at the point R.

b Find the coordinates of R.

15.5 Integration of sine and cosine functions
In Chapter 14, you learnt how to differentiate sine and cosine functions:

d  d
— (sin x) = cos X — I
dx dx

d . . . d
— (cos 5c) = - Sin X —
dx dx

Since integration is the reverse process of differentiation, the rules for
integrating sine and cosine functions are:

- [sin (ax + 6)] = a cos (ax + b)

[cos (ax + 6)] = -a sin (ax + b)

I

J

Q

[ [cos (ax + 6)] dx = — sin (ax + i) + r
J  a

f [sin(ax + &)] dx = - —cos(ax + + c
J  a

cos X dx = sin X + c

sin X dx = - cos x + c

Note:

It is important to remember that the formulae for differentiating and
integrating these trigonometric functions only applywhen x is measured
in radians.

WORKED EXAMPLE 7

Find:

J sin 2x dx b J cos 5x dx c fssin-
J  2

dx

Answers

a jsin

1

si

co

2x dx = —cos2x + c
2

s 5x dx = — sin 5x + c
5

c  X r X
I 3sin— dx = 3 I sin— dx
J  2 J 2

= 3 X [^-2 cos 2 I
X

= -6cos— + c
2



Find:

+ 2cos(5x - 1)] dxcos 2x + 5 sin 5x) dx

Answers

cos 2x + 5 sin 3*:) dx = 3 J cos 2x dx + 5 J sin 3x dx
= 3 X f — sin 2x1 + 5 x ( — — cos

= — sin 2x cos 3x + c

x^ + 2cos(5x -1)] dx = J x^ dx + 2J cos(5x — 1) dx
1  s «= -x^ + 2 X + c

= —X® + —sin(5x - 1) + c

WORKED EXAMPLE 8

Chapter 15: Integration

Exercise 15.5

1 Find

sin4x dxa

d

g

2 Fine

a

2cos2x dx

1
jesi
cos2x dx

sinSx dx

5sin(2-3x)dx h j2cos(2x - 7) dx i

(1 - sin x) dx

5x
3 cos 2x - TU sin — dx

2 )

e J (e^* - 5 sin 2x) dx
3 A curve is such that — = cos x - sin x

dxdx

b

d

f

X

sin— dx

3cos(2x +1) dx

4sin(l - 5x) dx

(>/x - 2 cos 3x] dx
1  3x\ ,
— - cos — dx

sin— I dx
2.

Given that the curve passes through the point I —, 3 1, find the equation of
the curve.

d}i
4 A curve is such that — = 1-4 cos 2x

dxdx

Given that the curve passes through the point I —, 1 j, find the equation of
the curve.

dy
5 A curve is such that — = 4x - 6 sin 2x.

dx

Given that the curve passes through the point (0, -2), find the equation of
the curve.
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6 A curve is such that —^ = 45 cos 3x + 2 sin x.
,  dx'^
dy

Given that — = -2 when x = 0 and that the curve passes through the

point (ti, -1), find the equation of the curve,

dy
7 A curve is such that — = k cos 3x — 4, where A is a constant.

dx

At the point (tc, 2) the gradient of the curve is -10.

a Find the value of k.

b Find the equation of the curve.

8 The point [ —, 5 lies on the curve for which — = 4 sinf 2x - —
l2 j dx { 2)

a Find the equation of the curve.

b Find the equation of the normal to the curve at the point where x = —.

n9 The point P| —, 3 1 lies on the curve for which — = 3cos| 3x
dx

71

The point the curve,

a Find the value of k.

The tangents to the curve at the points Pand Q intersect at the point R.

b Find the coordinates of R.

15.6 Integration of functions of the form - and —^
X  ax+ b

In Chapter 14, you learnt the following rules for differentiating logarithmic functions:

-(Inx) X > 0 — [in {ax + ̂)] = —-—
dx ax + b

, ax + b > 0
dx X

It is important to remember that Inx is only defined for x > 0.

Since integration is the reverse process of differentiation, the rules for integration are:

J —dx = Inx + c, X > 0
X J —^—dx = —ln(ax + b) + c, ax + b > Qax + b a
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WORKED EXAMPLE 9

Find each of these integrals and state the values of x for which the integral is valid.

1 ' 1
6

2x + 5
-dx I

8

3 - 4x
-dx

Answers

a f^dx = 5fi
J X J X

dx

= 51nx + c, x>0

-dx = 6f—^—dx
2

b  f--A_dx = 6f
J 2x + 5 J x + 5

6| ̂  |ln(2x + 5) + c

= 3 In (2x + 5) + c, X >

f —^dx = sf —^dx
J 3 — 4x J 3 — 4x

= 8(^^jln(3-4x) + f

= -2 In (3 - 4x) + c, * <

valid for 2x + 5 > 0

valid for 3 - 4x > 0

CLASS DISCUSSION

Nicola is asked to find J x 'dx.
She tries to use the formula dx =

Nicola is also asked to find

I"
J (5x + 2)

n + 1

dx.

- x""^' 4- c to obtain her answer.

She tries to use the formula f {ax + b)" dx = —-(ox + + c to obtain her answer.
J  o(n + l)a{n +1)

Discuss with your classmates why Nicola's methods do not work.
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CLASS DISCUSSION

Raju and Sara are asked to find J
Raju writes: f —7- -r dx = f -—

^  J 2(3x-l) J 6x-

2(3x-l)

-dx

dx

1
= —ln(6x - 2) + c

Sara^
r  1 . 1 r 1

writes: I — rox = — |
J 2(3x-l) 2J 3x-l

dx

= ̂In(3x - 1) + c
Decide: who is correct and discuss the reasons for your decision with your classmates.

Exercise 15.6

1  Fine

a

X

d

g

j

J

3x
dx

7

2x-l
dx

J

j

+ 2

4

2 — 3x

dx

dx

1

I

dx

8x

5

dx

2(5x-l)
dx

2  Find:

a K7x +1 + — I dx
X,

d  f ̂  dx
J  X

(■ 5x + 2y/x
J  ̂^2g dx

1(1+?] d«
J 3 - 5x3

I
2x^

dx

X^ — y/x
Xyfx

dx

dji 5
3  A curve is such that — = 7

dx 2x -1
for x> 0.5.

dx

21(3'-1)
lOxe*

Given that the curve passes through the point (1, 3), find the equation of the curve.
dv 5

4 A curve is such that — = 2x H— for x > 0.
dx X

Given that the curve passes through the point (e, e^), find the equation of the curve.

5  A curve is such that — = —— for x > -e.
dx X -I- e

Given that the curve passes through the point (e, 2 +ln2), find the equation of the curve.
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CHALLENGE Q
dy 2

6  The point P(l, -2) lies on the curve for which —^ = 3 .
dx X

The point (2(2, k) also lies on the curve,

a  Find the value of k.

The tangents to the curve at the points Pand (2 intersect at the point R

b  Find the coordinates of R

15.7 Further indefinite integration
This section uses the concept that integration is the reverse process of
differentiation to help integrate complicated expressions.

If — rF(x)l = f(x), then ff(x) dx = F(x)
dx J

+ c

WORKED EXAMPLE 10

Show that
+ 1 ^ 2 (3x^ — 3x — l)

dx W4x — 3 a/(4x - 3f

I
3x''^ — 3x — 1

Hence find j
V(4x - 3)'

Answers

Let y
x^+l

V4x-3

dj)

dx

(>/4x — 3) 2x — (x^ +1) i(4x - 3) (4)

2xV4x - 3 -

4x — 3

2(x^ + 1)
V4x - 3

J
3x^ - 3x - 1

■\]{4x — 3/

4x - 3

2x(4x - 3) - 2(x^ +1)
(4x - 3)V4x - 3

2(4x^ - 3x - x^ — 1)
V(4x - 3)^

2(3x2-3x-l)
V(4x - 3)^

1 f 2(3x2-3x-l) ,
dx = - I \ — ' dx2J V(4x-3f

x2 +1

quotient rule

multiply numerator and
denominator by -Jix - 3

2V4x - 3
+ c
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WORKED EXAMPLE 11

Differentiate x sin x with respect to x.

Hence find J,cos« dx

Answers

Let = X sin x

dv
— = (x) (cosx) + (sinx)(l) product rule

= X cos X + sin X

Hence J (x cos x + sin x) dx = x sin x
J X cos X dx + J sin x dx = x sin x

Jxcosx dx = xsinx - J sinx dx
JX cos X dx = X sin x + cos x + c

WORKED EXAMPLE 12

Differentiate x^yj2x — 1 with respect to x.

I  V2x-1
y 5

Hence find j — dx .

Answers

Let y = x®-v/2x - 1

dy

dx
(x^) - X 2 X (2x - 1)"2

2

+ 3x^V2x — 1

+ V2x-1 X (3x2)

^J2x^

_ x^ + 3x2 ̂2x - 1)
~  yj2x - 1

7x» - 3x2

I

V2x - 1

7x3 _ 3;x2 + 5

V2x-1
dx-I

7x3 _ 3^2
—, dx + I r-
V2x-1 J
7x3 _ 3^2

f  5
J J2x-l

= X^yj2x - 1 H ^-r-(2x -1)2+1
2X-

dx

2 dx

= x^y/2x - 1 + 5y/2x - 1 + C

= (x3 + 5) ■J2x — 1 + c

product rule
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Exercise 15.7

x + 5 . , d)i x-6
1  a Given that y = , , show that

V2 dx

b  Hence find I

x-1

X — 6

yl{2x-lf ■

dx.

V(2x -1)^

2 a Differentiate (3x^ - l)^ with respect to x.
b Hence find - 1)' dx.

3  a Differentiate x In x with respect to x.

b Hence find J In x dx.
d Anx^ 1 - Inx

4 a Show that — = ^—.
dxV X y X

f An X ̂b Hence find J I—g-I dx.

5  a Given that y = xVx^ - 4, find

b Hence find 1

b Hence find J

x^ -2

Vx^ — 4

3(x +

(x — 3)

d)i

dx

dx.

9 fx 3)
6 a Given that y = 3(x + 1) Vx - 5, show that — = ̂ / .

dx 2vx-5

Vx - 5
dx.

7  a Find-^fxe^* -—
dxl 2

2*

b Hence find I xe^* dxI'
d f sinx ^ k

8  a Show that — |:: | can be written in the form 7 , and state
dxVI - cosx

the value of k.
cosx -1

b Hence find
J cos X - 1

dx.

d ̂ /cjc*
9 a Given that v = (x + 8)yjx - 4, show that — = , , and state the

,  J,, dx V:c-4
value of k.

X

kx

b H dence find J

10 a Given that y =

■v/x — 4
1

x^ — 7
r  4x

b Hence find I — to dx.J (x2 - 7f

, show

x.

 that
kxd)! _

dx - 7)' -, and state the value of k.

11a Find — (2xAnx).
dx^ ^

b Hence find Jx^ Inx dx.
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12 a Differentiate x cos x with respect to x.

b Hence find J.s.n. d..
dy

13 a Given that y = (sin 2x + cos 2x), show that — = 4e^* cos 2x.
/• dx

b Hence find e^* cos2x dx.

CHALLENGE Q

14 a Find ̂ (x^yl2x-7 ).

I
5x^ — 14x + 3

b Hence find I 1 — dx.
yl2x-7

15.8 Definite integration
You have learnt about indefinite integrals such as

f x^ dx = —x^ + c
J  3

where c is an arbitrary constant.

Jx^ dx is called the indefinite integral of x^ with respect to x.
It is called 'indefinite' because it has infinitely many solutions.

You can integrate a function between two defined limits.

The integral of the function x" with respect to x between the limits x = 1 and

X = 4 is written as: J x* dx
The method for evaluating this integral is

c 2. ri s 1'
X dx = — X + c

Ji [3 J,

=  X 4^ + X H + c

= 21

Note that the c's cancel out, so the process can be simplified to:
l4

1
x^ dx

i:
= 21

x^ dx is called the definite integral of x^ with respect to x.

It is called 'definite' because there is only one solution.

Hence, the evaluation of a definite integral can be written as:

[ *f(x) dx = [f(x)]* = F(6) - F(a)
J a
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The following rules for definite integrals may also be used.

j  kf{x) dx = A j f(x) dx, where ̂  is a constant
J a V fl

fi b fi b

[f(x) ± g(x)] dx = I f(x)dx ± I g(x) dx
J a J a ^ a

WORKED EXAMPLE 13

Evaluate

Answers

• 2

f ^

J,1
X® + 3 dx b J VSx + 1 dx c J

-1

10

 (3 - 2x)
IT dx

t ̂ dx = f (x"'' + 3x~^) dx
J] Jl

= r-x^+—x-'l'
[4 -1 Jl

= (^i(2r-3(2)-^]-[i(ir-3(ir'

= 5
1

[ V3x +1 dx = f (3x + 1)2 dx
Jo Jo

1  3
-(3x + l)5

(3)

'2 3
-(3x + 1)2
.9^ ' .

xl62 ■Xl2

■(?)-(!)
14

f' 10 f' 0(3-2,)-'d.

[P2
10

)(-l)

,3 — 2x

-1 - f-
jJ u

(3 - 2xr
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WORKED EXAMPLE 14

Evaluate:

(■2a  J dx: b J ^ (3 cos 2x + 5) dx

Answers

• 2

J, dx - _2»:-3

(2e')-(2e-')

2e--
e

2e2-2

J ̂  (5 + 3 cos 2x) d* = j^5x + ^ sin 2x j *
(5n 3 . n\ 3 .

=  1- —sin— - 0 + —smOU 2 2j I 2 j

|]-(OfO)
4

571 + 6

In Section 15.10 you will learn why the modulus signs are included in the following integration
formulae:

J—dx = ln|x| + c J ——dx = —ln| ax + b\ + c
ax+ b a

Note: It is normal practice to only include the modulus sign when finding definite integrals.
The next two worked examples show how these formulae are used in definite integrals.

WORKED EXAMPLE 15

Find the value of
8

J2 2x +1 dx.

Answers

8

i.2 2x +1
dx = — ln2x + l

L2 ' '
= (41n|7| )-(41n|5|)
= 4(ln7-ln5)

= 41n-
5

substitute limits

simplify
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WORKED EXAMPLE 16

Eind the value nf f ̂ ^
J3 2 — 3x

Answers

r ^ dx=
J3 2 — 3x

^In|2-3x| j substitute limits

= (-31n|-13l)-(-31n|-7|) simplify
-31nl3 + 31n7

= 3(ln7-lnl3)

7
= 31n —

13

Exercise 15.8

1 Evaluate.

a J dx
fS
(x^ + 2) dx

Jo

j  J \/x (x + 3) dx

d

g ^ - 3 - I dx

Jl X

J (5x^ — 3x) dx

1 V X

2 Evaluate.

• 2J  (2x + l)' dx X + 4 dx

'-1 (x + 4)

3 Evaluate.

i:

r
g  f (e^ + e^^)^ dx

Jo

a  I e^* dx
'o
I

d  I dx
'0

Jo

|.i 2
J-i (3x + 5)^

b  I ^ e''* dxJ:

dx

i:

It

2*-l
dx

3e* —^ I dx
e"

c J (5x + 2) dx

i  f (2x - l)(3x - 5) dx
J-3

' ri2Vx —^ I dxvx.

yjix + if

r" 6

J-4 -\/4 — 3x

dx

dx

2

c  I Se"^"" dx
'oJ.

Jo
dx

'I
^ 3 + 86^^^

)  2e^
dx
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Evaluate.

•71

a  I sin X dxJ
Jo

n

Jj (2 cos X - sin 2x) dX  e

f ̂ (3 + cos 2x) dx
Jo

K

^ (2x - sin2x) dx
Jo

5 Evaluate.
» 5

a  I ^ dx
r 2

Ji 3x +1

f—J-2 2x + 1

j:
1

dx

2x + 3

4  2

■dx

f
Ji 1- 3x

dx

6 Evaluate.

3x — 1

'kf"

n 1

X  2x 1
dx

J,
7t

3  . 7t
c  I " sin 2x dx

)o I 6,
7C

Jj(sin3x - cos2x) dx

p 3
Ja 2x -1

1-3 3 - 2x
d

dx

x

2x
2x dx

2 2
Given that I dx = -- In 7 , find the value of k.

Ji 3x-l 3

4:X A
8  a Given that :: r = 2 + ^, find the value of the constant A.

2 2x + 3

b Hence show that

x + 3

4:X 5
dx = 2-31n-.

0 2x -f 3 3J'
Jo

9 a Find the quotient and remainder when 4x^ + 4x is divided by 2x+l.

J'
Jo

* ^ 4" 1
b Hence show that I — — dx = 2 - — In 3.

lo 2x + l 2

CHALLENGE Q
6x^ — 8x

10 Find the value of I dx.
Ji 2x-l
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15.9 Further definite integration
This section uses the concept that integration is the reverse process of
differentiation to help evaluate complicated definite integrals.

WORKED EXAMPLE 17

Sx dv
Given that y = , „ , find —.

yjx + 5 dx
f- 3

Hence evaluate , dx.
Jo ^(x- + bf

Answers

3x

dy

dx

^  yjx^ + 5

(a/x^ + 5)(3) - (3x) i(x2 + 5)4 (2x)

3a/x2 + 5

x^ + 5

3x^

a/x^ + 5
X + 5

- 3(x^ + 5) - 3x^
(x^ + 5)a/x^ + 5

15

r
a/(x^ + 5)^

yj{x^ + 5)"^
dx

5 Jo

15

+ 5)'

3x

dx

5 [_Vx^ + 5

Ia/TTsJ a/O + 5

quotient rule

multiply numerator and denominator

by Vx" + 5

WORKED EXAMPLE 18

Given that y = xcos2x, find
dx

Hence evaluate 2xsin2xdx.1:
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Answers

Let 31 = xcos2x

— = (x) X (-2sin2x) +(cos2x) X (1)
dx

product rule

= cos 2x - 2x sin 2x

7

J:(cos2x - 2*:sin2x) dx = [xcos2x]('

I ® cos 2x dx - I 2x sin 2x dx
Jo J(

7C

[- sin 2x I - I ^ 2x sin 2x dx = —
2  Jo Jo 12

—

12

 X cos — I - (0 X cos 0)
6  3;

I 2xsin2x dx — sin 2x
2

6  7C

0 ~i2
(I . itWl . nl ^
= - sm — - - sin 0
V2 3) V2 ) 12
y/S _Jt_
T'u
3j3-n

12

Exercise 15.9

1  a Given that 3) = (x + 1) y/2x - 1 , find

b Hence evaluate I , dx.
Ji yj2x - 1

dx

2 a Given that y = xv3x^ + 4 , find

b Hence evaluate I
J(

dx
^ 3x^+2

3 V3x^~+^

d}'

dx

.

3 a Given that y = —^,find ̂
X + 5 dx

b Hence evaluate f-
Ji fx(x

4x

^ + 5 )'
dx.

X ~l~ 2 dv
4 a Given that y = , find —.

V3 dx + 4 x

f fix + 4
b Hence evaluate I = dx.

J('0 V(3x + 4)'

5 a Show that —
d

X cosx + xsinx

x Vcosx cos X

f 4 cos X + X sm X
b Hence evaluate dx.

Jo 5cos X
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CHALLENGE Q

6 a Find —(xsinx).
dx

b Hence evaluate I x cos x dx
Jo

CHALLENGE Q

7 a Find—(x^ In x).
dx^ '

b Hence evaluate I 4x In x dxr

CHALLENGE Q

8 a Given that )) = x sin 3x, find
dy

dx
b Hence evaluate 1 x cos 3x dx

Jo

15.10 Area under a curve

^\v = f(x)

A(x)

0 X

If you define the area under the curve y = f(x) to the left of x as A(x), then as xincreases then A (x)
also increases.

Now consider a small increase in x, say 6x, which results in a small increase, 5A, in area.

// II

A(x) M
0 X X + 5x

6A = area to the left of (x + 5x) - area to the left of x

5A = A(x + 6x) - A(x)

Now consider the area 5A which is approximately a rectangle.

5A = y5x y
5A

so —-y
ox

5x
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A X A U dA dAAs Ox -> 0, then > — , hence — - y.
ox dx dx

dATr dA , r
If — = V, then A = a; dx.

dx J

 II/

0 a b X

Hence the area of the region bounded by the curve y = f(x), the lines x- a
and X = b and the x-axis is given by the definite integral.

Area = I f(x) dx, where f(x) ̂  0
w a

WORKED EXAMPLE 19

Find the area of the shaded region.

Answers

Area = j dx

l3

<f]-©
= 6— units^

3

O

f:

>' = X ̂

2  3

WORKED EXAMPLE 20
J'

YinA the area of the shaded region.

t  •
1  1

1  ■
1  1

1  3 X
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Answers

Area

fsr 1 ^

X + yC^

X + 2e2

d*

3 + 2e2

\

3  I

= 2 + 2e2 - 2e2

= 2[l + >/;(e-l)]
= 7.67 units^

l + 2e2

In the examples so far, the required area has been above the x-axis.

If the required area between y = f(x) and the x-axis lies below the x-axis, then

f(x)dx will be a negative value.
J a

IHence, for a region that lies below the x-axis, the area is given as I f(x) dx
J n

WORKED EXAMPLE 21

Find the area of the shaded region.

Answers
• 3

J, 1

= -4.5

Area is 4.5 units^.

The required region could consist of a section above the x-axis and a section
below the x-axis.

If this happens you must evaluate each area separately.
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This is illustrated in the following example.

WORKED EXAMPLE 22

Find the total area of the shaded regions.

O

/ \ y = 2 sin x

/  \ 371
7t\ i f 2n X

Answers
9Km

f "j  Ssinx dx = [-2cosx]q
Jo

= (—2 cos n) - (-2 cos 0)

= (2)-(-2)

= 4

J.
3jt
2  .. j.. _ r o 1 22sinx dx = [-2cosx]^^

= ̂-2 cos ̂ j - (-2 cos 7t)
= (0)-(2)

= -2

Hence, the total area of the shaded regions = 4 + 2 = 6 units^.

X + c.In Section 15.8 you were given the formula J — dx = ln|
The use of the modus symbols in this formula can be explained by considering

the symmetry properties of the graph of >' = — •

>' ■ 1

2- \
\  1

1-

-8 -i2 -i 0 1  2 3 *

-1-

-2-
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1  f "M
The shaded areas that represent the integrals — dx and I — dx are equal i
magnitude. ^ ̂  ^

However, one of the areas is
f  1 f ̂ 1

below the x-axis, which suggests that I — dx = - I — dx.
J-3 X J2 X

f® 1Evaluating I — dx gives:
J2 X

(•.Si Q

J — dx = [ In X = In 3 - In 2 = In —

f 1 3 2
This implies that I — dx = - In — = In —.

^  J-3 X 2 3

1
If you try using integration to find the value of I — dx you obtain

J-3 X

(•-2 1 9

I  — dx = [ In X ]l! = In (-2) - In (-3) = In —
J-3 X 3

There is, however, a problem with this calculation in that In x is only defined for x > 0
so In (-2) and In (-3) do not actually exist.

Hence for x < 0, we say that f —dx = ln| x| + c.
J X

Exercise 15.10

1 Find the area of each shaded region.

y = X®- 6x^+ 9x
y - 5yjx - X

= 3x +

O 1  X
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O

y = 2sinx + Scosx

E  X

2 Find the area of each shaded region.

y = x{x-2)

C ^

\

O

y =
x+2

b  vi

3; = 1 + sin2x

K  n 3! = x-5cos|

2x+ 3

:y

/-2 -l\ 0 A  X

y= {x+ 2)(x+ l)(x- 1)

Find the total shaded region.

4 Sketch the following curves and find the area of the finite region or
regions bounded by the curves and the x-axis.

a y = x(x + l) b y = (x + 2)(3-x) C y = x(x2-4)

d y = x(x - 2)(x + 4) e y = x(x - l)(x - 5) f y = x^(4-x)
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5 Find the area enclosed by the curve y = -j= , the x-axis and the lines x = 4
and X = 9.

126 a Find the area of the region enclosed by the curve y = —, the x-axis and
the lines x = 1 and x = 4. *

b The line x - p divides the region in part a into two equal parts.
Find the value of p.

7  a Show that —fxe* - e*) = xe*.
dx ^

b Use your result from part a to evaluate the area of the shaded region.

y = xe"

CHALLENGE Q

8

The diagram shows part of the curve y = ^
region has area 8, find the exact value of k.

. Given that the shaded

CHALLENGE Q

9  a Show that —(xinx) = 1 + Inx.
dx

b Use your result from part a to evaluate the area of the shaded region.

y = \nx
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CHALLENGE Q

10 a Show that — (x cos x) = cos x - x sin x.
dx

b Use your result from part a to evaluate the area of the shaded region.

y = xsin X

n X

15.11 Area of regions bounded by a line and a curve
The following example shows a possible method for finding the area enclosed
by a curve and a straight line.

The curve y = 27x intersects the line y = x
at the point (4, 4). Find the area of the shaded
region bounded hy the curve and
the line.

Answers

Area = area under curve - area of triangle

dx X 4 X 4

-8

392

WORKED EXAMPLE 23

There is an alternative method for finding the shaded area in the previous
example.
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\ y =

A /
/0 a ^  h X

( y = gix)

If two functions f(x) and g(x) intersect at x = a and x = b,
then the area, A, enclosed between the two curves is given by:

A = f f(x) dx - r g(x) dx
• a ^ a

So for the area enclosed by y = 2>/x and y = x:

3*1 y = 2Vx

O  4

using f(x) = 2%/x and g(x) = x

area = f f(x)dx- f g(x) dx
Jo Jo

-  I 2Vx dx - I X dx
Jo Jo
|»4

= J {^yfx — x) dx

^X2 - —X^
\

2

0

^4 ^ 1
— X 42 — X 4^
3  2

= 2— units^
3

^  . 3

xO
3

4 - 1
-X02 --X02

This alternative method is the easiest method to use in this next example.
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WORKED EXAMPLE 24

The curve y = -A intersects the xsaxis
at the points A and B and intersects the
line y = X - 2 at the points B and C.

a Find the coordinates of A, B and C.

b Find the area of the shaded region
bounded by the curve and the line.

Answers

a When y = 0, x^ - 4 = 0
X = ±2

A is the point (-2, 0) and B is the point (2, 0)

For intersection of curve and line:

x^ — 4 = X — 2

x^ - X — 2 = 0

{x + \){x - 2) = 0

X = -1 or 3c = 2

When x= -I, y = -S

Cis the point (-1, -3)

b Area = J (x - 2) dx - J (x^ - 4) dx
<•2

= J (x - 2 - x^ + 4) dx = J (x + 2 - x^)

= [—x^ + 2x - —x^

•(■••-D-V-l)

\  ̂
/  ̂

\a B IX

\  ̂ X

A = X - - 4

y = X -2

dx

= 4.5 units^

CLASS DISCUSSION

Discuss tvith your classmates how you could find the
shaded area, A, enclosed by the curve y = x{8- x)
the line y = 5x and the x-axis.
Can you find more than one method?
Calculate the area using each of your different methods.
Discuss with your classmates which method you preferred

= 3x

\ y = x(8 - x)

A

0 8\ X
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Exercise 15.11

1 Find the area of the region enclosed by the curve
y = 1 + cosx and the line y = 1.

2 Find the area of the region bounded by the curve
y = 2 + 3x - the line x = 2 and the line y = 2.

3 Find the area of the region bounded by the curve
y = 3x^ + 2, the line y = 14 and the y-axis.

4 Find the area of the shaded region.

= 1 + cosx

y = 2+ 3x-X

= 3x'^ + 2

y = 2sin2x + 3 cosx

Sketch the following curves and lines and find the area enclosed between
their graphs.

a

b

c

d

e

y = x"^ + 1 and y = 5

y = x'^ - 2x + 3 and x + y = 9

y = ̂/x and
1

y = 4x - x^ and 2x + y = 0

y - {x - l)(x - 5) and y = x - 1
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Sketch the following pairs of curves and find the area enclosed between
their graphs for x 3= 0.

a y = and y = x{2-x)

b )) = and 31 = 4x - 3x^

Find the shaded area enclosed by the curve y = SVx the ^
line y = 10 - X and the x-axis. ^ y - S^fx

y = 10 - X

8 The tangent to the curve y = fix - x^ at the point (2, 8)
cuts the x-axis at the point P.

a Find the coordinates of P.

b Find the area of the shaded region.

The curve y = V2x + 1 meets the y-axis at the point P.

The tangent at the point <2(12, 5) to this curve meets
the y-axis at the point R.

Find the area of the shaded region PQR.

10 The diagram shows the graphs of y = 2 -f cos 2x and
y = 1 -I- 2cos 2x for 0 x n.

Find the area of the shaded region.

(2,8)/^
\ y = fix-

<p 0 fi X

R

P

y = 2 + cos2x

y = 1 + 2 cos2x

CHALLENGEQ

11 The diagram shows the graphs of y =

Find the area of the shaded region.
X -I- 3

and y = 4

x+ 3
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Summary

integration as the reverse of differentiation

If — rF(x:)l = f(x), then f f(jc) dx = F(3£:) + c.
dx*- J

Integration formulae

1
dJ x =

n + \
+ c, where c is a constant and n ̂  -\."

f (ax + by dx = ^—"(ex + 6)"^^ + c, n -1 and a ̂ 0
J  a(a + l)

I

J

dx = — + c|e'
f [cos (ax + ̂»)] dx = — sin (ax +b) + c
V  0/

J sinx dx = -cosx + c J [sin(ax + 6)] dx = —cos(ax ■¥b) + c

e* dx = e* + c

cosx dx = sinx + c

J
1

dx = Inx + c, X > 0 1 ——dx = —ln(ax + ft) + c, ax + 6 > 0
ax-^b a

f 1 f 1 1I —dx = ln|x| + c I dx = —ln| ax + 6| + c
J X J ax+ b a

Rules for indefinite integration

I kfix) dx = kj f(x) dx, where /e is a constant
J [f(x) + g(x)] dx = J f(x) dx ± J g(x) dx
Rules for definite integration

If J f(x) dx = F(x) + c, then J f(x) dx = [F(x)]* = F{b) - F(a).
I  Af(x) dx = A f(x) dx, where A is a constant

J a J a
f^b

I  [f(x) ± g(x)l dx = j f(x) dx ± I g(x) dx
J a J a J a

Area under a curve
The area. A, bounded by the curve y = f(x), the x-axis and
the lines x = a and x = b is given by the formula

A = f f(x) dx if f(x) ^ 0.
J a

V = f(^)



Cambridge IGCSE and 0 Level Additional Mathematics

Area bounded by the graphs of two functions

If two functions f(5£:) and g(x) intersect at x = a and x = b, then
the area, A, enclosed between the two curves is given by the formula

A = j f(x) dx - I g(x) dx.
J a J a

y = g(-^)

Examination questions

Worked example

d\'
The diagram shows part of a curve such that — = 3x^ - 6x - 9.

dx

Points A and B are stationary points of the curve and lines from A and B are drawn perpendicular
to the x-axis. Given that the curve passes through the point (0, 30), find

[4]

[3]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q12(part) Nov 2012

a  the equation of the curve,

b  the x-coordinates of A and B,

c  the area of the shaded region.

Answers

a — = 3x^ - 6x - 9
dx

y = x^ - 3x^ - 9x + c

Using X = 0, y = 30 gives c = 30.

The equation of the curve is y = x^ - 3x^ - 9x + 30.

b Stationary points occur when — = 0

3x^ - 6x - 9 = 0

x^ - 2x — 3 = 0

(x + l)(x - 3) = 0

X = -1 or X = 3

The x-coordinate of A is -1 and the x-coordinate of is 3.
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c Area = J y dx
r3

— J - 3x^ - 9x + 30) dx

Qy^
— - x^ - — + 30x

(3)' ,.,3 9(3)^
- (3)^ - + 30(3) (-1)^ ( 1)3 9(-l)^ + 30(-l)

= 76

Area of shaded region is 76 units^.

Exercise 15.12

Exam Exercise

1  a Given that y = e*^, find —. [2]
dx f a

b Use your answer to part a to find I x e* dx . [2]
f2 2 *'

c Hence evaluate I x e* dx. [2]
Jo

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii,iiiJun 2014

dy 1 f 1 5^2 A curve is such that — = 4x + ^ for x> 0. The curve passes through the point ~ •
cix + ij \^2 6J

a Find the equation of the curve. [4]

b Find the equation of the normal to the curve at the point where x = 1. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7i, iiJun 2014

3  a Find J [2]
^  f^V 6Hence find the value of the positive constant k for which J 11 -j dx = 2. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i, ii Jun 2013

b

4 The diagram shows part of the curve of y = 9x^ — x^, which meets the x-axis at the origin O
and at the point A. The line y — 2x + 18 = 0 passes through A and meets the y-axis at the
point B.

NOT TO

SCALE

y = 9x^ - X'

y- 2x+ 18 = 0
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a Show that, for x ̂  0, 9x^ - x^ ̂  108. [4]

b Find the area of the shaded region bounded by the curve, the line AB and the y-axis. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qll (part) Jun 2012

5 The diagram shows part of the curve y — 2 sin Sx. The normal to the curve y = 2 sin Sx at the
Kpoint where ̂  ~ ̂  meets the y-axis at the point P.

y = 2sin 3x

O  n

NOT TO

SCALE

a Find the coordinates of P. [5]

b Find the area of the shaded region bounded by the curve, the normal and the y-axis. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Qll (part) Jun 2012

6 Find the exact value of 5 +

a and b are integers.

8

4x — 3

0^ 0 ^
7  a Find the value of the constant A such that = 3 +

f ̂ 6x — 5 7
b Hence show that dx = 6 + 2 In —.

Js 2x — 3 3

8  a Differentiate 4x^ln(2x+ 1) with respect to x.

2x
b 1 Gi

dy

dx, giving your answer in the form ln((3e^), where
[5]

Examination style question

[2]

[5]

Examination style question

[3]

2x - 3 2x - 3

ven that y =

ii Hence find J

X + 4
,  , show that = . -r

dx j
5x + 20

d

{yjx + 2 )
x.

iii Hence evaluate . . y dx.
(^/^ )I
' 5x + 20

[4]

[2]

[2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q9 Nov 2013
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9 Do not use a calculator in this question.

d f ^
i  Show that — = pxe'^", where p is an integer to be found.

dx V 4 )

/•In 2

ii Hence find the exact value of xe"'* dx, giving your answer in the form
Jo

[4]

10

[4]a In 2 + -, where a, b and c are integers to be found.
c

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Jun 2016

Find J ̂3x - x2 dx. [2]

The diagram shows part of the curve y = 3x - x^ and the lines y = 3x and 2y = 27 - 3x.
The curve and the line y = 3x meet the x-axis at O and the curve and the line 2y = 27 - 3x
meet the x-axis at A.

2y = Tl - 3x

O A  X

ii Find the coordinates of A. [1]

iii Verify that the coordinates of B are (3, 9). [1]

iv Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Qll Jun 2016



This section will show you how to:

■ apply differentiation to kinematics problems that involve displacement, velocity and acceleration

of a particle moving in a straight line \with variable or constant acceleration, and the use of x-t and

u-r graphs.
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You should already know about distance-time graphs and speed-time graphs.

Distance-time graphs can be used to find out how the distance changes with time.

• The gradient of a distance-time graph represents the speed.

distance

A straight line shows
that the speed is
constant (steady).

A horizontal line shows >

that the speed is zero.
The steeper a line
is, the greater the
speed.

O
time

Speed-time graphs can be used to find out how the speed changes with time.

• The gradient of a speed-time graph represents the acceleration.

• The area under a speed-time graph represents the distance travelled.

speed

A line with positive
gradient means the
speed is increasingr
(It is accelerating.)

A line with zero The steeper the line
gradient means the is, the greater the
speed is constant. acceleration.

time

Distance and speed are examples of scalar quantities.
(Scalar quantities have magnitude but no direction.)

In this chapter you will learn about displacement, velocity and acceleration.

Displacement, velocity and acceleration are examples of vector quantities.
(Vector quantities have magnitude and direction.)

A line with negative
gradient means the
speed is decreasing.
(It is decelerating.)
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16.1 Applications of differentiation in kinematics

Displacement

Consider a particle, P, travelling along a straight line such that its
displacement, s metres, from a fixed point O, t seconds after passing through
O, is given by 5 = 4^ -

The graph of s against t for 0 ̂  i ̂  5 is:

5

5

4

3

2

1

-1

-2

-3

-4

<) 5 K  ̂

5= 4t-t^ \
-5-*

This can be represented on a motion diagram as:

t-5 t=A t=3

Jt = 2
t = 0 t=l

I  I I -I 1 1 1 r

-5 -4 -3 -2 -1 0 1 2 3 4 5 ̂

At time t = 2, the displacement of the particle from O is 4 m.

When t = 2 the particle stops instantaneously and reverses its direction of
motion.

At time t = S, the displacement is 3 m and the total distance travelled is

4+ (4-3) = 5m.

At time f = 4, the displacement is Om and the total distance travelled is
4 + 4 = 8m.

At time ̂  = 5, the displacement is -5 m and the total distance travelled is
4 + 9 = 13 m.

Velocity and acceleration
If a particle moves in a straight line, with displacement function s{t), then the

d5
rate of change of displacement with respect to time, —, is the velocity, v, of
the particle at time t.

ds

dt



Chapter 16: Kinematics

If the velocity function is v{t), then the rate of change of velocity with respect

to time, —, is the acceleration, a, of the particle at time t.
dt

a =
du _

dt dt^

CLASS DISCUSSION

I ) 5 W  r

s= 4t-P' \

.) t

Earlier in this chapter you considered this displacement-time graph for the first 5 seconds of the
motion of a particle P. The displacement of the particle, s metres, from a fixed point O, t seconds
after passing through O, was given by s = 4t - t^.
Working in small groups, complete the following tasks.

1  Find an expression, in terms of t, for the velocity, y ms~\ of this particle.
2 Draw the graph of v against t for 0 f 5.

3  State the values of t for which v is

a positive b zero c negative.

4 What can you say about the direction of motion of the particle when v is

a positive b zero c negative?

5 Find the acceleration, a ms"^, of this particle and interpret your answer.
Now, discuss your conclusions with the whole class.

It is important that you are able to interpret the signs for displacements,
velocities and accelerations.

These interpretations for a particle P relative to a fixed point O are
summarised in the following tables.
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Signs for displacement s

5 < 0 5 = 0 5 > 0

Pis to the left of 0 Pis at 0 Pis to the right of 0

Signs for velocity v

V <0 i; = 0 v>0

P is moving to the left
P is instantaneously at

rest
P is moving to the right

Signs for acceleration a

a < 0 a = 0 a > 0

velocity is decreasing
velocity could be

maximum or minimum

or constant

velocity is increasing

WORKED EXAMPLE 1

A particle moves in a straight line so that, t seconds after passing a fixed point O, its
displacement, s metres, from O is given by 5 = — \2t^ + Abt.

a Find the velocity when t = 2.

b Find the acceleration when < = 4.

c Find the values of twhen the particle is instantaneously at rest,

d Find the distance of the particle from Owhen t = 7.

e Find the total distance travelled by the particle during the first 7 seconds.

Answers

a  s = t^-\2t^ + 45t

v = ̂  = - 24< + 45
d/

When t = 2,v = 5{2f - 24(2) + 45 = 9

The velocity is 9ms~^ when t = 2.

b  v = 5t^- 24t + 45

a = — = 6t - 24
dt

When t = 4, a = 6(4) - 24 = 0

The acceleration is 0 m s"^ when t = 4.
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The particle is at instantaneous rest when n = 0.

3^2 - 24t + 45 = 0

<2 - 8t +15 = 0

(t-3)(t-5) = 0

t = ?> or t = 5

The particle is at instantaneous rest when i = 3 and < = 5.

When t = 1,s= (7)^ - 12(7)2 + 45(7) = 70.

The particle is 70 m from O when t = 7.

When t = 0, s = 0.

Critical values are when t = 5 and t = 5.

When t = 3,s= {Sf - 12(3)^ + 45(3) = 54.

When t = 5, s = (5)^ - 12(5)2 + 45(5) = 50.

sC
t = 7
X

X

t = 0

yt=3

0  50 54 70 ̂

Total distance travelled = 54 + (54 - 50) + (70 - 50) = 78 m.

WORKED EXAMPLE 2

A particle moves in a straight line so that the displacement, s metres, from a fixed
point O, is given by i = In {2t + 5), where t is the time in seconds after passing a point
X on the line.

a Find OX

b Find the velocity when t - 10.

c Find the distance travelled during the third second,

d Find the acceleration of the particle when t = 2.5.

Answers

a When < = 0, ̂ = In [2(0) + 5] = ln5

OX = ln5 == 1.61 m

b  s = In (2f + 5)

ds 2

the particle is at X at time t = 0

V

(1/ 2< + 5

When t = 10, v =
2(10) + 5

The velocity is 0.08 ms"'.

0.08
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c  Since i; > 0 for all values of t, there is no change in the direction of motion of
the particle.

The third second is from t = 2x.o t -?>.

When < = 2, s = In [2(2) + 5] - In9.

When f = 3, s In [2(3) + 5] = In 11.

i=0 t=2 t=S
X  > X X

In 5 In 9 In 11 ^

11
Distance travelled during the third second = In 11 - In 9 = In — = 0.201 m.

d  V =
2t + 5

dv

= 2(2t + 5)-'

a = — = -2{2t + 5)'^ x2 = ^
dt {2t + 5f

When t = 2.5, a =
[2(2.5)+ 5]'

The acceleration is -0.04 ms"^.

- -0.04

WORKED EXAMPLE 3

A particle moves in a straight line such that its displacement, i metres, from a fixed
point O on the line at time I seconds is given by j = 20 [e"^' - e"^' ].

a Find value of t when the particle is instantaneously at rest,

b Find the displacement of the particle from Owhen t = \.

C Find the total distance travelled during the first second of its motion.

Answers

a  s = 20[e~^'- e~®']

t; = — = 20[-2e-2'+ 3e-^']

u = 0 when - 2^-^' + 3e-^' = 0

2e-2' = 3e-S'

e' = -
2

,  3
f = In —

It is instantaneously at rest when « = In— = 0.405s.

b When t = 1, s = 20[e-2(') - e"^')] = 1.711.
Displacement from Ois 1.71 m.
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c When i = 0, s = 0.
3

Critical value is when t = In — .
2

When t = In — , 5 = 20
2

2.963.

t = l 3 i = In I
t = 0

0  1.711 2.963

Total distance travelled = 2.963 + (2.963 — 1.711) = 4.21 m.

WORKED EXAMPLE 4

A particle travels in a straight line so that, t seconds after passing through a fixed

point O, its velocity w m s"\ is given hy v = 5 cos j .
a Find the value of (when the particle first comes to instantaneous rest,

b Find the acceleration of the particle when ̂  ^ •

Answers

a The particle is at rest when v = 0.

5 cos

cos| 2 ' ~ ̂

t _ K

2 ~ 2
t = 7t

It is at instantaneous rest when t = n.

b V = 5cos

dw

d<

5  . f A
= —sm —

2  Uj

When t — —, a = — — sinf—1 = -1.25
3  2 U;

When t = — the acceleration is -1.25 ms
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50

{2,t + 2)'

6e2' - 2t.

Exercise 16.1

1 A particle, moving in a straight line, passes through a fixed point O.

Its velocity ums~', i seconds after passing through O, is given by u =
a Find the velocity of the particle as it passes through O.

b Find the value of twhen the velocity is 0.125 ms"'.

c Find the acceleration of the particle when t = \.

2 A particle, moving in a straight line, passes through a fixed point O.

Its velocity u m s"', t seconds after passing through O, is given by v
a Find the initial velocity of the particle.

b Find the initial acceleration of the particle.

3 A particle starts from rest and moves in a straight line so that t seconds
after passing through a fixed point O, its velocity u ms~', is given by
V = 5(l-e-').
a Find the velocity of the particle when t = In 100.

b State the value which v approaches as t becomes very large.

C Find the acceleration of the particle when u = 4.

d Sketch the velocity-time graph for the motion of the particle.

4 A particle moves in a straight line such that its displacement, 5 metres, from
a fixed point O on the line at time t seconds is given by 5 = 9[ln(3i -I- 2)].
a Find the value of <when the displacement of the particle from Ois 36 m.

b Find the velocity of the particle when / = 1.

c Show that the particle is decelerating for all values of t.

5 A particle moves in a straight line so that, t seconds after passing through a
fixed point O, its displacement, s metres, from O is given by 5 = In (1 -I- 2t).

a Find the value of t when the velocity of the particle is 0.4 m s~'.

b Find the distance travelled by the particle during the third second,

c Find the acceleration of the particle when ̂ = 1.5.

6 A particle travels in a straight line so that, t seconds after passing through a

fixed point O, its velocity y ms~', is given by u = 8cos|^^ j.
a Find the value of iwhen the velocity of the particle first equals 4 ms"'.
b Find the acceleration of the particle when t = 5.

7 A particle, moving in a straight line, passes through a fixed point O.

Its velocity ums"', < seconds after passing through O, is given by
V = cos3< -I- sin 3b

a Find the value of <when the particle is first instantaneously at rest,

b Find the acceleration of the particle when t = K.
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8 A particle starts from rest and moves in a straight line so that, t seconds
after leaving a fixed point O, its displacement, s metres, is given by
5 = 2-2 cos 2t.

a Find an expression for the velocity and the acceleration of the particle
in terms of t.

b Find the time when the particle first comes to rest and its distance from
O at this instant.

9 A particle moves in a straight line such that its displacement, s metres, from
a fixed point Oon the line at time t seconds is given by 5 = 50 [e"^' - e""^'].
a Find the time when the particle is instantaneously at rest.

b Find the displacement of the particle from Owhen t = 2.

c Find the total distance travelled during the first 2 seconds of its motion.

10 A particle moves in a straight line so that its displacement from a fixed
point O, is given by 5 = 2t + 2 cos 2fi where t is the time in seconds after the
motion begins.

a Find the initial position of the particle.

b Find an expression for the velocity and the acceleration of the particle
in terms of t.

C Find the time when the particle first comes to rest and its distance from
O at this instant.

d Find the time when the acceleration of the particle is zero for the first
time and its distance from O at this instant.

11 A particle, moving in a straight line, passes through a fixed point O.

Its velocity ums"^ t seconds after passing through O, is given by
V - k cos At, where kisa. positive constant.

a Find the value of t when the particle is first instantaneously at rest,

b Find an expression for the acceleration, a, of the particle t seconds after
passing through O.

^TC
c Given that the acceleration of the particle is 10 m s~^ when t = —, find

24
the value of k.
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CHALLENGE Q

12 A particle moves in a straight line such that its displacement, s metres,
from a fixed point O at a time t seconds, is given by

5 = 2^ for 0 ̂  f 4,

s = 8 + 2 In (f - 3) for f > 4.

a Find the initial velocity of the particle.

b Find the velocity of the particle when i t = 2 li i = 6.

c Find the acceleration of the particle when I 1 = 2 ii i = 6.

d Sketch the displacement-time graph for the motion of the particle,

e Find the distance travelled by the particle in the 8th second.

CHALLENGE Q

13 A particle moves in a straight line so that the displacement, 5 metres,
from a fixed point O, is given by s = 2t^ -I7t^ + 40t-2, where tis the
time in seconds after passing a point X on the line.

a Find the distance OX.

b Find the value of t when the particle is first at rest.

C Find the values of t for which the velocity is positive,

d Find the values of t for which the velocity is negative.

16.2 Applications of integration in kinematics
In the last section you learnt that when a particle moves in a straight line
where the displacement from a fixed point O on the line is s, then:

di
V = —

dt

_ dw _ d^5
dt dt^

and

Conversely, if a particle moves in a straight line where the acceleration of the
particle is a, then:

" = Ja df and s = \v dt

In this section you will solve problems that involve both differentiation
and integration.
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The following diagram should help you remember when to differentiate and
when to integrate.

displacement (s) -

V = ■

d5

I,v= r/dt

dv d''5

d< d^^

velocity {v)

acceleration {a)

V = a (it

WORKED EXAMPLES

A particle moving in a straight line passes a fixed point O with velocity 8ms
Its acceleration a ms"^, t seconds after passing through O is given by a = + 1.

a Find the velocity when t = 3.

b Find the displacement from O when t = 3.

Answers

a  fl! = +1

V = I a d<1
= J (2t + 1)
=  +t + c

dt

Using V = 8 when t = 0, gives c = 8

V = -¥ t + S

When t = S,v= (3)^ + (3) + 8 = 20

The particle's velocity when t = 3 is 20ms"'.

b  t; = i^+f + 8

5 = Jv dt
= J (<^ + < + 8) dt

I s 1 9 o
— ~t H— t +8t + c
3  2

Using s = 0 when t = 0, gives c = 0
I s 1 9 os = -t^ + -{2 +8t
3  2

When t = 3, s = -(3)' + -^(3)^ + 8(3) = 37.5
3  2

Its displacement when ̂ = 3 is 37.5 m.
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WORKED EXAMPLE 6

A particle, moving in a straight line, passes through a fixed point O.

Its velocity u ms"', t seconds after passing through O, is given by u = 6e^' + 2t.
a Find the acceleration of the particle when t = \.

b Find an expression for the displacement of the particle from O.

C Find the total distance travelled by the particle in the first 2 seconds of its motion.

Answers

a  V = 6e®' + 2t

a = — = ISe®' + 2
dt

When 1 = 1, a = + 2 = 364

Its acceleration when t = 1 is 364 ms"^.

b V = 6e'" + 2/

s = I u d<
J

= J (6e^' + 2t) dt
= 2e®' + + c

Using s = 0 when t = 0, gives c = -2

The displacement, s metres, is given by s = 2e'' +t^ -2.

c Since u > 0 for all values of t, there is no change in the direction of motion of
the particle.

When t = 0, s = 0

When t = 2, s = 2e^<2) + (2)^ - 2 = 2e® + 2
Distance travelled during the first 2 seconds = 2e ® + 2 = 809 m.

Alternative method

Since there is no change in direction of motion:

s = Ju dt
Note:f (6e3' + 2t)dt

Jo

= (2e® + 4) - (2e« + O)

■  [2e^' +
This alternative method can only be
used when there has been no change
in direction of motion during the
relevant time interval.

= 2e® + 2

= 809 m
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WORKED EXAMPLE 7

A particle starts from rest and moves in a straight line so that, / seconds after leaving a
fixed point O, its velocity, w ms"', is given by w = 4 + 8cos 2t.

a Find the range of values of the velocity,

b Find the range of values of the acceleration.

c Find the value of t when the particle first comes to instantaneous rest.
Tt

d Find the distance travelled during the time interval 0 ̂  t .

Answers

a  V = 4 + 8 cos 2t

u„i„-4 + 8(-l) = -4

Hence, -4 ̂  u ̂  12.

b  u = 4 + 8 cos 2t

a = — = -16sin2t
dt

and -1 ̂  cos 2f ̂  1

and = 4 + 8(1) = 12

a„i„=-16(l) = -16

Hence, -16 ̂  a ̂  16.

When V = 0, 4 + 8 cos 2< = 0

cos 2t - -

and -1 ̂  sin 2< ̂  1

and =-16(-1) = 16

2t = ̂

1

2

2t^
3

_ ̂

" 3
KThe particle first comes to rest when ̂  ^ ■

d  5-I'dt
= J (4 + 8cos2t) dt
= 4t + 4sin2< + c

Using s = 0 when t = 0, gives c = 0

i = 4< + 4 sin 2t
n

Particle changes direction when t = —.

When t =

When t =

; = 4(^|j + 4sin(^Y] "
= 4 j + 4 sin (7t) = 2j: = 6.2832

I  ■■

y

0  6.283 7.653 ^

Total distance travelled = 7.653 + (7.653 - 6.283) = 9.02 m.
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Exercise 16.2

1 A particle, moving in a straight line, passes through a fixed point O.

Its velocity u ms~\ t seconds after passing through O, is given by f = 10^ -

a Find the velocity of the particle when the acceleration is fims"^.

b Find the time taken before the particle returns to O.

c Find the distance travelled by the particle in the 2nd second,

d Find the distance travelled by the particle before it comes to instantaneous rest,

e Find the distance travelled by the particle in the first 12 seconds.

2 A particle, moving in a straight line, passes through a fixed point O.

Its velocity u ms~\ t seconds after passing through O, is given by =

a Find the acceleration of the particle when t = 2.

b Find an expression for the displacement of the particle from O.

c Find the distance travelled by the particle in the 3rd second.

3 A particle, moving in a straight line, passes through a fixed point O.

Its velocity u ms"\ t seconds after passing through O, is given by f = 4e^' + 2t.

a Find the acceleration of the particle when i = 1.

b Find an expression for the displacement of the particle from O.

c Find the total distance travelled by the particle in the first 2 seconds of
its motion. Give your answer correct to the nearest metre.

4 A particle, moving in a straight line, passes through a fixed point O.

Its velocity u ms"^ t seconds after passing through O, is given by

V = t + 2cos| — ).
.  37t

Find the displacement of the particle from O when t = — and its
acceleration at this instant. ^

5 A particle, moving in a straight line, passes through a fixed point O.

Its velocity u ms~\ t seconds after passing through O, is given hy v = 4e^' + 6e~^'.

a Show that the velocity is never zero,

b Find the acceleration when t = In 2.

C Find, to the nearest metre, the displacement of the particle from O
when t = 2.
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6 A particle moves in a straight line, so that, t seconds after leaving a fixed
point O, its velocity, t; ms"\ is given hy v = pt^ + qt -\2, where p and
q are constants.

When t = 2 the acceleration of the particle is 18 m s~^.

When ? = 4 the displacement of the particle from O is 32 m.

Find the value of p and the value of q.

7 A particle moving in a straight line passes a fixed point O with velocity
10 ms"^

Its acceleration a ms"^, t seconds after passing through O is given
by a = 3 - 2t.

a Find the value of twhen the particle is instantaneously at rest.

b Sketch the velocity-time graph for the motion of the particle.

c Find the total distance travelled in the first 7 seconds of its motion. Give

your answer correct to 3 sf.

8 A particle moving in a straight line passes a fixed point O with velocity 18 ms"^

Its acceleration oms"^, i seconds after passing through Ois given by a = 3< - 12.

a Find the values of t when the particle is instantaneously at rest.

b Find the distance the particle travels in the 4th second,

c Find the total distance travelled in the first 10 seconds of its motion.

9 A particle starts from rest and moves in a straight line so that, t seconds
after leaving a fixed point O, its velocity, u ms"\ is given by u = 3 -I- 6cos2<.

a Find the range of values for the acceleration.

b Find the distance travelled by the particle before it first comes to
instantaneous rest. Give your answer correct to 3 sf.

10 A particle starts from rest at a fixed point O and moves in a straight line
towards a point A. The velocity, w ms~\ of the particle, t seconds after
leaving O, is given by w = 8 - 8e"^'.

a Find the acceleration of the particle when i = In 5.

b Given that the particle reaches A when t = 2 find the distance OA.
Give your answer correct to 3 sf.

11 A particle travels in a straight line so that, t seconds after passing through a

fixed point O, its speed, w ms~\ is given by v = 2cos|^^j - 1.
a Find the value of t when the particle first comes to instantaneous rest at

the point P.

b Find the total distance travelled from t = 0 to t = 2n.
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CHALLENGEQ

12 A particle moves in a straight line so that t seconds after passing through a
fixed point O, its acceleration, a ms~^, is given hy a-pt + q, where p and q
are constants.

The particle passes through Owith velocity 3ms~^ and acceleration -2ms~^.

The particle first comes to instantaneous rest when t = 2.

a Find the value of p and the value of q.

b Find an expression, in terms of t, for the displacement of the particle.

C Find the second value of t for which the particle is at instantaneous rest,

d Find the distance travelled during the 4th second.

CHALLENGE Q

13 A particle starts from a point O and moves in a straight line so that its
Kt

displacement, icm, from Oat time / seconds is given by 5 = 2/sin —.
3

a Find expressions for the velocity, v, and the acceleration, a, of the
particle at time t seconds,

b Show that 18(y/ - s) = t^{9a + K^s).

Summary
The relationships between displacement, velocity and acceleration are:

displacement (s)

_dw _d^s

At d<^

velocity (v)

acceleration (a)

A particle is at instantaneous rest when v = 0.
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Examination questions

Worked example

A particle travels in a straight line so that, t s after passing through a fixed point O, its velocity,
wcms"^ is given by f = 4e^' - 24^.

a Find the velocity of the particle as it passes through O. [1]

b Find the distance travelled by the particle in the third second. [4]

c  Find an expression for the acceleration of the particle and hence find the stationary value of
the velocity. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11 (part) Nov 2012

Answer

a When t^O,v = 4e(2xo) - 24(0) = 4.

The velocity of the particle as it passes through Ois 4cms"\

b The third second is from t = 2 to t = S.

f 3= 0 for 2 ̂  t ̂  S, hence there is no change in direction of motion in this time interval.

Distance travelled

(.3
= J (4e2' - 24t) dt

= [2e^' - I2t^]

= (2e® 108) - (26" 48)

= 2e® - 2e'' - 60

Distance travelled in third second = 638 m.

Acceleration = —(v)
dr ̂

= -(4e
dt

2( 24t)

= 8e^' - 24

Acceleration is (8e^^- 24) cms"^.
du

Stationary values of v occur when — = 0.

8e2< - 24 = 0

= 3

2t = ln3

t = -ln3
2

1
When t = -ln3, v = 4e'"3 -121n3 = 12-121n3

2

Stationary value of velocity is 12(1 - In 3) cm s"^
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Exercise 16.3

Exam Exercise

1
t»ms

20 24 f s

The velocity-time graph represents the motion of a particle moving in a straight line,

a Find the acceleration during the first 5 seconds.

b Find the length of time for which the particle is travelling with constant velocity,

c Find the total distance travelled by the particle.

[1]

[1]

[3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2i,ii,iiiJun 2013

2 A particle moves in a straight line so that, ts after passing through a fixed point O, its velocity,
0

w ms~\ is given by y = 2f - 11 H . Find the acceleration of the particle when it is at
instantaneous rest. ^ ̂  ̂ [7]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9Jun 2012

3 A particle moves in a straight line such that its displacement, x m, from a fixed point O at time
ts, is given by x = 3 + sin 2<, where t ̂  0.

a Find the velocity of the particle when t = 0. [2]

b Find the value of t when the particle is first at rest. [2]

c Find the distance travelled by the particle before it first comes to rest. [2]

d Find the acceleration of the particle when t - —. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i-iv Nov 2011

A body moves in a straight line so that, is after passing through a fixed point O, its
displacement from Ois sm. The velocity yms"^ is such that v = 5cos4i.

a Write down the velocity of the body as it passes through O.

b Find the value of iwhen the acceleration of the body is first equal to 10 ms"^.
C Find the value of s when t-b.

[1]

[4]

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q9i, ii, iiJun 2011
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5 A particle Pis projected from the origin Oso that it moves in a straight line. At time t seconds
after projection, the velocity of the particle, m s"\ is given by v = 2^^ - 14i + 12.
I  Find the time at which P first comes to instantaneous rest. [2]
ii Find an expression for the displacement of Pfrom O at time t seconds. [3]
lil Find the acceleration of Pwhen t=2). [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6 Jun 2015

6  a A particle P moves in a straight line. Starting from rest, P moves with constant
acceleration for 30 seconds after which it moves with constant velocity, ̂ ms-^, for
90 seconds. P then moves with constant deceleration until it comes to rest; the
magnitude of the deceleration is twice the magnitude of the initial acceleration,

i  Use the information to complete the velocity-time graph. [2]

w ms"

k

O
I  I I I 1 ' I

t seconds

ii Given that the particle travels 450 metres while it is accelerating, find the value
of k and the acceleration of the particle. [4]

b  A body Q moves in a straight line such that, t seconds after passing a fixed point, its
acceleration, ams~2, is given hy a = 3t^ + 6. When / = 0, the velocity of the body is 5ms~b
Find the velocity when t= 3. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q11 Mar 2015

7 A particle is moving in a straight line such that its velocity, f m s-^, t seconds after passing a fixed
point O is 1/ = e^' - 6e~^' - 1.

Find an expression for the displacement, 5m, from O of the particle after t seconds. [3]
Using the substitution u = e^', or otherwise, find the time when the particle is at rest. [3]
Find the acceleration at this time. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 QIO Nov 2015

8 A particle Pis projected from the origin Oso that it moves in a straight line. At time i seconds
after projection, the velocity of the particle, vms^i, is given by i* = 9t^ - 63t+ 90.
i  Show that P first comes to instantaneous rest when t = 2. [2]
ii Find the acceleration of Pwhen t= 3.5. [2]
iii Find an expression for the displacement of Pfrom O at time t seconds. [3]
iv Find the distance travelled by P

a  in the first 2 seconds, [2]
b  in the first 3 seconds. [2]

Cambridge IGGSE Additional Mathematics 0606 Paper 22 Q12 Mar 2016
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Answers

Chapter 1

Exercise 1.1

1  one-one 2 many-one

3  one-one 4 one-one

5  one-one 6 one-one

7  one-one 8 one-many

Exercise 1.2

1  1, 2, 3, 4, 5, 6 and 7

2  a -7 ̂  f(x) 2

b 2 ̂  f(x) ̂  17

c -1< f(x:) ̂  9

d 0 ̂  f(x) ̂  9

e -^f(x)^8
8

f
5

3  g(a:) ̂ 2 4 f(x) ̂  -4

5  f(x) ̂ 5 6 f(x) ̂  -5

7  f(x) « 10 8 f(x) ̂  3

Exercise 1.3

I  9 2 51 3 675 4 1

5  67

6  a hk b kh

7  X = —

8  « = -L=, = 4
3

9  « = ±i
4

10 x=2.5

II x= 5

12 X = 3 or X = 4

13 a fg b gf c g^ d

Exercise 1.4

1  a -2-, 4 b -2,-7
3

c 0.8, 1.6 d -23, 25

e -5, -2

g 16, 24

i  1^ 5
3'

f -0.5,7.5

h -5,3|

a -4-,-1.9 b -0.8,0
6

d 0.75,3.5c -5.6,4

f  x = 3-
3

b -3,3

d 0,4,6

f -2,-1,0,3

h -1,2

e 6.5

3  a -2, 2

c -3, -1, 2

e -2,1, 3

g 0.5,1

I  0,2,6

4  a (-4, 0), (3, 7), (5, 9)

b (0, 0), (1, 1), (2, 2)

c  (1, 3), (2.5, 7.5)

Exercise 1.5

l av shape, vertex at (-1, 0),
y-intercept 1

b V shape, vertex at (1.5, 0),
y-intercept 3

c V shape, vertex at (5, 0),
y-intercept 5

d V shape, vertex at (-6, 0),
y-intercept 3

e V shape, vertex at (5, 0),
y-intercept 10

f V shape, vertex at (18, 0),
y-intercept 6

2  a X -2 -1 0 1 2 3 4

y 7 6 5 4 3 4 5

3  a V shape, vertex at (0, 1)

b V shape, vertex at (0, -3)

c A shape, vertex at (0, 2)

d V shape, vertex at (3,1),
y-intercept 4

e V shape, vertex at (-3, -3),
y-intercept 3

4  a -3 « f(x) 11

b 0 ̂  g(x) « 11

c -3 ̂  h(x) ̂  5

5  -5 ̂  f(x) ̂  5, 0 ̂  g(x) ̂  5,
-5 ̂  h(x) ̂  3

6  a V shape, vertex at (-2, 0),
y-intercept 4

b straight line through (-5, 0),
(0, 5)

c -3,1

7  a V shape, vertex at (3, -3),
y-intercept 3

b -3 ̂  f(x) « 7

c 0.5,5.5

8  a V shape, vertex at oj,
y-intercept 4

b straight line through (-2, -4),
(5, 10)

c 0.8,4



9  a

b -3,3

1

2

3

4

5

6

r\x) = yJx + 7 - 5

t-'(,)=^

f '(«:) =
3 + y/x — I

{ '(x) = (8 - + 3

ft -1 / X X + 3S ag '(a:) =
X -2

9  a f-^(x) = 2(x-2)

b no solution

10 0 11 -2,3.5

12 f-i(3c) ̂ 0 13 f-ig-i

14 f,h

15 a X ̂  2 b g(x) 0

16 a r'(x)= ^
3 5

b 13

ij a f-ig

' c gf-i

c X

 - X

b g-if

d f-ig-i

Exercise 1.7

1

.44 ■

3  7
10

2x-7 9

X
8

7

b 20 6

5

b 294 4

3

b 3.25
2-

1

0'
0 1 2 3 4 5 6 7 8 9 10*^

M— h+^

1 / j

i

7^-

1  i 134'"*'^^' I I I I I I I I i i i '
2  4"'"!"g'T8' ilOTlS*

4-_

Sttli
7  a f is a one-one function

b r'(x) = y/3^-l

c

;4M12 1

t
r I"'

1

----

-

,-2
4'

:-4-

44 ri..
'-8-

-10-

\  \

^12-rTO

8  a f"'(x) = 2x + 7

X - 2
b The curve is symmetrical
about the line y = x

Exercise 1.8

1  6.5, -4

2  a V shape, vertex at (-0.6, 0),

y-intercept 3

b -0.2, -1

3  a V shape, vertex at (2.5, 0),

y-intercept 5

b 1, 4

4  a -1 ̂  f(x) « 299 b X ̂  0

5  a-
3

b f-'(x) = (x+3)2 + 1
-1 / \ 3x — 2

' ® <'> = 1741
6  a 0.2 ̂  g(x) =s 1

1% „-l /" X 1 + X
2x

c 0.2 « x^ 1

d 1.25
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7  a 33

b i kh ii h2

ill h-'k-i or (kh)-i

8  i 2-V5<f(x)^2

11 f-'(x) = (2 - - 5

domain 2 - V5 < x ̂  2
range -5 ̂  f (x) < 0

iii X = -4

9  a i 2(x-2)2-3 ii x^2

b i g(x) 35 4, h~^(x) 32 0

ii

8  10 12 14

iii 8.5

10 i

= |3 + 2x|

)i = 2 - X

ii -i-5

Chapter 2

Exercise 2,1

1  X = %y = 9 and x = -2,31 = 4

2  X = -1,31 = -7 and x = 4,31 = -2

3  X = -S,y - -4 and x = 4,3; = 3

4  X = 1,31 = 4 and x = -2,31 = -2

5  X = 0.5,31 - X = 0,3 = 1

6  X = -1,3 = -3 and x = 2,3 = 1

7  X = 1.5,3 ~ X = 2,3 = 3

8  X = 3,3 = 1 and x = 9,y = 7

9  X = 1.8,3 = 2.6 and x = 1,3 = 3

10 X = -1,3 = -2 and x = 1,3 = 2

11 X = 1,3 = 2 and x = 2,3 = 1

12 X = 1,3 = 2 and x = 4,y- -4

1  . 1 113 x = l,3 = --and x = --,3 = -

14 X = 3,3 = 1 and x = 1,3 = 3

15 X = -1,3 = -3 and x = 1,3 = 3

16 X = 0,3 = -0.5 and x = -1,
3 = -l

17 X = -1,3 = 2 and x = 7^,3 = -1.4
18 X = -1.5,3 = -8 and x = 4,3 = 3

19 (-0.2,1.4) and (1,-1)

20 a X + 3 = 11, X3 = 21.25

b X = 2.5,3 = 8.5 and x = 8.5,
3 = 2.5

21 17 cm and 23 cm

22 6^/5 or 13.4 to 3 sf

23 (0.5,0)

24 5V2 or 7.07 to 3 sf

25 (2,2)

26 3 = -2x-1

Exercise 2.2

1  a min (2.5, -12.25), axis

crossing points (-1, 0), (6, 0),
(0, -6)

b min (0.5, -20.25), axis
crossing points (-4, 0), (5, 0),
(0,-20)

c min (-2, -25), axis crossing
points (-7, 0), (3, 0), (0, -21)

d min (—1.5, —30.25), axis

crossing points (-7, 0), (4, 0),
(0, -28)

e min (-2, -3), axis crossing

points (-2->/3, O),
(-2 + V3, 0),(0, 1)

f max (1, 16), axis crossing

points (-3, 0), (5, 0), (0, 15)

2  a (x-4)'-16

b (x-5)'-25

c (x - 2.5)^ - 6.25

d (x-1.5)'-2.25

e (x + 2)' - 4

f  (x + 3.5)'- 12.25

g (x + 4.5)'- 20.25

h (x +1.5)'-2.25

3  a (x - 4)' -1

b (x-5)'-30

c  (x-3)'-7

d (x-1.5)'+1.75

e (x + 3)' - 4

f  (x + 3)' + 0

g (x + 2)'-21

h (x + 2.5)'- 0.25

4  a 2(x - 2)' - 5

b 2(x-3)'-17

c 3(x-2)'-7

d 2(x-0.75)'+0.875

e 2(x +1)' -1

f  2(x +1.75)'-9.125

g 2(x-0.75)'+3.875
11

(h 3-4)+ 5-12
a 9-(x-3)'

b 25 - (x - 5)'

c 2.25 - (x -1.5)'

d 16 - (x - 4)'



a 6 - (jc + 1)^

b l2-ix + 2f

c 16.25 - (x + 2.5f

d 9.25-(x +1.5)'

a 13.5-2(x +1.5)'

b 3-2(x + l)'

c 15-2(x-2)'

d 4—-sfx--!
12 I 6)

8  a 4 + 4.75

b No, since 4.75 > 0

a 2(x-2)'-7 b (2,-7)

10 a -5.25,0.5

11 a 11
8

1
b

b X > 0.5

 X < 11
8

12 a 18.5-2(x-1.5)'

b (1.5,18.5)

c n shaped curve, vertex

= (1.5,18.5)

13 a 13.25 - (x - 2.5)'

b (2.5,13.25), maximum

c -7 f(x) « 13.25

d No, it is not a one-one

function.

14 a 2(x-2)' -5 h

15 -0.75

16 a 5-(x-2)'

b (2, 5) maximum

c One-one function,

f~'(x) = 2 + V5^

Exercise 2.3

j=|3c2_4*+3|

0  1 2 3 4 5 *

>=|3*= + 5*-2|

2  a 5 - (x + 2)

b n shaped curve, vertex

= (-2,5)

y=\x^-2x-2,\

-2 -1 0 1 2 3 4 5 *
ji=|l-4*-x^

3  a 2(x +0.25)'-3.125

y=\x^-5x+4\ Ij

-1 0 1 2 3 4 5 6 *

> = |2x® + *-3|

ji=|*'-2*-8|

-3-2 -1 0 1 2 3 4 5 *

-3 -2 -1 0 1 2 3 *

a (3, 16)

b
1  y

\

\

i—\~\r \/v = |(

-2-1 01 234567*

2  0 2 4 6

c 0 < A < 16

yt|2*2-ii*-6| 5 a (-3,4) b k>4:

6  a (5.5,6.25) b 6.25

7  a -4,4 b -2,0,2

c -1,2,3,6 d -6,4

5-y/^ , ̂ 5 + >/^e  , 1, 4, ^

f -4,-2,-1,1
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g -1 - VTo,-1,-1 + VIo

^ l + V? -1 + n/7
h  ,

2  2

1  -1,3

8  a (-1,0), (2, 3), (4, 5)

b (-2,1), (-1,1.5), (2, 3),
(5, 4.5)

c (1,2), (2, 4)

Exercise 2.4

1  a X < -3, X > 4

b 1 < X < 5

c X ̂  -7, X ̂  3

d 0 < X < 5

e -0.5 < X < 4

f —1 ̂  X ̂  3

g -1.5 < X < 5

h —oo < X < oo

i  X — 3

2  a -7 < X < 2

b X « -3, X ̂  2

c 4 ̂  X ̂  5

d X < -8, X > 6

e —2.5 X ̂  3

f X < -1, X > -0.8

3  a -6 < X < 3

b X < 5, X > 7

c X ̂  0.5, X 5= 1

d -3 < X < 2

e X < -4, X > 1

f -0.5 <x <0.6

4  a 3 < X < 5

b 1 < X 6

c 0.5 < X < 1

d 3 < X < 5

e X < -2, X ̂  3

5  a -5 < X < 3

b 0<x<2, 6<x<8

c 0<x<2, 4<x<6

6  -1- < X < 2
3

Exercise 2.5

1  a two equal roots

b two distinct roots

c two distinct roots

d no roots

e two distinct roots

f two equal roots

g no roots

h two distinct roots

2  k = ±6

3  ̂ < 0.5

4  ̂ > -
3

5  0,-i

6  k> -1.5

7  k>S-
3

8  k = -10, ft = 14

9  ft = 1, ft = 4

Exercise 2.6

1  ft = —3, ft = 5

2  ft = -7, ft = -3

3  c = ±4

4  ft < 1, ft > 5

5  a ft = ±10

b (-2, 6), (2,-6)

6  ft >-5

7  ft ̂  0.75

8  —11 < wi < 1

9  m = -2, m = -6

Exercise 2.7

1  3 < ft < 4

2  -1 < X < 0

(  1Y 47
X  H

I  4j 8
3  a 2

k 47 , 1
b — when x = —
8  4

4  .<-£
2

5  —6 < X < 1

6  -2, -18

7  a a = 20, ft =-4, (4, 20)

b n shaped curve, vertex

= (4, 20), )i-intercept = (0, 4)

8  k — c + 9

9  ft < -6, ft > 10

10 a a = -12, ft = -4 b -4

11 Tra < 2, m > 14

12 a

j=|(x-2)(x+3)|

\  >1
\  : 10

\  ®
•  I '

\ / 4 A /
\/ ^

-1—1 T 1 '

y  :
-4 -2 0 2 4 *

_1
2' 4 J

1. 25c ft > —
4

13 i -27

.. 9
II —

8

14 ft <2

15 a -5 X «
1

b i (x + 4)2 - 25

ii 25,-4



Ill

1

d -
7

6  a —1 b 3

11 1
7  a x = —, y = —

6  ■' 3

/  ̂ 3  1

i

II

II

H

Q

\  , 7 3
19 i  X c = -

\  „ 1 ^

Chapters
Exercise 3.1

1 a x'® b x'® c X ®

d X® e x~^ f X-'®

g x^ h x^ i 15x®/

j 5x^3>~^ k 16x'y 1 6x®3|-®

2 a x"* b X® c x"*

d 9 ^ -1-X 3)

3 a a=l, b = 3, c=5

4 a
7

« = —. 6=1
2

3
5  X = -, V = -1

5  ■'

6  * = 5, 31 = 8
1

7  ̂<{1 + x)^

Exercise 3.2

1  a b 3

c —3 or 2 d — or 5
2

c 52 a 4 b 2

d 1 e -1

g -4 h ±4

3 a 6 b -1

d -10 e -4
3̂

g -3 h 4i
3

j  1 or 3 k -1 or 4

1 -0.5 or 2

4 a 0.8 b 1.5

d 8

5 a 0 b 3

5

16

2

9  a -- or 3 b 1
4

10 a -i or 3 b 9
6

Exercise 3.3

1  a 10V5 b 5VT0

c qVTT d 5V3

2  a 5V5+4V3

b 4V5+5V3

c 12V5+5V3

d 20V5+27V3

3  a 2 + I3V7

b IO + 35V7

c 2+(2n-l)V7

4  a b 11 + VM

5  x= 5-3V2, 3 = 8 + 4^2,
z=12-7V2.

6  aH-V2 b3 + 2V2

Exercise 3.4

1  a 6 b 12 c VM

d 2 e 13 f 5V5

g isVe h 14V^

2  a 2 b V2 c 2

d i e i f V5
.  2 V5h - if

j V2 k 6 I <5

3  a 2V2 b 2V3 c 2V5

d 2V7 e 5V2

g 3V2 h 4V2
j  3VT0 k 3V7
m2Vir n 5^^5

p IOV2 q 5V3
s Vs t V3

f 6V2

i  4V5

I  3VTr

0 3VI3

r  lOVM

u 2V5

V 10V2 w 2V10 X 4V3

y 35

b 3V3 c 5V5

e 0 f 9V^

h -3V5 i 6V7

k 10V2 I 0

4  a 9^/3

d 7>f3

g 2V5
j  8V2
m 20V5 n 8V3 o 6V^

5  a 2 + 3V2 b 12

c -4 + 5V2 d 9 + 5V3

e 3 - V3 f 20

g 1 h -2 + 4V3
i  I2 + 5V5 j 7
k 13 1 -4

m 4 n 17 + 3V35

0 23 + I6V2

6  a 9 + 4V5 b 28 - lOVS

c 91 + 40^3 d 5 + 2V6

7  (10 + 12V2)cm2

8  a 293 b a = 9, b= 10

c p=A5,q=2

9  (11 + 7V2) cm^

10 ^/2

11 a a = 4, ^» = 2b c = 9, d = 2

Exercise 3.5

3V2
1

V5
 a

5

VI

2

4V5

c 3^/3

f 4V3



Cambridge IGCSE and 0 Level Additional Mathematics

_ 2V3 , 5V2 . 3V2
8 ̂  ̂  I ^

V5 Vl3
5  ' 13

m
5V2 _ 7V3 . 5 + V5

A  ® K

3 - V3 -2 + 3V2

r -I + 2V7

2  a -I + V2

3-V7

3-V5

d 3 + V5

e-10 + 5V5 f -7-2V7

g4 + 2V3

i  2V3 + V2 .
10

3  a 7-4V3
5 + 4V2

5 + 3V2 . 9-2V14
'  ̂ ̂

e2 + V5

g
-5 +-in , 30 +

2  ̂ —7—

^  . 3V7-V24  a V3 b g

12 +VS
13

5  (2V5 - V2) cm

6  (4 - Vs) cm

7  7 - 2V3 cm

1 + 5V2 ^ 15 + 14 V2
~~r~ " 28  a

23 - 4V7
®  30

10 6-4V2

Exercise 3.6

6 + VT5 ^ VTO + 2V51  a —^ b 5

V85+2V15
c  ?

a I + V2, 3-2V2

b 2 + V6, 3 - Ve

c 2 + V5,-3V5

d 3 + V7, 5-2V7

e 3-V2,5 + V2

100

c no solution

e 19.5

g 15

1  20

d 5

f 2

h 2V2

4  a 1

d -3

g 4
i  4

b 3 c 3

e l f 5

h no solution

j  0 or 1 j 0 or 2

a -3 or 1 b 9

do e 3

7 + 2V6

c 0 or 4

f -4.5

5

7  2 + V2
'  2

Exercise 3.7

1  2 or 3

2  x=S,y = -0.5

3  -4.5

4  a=-3, 2 6 = -18, 12

5  6-3V3

6  I7V5 + 1

a 1 45-I2VIO + 8

= 53 - I2VT0

11 -3-i5 + 2V2

b -1 +Ve

8  7 + 3V5

13
9  a = , b - 0, c = \

6

10 p = -27,q = 2S

Chapter 4

Exercise 4.1

1  a 3x' + 2x^ + Sx^

b 9x' + 2x^ + 7x^-2

c 3/-4x'-3

d  + 3x® + 4x' + 5x* - 2x'

+ x^ -1

2  a 8/-4x' + 2x:'+3x-2

b Sx* + 8x^ +4x^ -Sx-2

c 3x® +5/-3jc'+7x^+8x-20

d 3;c® + 12x'+ 13x'+ 3x'- 4

e  — 10%^ + 29x^ — 20x: + 4

f  27x'- 27x^ + 9x -1

3  a 3x^ + X — 7

b 2x^ + 17*^ + 21;c - 4

c 2x' + 5x^ - 8x^ -x^ - 19x

4  a x' + 7x^ + X - 4

b 4x'' - 4x' - 15x^ + 8x +16

c 8x' - 8x' - 32x^ + 17x + 32

d 4x'' - 4x' - 5x^ + 3x - 2

Exercise 4.2

1  a x^ + 2x - 48

b x^ + X -1

c x^-15x + 25

d x^ + 2x + 1

e x^ + 4x — 5

f x'-9

2  a 3x'+2x-l

b 2x'+3x-2

c 3x'-5x-10

d 3x^+4

3  a 3x^ - 4

b 2x^ - X + 5

c X - 4

d X + 3



4 a X® - + X - 1 7 b 2 Exercise 4.6

b  + 2x + 4 8 ax' - 4x^ - 7x +10 1 b (x — 2)(x - 4)(3x + 4)

b x' + 3x^ - ISx - 40 2 a = -2, 6 = 2.5
Exercise 4.3

2 a 29
c x' + x^ - 6x 3 b b^ -4ac = -11

b 546
9 a 2x' -1 Ix^ + lOx + 8 4 a -17 b 71

c 12
b 2x'-7x' + 7x-2 5 (x + l)(x - 7)(2x +1)

3 -2-2a
c 2x' - 9x^ - 8x + 15 6 a = 7,b = -8

4 a a = 0, b = —19 10 x' + x^ — 7x — 3 7 i  a = 6, 6 = 2

b a = 2,b = 58 11 2x' - 9x^ + 6x - 1 ii (2x - l)(3x^ + 5x - 2)

c a = -l2,b = -7 12 b 2,
8

iii (2x - l)(3x - l)(x + 2)

5 -66,18
Exercise 4.5 Chapters

6 a = 13.5, b = 5.5
1 a 5 b -1

Exercise 5.1

7 a p = \, q = 9
c 76 d 2 1 a 1,- b —

3  2
8 b 0, 1, 3

2 a 5 b 57 c -\,l d -1,0
Exercise 4.4 c 11 3

1 b (2x - l)(x + l)(x--1) 3 a = 4, i = 0
1 3 ^ 6 2

e --, - f —, --

2 a (x - 2)(x^ + 4x + 5) 4 a = -6, b = -6
3 5 5 7

3  7
b (x + 4)(x + 2)(x-2) 5 a a = -8, 6 = 15

g --,7 h -
®  5 4

c x(2x + 3)(x-6) ^ „ -1 + 721 -1-V^
2  ' 2

14 6

d (x - 7)(x + l)(x-2) '  3 ' 7

e (2x + l)(x - 3)(x--4)
6 a a = -9, b = 2

2
13 3

X = —, y - -

f  (x-2)(x + 3)(3x -1)
b 5 2 ^ 2

7  5

g (2x - l)(2x + l)(x-2)
7 6 = 2 3 x = — orx = —

3  3

h (2x — l)(x — 3)(x + 5) 8 a = 6, 6 = —3
4 a X = ±2, X = ±4

3 a -5,1, 7 b 1,2,3
9 a 6 = 12-2a

c f(x)^-l

c -4,-2,1 d -4, 1,1.5
b a = 5, 6 = 2

c X = -2, X = —
3

3

-4,--, 1
10 a 5 b -72

e -2, 0.5, 3 f
x = 0, )i = 5orx = 2, 31 = 32 11 a a = -8, b = —5 6

g -2,-1.5,0.5 h -4, 2.5, 3 b -30 7
.  5x^4,y = --

4 a 1,-3 + V7 12 32

b -3,--±->/37 13
^ „ -7 + 713 -7-713 Exercise 5.2
b 3, , 1—

4 < X < 82  2 6  6 1

c 2,-2±V3 14 a 3 b -5

d 1.5,1,4 15 a = 2, 6 = -5, c = 7

5 -0.5, -2 ± Vl3 16 b -3, 6

6 -5.54, -3, 0.54
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2  a

b x^lorx:^ —
2

3  ax<-lorx>4

b -1 « X ̂  —
5

o  10c 2 < X < —
3

d X < 2 or X > 5

e X < -S or X >

f -1 ̂  X ̂  6

4  a - ̂ X ̂  2
3

u  2 ^1
bx>— cx> —

3  4

5  ax=s-lorx& —

b X > —
2

c - < X < 1
2

d x<-l or x> —
5

e-l^x=s3f -3<x<l

3  3
6  ax>— bx^ —

2  2

c x^-2 or X ̂  -
2

d —6 ̂  X ̂  0

e -14 < X < 2

f  x^-— orx^3
2

7  a -7 < X < 1

K 2b - < X < 4
5

c X ̂  -2 or X ̂

8  X > -
2

k  Ik
9  x< — orx> —

5  3

,^ 4 4
10 — X ̂  -

3  3

Exercise 5.3

1 A(-1,0),B(2,0), C(3,0),

£>(0, 6)

2  a shaped curve, axis

intercepts (-3, 0), (2, 0),
(4, 0), (0, 24)

b  shaped curve, axis
intercepts (-2, 0), (-1, 0),

(3, 0), (0, 6)

c  shaped curve, axis

intercepts

(-2, 0), oj, (2, 0), (0, -4)
d V/% shaped curve, axis

intercepts

(-2, 0),(l,0),(^|,oj,(0, -6)
3  A 5(0,14)

4  a shaped curve,

axisintercepts (-2, 0) and
(0, 0) where (0, 0) is a

minimum point

b  shaped curve, axis
intercepts

ojand (0, 0) where
(0, 0) is a minimum point

c  shaped curve, axis
intercepts (-1, 0), (2, 0),
(0, -2) where (-1, 0) is a

maximum point

d Ky\ shaped curve, axis
intercepts (2, 0),

oj, (0, 40) where (2,0)
is a minimum point

5  a

-1 0 1 2 3 *

-1 O 1 2 *

6  a shaped curve, axis
intercepts (-3, 0), (0,0),

(3,0)

b /X/ shaped curve, axis
intercepts (-3, 0), (-2, 0),
(1,0), (0,-6)

c /X/ shaped curve, axis

intercepts (-4, 0), | —, 0 j,
(3,0), (0,12) ^

d /X-^ shaped curve, axis

intercepts (-3, 0), | - —, 0 j,
(4,0), (0,-60) ^ ^ ^



7  a

b (0,0), (4,12), (7,0)

8  a >t

blue curve axis intercepts:

(-2, 0),(-l,0),Q,oj,(0,-2)
red curve axis intercepts:,
(-1,0), (4,0), (0,4)

b (-3,-14), (-1,0), (1,6)

9  a = \, b = 2 and k = -2

10 a = -1, b = l, c = 2, k = S

Exercise 5.4

1  ax^-lor0^jc^2

b x^2.1

c X -1.4 or 1 ̂  X ̂  1.4

2  a X ̂  2

b X > -2

c -1.9 ̂  X 0.3 or X ̂  1.5

3  a X > 2.5

b —l^x^lorx^2

c X < -0.8 or 0.6 ̂  X ̂  2.2

Exercise 5.5

1  a ±2,±1

c ±4, ±2

e ±77

b

d

f ±3

g ±^,±f h ±1

a ±0.356,12.81 b ±2.32

c ±1.16 d -1.11, 1.42

e 1.26,-0.693 f ±1.40

a 4,25 b 16

c 9 d 25

9  9
A f

25

16' 4 9

g 7,16
4

h — 25
9'^

10 shaped curve, axis

intercepts (-1, 0) fi, 0 J, (3, 0),
(0,6) ;

11 X < -0.8 or 0.55 < x < 2.25

12 a shaped curve, axis

intercepts (-2, 0), (1, 0),

(4, 0), (0, 8)

b

1 i 16

27
4 —,8

8

5  a 5^ = x + 4 b (1,1), (16,4)

6  a 1,2 b 0,2

c -1, 2 d -2, 3

e -1

7  -2

8  1,2

9  -4, -3,0,1

Exercise 5.6
g

1  x = — orx = 2
5

2  X < -3 or X > 4

3  - < X < 2
5

4  - < X < 1
2

1
5  X S= —

2

6  —6 < X < —
3

*7  X > —
2

8  a -1,27

a -1,3

9  shaped curve, axis

intercepts (0, ®)' oj' (4, 0)

-3 -2 -1 O 1 2 3 4 5 "

13 a x(x-2)(x + 3)

b  shaped curve, axis
crossing points (-3, 0), (0, 0),

(2, 0)

14 a

b 2

15 a (x + 4)(2x-l)(x-3)

b  shaped curve, axis

intercepts (-4, 0), >
(3, 0), (0,12)

16 a

i -1,2

b (0, 0), (2,16), (8, -128)

Chapters

Exercise 6.1

1  a Ig 1000 = 3

b lglOO = 2
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c  Ig 1000000 = 6

d X = Ig 2

e X = Ig 15

f  X = Ig 0.06

a 1.88 b 2.48

c 2.86 d 1.19

e -1.70 f -2.30

a 10® =10000

b 10' = 1 c 10"® =

d x = 10' ®

f x = 10^®

a 126000

c 145

e 0.0316

a 4

c 0.5

i
e X = 10

b 1450

d 0.501

f 0.00145

b -2

d i
3

l.7

e 1.5

Exercise 6.2

1  a log4 64 = 3

b log2 32 = 5

c  log5 125 = 3

d logs 36 = 2
1

f  2.5

e log2
32

1

= -5

f  log, — = -4S3 81

g log, 6 = 2

h log, 4 = y

i  log, c = b

a 2'=4 b

c 5" = 1 d
1

e 36^ = 6 f

g x° = 1 h

i  a' =b

2® = 64

3^ = 9
1

8® = 2

x' = 8

a 16

c 625

e 12

h 4

a 2

d -2

g 2.5

j -0.5

1000 5 a 2

d -2

2

3

a 8

g

b

d

f

b

e

h

k -

b

e

h

b

9

V3

3

-41

4

5

-1.5

1

3

1

3

-6

7

6

625

g 17

c 3

f 3.5

i  0.5

I -0.5

c 1.5

f 3.5

Exercise 6.3

1  a logj 15

c  logs 64

e log, 20

b  log, 6

d  log, 2

f  log,(i)
1

g logd 12 h  Ig —
®20

i  log4 6.4

2 a 3 b 2  c

d 1 e 1.5 f

3 a  log,36 b log.f
4 a 2', 2-' b -2

5 a 2

d -1

b 3  c

6 a 5" b m-2

c 1 + -«
2

d
3
-m-3
2

7 a 1 + X b 2-x

c X + 23 d

8 a -8 b -5.5

c 13 d 34

9 a 8 b 20

c 14 d 0

c  -3

Exercise 6.4

1  a 5 b 7.5

d 77

2  a 12 b 8

d 3 e 0.7

3  a 2,8 b 5

d 4 e 3

g 5 h 20

4  a 16 b 4

d 73

5  a 5,25

c —,15625
125

c 25

c 10

f 7.5

c 6

f 1 3

2

2
c -

3

b —,3125
125

512
,16

6  a X = 4, 31 = 16

b X = 20, 31 = 10

c X = 4, 3 = 12

d X = 40, 3 = 16

e a = 6.25, 6 = 2.5

f x = 1.25, 3 = 2.5

7  b Ig X = 8, Ig 3 = 2

Exercise 6.5

1  a 6.13 b 2.73 c 0.861

d 2.41 e 2.65 f 1.66

g 6.90 h 5.19 i 1.15

j -13.4 k 0.641 1 0.262

2  b 10 c 3.32

3  a 0.415 b 2.42 c 2.46

d 1.63 e 1.03

4 -0.751, 1.38

5  a 0,1.46

b 1.40 c 2.32

6  0.683, 1.21

7  a 1.58

b 0.257, 0.829

c 0.631,1.26

d 0.792,0.161

d 0.683



'."'J fcrt itv~; L -' •" I ■ ;i"i ,7-^ji<i6v
Answers

8  a 2.32 b 1.16

c 0.631,1.26

d 0.431,1.43

9  a 0.6 b -0.189

10 a 1.26 b 2.81

c ±1.89 d ±2.81

11 X <
logio 3

logio 2

Exercise 6.6

1  a 3.32 b 3.18

c 1.29

1
a —

u

d -3.08

,  2

4

5

6

1
c —

2m

1
a -

X

c 2x

a 4

1

3

a 23

1,
a -log^x

M

d A
2u

b 1 + *

d 4 + 2x

b 0.4

b 23

b 256

8  a 16

c 1.59

»  - 1

logs*
1

" a ^.27

c  , 4
256

b 9

d 1.87

b 3,9

b 5

d 16,64

e -,512

1

f 25

1
a  ̂ glogs^
c x=32,y = 2

12 X = 6.75, >= 13.5

Exercise 6.7

1  a 7.39 b 4.48 c 1.22

d 0.0498

2  a 1.39 b 0.742 c -0.357

d -0.942

3  a 5 b 8 c 6

d -2

4  a 7 b 2.5 c 6

d 0.05

5  a 4.25 b 1.67 c 1.77

d 1.30

6  a ln7 b ln3

c i(5 + ln3) d i(l + 31n2)
Z  o

7  a 20.1 b 0.135 c 1100

d 12.5

8  a 3.49 b -2.15 c 0.262

9  a 3 + 6^ b i(l + ln7)
1

d —In 2
2

c 21n2

e 2 In 2, ln5 f In 2, ln3

10 a 1.79 b 0,1.39

c -3.69, 4.38

1  111 a X = -r, 31 = -
e  e

b X = lnO.6, y = In0.12

12 0.822

13 0, 0.4

14 ±y/2, ̂ ln5
Exercise 6.8

1  a 409600 b 16.61

2  a 43000 b 2091

3  a 0.0462 b 724

4  a 500 b 82.6

c 2.31

5  a $250000 b 0.112

c 6.18

6  a 1
3

u 81 ,
b —, represents the area

of the patch at the start of
the measurements

c 6.72

Exercise 6.10

1  a asymptote: y - -4,

y-intercept: (0, -2)
x-intercept: (In 2, 0)

b asymptote: y = 6,
y-intercept: (0, 9)

c asymptote: y = 2,

y-intercept: (0, 7)

d asymptote: y = 6,
y-intercept: (0, 8)

e asymptote: y = -1,

y-intercept: (0, 2)
x-intercept: (In3, 0)

f asymptote: y = 4,
y -intercept: (0, 2)

x-intercept: (-in2, 0)

g asymptote: y= 1,

y-intercept: (0, 5)

h asymptote: y = 8,

y-intercept: (0, 10)

i  asymptote: y = 2,
y-intercept: (0, 1)

x-intercept: ̂ ^ln2, oj
2  a asymptote: x=-2,

x-intercept: (-1.5, 0)
y-intercept: (0,ln4)

b asymptote: x= 2,

x-intercept: |^2^, oj
c asymptote: x = 4,

x-intercept: (3.5, 0)
y-intercept: (0,ln8)

d asymptote: x=-1,
x-intercept: (-0.5, 0)
y-intercept: (0,2 ln2)
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e asymptote: x= 2,
jc-intercept: (2.5, 0)

f asymptote: x = 1.5,

x-intercept: ̂ 1^,0^
Exercise 6.11

1  a f"'(x) = ln(x-4), X > 4

b f"'(x) = ln(x + 2), X > -2

d f

>-l

> 1

e f'(«)= + 5

f f-'(«) = i(e^'"+l)

3  a f(x) > 1

b r'(x) = iln(x-l)
c X > 1 d X

4  a i 5x

b yfb

5  a I x^

b -In 2
2

6  a (2x +1)^

b X = ln2

ii x + ln5.

ii 3x

Exercise 6.12

1  a 5/-7y + 2 = 0

b 0,-0.569

2  X = 5.8, y = 2.2

3  a =

f'(x) = j, X

e f-'(x) = iln[^^^j, x>3
f rHx) = -iln(^^], x>5
g r'(x) = ln(2 - x), X < 2

h  = x<5

2  a r'(x) = e'-l

b rHx) = e'^ + 3

c r^x) = e"®''- 2

d f-'(x) = i(e"®'-l)

4

5

6

7

b X = 1

a 10

a 2

3.14

b -5

b 4,6

Ig
1000

8  -0.569

9  a 70

c 4S, SS, 5yf5 ;
right-angled

4  5 and -5

5  1 and 3

6  a (6,4) b (6.5,7)

c (3,8) d (0.5,1.5)

e (-4.5,-2.5)

f  {3a, b)

7  a = 18, A = -8

8  a (0,4.5) b (1,1)

9  1

10 A(-5,2),B(9,4), C(-3,6)

b 39.7 c 17.0

10 a ilogjx
O

b y = 125a

11 i -2 11 -n

ill y = 5 iv X = 10

Exercise 7.2

1  a -2 b -3

d 3-
3

1
a —

3

12 a 1 1  4/  d -- d
/  ̂
/  3 a 1 b

0 1/5 * ^

/  4 (-3,-1)

3  1

®
11 k^-5

1
e -

b 2

2

5

3

2

b |log„2
13 a p = 5,q = 2

c X = 36

b X = 4

Chapter 7

Exercise 7.1

1  a 3 b 4 c 10

d 13 e 5 f 25

g yfM h y/T3 \ I2V2

2  a 2V5 , SS, -M ;
right-angled

b 2>/l3,10, 4>/l0;not
right-angled

 5' 2
b notcollinear

7  5

8  1,2

9  (11,0)

Exercise 7.3

1  a y = 3x —13

b y = -4x + 7
1

c y = —X + 1
^  2

2  a 2y = 5x -11

b 3x -1- 2y = 9

c X + 2y = 1

c 0

f -i
4

5
c —

2



3  a 3' = 2x-10

b X + 231 = -8

c 23 = 3x - 15

d X + 43 = 0

4  a 4x - 53 = -17

b (0, 3.4)

c 3.4 units^

5  a y = -2x

b 3x + 43 = 2

c 5x + 73 = -26

6  » 5(0,2!)
b Mi

4

c 1.6875 units^

7  a (3,2)

b 33 = 2x + 5

8  a (5, 6) b k = 8

9  a 3 = -2x + 13

b (6, 1)

c 6>/5 , 3V5

d 45 units^

10 a i 2x + 33 = 14 ,
1

II y = —X
2

b (4, 2)

Exercise 7.4

1  a 27.5 units^

b 22 units^

2  a 54.5 units^

b 76 units^

3  a ^ = -9

b 50 units^

4  a (-1,1.5), (2, -4.5)

c 22.5 units^

5  a (4, 5), (0, -3)

b 20 units^

6  a (0,-7)

b 60 units^

7  a (7.5,9)

b 38.25 unks^

8  a (2, 2), (4, -2), (0, 6)

b 40 units^

9  a (5.5, 1)

b (6, 7)

c 116 units^

Exercise 7.5

1  a 3 = ax^ + d, y = 3, X = X",
m = a, c = b

b 3X = ax^ + b,Y = xy, X = x',
m = a,c = b

C — — ax — b,Y = — ,X = X,
X  X

m = a,c = —b

d X = ~b — + a,Y - x,X = —,
y  y

m - —b, c — a

e y4x = ax + b,Y - yyfx,
X = x,m = a,c = b

f x^3 = bx^ + a, Y = x^y,
X = x^,m = b, c = a

g — = ax + b, Y = ~,
y  y

X = x,m - a, c = b

u Vx Vx
= ax - b, Y = ,

3  3

X = x,m = a,c = -b

2  a lg3 = ax + 6, y = lg3, X = X,
m = a, c = b

b In 3 = ax - 6, F = In 3, X = X,
m — a,c - —b

c  lg3 = 61gx + Iga, Y = lg3,
X = Ig X, wi = 6, c = Ig a

d lg3 = xlg6 + Iga, Y = lg3,
X - x,m = lg6, c = Iga

e  ln3 =- —Inx + — ,F = ln3,
b  b

X = lnx,»n = --,c--
b  b

f  Igx =-3lga + Igi, F = Igx,
X = 3,7W = - Iga, c = lg6

g x^ = -by + In a, F = x'^,
X = y,m = —b, c = In a

h  In 3 = 6x + In a, F = In 3,
X — x,m = b, c = \na

Exercise 7.6

1 a 3 = 2x

1  ,
b V = — X' + 3

5

c 3 = >/x + 1

H  1 4 nd 3 = —X H—
•^ 2 2

e 3 = -2 X 2' + 7

,  5, 27
t  3 = —InxH
^ 4 4

9 li
1

ii
1

0 II
y =

x^ - 1 3

b ii y = 2x^ + 3x ii 14

c  ii y =
S-,
X

ii 3

d 11 y =(l3-2x'f ii 25

e ii y =
5  2 9

— X

4  2
ii

3

2

f  ii y =
0.5 -0.3
X  - X

3^/2

3  3 = -2x' + 16x'

4  a 3' = 3(2')+ 25 b 5

5  a 3 = -2x' + 8x

b X = 2.5, 3 = 7.5

6  a e' = x^ + 1

b 3 = ln(x^ + 1)

a  igy = -x-7

b 3 = 10"' X 10



Cambridge IGCSE and 0 Level Additional Mathematics

8  a 31 = 100x2

b 0.64

9  a ln3 = 31nx-l

h  ̂0 y = —
e

10 a 12.7

b a = e'", b = -2

Exercise 7.7

1  a

X 0.5 1.0 1.5 2.0 2.5

0.5 3 5.51 8 10.5

c 3 =5-?
X

d X = 0.8,3= 2.5

2 a

1
X

10 5 3.33 2.5 2

1

y
9.01 6.49 5.68 5.29 5

c  V =
2x

d 0.22
1 + 8x

3  b y = 0.8x + —
X

c X = 0.6, y = 20.48

4  b nify - 50, k - 0.02

c 29.1

5  b = 3,fe = 0.7

6  b a = 5, 6 = 1.6

7  b a = 1.8, rz = 0.5

8  b a = 0.2, 6 = 3 c 4.56

9  b a = -1.5, 6 = 1.8 c 8.61

10 b a = 3.6, b = -0.1

C gradient = 3.6, intercept = 0.1

1 1 U .1 -"-S11 b 3 = e X X

c gradient = -0.8,

intercept = 3

Exercise 7.8

1  a 3 = 7 b 3x + 43 = 31

c 12.5

4

5

6

b allow - 1.4 to - 1.6

c allow 13 to 16

a 2\f5 b 3 = -2x + 6

c  (3,0), (-1,8)

A = b = e

55

3  a 0.559 b 0.960 c 1.47

d 2.15 e 4.31

4  a 74.5° b 143.2° c 59°

d 104.9° e 33.2°

5  a

c a = 3, 6 = 0.4

d 3.05

7  12.5

8  a 6.8

b A = 898, b = -0.5

9  1 2x + 33 = 14

11 3 + 2 = |(x-10)
ill \f^

10 X + 33 = 2

11 i (0,3.5)

ill 2x + 3 = 11

Chapters

Exercise 8.1

ii (3,5)

iv (0,11)

Tt

a —

18

57t
d —

18

n

9

2n

e —

g
371 . . o
—  h — I 27c
4

j  47t

71

m —

20

a 90°

d 20°

g 126°

j  162°

m315°

—  I

Tt

12

57C

4

47t

9

571

T2

b 30°

e  120°

h 75°

k 216°

n 480°

f ^
3

571

T

7ik
0 —

6

c 15°

f  144°

1  27°

I  540°

o 810°

xVx 1 2.83 5.20 8 11.18

^Vx 3.40 4.13 5.07 6.20 7.47

Degrees 0 45 90 135 180

Radians 0
7t

4

7t

2

371

4
7t

Degrees 225 270 315 360

Radians
57C

4

371

2

77t

4
271

b

Degrees 0 30 60 90 120

Radians 0
71 7C 7C 27C

6 3 2 3

Degrees 150 180 210 240 270

Radians
57t

6
n

7n

6

471

3

37t

2

Degrees 300 330 360

Radians
57t

3

ll7t

6
27t

6  a 0.964 b 1.03 c 0.932

d 1 e 0.5 f 1

7  12.79°

Exercise 8.2

1

1571

371
a — cm

2
b 271 cm

cm d 157t cm

2

3

4

4

a 9.6cm b 2cm

a 1.25 rad b 1.5 rad

a 12.4cm

c 31 cm

a 10cm

c 38.5cm

a 23cm

c 41.3cm

b 32 cm

b  1.85 rad

b  18.3cm



7  a 13.6cm b 21.1cm

c 34.7 cm

Exercise 8.3

1  =. K 2 u 135 21  a Stt cm^ b n cm^
2

ctf 9 j 135 9
c 35n cm^ d n cm^

4

2  a 10.4cm^ b 4.332cm^

3  a 1.11 rad b 1.22rad

4  a 0.8 rad b 40 cm^

5  r(75-r)

6  a 9yj2 cm

b ^
2

81 2
c —n cm

2

7  a 1.24rad b 89.3cm^

c 121 cm^

8  a Irad b 49.8 cm^

c 17.8 cm2

9  a 24.3 cm2 b 37.7 cm^

c 13.4cm2

10 b 547t-36>/2

11 a §rad b 18 cm^
7

12 a 4.39 cm b 2.40 cm

C 15.5 cm d 15.0 cm^

13 34.4 cm

14 a 45.5 cm^ b 57.1 cm^

c 80.8 cm2 d 21.7 cm2

15 14.6 cm^

Exercise 8.4

1  a OAx^ b 19.8 or 19.9

c 24.95 to 25

2  a 74.1 b 422 or 423

3  b 54.6 or 54.5 or 54.55

c 115.25 or 115.3 or 115

4  a 54.3 c 187

5  i all sides are equal to the radii

of the circles, which are also

equal

.. 2n
iii 58

6

7

3

V 148

.2 or 58.3

19.3 ii 79.1 iii 57.5

-  iii 11.6
4

V 1.08 ̂  Area ̂  1.11

Chapters

Exercise 9.1

2Vl3 ^ 3Vl3
1  a b

13 13

c — d 1
13

7 +Vl3

2  a

9

23

V2 +23
c — d

25 5

23V2 - 2V^
®  10

3  a — b 4^/3
7

4>/3
d  1

7 -196>/3

48

4  a b 3

.  y/3 + j2 2
d  e —

2  7

5  a :/!
4

>/6

1

.  -6 + 1073
c  XJ

3  3

e 2->^f 273 - 76

Exercise 9.2

l a

70°/
J10°

'-60°

^220°

-135°

2  a second b fourth c third

d third e third f first

g fourth h third i first

j first

Exercise 9.3

1  a -sin40° b cos35°

c -tan 40° d cos 25°

e tan 60°

TT

g -tan-
4

I  -tan-
7t

,  . n
f  sin —

h cos —
6

.  n
j  sin —

4

2

3

a -
7^

5

73 b -i
2
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12
4  a

13
b -A

12

5  a-
2VT3

13

3>/l3

13

6  a-

c

7  a

3

13

4
c —

5

Exercise 9.4

b
5

d V2

b -1?

d -1
3

1  a 1 amplitude = 7,
period = 360°, (0, 7),
(180, -7), (360, 7)

11 amplitude = 2, period
= 180°, (45, 2), (135, -2),

(225, 2), (315, -2)

iii amplitude = 2, period
= 120°, (0, 2), (60,-2),

(120, 2), (180, -2),

(240, 2), (300, -2),

(360, 2)

iv amplitude = 3, period
= 720°, (180, 3)

V amplitude = 4, period
= 360°, (0, 5), (180, -3),

(360, 5)

vi amplitude = 5, period
= 180°, (45, 3), (135, -7),

(225, 3), (315, -7)

2  a 1 amplitude = 4, period

-2". [5.4(1.-4]
I! amplitude = 1, period

(2". 1)

Iii amplitude = 2, period iii period =

57:

Sn

■4(f-4

vi amplitude = 4, period = 7t,

(0, 3),(^|,-5j,(7t, 3),
(^y,-5j,(27C, 3)

3  a = 2, 6 = 4, c = l

4  a = 3, 6 = 2, c = 4

5  a = 3, 6 = 2, c = 3

6  a i period = 90°, x = 45°,
x=135°, x=225°, x=315°

ii period = 360°, x= 180°

iii period = 60°, x= 30°,
x=90°, x= 150°, x=210°,
x=270°, x=330°

71

7  a i period = —,
7t 371 571

X  f X J X ~~ y
8  8 8
7n 971 liltx = y, x-y, X-—,

_ 13Jt _ 1^
^ ~ ~ 8

ii period = —,
3

7t 7t 571
X = —, X = —, X =

6  2 6

7n Sn llTtx-—,x-Y'X- g

7t 37t 571
X = —, X — —, X = —,

4  4 4

7n
X —

iv amplitude = 3, period = 4Tt
(0, 3), (271,-3)

V amplitude = 1, period = 7i,

v=2'& 3 cos ox

11 a A = 1, B = 3, C = 4

in4x

12 b 2

13 b 2

14 b 4

Exercise 9.5

1  a f(x) 0

b 0 « f(x) « 1

C 0 ^ f(x) ^ 3

d 0 ^ f(x) « 1

e 0 « f(x) « 2

f 0«f(x)«2

g 1 ^ f(x) ^ 3

h 0«f(x)«6

i  0 ^ f(x) « 7



2  c 4

4  c 3

6  b 5

3 c 2

5 b 2

7 b 2

8  b 4

9  1 < ̂  < 5

10 a - \, b - 4:, c = 2

Exercise 9.6

1  a 17.5°, 162.5°

b 41.4°, 318.6°

c 63.4°, 243.4°

d 216.9°, 323.1°

e 125.5°, 305.5°

f  233.1°, 306.9°

g 48.6°, 131.4°

h 120°, 240°

n  5n
2  a-, —

3  3

b 0.197,3.34

c no solutions

d 1.89,5.03

e 3.99,5.44

f  2.15,4.13

g 0.253,2.89

h 3.55,5.87

3  a 26.6°, 63.4°

b 63.4°, 116.6°

c 31.7°,121.7°

d 108.4°, 161.6°

e 18.4°, 161.6°

f 98.3°,171.7°

g 80.8°, 170.8°

h 20.9°, 69.1°

4  a 150°, 270°

b 95.7°, 129.3°

c 225°, 315°

.  7t 77C

' 2'T
e 1.82,2.75

.  K 7k

6' T

5  a 14.0°, 194.0°

b 126.9°, 306.9°

c 31.0°, 211.0°

d 25.7°, 115.7°, 205.7°, 295.7°

6  0.648,2.22

7  a 0°, 30°, 180°, 210°, 360°

b 0°, 38.7°, 180°, 218.7°, 360°

c 70.5°, 90°, 270°, 289.5°

d 0°, 135°, 180°, 315°, 360°

e 11.5°, 90°, 168.5°, 270°

f 0°, 45°, 180°, 225°, 360°

8  a 30°, 150°, 210°, 330°

b 31.0°, 149.0°,211.0°, 329.0°

9  a 45°, 108.4°, 225°, 288.4°

b 30°, 150°, 270°

c 0°, 109.5°, 250.5°, 360°

d 60°, 180°, 300°

e 0°, 180°, 199.5°, 340.5°, 360°

f  19.5°, 160.5°, 210°, 330°

g 19.5°, 160.5°, 270°

h 30°, 150°, 270°

i  19.5°, 160.5°

10 0.848

Exercise 9.8

1  a 73.3°, 253.3°

b 75.5°, 284.5°

c 210°, 330°

d 53.1°, 306.9°

2  a 0.201,2.94

b 0.896,4.04

c  1.82,4.46

d 2.55,5.70

3  a 25.7°, 154.3°

b 5.8°, 84.2°

c 67.5°, 157.5°

d 112.8°, 157.2°

4  a 100.5°, 319.5°

b 73.3°, 151.7°

d 2.56,5.70

e 1.28,2.00

5  a 60°, 120°, 240°, 300°

b 56.3°, 123.7°, 263.3°, 303.7°

c  106.3°, 253.7°

6  a 41.4°, 180°, 318.6°

b 113.6°, 246.4°,

c 71.6°, 153.4°, 251.6°, 333.4°

d 19.5°, 160.5°

e 48.2°, 311.8°

f  18.4°, 30°, 150°, 198.4°

g 60°, 300°

h 23.6°, 30°, 150°, 156.4°

Exercise 9.9

5  26

6  a -2 + 7 sin^ x

b -2^f(x)«5

7  a 7-(cos0-2f
b 6,-2

Exercise 9.10

1  b i 4

ii 60°

2  a 10°, 50°

,  n 57t
b —, —
6  6

3  b 54.7°, 125.3°, 234.7°, 305.3°

5  a 164.1°, 344.1°

b 0.898, 1.67, 4.04, 4.81
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6  c 3

8  b 0.902, 2.24

9  a a = S, b = 8, c = 7

b 1 120°

11 5

10 a 30°, 150°, 210°, 330°.

b 60°, 180°, 23.5°, 96.5°, 143.5°

271 57t

^ T'T
12 1 64.3°, 154.3°

li 90°, 194.5°, 345.5°

... 571 1371
III —, —

12 12

Chapter 10
Exercise 10.1

1 a 5040 b 12 c 840

d 336 d 6 e 60

f 20 g 4200

2 a 2! b 6! c

.5!

2:

d
17!

13!
e

10!

7!3:
f

12:

7!4!

nl

(n-4)!

n!

^  (n-3)!5!

Exercise 10.2

b

d

{n — 6)!

nl

(n-5)!3!

Exercise 10.3

1  a 6720 b 360

c 6 652 800 d 5040

2  360

3  15120

4  336

5  480

6  18

7  a 1680 b 840 c 630

d 330

8  a 60 b 300

9  720

Exercise 10.4

1  a 5 b 20 c 1

d 70 e l f 35

-  _8!
3!51 5!3!

3  a 120 b 21 c 364

4  10

5  56

6  700

7  a 210 b 84

8  a 30045015 b 142506

9  67200

1 a 24 b 5040
10 a 16 b 30

2 a 120 b 40320
11 a 1287 b 756

c 3628800
12 1709

3 a 24

b 1 6 11 6
13 a 462 b 350

14 a 45 b 45

4 a 5040 b 576

15 a 252 b 126

5 a 120 b 72 c 72

d 42 16 2000

6 a 12 b 36 c 24 Exercise 10.5

7 a 720 b 120 c 48 1 a 28

b 1 420 11
8 a 600 b 312

9 288
2 a 1 3628800 11

3  a i 15 120 11 210

b i 15 504 11 3696

ill 56

4  a 720 b 240 c 480

d 168

5  a i 40320 11 2880

b 350

6  a 840 b 240 c 80

7  a i 84

11 15120

b 240

8  a permutation because the
order matters

b 1 55 11 420 ill 70

9  a i 28 1! 20160 Hi 720

b 203

10 a i 60480 11 144 ill 1680

b 1 2100 11 420

Chapter 11

Exercise 11.1

1  1, 6, 15, 20, 15, 6, 1

1, 7, 21, 35, 35, 21, 7, 1

2  a 1 + 3x + 3x' + x'

b 1 - 4x + 6x" - 4x' + x**

c p'^ + + ̂P^q' + '^pq^ + q*

d 8 + 12x + Ox'^ + x'

e x° + 5x^31 + lOx^y*' + lOx^y
+ 5xy + 3°

f  + I2y- + 4831 + 64

g  - 3a'b + 3ab^ - b^

h 16x'' + 32x"''3 + 24x^3*'^ + 8x3'

1  x' - 6x"3 + 12x3^ - 83'

j  81x' - 432x' + 864x^ - 768x
+ 256

k X' + 6x + — H—
X  X



I  6 ^ 1 ^—4 ^ -9
I  X xH—X X

3

2' 4

b 10a 16

d 8 e 40

g 5760 h -i
2

8

c -12

f  160

4

5

6

7

A = 2048, 1280, C=40

1 + 14x + 74x' + 216x' + 297x'

+162x'

a = 8

a 81 + 108x + 54x'+ 12x'+ x'

b 376 + 168n/5

8  a l + 5x + 10x'^+ 10x''+ 5x''+x''

b i 76 + 4473

ii 76-4473

c 152

9  a 16 - 32x' + 24x' - 8x' + x"

b 64

10 90

11 i
4

12 a 32 + 80>' + 80/

b 400

13 -
5

14 a a = 24,b = 128

b 8072

15 a - 3y

b 3)® — 5y^ + 5y

Exercise 11.2

1  a ^Co ^Ci ^C2 ^Ca
b4/^ 4^ 4/^ 4r^ 4c

v_^0 ^2 ^3 ^4

- 5c 5/^ 5c 5/^C  *...0 *^2 ^5 ^4 ^5

2  a 1 + 4x + 6x^ + 4x''* + x''

b l-5x + 10x'-10x'+5x'-x'

c  1 + 8x + 24x^ + 32x' + 16x^

d 27 + 27x + 9x- + x'

e x^ + 4x""'3 + 6x"3" + 4xy'^ + y*

f 32 - 80x + 80x' - 40x' + lOx'

32a6'

16 2

3
X V v'

t\ vV

J  1 h '
2  10 100 2000

100000

k X' - 15x' + 90x -
270 ^ 405

243

X''

I  x'" + 3x*' +
15
-X +

5  _1^
2  16x'

3  1
+  r + ■
16x' 64x'

a 40x' b 175000x''

c 160x'' d 720x'

e -20x'' f -5376x"'

g -9450000x'

h -954204160000X-'

a 1 + lOx + 45x^

b l + 16x + 112x"

c  l-21x + 189x'

d 729 + 2916x + 4860x'

e 19683 - 59049x + 78732x'

f 256 + 512x + 448x^

g 1953125-3 515 625x'
+ 2812500x'

h 1048576x"'-13107200x"3
+ 73728000xY

a 1 + 12x + 60x^ + 160x''

b 140

,  13 39 2 143 3
6  a iH xH X H X

2  2 4

g  — Sa^h + 24a'b^
+ 16//

h  16x'' + 96x7' + 216x7"
+ 216x3'' + 81>''

•  1 4 3 ̂  27 ,
I —X —X -I x"-54x + 81

^ 377
b

4

7  a 1 - 30x + 405x-- 3240x'

b -4860

8  a 1 + 14x + 84x^

b 47

9  a 1 + 7x + 21x" + 35x'

b 7

10 -945

2

3

11

12 a =
n - 2

Exercise 11.3

1  a + 4d, a + I3d

2  a 765 b -1310

c 907.5 d -2420x

3  a 35,3185

b 15,-1365

4 9

5 a 5, 26 b 1287

6 -1875

7 2985

8 40

9 12 450

10 45

11 $236

12

Si

OC
1

r-H

37

13 6, 8

14 -5, -6

15

t— '1
InO I

00

+
1—»

16 8°

17 a a - 6d

b 10a

19 a 6 —5cos^X

20 b 901
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Exercise 11.4

1  a not geometric

b -4, 16384

1  1
c  —
3 27

d not geometric

e not geometric

f -1,5

2

3

4

5

ar®, ar'®

±16.2

^,8
2

2, —,40
64

27

-12

22nd

10 19

11 a 1020 b  1093-
3

c -3280 d -4166.656

12 14

13 a logj
b 67.232 m

14 40,-20

15 50 minutes 19 seconds

18 2(10"^' - 10 - 9n)
27

Exercise 11.5

2

3

4

5

a 4.5

c 10

50

-1.250

2I
9

d -97.2

.. 42 42
0.42 = +

100 10000
+ ■

42

6  -93^
3  3

7  0.5, 13

8  a -0.75, 128

b 73-
7

9  a 105

b 437.5

10 a — , 60
10

b 85-
7

11 a 60

b 375

12 162

13 a = 50, r = —
5

1 4 < X < —
6  6

15 84 m

16 a 3x, 4x,—X, — X
3  9

common ratio > 1

17 a 571

b ilH

Exercise 11.6

1  a 108 b 166.25

2  a 125 b 31

3  a 1.5

b 364.5, 78

Exercise 11.7

1  a 64 + 192x + 240x^ + 160x®

b 64

b 72

b -5

b 38.5

b -640

a x® + 12x"^ + 60

a n = 6

a -27.5

a 64 - 960x + 6000x'

729 + 2916x + 4860x2

i 6804

64 +192x2 + 240x^ +160x®

i  1072

8  a i + 4:a^b + 6a^b^

+ 4ab^ + 6"*

.. 24
It —

25

b n = 6

9  a -2.24 b 25

10 a 24 b 162

11 a = 2a! b 99a

12 a a= 38, d = -2.5

3
13 b 768

b n = 25

a -
4

14 a 41

15 a a =

16 a —
5

Chapter 12

Exercise 12.1

b r =

. d = -

1

,6

'7

2

c 438-

S  = 10-

b 80

b 18

1000000
+...

4 12.5,63.5 ^ a 4x'^ b 9x' c

T

OC
1

5
3

a T b 84.375, 162.5
d -6x~' e —X~2 f -5x~''

4
1 4
— X -

2

5  2
— X

2

1  -
c 800 g h i X

5

6

7

a 0.75

19

b -,n=10
4 j -x"^

3
k
2 --
-X »
3

i
1  -
X

2

8 a m 1 n
3  i
— X 0

5  ̂
— X

X = —3 or 8, 3rd term = 33 or 88 2 3

b -2 -7I P 6x' q 3x2 r 2x

5' 7
s

1
— X -

2
t

3 -f
X ̂

2



2  a 6x--5

b 40x^ — 6x

c -6x'^ + 4

d 6x - 2x''^ + 2x~^

1  --
e 2 + x""^ + -X -

2

1  -- 5 --
f —x'^ X
2  2

g 1 + 3x"'^

1  --
h 5 + -X

2

3 - 1 -i 1 --
i  -X---X +-X
2  2 2

j  15x- + lOx k -2x"- + lOx"'

I  1 + 2x~^ m 18x + 6

n -6x^ + 6x'' 0 12x + 5

3  a 6 b 4 c -2

2d 0 e -0.2 f
9

4  (2,5)
5  0.25

6  5

7  -11,11

8  a = 3, i = —4

9  a = -2,b = 5

11 a (-3, 2),(0,5),(9, 14)

b 13,-8,37

12 a 12x^ + 6x — 6

b X ̂  -1 and x 0.5

13 a 3x" + 2x - 16

b — ̂ X ̂  2
3

" ̂ = 4(»'-2)'+(« + 5)9>0

Exercise 12.2

1  a 9(x + 2)'

b 21(3x-l)®

c -30(1-5x)'

d 2(ix-7
U

e 4(2x + lf

f  12(x-4f

g -30(5-x)'

h  8(2x + 5)'

i  8x(x^ + 2)^
j  -28x(l-2x-f
k 5(2x-3)(x'-3x)'

2  a
1

d -

e -

(x + iy

6

(2x - 1)^'

15

(2 - 3x)-

64x

f

(2x" - 5)"
8(x- 1)

(x' - 2x)"

5

g

h -

(x - 1)"

30

3  a

(5x + 1)^

6

(3x - 2)'

1

d -

2Vx + 2

5

2V5x - 1

2x

V2x' - 3

3x- +2

e --

2Vx'' + 2x

2

3(3 — 2x)3

g -

\l2x - 1

3

2(3x-l)5

h —5-^
(2 - 5x).''

4  8

5  2

6  0.75, -3

7  (3,2)

8  a = 8, b = S

Exercise 12.3

1  a 2x+ 4

b 12x+ 10

c  (x + 2)"(4x + 2)

d x(x - 1)^ (5x - 2)

3x - 10

2n/x- 5

^  3x + 2
2yfx

5x'' + 12x
g

h

2

4

2Vx + 3

(3 - x'")^ (l3x^ - 3)
2%/x

1  2(3x^ + X + 5)
j  (4x + 9)(x-3)~

k 2(x-l)(x + 2)(2x + l)

I  14(x - l)(x - 3f(2x + 1)^

9  3 85

49, 0 5 -2, 0, 1.5

2
6  1

3

Exercise 12.4

1  a
11

h
10

(5 - x)"' (x + 4)~

7
H

1

(3x + Af

00
!

OC

1

x(5x — 4)
f

9  -

X* +1

(5x - 2)" (x- - 1)'
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15 + 8x + 2

® ~(3x-l)' ^
2  -4

3  (0, 0), (1, 1)

4 ^
9

5  a
1 - 2x

2\/x [2x +1)^

1 - X
b  ̂

(1 - 2x)i

x{x^ + 4)
C ^ r

(x" + 2)2

^  -5(x-3)
2-Jx (x + 3)^

6  4

7  (3, -2)

8  a (-2,-2.4), (0.4,0), (2,1.6)

b  —
25' 29 ' 25

Exercise 12.5

1  a 3) = 4x - 6

b y = -X-2

c y = 16x - 10

2

e y — —3x — 3

1  olf  y = —X + 2 —
4  4

1  , 1
2  a y=--x-4-

■^ 3 3

1b y=--x+5-

c y = -x-3-

d 31 = 2x + 7.5

63 = —O.lx — 3.8

f  3 = 4x - 22
1  17

3  3 = 8x-6, 3 = --:x: + —

4  (0, 5.2)

5
9  1

"V = X ,
16 2

6 (2. -3)

7 3 = 2x - 20

8 a 3 = X + 8

b (1,6)
1

C  "V = —X +
2

13

2
9 (1, 5.25)

10 a (7,4)

b 12 units'^

11 b 3 = -0.4x --0.6

12 216 units^
13 22.5 units^

9 ■
1

2

4  1 u 113 a — cms ' b — cms
5 5n

Exercise 12.6

1  0.21 2 0.68

3  -0.8p 4 2p

6 3 ^5  25p

7
n

1808  a , = ^
c -254jb, decrease

Exercise 12.7

1  0.15 units per second
2  0.125 units per second
3  -4 units per second
4 -0.25 units per second
5  0.5 units per second

6  units per second
150

7  -0.08 units per second

8  0.025 cms"'

9 — cms"^
96

10 324cm®s~'

11 cms"^
480

12 12Ttcm®s-^

-114 a - cms
7

Exercise 12.8

1  a 10
18

^ -7
1

?!

K  1 -1b — cm s
12

b  12x + 6

d 320(4x + l)'

f ^
(2x + 1)2 (x + 3)2

2  a 12(x-4)(x-2)

.  8x - 6

8

(x - sy

2(x"^ + 6x^ + 3x + 2)

50
e 3 :

f  3

(x - 5)^
102

(3x -1)'

3  a -3 b -9 c -8

4  b -18, 18

X 0 1 2 3 4 5

dy
dx

+ 0 - - 0 +

- - - + + +

6  x> 2

Exercise 12.9

1  a (6, -28) minimum

b (-2, 9) maximum

c (-2, 18) maximum,
(2, -14) minimum

^  2 22 ^
d  -2-, 14— maximum,

V  3 27 j
(2, -36) minimum

fl 14e (-3, -18) minimum, I ^
maximum



f
2  14

3' 27
minimum

a (4, 4) minimum

b (-1, 3) minimum

c (4, 3) minimum

1

maxim

3

um, (4, -18) 3 a 3) =

, — I minimum,
3.

(^■5)3, — I maximum

e (-2, -4) maximum,
(0, 0) minimum

f  (-4, -13) maximum,
(2, -1) minimum

dj)
dx {x + 1)

Y, numerator of

dy .
I S never zero

dx

4  «=3

5  a a = -3, b=b

b minimum

c  (-1, 7), maximum

6  a a = 2, b =-4

b minimum

7  a a = 8, b= -4

b maximum

8  a a = -36, b = 4

b (-2,48)

c (-2, 48) = maximum,
(3, -77) = minimum

d (0.5,-14.5),-37.5

Exercise 12.10

1  a 3 = 8 - X

b i P = 8x —

11 16

c  1 S = x^ + (8 - x)^

ii 32

2  b A = 1250, X = 50

288

X'

c A = 432, 12cm by 6cm by
V

8 cm

4  a h =
4x'

^  3
a e =

r

C 30-2r,-2

d 15

e 225, maximum

a  = 3--r(7t + 2)
2

c 6 — 4r — nr , —4 — 7t

.  6
4 + Tt

18
, maximum

4 + n

7  a 4-p-
2S

c
3

.  32V3
d  , maximum

8  a h-
250

c 47ir -
50071

, 4Tt +
IOOOtt

d 5

e 1507T, minimum

144 3
9  a h = r

r  2

12VTo

10 a r
25-2x

71

c A = 87.5, X = 7.00

11 a r = V25 -

5V3
3

d maximum

12 a h = 24-2r

c 51271

13 a r = ^J20h -

c  13-
3

^ 32000
d  7t, maximum

81

Exercise 12.11

1  (2, 12)

2  k = 4

1  13  a +
X  vx

X

1

2x'-^

c (1, 3), minimum

4  b 56.25 cm^

5  a 2

b -256/7

6  y - —X + 10
2

7  ay- -3x + 4

b (-2, 10)

9  x= 9

10 b x=10

11 i! A = 246, minimum

Chapter 13
Exercise 13.1

1  a i-3j b 3i-2j c 41-j

d 2i e 1 + 3j f -21 + j
g -21 h -31 - 2j i -1 - j

2  a 2 b 5 c 13

d 10 e 25 f 17

g 4V2 h 5V5

3  161+12j

4  361 - 15j

5  a ^(3i + 4j)
b ^(5i + 12j)
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c -^(4i + 3j)
5

d ^(8i-15j)

a 4i b 14i-9j

c -26i-3j d -i + 3j

a 15 b

/X - -3, A = 5

// = 3, A = -2

Exercise 13.2

1  a -i-3j

c 3i + j

e  i + 7j

4

10

b 2i-10j

d -121+ 3j

f -61-j

a -151 + 20j b 241 + lOj

c  151 + j d V226

a l6i + 12j b ^(4i + 3j)
5

c 51 + 2j

a 10i + 24j b 26

c ^(5i + 12j) d 31 +8j
15

6

7

8

20

-21

a 1 29

11 30

ill 38.1

■ (■")
9  a 121 + 9j

10 a 61 - 8j

11 M
vJ

12 3

b 71 + j

b 7.51 + 4j

13 a 22 or -8 b -9
c 1

14 6j

20.

" y
16 a i 2V1O

I! ^/^M

ill S-M

,  7 2
c A = -, u = -

3  3

Exercise 13.3

1  a (l-A)a + Ab

b -/xa + (l-/x)b

+ 3/xb

,  3 1
c A = -, u = -

5  5

2  a 1 2a - b

ii 3a + b

b i A(5a — b)

ii ^(3a + b)
,  5 3

c A = -, u = -
8  8

3  a A(a + 2b)

b /xa + (3-3/x)b
,  3 3

c A = u = -
5^ 5

4  a (l-A)a + 2Ab

b ya + (l-/x)b
D

c A = = ;

5  a i -a + b

.. 1 1.
II -a + -b

2  2

b -Aa + -Ab
2  2

c ^/xa + (l-A/)b
J i b 4
d A--, /i = -

3  2
a - Aa + - Ab

5  5

c A 2b ^ ^
31' ^ ~ 31

7  a 1 Aa - b

ii -a + ^b

2  3
b i -Aa + -Ab

5  5

.. 1 3 .
II — a + -ub

4  4

... . 5 4
III A = -, u = —

8^ 5
8  a 1 -9a + 18b

ii -5a + 10b

b AC = — AB, so AB and AC
5

are parallel and A lies on
both lines

9  a i 4a

ii 2b

iii -2a + 3b

b i 6a - 3b

ii 2a - b

iii 4a - 2b

b CE = ?>CD, so CE and CD are
parallel and C lies on both
lines

d 1:2

Exercise 13.4

1  a (3.51 + 9j) ms"'
b (301 —36j)m
c 12.5 hours

2  (-22i + 11.6j)kmh-^
3  1251 km

4  a (181 + 18j)kmh'"'
b (101 + 10^/3j) km h"'
c  (-50^/3i - 50j) ms ^

5  a 20 ms"'

b i (-68i + 44j)m
ii (-561 + 28j) m



iii (-44i + 12j)m

c r =

a lOkmh"'

b (28i + 14j)kin

c r =

d 2030

7  a (I2i-12j)kmh-i

b i (29i-12j)km

ii (l4i + 3j)km

c r = i ']^ti(l2j l^-12j
8  a (lOi + 6j) km

b (5i + 12j)kmh-i

c  13kmh"'

d 52

9  a (I5i + 20j)km

b (8i + 6j)kmh"'

c  (llli + 92j)km

10 a (50i + 70j)km,

(40i + 100j)km

b 31.6 km

11 a (6i + 8j)km, 21jkm

b 14.3 km

Exercise 13.5

1  a 9i + 45j

b 13

c -i-2j
3  ••

3

4

a /.(fa + fb)

(5i + 12j)km, 13km

i  8i-15j ii ^(8i-15j)
iii -531

5  a sVs b ^~(2l + llj)
c 2i + 1.5j

6  i 51kmh-^

ii 40 minutes

7  i Ab-a

ii fxa-b

2  1
iii -a + -Ab
3  3

•  Ik 7IV -b + -ua
8  8

16 , 3
V n = —, A = -

21 8

8  i AP = —(b - a)
4

—• 1 3 2
ii PQ = —-a--b + -c

4  4 5

iii c = —(9b-5a)
16

9  a i a = 2, y3 = 13

ii ^(31-4j)
5

b ̂  = (1 - A)a + Ab

c // = 3

k ^ ^ I 10x:(l + e'')
2  a xe' + e'

b 2xV + 2xe"

c -3xe"' + 3e"'

e'
d V^e' +

g

{4x - 1)
3

2x'

2e'

"(e'-lf

h 2xe''

e' + 2xe' + 2x + 5)

3  a 5x + 83) = 10

b 5x - 6)1 + 15 In 5 = 0

c y — 3ex + 2x - 2e - 1

4  A

5  a h'-i)'minimum

b y - e (x - 1)
2e

^  (2e^ +1)^
4e

Exercise 14.2

1  a i b i

Chapter 14 c

Exercise 14.1

1  a 7e'' b 3e'' e

c 15e'' d

K

v'
00
1

X

e -3e"2 f 3e3"i g

g 2xe''''' h
3e^

2^
i

i  -3e-''' j -4e^'
k

2x + 3

6

3x +1

20

5x — 2

3

3x — 2

1

2x

x^ -1

1

2x + 4

1
h 2--

X

J

(Vx+l)Vx x(x^ + lnx)

2  a 1 + lnx b 2x + 4xlnx

c 1 l-lnx d 10 + 51nx^
X

+ 2xln(lnx)
I

1

X In X

2x'-^ +1

2-Jx
n X
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,  l-ln2x 4
f  5 g -X' x(lnx)^

2  21n(2x + l)

x^ (2x + 1) X

3x^(2x + 3)-2(x'' -l)ln(x'' -l)
(2x + 3f (x'-l)

3  2 + 41n6, 3 + 21n6

3
4  a

6x + 2

2

5-2x

5(x -1)

x(x - 5)

-3

g

h

i

5  a

b

(2x + l)(x - 1)

x-4

x(2 - x)

x^ + 4x + 2

x(x + l)(x + 2)

2 - 6x - 2x^

(x - 5)(x + l)(2x + 3)

—3x -1

(x + 3)(x — 1)

-x^ + 6x - 3

x(x — l)(x + l)(2x - 3)

1

X ln3

2

X ln2

6  a

b

(5x -1)ln4

8x

4x' -1

15x' - 2

5x' - 2x

2x — 1

(x + 3)(x — 4)

7  0.2

Exercise 14.3

1  a cos X

b 2cosx-3sinx

c -2 sin X - sec^ x

d 6 cos 2x

e 20 sec^ 5x

f -6 sin 3x - 2 cos2x

g 3sec^(3x + 2)

h 2cos| 2x + ̂

-2

(sinx - cosx)

1  -6 sin

2  a 3 sin xcosx

b -30 cos 3x sin 3x

c 2 sin X cos x + 2 sin x

d 4(3 - cosxf sinx

COS! 2x H—
6

+

e 12sin^ ̂ 2x +
f -12 sinx cos'X

8tan|^2x - ̂ jsec^ ̂ 2x - — j
3  a X cos X + sin X

b -6sin2xsin3x

+ 4cos2xcos3x

c x^ sec^ X + 2x tan x

3

2'
d — xtan^ I — Isec^

3 X

+ tan'| —

e 15tan3xsec3x

f  secx + xtanxsecx

g
X sec X - tan x

1 + 2 cos X

(2 + cosx)

.  (3x - l)cosx - 3sinx

'  (3x -1)'

j  -6cot2x cosec' 2x

k 3 cosec 2x - 6xcot2x

cosec 2x

4  a - sin X e

b -5 sin 5x e"^'

c sec'xe*^"'

d (cos X - sin x)

e e" (sinx + cosx)

f — e* I 2 cos
2

1  . 1 ^
— X - sin — X

2  2 )

g 20"cosx

h xe''°''(2 - xsinx)

1  cotx

j  x[21n(cosx) - xtanx]
,  3cos3x - 2sin3x

I

,2x-I

XCOSX + sinx - xsinx

5  a -2

^ 3V2-8
6

6  a tan x sec x

b -cotx cosec x

c -cosec^ X

7  a 3cot3x

b -2tan2x

8  A = %B = -5

9  A = 4,B = -S

Exercise 14.4

1  4x - 2431 - n

2  a 2x + 23 = n

ba(f.o).«(o,=)
71^ . 2

c — units
8

3  Q(l, 0)

4  a A(^iln5, oj,fi(0, 4)
b C(-8,0)

5  ̂e(2e^+l)



6  V2/) 7

^  \p ^ -P4 ̂  2

10 2^/3 p

11 a (-2, -2e'') minimum

b (-1, maximum,
(0, 0) minimum

c  (ln7, 9 - 7ln7) minimum

d (0, 4) minimum

e ^-2, -4e^) minimum,
(4, 8e-^) maximum

1f  |e

g  '

minimum

maximum

h (-^/e - 1, e"') maximum,
(0, 0) minimum,

(Ve - 1, maximum

12 a (0.927, 5) maximum

b (1.85, 10) maximum

c  (0, 5) maximum,

(5. -5) mi.
d  ,3.10 j mil

minimum

minimum

5n SjS
minimum

. 6 ' 2

13 a A = 2, B = 8

b  ln4, 8^ minimum
14 A(l,0),fi(e-',-e-')

15 a />(0,0),Q(-2,4e-^)

b B(0,-2e),c(^0, e + ̂ j
c -("36 + —1
21 3ej

16 b 2.7 cm^ per second

17 — maximum
o

Exercise 14.5

1  a )i = 2x - 1

a — cos 2x cos
3

- 2 sin 2x sin

(f)
Kf)

1

3

4  a

(sec^ x)(l + Inx) (tanx)

^  (l + lnx)'""
-0.8

2x cos 4x + 4x^ sin4x

cos^ 4x
u  ̂b  p

2^

5  a 2e''-2e-''

b 2.5

c -7.25

6  a

^(l + 21n2, 0 ),

B\ 0, - + ln2

c(l-iln2,o).
Z)(0,-2 + ln2 )

b ii-(In2)'

471
7  a a-

h 9 1971b 2^ = X
6

8  1 ^ =
dji _ 2xsec^ 2x - tan2x
dx x^

.2.. 8 71^ / n\
II y = —X

71 32(71-2)1 8/

9  i 3) + ln3 = -^x ii —(ln3)2
ln3 2

10 1
8
+ ln9 ii 0.0393

11 i (-1,-0.5), (1,0.5)

ii p=2,q = -6, (-1,-0.5)
minimum, (1, 0.5) maximum

12 i 2rsin0 iii -17.8

iv -0.842

Chapter 15

Exercise 15.1

12 5
1  a 31 = —X + c

^  5

— X

9
+ c

7 4
— X

4
+ c

x^
+ c

1

2x
+ c

6-s/x + c

x' +
2x®

5
+ 3x + c

X®

T~
3x'

4

5x'
+  + c

2

1

x''

15
+ —

X

x^
+ — + c
2

2

X®

1

X®
2x + c

c ^ =

d 31 ==
X

3  a 31 = x^ - 3x^ + c

4b 31 = -x^ - x' + c
5

8 f x' „ ,
c 3 = -x^ + — + 2x + c

5  3

4  %
.  X X ^ .
d 3 = — + 6x +c

4  3

x' 3
e y - — + — + C

6  2x

,  2 5 1f y = + _
X  2x X

3

6 - 9x^
h y = 20Vx + c

5  3

4  3 = x^ - 2x^ + X + 5

5  3 = 2x' - 3x^ - 4
_  o 6 „
6  3 = x + 3

X  2 S
7  3 = 8y/x — 4x H—x^ +8

3
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,2*

8  y = 2x' - + 5

9  a y = '2.x — 6x^ + 8x + 1

10 )) = 2x^ - 5x + 1

Exercise 15.2

1  d H c
8

•  -f c

b 2x® + c

4
d

X

e 6\/x + c

x' 7x'

f

+ c

cVx
+ c

2  a 1- 1- lOx + c
3  2

U 2x' x' ^
b  i 3x + c

3  2

^  - 2 OCc  ox + 25x + c
3

-  x''
d 4x^ ̂  1- 9x + c

2

x" 2x' x'
e  1 1- c

4  3 2

3x' -
f — - 3x-^ + c

7

3  a X -I he
X

^ x' 2
4  X

_J 1 1_
3x 3x^ 9x

d 2x^ - 6>yx + c

■ + c

2x2 2
+ c

^  x' 6 9
f  r + c

2  X 4x

Exercise 15.3

1  a —(x + 2)'" + c
10

b —(2x-5)' +e
14^

c —(3x + 2)'° + c
15

d -^(2-3x)' + c
3  1

e —(7x + 2)3 + c
28^ '

f — (3x - 1)2 + c
15

g 12Vx + 1 + c

h -
5(5x + 3)'

1

+ c

2  31 =

4(3-2xf

(4x +1)®
20

+ c

-2

3
3

4  3 = 5- 2VIO - X

5  3 = (2x — 3)^ + 1

(3x - 1)® + 86  ̂ = ̂ -1

Exercise 15.4

e®'
1  a — + c

5

_\

c 2e2 + c

e 4e* + c

,9*

b — + c
9

+ c

g

^7i+4

T

18
■

+ c

 + c

*• ^
f — + c

2

^5-2*

h ■ + c

2  a 5e' + e

•  C 9v

b  he + X + c

9e'' e'"'

2  2

d e" - 4e-' + c

+ 6x + c

he

4  2

f — - 2e''- 4e-'+ e
5

3  a 2e' + 2>/x + e

u 1 s Se''"-'b —X' h e
3  2

1
c — + he

4  3x

4  3 = - e"'' + 4

5  a k = -n

b 3 = 7e'-^ + 2x'- 5

6  3 = 20"^' + 6x — 6

7  a 6-e

'4e'-e-2 24e-4e'-21

2e-2 ' 4e-4

Exercise 15.5

1  a - — cos 4x + e
4

b — sin 2x + c
2

X

c -3 cos — + c
3

d sin 2x + e

e -2 cos 3x + e

f — sin(2x + l) + e

g ^cos(2-3x) + e
h sin(2x-7) + e

4
i  — cos(l —5x) + e
5

2  a x + cosx + e

b — x^ — sin3x I + e
31
3  2

c — sin 2x + — 71 cos he
2  5 2

^  1 2 . 3x
d  sm he

X  3 2



e  + 5cos2x) + c

f  4>/x-2cos—+ c
2

3  31 = sin X + cos x + 2

4  ■y = x- 2sin2;x: + 3- —
4

5  y = 2x^ + 3 cos 2x - 5
6  3 = 5 cos 3x — 2 sin x + A

7  a ^ = 6

b 31 - 2 sin 3x - 4x + 2 + 47t

n'8  a 3) = 5 - 2 cos 2x

b y -- — X+ —+ 5 - \/S
^ 2 6

9  a k = 2

'5n-2 ,3]
Exercise 15.6

1  a 81n x+c

b 51n x+c

c — In X + c
2

d — In X + c
3

e — ln(3x + 2) + c

f - —ln(l-8x) + c

7
g — ln(2x-l)+c

h - —ln(2-3x)+c

1
ln(5x -1)+ c

7x^
2  a l-x + 21nx + c

2

b X 1-4 In x + c
X

9
c 25x 301nx + c

X

1

2x''

51nx
■ + c

f 3x^ r-121nx + c
3x3

g 5 In X f=- + c
vx

u 2x2h  Inx + c

=.3.v Inx
• + c

3  3 = — ln(2x — 1) + 3

4  3 = x^ + 51nx-5
5  3 = 1 + ln(x + e)

6  a l-21n2

b (21n2,21n2-3)

Exercise 15.7

1
,  X + 5
b  + c

d X + In X + c

yj2x-l

2  a 30x(3x^-l)"'
b -^(3x^ - 1)° + c

30^ '
3  a Inx + 1

b xlnx — x + c

ii . 1 Inx4  b + c
X  X

2(x" - 2)5  a -4—=^
Vx^ — 4

b — x-\/x^ - 4 + c
2
2

6  b —(x + l)>/x — 5 + (
3

7  a 2xe''

b -xe^" - — + c
2  4

8  a ^ = 1

,  5 sin X
b  + c

1 — cos X

9  a k = -

b —(x + 8)n/x - 4 + c
3

10 a k = -2

2
b

x' -7
+ c

11 a 2x" + 6x Inx

u  1 3, 1 3
b — X" inX x +c

3  9
12 a cos X - X sin x

b sinx —xcosx + c

13 b (sin2x + cos2x) + c

14 a
5x' - 14x

b (x' +3)V2x-7

Exercise 15.8

127 b 1.5 c 24

15 e 10.5 f 7.5

5
12— h

12

52

81
i  75.5

26.4 k 3!^
24

I  5!
3

68 b 18-
3

c 12.4

0.5 e 0.25 f 8

-1) b i(e-l)

5(e<-l)
2e'

d

5(e^-l)
2e

1f -(e^ + 4e-3)

g ^(3e' +8e' + 6e' -17)
h

2

i  4e'

4  a 2

" e' 2
3  5

2e' 2
371
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n^-8

16

5  a -ln2
3

c —In 5
2

d V3-|

f i(3-72)

b -Inll
2

d —In3
2

2, 11 , c 9
e--In— f 21n —

3  2 7

6  a 2 + |lny b ln9-10

c 2.iln^
2  3

7  k = 5

8 A = -6

9  a quotient = 2jc + 1,
remainder = -1

10 2--ln3
4

Exercise 15.9

Sx
1  a

V2x-1
b 5

6x^ + 4
2  a , b 4

V

3  a-

4  a

3x^ + 4

2x 1

(x' + 5 f 9

3x + 2

5  b

2^Ji8x + 4f
71V2

b 2

6  a sin X + X cos x + c

b -(71-2)
2

7  a x + 2xlnx + c

b 1 + e'

8  a sin 3x + 3x cos 3x

b —(n-2)
18

Exercise 15.10

1  a 6-

c 6

e 5

2  a 1
1

b 13-
2

d  1+e--
e

f  ̂ "

3

4

b 5>/2-5

c 41n-
2

d ln5

_ 1

57T^

72

12

1
a -

6

c 8

5
b 20-

6

d 49
1

f  21-
3

5

6

7

8

e 32-
4

12

a 9

b 1 + e^

k = -(e" +1)
2

b 1.6

9  b 51n5-4

10 b 71-1

Exercise 15.11

1  2

2  3-^

3  16

4  5
371

5  a 10-

d 36

6  a i
3

7  34

b 20

e 20

b 5
4

8  a (-2,0)b 42-

9  4-
15

c 1-

10 71

35
1 1 61n6

2

Exercise 15.12

1  a 2xe' hb  —e
2

c 26.8

2  ay- 2x^ - ■
X

1

 +1

b 8x + 343! = 93

+ 1

3  a X-t he
X

4  b 628 units^

5  a (0,1.85)

6  In (25e^)

7  a A = 4

8x3
8

b k=2

b 0.292 units^

 a
2x + l

+ 12x2 ln(2x + l)

b 11
10

+ c

Vx + 2

9  i -4xe'^*

ii 41n2- —
16

.  3 2 2 I
10 I —X^ x2 + C

2  5

ii (9,0)

Chapter 16

Exercise 16.1

III
40

iv 16.2

b 10ms 2

a 12.5 ms"^

c -2.4ms

2  a 6ms

a 4.95 ms b 5

c 1 ms

4  a -(e'' - 2) b 5.4ms



5  a 2

c -0.25ms ̂

471
6  a —

3

7  a / =

b ln| — I m

b -1.90 ms ̂

b -3ms~^

8  a u = 4 sin 2i, fit = 8 cos

b i = — , 5 = 4
2

1
9  ̂ t = -ln2

2
b 0.899 m

c 24.1m

10 a 2 m away from O

b v = 2 - 4 sin 2<, a = -8 cos 2<

Tt Tt

Cl t — — , S = —
4  2

11 a < =
71

8

b a = -4Asin4i

c k = 5

12 a 2ms-'

b i 2 ms-'

II — ms

3

0ms-2

e 21n — m
4

13 a 2m

b i = -

c 0 ̂  i < — and t > 4
3

d -< t <4
3

Exercise 16.2

1  a lOms"' b 15 seconds

c 12— m d 166— m
3  3

e 189-m
3

2  a -Ims"^ b 5

c 1.6m

3  a 2(4e^ +1) m
b j = 2e^' + - 2

C 111 m

mt

t + 2

c t=6

97t' 14  I + 6 I ni, ̂  ms ̂

5  b 29:y5ms-^ c 109m
6  p = 6, q - -6

7  a t=5

b

c 62.5 m

8  a t=2,t=6 b 5.5m

C 112m

9  a -12 « a ̂  12 b 5.74m

10 a 0.64ms-^ b 12.1m

11 271
11 a t = —

b (4VS.f ]m

"a P = ̂'q = -^

b s = — +3t
12

d — m
12

27T/ nt ^ . nt
13 a 77 = cos h 2 sm —,

3  3 3

27t'''i . nt
a = sm h

9  3

471 nt
— cos —

3  3

Exercise 16.3

1  a 3.2 b 15

2

3

4

5

n

6

a 2

d 4

a 5

4

777

24

c 312

c 1

c 1.14

t= 1

2

3'
ii -2

i -t̂ -7t^ + l2t
3

17 ms

120 135

ii A = 30, a = 1

b 50m.s~'

t-S.5

8  ii 0

iii 37® - — 72 + 907
2

iva 78

b 88.5
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Index
absolute value see modulus

acceleration 405, 412-13, 418

signs for 405-6
addition

of polynomials 71-2
of vectors 316

addition/subtraction rule, for differentiation 277,
310

amplitude 196, 198-9
angles

between 0° and 90° 187-90

general definition 190-1
negative 190, 220
positive 190, 220

approximations 291-3, 310
arcs 174

length 174-6
areas

bounded by graphs of two functions 393, 398
rectilinear figures 148-51
regions bounded by line and curve 392-6
sector 177-80

under curves 385-92, 397

arithmetic progressions 252-7
common difference 252

formula for nth term 252

notation 252

sum 253-5

arithmetic series 253-5, 267-9

arrangements 226-9
rule for 226

base 50

change of 124-6
binomial 244

binomial expansions 249-51,269
binomial theorem 249-51, 269

boxing in method 149, 150

Cartesian plane 190
chain rule 280-2, 310

change of base rule 124-6
chords 174

gradients of 275-6, 291
circular measure 170-80

collinear points 316

combinations 232-7

order and 232-3

rule for finding 233
common difference 252

common ratio 257

completing the square method 25, 29-30
composite functions 5-7
conjugate surds 60
convergent series 263
cosecant function (cosec) 216-17

cosine function (cos) 187, 192
amplitude 196, 199
derivative of 345-50

graphs of 195-6, 199-200, 202
integration of 370-2
period 196, 199
sign of 192-3, 220

cotangent function (cot) 216-17
cubic equations 78-82
cubic inequalities 102-3
cubic polynomials 71, 78-82, 98-101
curve

area of region bounded by line 392-6
area under 385-92, 397

intersection of line and 42-4

definite integrals 378-85, 397
degree, of polynomial 71
degrees 171

converting from radians to 172
converting to radians from 172

denominator, rationalising 60-3
derivatives 276

of cos (ax + V) 347
ofe^^''' 338-9

of exponential functions 337-40, 350-6
first 298

oflnf(x) 341-2

of logarithmic functions 341-5, 350-6
second 298-9

and stationary points 302-3
of sin (ax + ft) 347
of tan (ax + ft) 347
of trigonometric functions 345-56
see also differentiation



differentiation 274-311,336-56
addition/subtraction rule 277, 310
applications in kinematics of 404-12
approximations 291-3, 310
chain rule 280-2, 310

first derivative 298
from first principles 276
notation 276

power rule 276-80, 310
product rule 282-4,310
quotient rule 285-7, 310
rates of change 294-8
connected 295

reversed, integration as 362-5, 372, 375, 397
scalar multiple rule 277, 310
second derivatives 298-9

and stationary points 302-3
see also derivatives; stationary points

discriminant 39—40

displacement 316, 404, 412-13, 418
signs for 405-6

distance 403

distance-time graphs 403
dividend 73

division

of polynomials 73-5
of surds 58

division law 118

divisor 73

domain 3, 12

e 126,338

elimination method 24
equations

cubic 78-82

involving indices see exponential equations
involving surds 63-6
logarithmic 120-1
modulus 90-4

quadratic see quadratic equations roots 39
of type |ax+^>1 = |cx+d| 90-4

'equivalent to' symbol 90
exponential equations

practical applications 128-9
solving 51-4, 122-3

exponential functions 111-35
derivatives of 337-40, 350-6
graphs of 129-32
integration of 368-70
inverse of 133-4

exponents see indices

factor theorem 75-8, 86
factorial notation 225

factorisation method 25
factors, of polynomials 75-86
Ferris wheel 195

fractions, rationalising denominator 60-3
functions 1-18

composite 5-7
definition 3

domain 3, 12
exponential see exponential functions
gradient 275-80
inverse 12-15

of exponential functions 133-4
graphs of 15-18

of logarithmic functions 133-4
logarithmic see logarithmic functions
modulus 7-9

periodic 196
range 3, 12
trigonometric see trigonometric functions

geometric progressions 257-62
common ratio 257

formula for nth term 257
notation 257

sum 259-60

geometric series 262-9, 270
condition for convergence 263, 270
infinite 262-7

geometry, of vectors 323-7
gradient

curve 275-6

line 139,275

parallel lines 139, 143-5

perpendicular lines 139,143-5
gradient function 275-80
graphs 89-106
of cubic polynomials and their moduli 98-101
of exponential functions 129-32
of functions and inverses 15-18

of logarithmic functions 129-32
in solving cubic inequalities 102-3
in solving equations of type

\ax+ b\ = \cx= d\ 91, 92
in solving modulus inequalities 94-8
straight-lines see straight-line graphs
of trigonometric functions/ratios 195-205
of y = a cos bx + c 196, 199
ofy= asin + c 196, 199
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of 3) = a sin X 197
oiy= a tan bx-\r c 196, 199
of 3; = cos X 195-6
of:y = e'= 129
oiy=ke"'+a 130-2
oiy=k\n ax + b 130-2
of 31 = sin bx 197-8
of 31 = sin X 195-6
of 31 = sin x + c 198
of 3 = tan X 196
of3= lf(x)l
where f(x) is linear 10-12
where f(x) is quadratic 34-7
where f(x) is trigonometric function 205-7

image set see range
indefinite integrals 365-7, 375-8, 397
indices 49-54

rules of 50, 67
simplif)dng expressions involving 50-1
solving equations involving 51-4,122-3

inequalities
cubic 102-3

linear 37

modulus 94-8

quadratic 37-9
inflexion, points of 301-2
instantaneous rest 406, 418

integration 361-98
applications in kinematics of 412-18
area of regions bounded by line and curve
392-6

area under curve 385-92, 397
areas bounded by graphs of two functions 393,
398

of cosine functions 370-2
definite 378-85, 397

as differentiation reversed 362-5, 372, 375, 397
of exponential functions 368-70
formulae for 397

1 372of functions of form
{ax+ b)

-5, 380-1

1
of functions of form 372-5, 380, 388-9

of functions of form (ax:+ 6)" 367-8
indefinite 365-7, 375-8, 397

of powers of x 365
of sine functions 370-2
symbol for 365

inverse functions 12-15

of exponential functions 133-4
graphs of 15-18
of logarithmic functions 133-4

kinematics 402-18

applications of differentiation in 404-12
applications of integration in 412-18

laws of logarithms 118-19,134
length

arc 174—6

line 139

problems involving 140-3
linear inequalities 37
linear polynomials 71
line(s)

equations of straight 139,145-8
gradient 139, 275
intersection of curve and 42-4

length 139
mid-point 139
parallel 139,143—5
perpendicular 139, 143-5
problems involving length and midpoint 140-3
see also straight-line graphs

logarithmic equations, solving 120-1
logarithmic functions 111-35

change of base of 124—6
derivatives of 341-5, 350-6

graphs of 129-32
inverse of 133-4
laws/rules of logarithms 118-19,134
natural logarithms 126-7, 135
product rule for 135
to base 10 112-15

to base a 115-17

many-one mappings 2
mappings 2

many-one 2
one-many 2
one-one 2

maximum points 28-33, 300
first derivative test for 300, 311
practical problems 305-10
second derivative test for 302, 311

mid-point of line 139
problems involving 140-3



minimum points 28-33, 300
first derivative test for 300, 311
practical problems 305-10
second derivative test for 303, 311

modulus

of number 7-9

of vector 316

modulus equations 90-4
modulus inequalities 94-8
motion diagrams 404
multiplication
of polynomials 71-2
of surds 57-8

of vector by scalar 316
multiplication law 118

natural logarithms 126-7, 135
non-linear equations

converting from linear form to 155-8
converting to linear form 151-4
finding relationships from data 159-64

normals 287-91

equations of 288, 310

one-many mappings 2
one-one mappings 2
order

and combinations 232-3

and permutations 229-30

parabola 28
intersection of line and 42-4

Pascal's triangle 244-8
period 196,199
periodic functions 196
permutations 229-32

notation 229

order and 229-30

rule for finding 229
points of inflexion 301-2
polynomials 70-86

addition 71-2

cubic 71,78-82,98-101
definition 71

degree 71
division 73-5

factor theorem 75-8, 86
factors of 75-86

linear 71

multiplication 71-2
quadratic 71
quartic 71
remainder theorem 82-6

subtraction 71-2

position vectors 319-23, 331
power law 118
power rule 276-80, 310
powers see indices
product rule
for differentiation 282-4, 310
for logarithms 135

progressions 252
arithmetic see arithmetic progressions
geometric see geometric progressions
rule for all 254

quadrants 190-1
quadratic equations 25, 28-37, 39-41, 103-6

completing the square method 25, 29-30
condition for real roots 42, 45

and corresponding curves 45
factorisation method 25

graphs of y = |f(x)| where f(x) is quadratic 34-7
maximum values 28-33

minimum values 28-33

more complex 103-6
quadratic formula method 25
roots of 39-41

quadratic formula 39
quadratic formula method 25
quadratic inequalities 37-9
quadratic polynomials 71
quartic polynomials 71
quotient 73
quotient rule 285-7, 310

radians 171

converting from degrees to 172
converting to degrees from 172

range 3, 12
rates of change 294-8
connected 295

rectilinear figures, areas 148-51
remainder theorem 82-6

rest, instantaneous 406, 418
roots

of equations 39
of quadratic equations 39-41
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scalar multiple rule, for differentiation 277, 310
scalars 316, 403

secant function (sec) 216-17
sectors 174

area 177-80

segments 174
series 243-70

arithmetic 253-5, 267-9
convergent 263
definition 253

geometric see geometric series
infinite 262

see also progressions
shoestring/shoelace method 149
simultaneous equations 23-4, 25-7

elimination method 24

one linear and one non-linear 25-7

substitution method 24

sine function (sin) 187, 192
amplitude 196, 198-9
derivative of 345-50

equivalent trigonometric expressions for 215
graphs of 195-9, 201-2
integration of 370-2
period 196,199
sign of 192-3, 220

small increments 291-3, 310

speed 403
constant 327

see also velocity
speed-time graphs 403
stationary points (turning points) 28, 300-4, 310
of inflexion 301-2

second derivatives and 302-3

see also maximum points; minimum points
stepping stone game 248
straight-line graphs 138-65

areas of rectilinear figures 148-51
converting from linear form to non-linear
equation 155-8

converting from non-linear equation
to linear form 151-4

equations of straight lines 139,145-8
finding relationships from data 159-64
see also line (s)

substitution method 24

subtraction

of polynomials 71-2
of vectors 316

surds 55-67

conjugate 60
division 58

multiplication 57-8
rationalising denominator of fraction 60-3
rules of 67

simplification 57-60
solving equations involving 63-6

tangent function (tan) 187,192
derivative of 346-50

graphs of 196, 199
period 196, 199
sign of 192-3, 220

tangents 45, 287-91
equations of 288, 310

tetrahedral numbers 245

translation 198-9

trigonometric equations 208-13, 216-17
trigonometric functions/ratios 187

derivatives of 345-56

of general angles 192-4
graphs of 195-205
graphs of y = |f(x)| where f(x) is trigonometric
function 205-7

signs of 192-3, 220
sketching 200-2
see also cosecant function; cosine

function; cotangent
function; secant function;

sine function; tangent
function

trigonometric identities 214—15, 218-19, 220
trigonometry 186-220

equivalent trigonometric expressions 215
see also angles; trigonometric

equations; trigonometric
functions/ratios;

trigonometric identities
turning points see stationary points

vectors 315-31

addition 316

component form 317
constant velocity problems 327-30
definition 316, 403

equal 316
geometry 323-7
i, j notation 317



magnitude 316
modulus 316

multiplication by scalar 316
notation 316, 317-19

position 319-23, 331
subtraction 316

unit 317

velocity 327, 331, 404-5, 412-13, 418
constant, problems 327-301-30
signs for 405-6
splitting into components 328-9
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