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Introduction

This highly illustrated coursebook covers the Cambridge IGCSE® and O Level Additional Mathematics
syllabuses (0606 and 4037). The course is aimed at students who are currently studying or have
previously studied Cambridge IGCSE® Mathematics (0580) or Cambridge O Level Mathematics (4024).

Where the content in one chapter includes topics that should have already been covered in previous
studies, a recap section has been provided so that students can build on their prior knowledge.

‘Class discussion’ sections have been included to provide students with the opportunity to discuss
and learn new mathematical concepts with their classmates, with their class teacher acting as the
facilitator. The aim of these class discussion sections is to improve the student’s reasoning and oral
communication skills.

‘Challenge’ questions have been included at the end of most exercises to challenge and stretch high-
ability students.

Towards the end of each chapter, there is a summary of the key concepts to help students consolidate
what they have just learnt. This is followed by a ‘Past paper’ questions section, which contains real
questions taken from past examination papers.

A Practice Book is also available in the Cambridge IGCSE® Additional Mathematics series, which offers

students further targeted practice. This book closely follows the chapters and topics of the coursebook
offering additional exercises to help students to consolidate concepts learnt and to assess their learning
after each chapter. A Teacher’s Resource, to offer support and advice, is also available.
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How to use this book

Chapter — each chapter begins with a set of learning objectives to explain what you

|
-“‘:- ] ;-E-"‘-!A 'I
a2

will learn in this chapter.

Simultaneous equations and quadratics

This section will show you how to:

solve simultaneous equations in two unknowns by elimination or substitution

find the maximum and minimum values of a quadratic function

sketch graphs of quadratic functions and find their range for a given domain

sketch graphs of the function'y =| f{x)] where f(x) is quadratic and solve associated equations
determine the number of roots of a quadratic equation and the related conditions for a line to
intersect, be a tangent or not intersect a given curve

m solve quadratic equations for real roots and find the solution set for quadratic inequalities.

Recap - check that you are familiar with the introductory skills required for
the chapter.

You should already know how to solve linear inequalities.

Two examples are shown below.

Solve 2(x - 5)< 9 expand brackets Solve 5-3x = 17 subtract b from both sides
2x-10<9 add 10 to both sides —Jx =12 divide both sides by -3
2x <19 divide both sides by 2 x=—4
x <95

Class Discussion — additional activities to be done in the classroom for enrichment.

CLASS DISCUSSION

Solve each of these three pairs of simultaneous equations.

8x+3y=7 8x+y=10 [ ox+5=8 )
3x+5y=-9 2y =15 -6x A\ 10-6y=-4x /
Discuss your answers with your classmates.
Discuss what the graphs would be like for each pair of equations.




How to use this book

Worked Example — detailed step-by-step approaches to help students solve problems.

Find the value of:

8t 11!
51 813!
Answers
81 8x7x6x8xAx%8xBxA
L1l L 5
=8XT7X6
=336

b A1 TIx10x9xEx7x6xBxA %8 %2 %/
813! ﬁ’x?’xﬁ/x,ﬁx,{xﬂxﬂ’xﬂ'x.%xEx]
990
e
=165

Note — quick suggestions to remind you about key facts and highlight important
points.

J"'Y&'h’;ii
& Note:
- logi 30 can also be written as lg 30 or log30.

Challenge — challenge yourself with tougher questions that stretch your skills.

CHALLENGE Q

6 This design is made from
1 blue circle, 4 orange circles
and 16 green circles.
The circles touch each other.
Given that the radius of each
green circle is 1 unit, find the
exact radius of

a the orange circles,
b the blue circle.

Summary — at the end of each chapter to review what you have learnt.

Summary
One radian (1°) is the size of the angle subtended
at the centre of a circle, radius r,-b)__r'an.nrx:-trf'le,ng'l._h'r{.-._

When @ is measured in radians:
= the lmgﬂl ofarc AB=rf
* the area of sector AOB= 112,




Cambridge IGCSE and O Level Additional Mathematics

Examination questions — exam-style questions for you to test your knowledge and
understanding at the end of each chapter.

Examination questions

Worked example

The function fis such that f(x) = 4x* — 8x* + ax + b, where aand bare constants. It is given that
2x — 1 is a factor of f(x) and that when f(x) is divided by x + 2 the remainder is 20. Find the
remainder when f(x) is divided by x — 1. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (2 Nov 2011

Answer
flx)=4x" ~8x> +ax+b

=

If 2x — 1 is a factor, then f(:])-] =

3 2
4(1) —8[1] +a[l +5=0
2 2 2
1

a+2b=3

Remainder = 20 when divided by x + 2, means that f{-2) = 20.
4(-2)* - 8(-2)* + a(-2)+ b = 20
-32-32-2a+b=20

~2a+b=84 ----o--rimaans (2)
- From (|) a=3%-2b.
Substituting in (2), gives: —2(3 — 2b) + b = 84
—6+4b+b =84
5b =90

bh=18
So a=-33,0=18.

Remainder when f(x) = 4x* — 8x% — 33x + 18 is divided by (x - 1) is f(1).
Remainder = 4(1)* = 8(1)* - 33(1) + 18
=4-8-33+18

L - J

Activity — for you to apply your theoretical knowledge to a practical task.

ACTIVITY

Use graphing software to confirm that:

* y=cosx+1 isatranslation of y=cosx by the vector {(1)]

® y=cosx+2 isa translation of y =cosx by the vector {g]

° y=cosx—3 isatranslation of y=cosx by the vector [_g)

and

1

2

° y=tanx+1 isa translation of y=tanx by the vector [0)

* y=tanx—2 isa translation of y =tanx by the vector



Functions

This section will show you how to:
® understand and use the terms: function, domain, range (image set), one-one function, inverse
function and composition of functions
use the notation f(x) = 2x*+5, f: x> 5x—3, f*(x) and f?(x)
understand the relationship between y=f(x) and y =|f(x)|
solve graphically or algebraically equations of the type |ax+b|=¢ and |ax+b|=cx+d
explain in words why a given function is a function or why it does not have an inverse
find the inverse of a one-one function and form composite functions
use sketch graphs to show the relationship between a function and its inverse.
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1.1 Mappings

Input Output
I — (2
28 —> o
3 4 s called a mapping diagram.
a8 ——— |5

The rule connecting the input and output values can be written algebraically

as: x = x + 1.

This is read as ‘x is mapped to x+ 1",

The mapping can be represented graphically by

plotting values of x+ 1 against values of x.

The diagram shows that for one input value
there is just one output value.

It is called a one-one mapping.

The table below shows one-one, many-one and

one-many mappl ngs.

one-many

x+1 x?2 + X
/ :
! A
7l - " 0 i
O x v ¢
X
For one input value For two input values For one input value
there is just one output | there is one output there are two output
value. value. values.
Exercise 1.1
Determine whether each of these mappings is one-one, many-one or
one-many.
1 x—»>x+1 xeR x> x?+5 xeR
3 x>’ xe R x > 27 xeR
1 9
5 x—>— xeR, x>0 x—>x*+1 xeR,x=0
X
12
7 x+—>— xeR, x>0 x> Ex xeR, x=0

X




Chapter 1

: Functions

1.2 Definition of a function

A function is a rule that maps each x value to just one y value for a defined set
of input values.

. : . one-one ,
This means that mappings that are either are called functions.
many-one

The mapping x —> x + 1 where x € R, is a one-one function.

It can be written as {f: erErl weh
flx) =x+1 xeR
(f: x> x+1 isread as ‘the function f is such that xis mapped to x+ 1)
f(x) represents the output values for the function f.
Sowhen f(x) =x+1,f(2) =2+ 1=3.
The set of input values for a function is called the domain of the function.

The set of output values for a function is called the range (or image set) of
the function.

WORKED EXAMPLE 1

f(x) =2x-1 xeR,-1=sx=3

a Write down the domain of the function f.
b Sketch the graph of the function f.
¢ Write down the range of the function f.

Answers

a The domainis -1 < x < 3.

b The graph of y = 2x — 1 has gradient 2 and a yintercept of ~1.
When x =-1,y=2(-1) -1=-3
When x=3,y=2(3) -1=5

f(x)
(3, 5)
B
oo
x | &
O
(-1,-3) / =
I |
Domain

¢ Therangeis -3 = f(x) = b.
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WORKED EXAMPLE2

The function fis defined by f(x) = (x = 2)* +3 for 0 < x < 6.
Sketch the graph of the function.
Find the range of f.

Answers

f(x)=(x— 2)2 + 3 is a positive quadratic function so the graph will be of the form \ /

+ 3 This part of the expression is a square so it will always be = 0.

3 The smallest value it can be is 0. This oceurs when x = 2.

The minimum value of the ‘ -
expression is 0 + 3 = 3 and this J (6, 19) _

minimum occurs when x = 2.
So the function f(x) = (x-2)°+3 N
will have a minimum point at I8 gﬁ
the point (2, 3). S
When x=0,y=(0-2)*+3="7. 74
When x =6, y=(6-2)°+3 =19. |
The range is 3 =< f(x) < 19. (2, 3) .
0
I I
- Domain
Exercise 1.2
1 Which of the mappings in Exercise 1.1 are functions?
2 Find the range for each of these functions.
a fx)=x-5, 2=<x<7 b fx)=3x+2, 0<x<5
c fx)=7-2x, -1=x=<4 d flx)=ua?, 3=sx<3
e f(x)=2%, 3=x=3 f f(x):l., l=sx=5h
X

3 The function g is defined as g(x) = x* +2 for x = 0.
Write down the range of g.

4 The function f is defined by f(x) = x> - 4 for xe R.
Find the range of f.

5 The function fis defined by f(x) = (x —=1)* + 5 for x = 1.
Find the range of f.

6 The function fis defined by f(x) = (2x + 1)° -5 for x = ——;—.
Find the range of f.

7 The function fis defined by f : x +> 10— (x — 3)* for 2<x <7.
Find the range of f.



8 The function f is defined by f(x) = 3+ Jx -2 for x = 2.
Find the range of f.

1.3 Composite functions

Most functions that you meet are combinations of two or more functions.

For example, the function x +> 2x + 5 is the function ‘multiply by 2 and then
add 5. It is a combination of the two functions g and f where:

g:x 2 (the function ‘multiply by 2’)
f:x—>x+5H (the function ‘add 5’)
So, x +> 2x + 5 is the function ‘first do g then do f".

8 f
/\ /'\

\_f//

When one function is followed by another function, the resulting function is
called a composite function.

fg (x) means the function g acts on x first, then facts on the result.

Note:
£2(x) means ff (x), so you apply the function f twice.

WORKED EXAMPLE 3

The function f is defined by f(x) = (x — 2)* =8 for x > -2.

2x + 6
The function g is defined by g(x) = ol 2 for x > 2.
x —
Find fg(7).
Answers
. 27)+6
fg(7) g acts on 7 first and g( 7) = (_;2] =4
¥
= f(4) fis the function ‘take 2, square and then take 3’

=(4-2*%-3
=1

Chapter 1

: Functions
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f(x)=2x-1 for xeR g(x)=x*+5 for x e R

Find afg(x) bgf(x) ¢ f(x).

Answers

a fg(x) g acts on x firstand g(x) =x*+5
= f(x* + 5) fis the function ‘double and take 1’
=2(x%+5) -1
=2x%+9

b gf(x) facts on x first and f(x) = 2x -1
=g(2x-1) g is the function ‘square and add 5’
=(2x-1)°+5 expand brackets
=4x?-4x+1+5
=4x?—4x+6

c (%) -(x) means ff(x)
= ff(x) facts on x first and f(x) = 2x -1
=f(2x - 1) fis the function ‘double and take 1’
=2(2x-1) -1

- =4x -3

Exercise 1.3

l f:x—>2x+3 for xeR
g:x—>x*—1 for xeR
Find fg(2).

2 f(x)=x*-1 for xeR
g(x)=2x+3 for xeR
Find the value of gf(5).

3 fx)=(x+2°-1 for xeR
Find £3(3).

4 The function fis defined by f(x) = 1+ J/x -2 for x = 2.
The function g is defined by g(x) = 9 _ 1 for x> 0.
Find gf(18). *

5 The function fis defined by f(x) = (x —1)° +3 for x > —1.

The function g is defined by g(x) = o +_4 for x > 5.
i

Find fg(7).
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6 h:x—>x+2 for x>0

k:x>+/x for x>0

Express each of the following in terms of h and k.

a x>Jx+2 b x—>Jx+2
7 The function fis defined by f : x > 3x +1 for xeR.
for x # 2.

The function g is defined by g : x = > x

Solve the equation gf(x) = 5.
8 gx)=x"+2 for xeR
h(x) =3x -5 for xeR
Solve the equation gh (x) = 51.
9 f(x)=x>-3 for x>0
g(.ac)=§ for x >0
Solve t}:lte equation fg(x) = 13.

10 The function fis defined, for xe R, by f : x — s

x—2

The function g is defined, for xe R, by g : x — f—;—]

i

Solve the equation gf(x) = 12.
11 f(x) = (x+4)° +3 forx >0

g(x)=1—0- for x >0

Solve thfe equation fg(x) = 39.

12 The function g is defined by g(x) = x> =1 for x = 0.
The function h is defined by h(x) = 2x =7 for x = 0.
Solve the equation gh(x) = 0.

*13 The function fis defined by f : x > x* for x€R.
The function g is defined by g : x = x =1 for xe R.
Express each of the following as a composite function, using only f and/or g:
ax—>@x-1" b x—x*-1 c xH>x—2 d x—x*

1.4 Modulus functions

Themodulus of a number is the magnitude of the number without a sign
attached.

The modulus of 4 is written | 4.
|4|=4and |-4|=4

It is important to note that the modulus of any number (positive or negative) is
always a positive number.

The modulus of a number is also called the absolute value.
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The modulus of x, written as | x|, is defined as:
x ifx>0
|¥|=< 0 ifx=0

\—x ifx<0

CLASS DISCUSSION |

Ali says that these are all rules for absolute values:

|x +y|=|x| +|y] lx —y|=|x]-|y|
'fizw
pdl |)’|

Discuss each of these statements with your classmates and decide if they are:

g

(|x

ley|=x|xy|

[ Always true ] [Sometimes true ] [ Never true

You must justify your decisions.

The statement | x| = k, where k = 0, means that x = k or x = —k.
This property is used to solve equations that involve modulus functions.

So, if you are solving equations of the form |ax + b| = &, you solve
the equations

ax+b=Fk and ax+b=-k

If you are solving harder equations of the form |ax + b| = cx + d, you solve
the equations
ax+b=cx+d and ax +b=—(cx + d).

When solving these more complicated equations you must always check your
answers to make sure that they satisfy the original equation.
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WORKED EXAMPLE 5

Solve.
a|2+1=5 b |4x—3|=x c|x*-10|=6 d|x-38|=2
Answers
a |2x+1]=5 b |4x-3|=x
2x+1=5 or 2x+1=-5 4x-3=x or 4x-3=-x
2x =4 2x = -6 3x=3 bx =3
x=2 x=-3 x= 1 x =06
CHECK: |2x2+1| =5 « and CHECK: |4 % 0.6 -3 = 0.6+ and
|12x-3+1| =5V |4x1-3|=1v
Solution is: x = =3 or 2. Solution is: x = 0.6 or 1.
c |x*-10|=6 d |x-3|=2«
x> —10=6 or x*-10=-6 x—3=2x or x-3=-2
2 =16 2 =4 x=-3 3x=3
x =14 x =12 x=1
CHECK: | (-4 ) -10| = 6 v, CHECK: | -3~ 3| =2x -8 X
“-_:__,-,}:_‘ —-l{'l‘:(}/‘I['ﬁ]"l—”i =6 v and |1-8|=2x1 v
| . n 4% -10| =6 Solution is: x = 1.
i' Solution is: x = —4, -2, 2 or 4.

Exercise 1.4

1 Solve
a [3x—-2/=10 b [2x+9|=5 ¢ |6-5x|=2
x—1 2x + 7 7 —-2x
d =6 =1 =4
4 ‘ I f ‘ 9
g i-5|=1 W [ Ble s b (ge-8zs
4 2 :
2 Solve
p 2x—5‘=8 b 3x+2’=2 ‘1+x+12|=
x+3 x+1 x+4

d |[3x-5|=x+2 e x+|x-5|=8 f 9-|1-x|=2x

3 Solve
a [x*-1]=3 b |x*+1| =10 ¢ |[4-x*|=2-x
d |«*—5x|=x e |x*—4|=x+2 f |x*-3|=x+3

g |2x2+1‘=3x h ‘2x2—3x|=4—x i |x2—7x+6|=6—x
4 Solve each of the following pairs of simultaneous equations

ay=x+4 by=x c y=3x
y=|x2—16| y=[3x~2x2| y=|2x2—5|
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1.5 Graphs of y =|f(x)| where f(x) is linear

Consider drawing the graph of y =|x|. y

First draw the graph of y = x. y=x
1} X

You then reflect in the x-axis the part of the line X

that is below the x-axis. 1x]
; }.‘ =1

WORKED EXAMPLE 6

Sketch the graph of y = ‘ LS x—1
graph meets the axes.

, showing the coordinates of the points where the

Answers

J’
1 .
First sketch the graph of )y = §x = y= f—) x—1
The line has gradient 1 anda
yintercept of -1,
0] 2 X

You then reflect in the x-axis the part
of the line that is below the xaxis.




In Worked example 5 you saw that there were two
answers, x = -3 or x = 2, to the equation |2x + 1| = 5.

These can also be found graphically by finding the
x-coordinates of the points of intersection of the
graphs of y =|2x +1| and y =5 as shown.

Chapter 1: Functions

T T i T T

4 -3 -2-10 1 2 8%
-1

In the same worked example you also saw that y y=2x
there was only one answer, x = 1, to the 1 %
equation | x — 3| = 2x.
This can also be found graphically by finding the i y=|x—3]
x-coordinates of the points of intersection of the :
graphs of y =|x — 3| and y = 2x as shown. 4

9.

=2 ? 7 | 4 [ 6| 8%
9.

Exercise 1.5

1

Sketch the graphs of each of the following functions showing the
coordinates of the points where the graph meets the axes.

a y=|x+1| - b y=[2x-3] c y=|5-x|
’ 1 1
d y=|=x+3 e y=|10-2 f =|6——
A ‘ e y=[10- 2| y 3"
a Complete the table of values for y =|x — 2|+ 3.
i 2 | =il 0 [*% 2 3 4
ye- | - 6 4

b Drawthegraphofy‘:lx—2|+3 for 2s=x <4

" Draw the graphs of each of the following functions.

a y=|x|+1 . b y=|x]-3 c y=2-|x|

d y=|x-3|+1 e y=|2x+6|-3

Given that each of these functions is defined for the domain -3 < x < 4,
find the range of

a f:x—>5-2x b g:x—|5-2x] ¢ h:x— 5—|2x|.
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5 f:x~>3%-2 for -lsx<4
g:x—>|3-2x| for “l=x<4
h:x—3-|2x| for -lsx=<14

Find the range of each function.

6 a Sketch the graph of y=|2x+4| for —-6< x <2, showing the
coordinates of the points where the graph meets the axes.
b On the same diagram, sketch the graph of y=x+b5.
¢ Solve the equation [2x +4| = x + 5.

7 Afunction fis defined by f(x) =|2x — 6| -3, for -1 < x < 8.
a Sketch the graph of y = f(x).
b State the range of f.
¢ Solve the equation f(x) = 2.

8 a Sketch the graph of y=|8x—4| for —2<x <5, showing the
coordinates of the points where the graph meets the axes.
b On the same diagram, sketch the graph of y = 2x.
¢ Solve the equation 2x =|38x — 4.

CHALLENGE Q

9 a Sketch the graph of f(x)=|x+2 +|x-2|.
b Use your graph to solve the equation | x + 2| +|x — 2| = 6.

1.6 Inverse functions

fx

The inverse of a function f(x) is the function that /F()\‘
undoes what f(x) has done. //—\ .f—~\\
The inverse of the function f(x) is written as £ (x). / \ }

2
The domain of f7!(x) is the range of f(x). |n ¥ / Y
The range of f7!(x) is the domain of f(x). \// J
Itis important to remember that not every function \_]—/
has an inverse. ()

An inverse function f™(x) can exist if, and only if, the function f(x) is a
one-one mapping.

You should already know how to find the inverse function of some simple
one-one mappings.

The steps to find the inverse of the function f(x) = 5x — 2 are:

Step 1: Write the function as y = —>y=bx~-2

Step 2: Interchange the xand yvariables. —> x = 5y -2

; ' : 242

Step 3: Rearrange to make y the subject. ——— y = P
X2

() = —
5
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CLASS DISCUSSION

Discuss the function f(x) = x* for xe R.
Does the function f havean inverse?
Explain your answer.

How could you change the domain of f so that f(x) = x?
does have an inverse?

f(x)

WORKED EXAMPLE 7

f(x)=vx+1-5 for x=-1

a Find an expression for f~!(x).
b Solve the equation £ (x) = f(35).

Answers
a f(x)=Vx+1-5 for x=-1
Step I Write the function as y = R e~ y=~"x+1-5
Step 2t Interchange the xand y variables, ————» x=(y+l-5
Step 5 Rearrange to make y the subject. ———————» x+5=[y+1
(x+5)° =y+1
y=(x+5)°-1

£ (x) = (x+5)2 -1

b £f(35)=v35+1-5=1

(x+5)%-1=1
(x+5)* =2
x+5=iJ§
x=-5+.2

x=-5+J§ or x=—5-J§
The range of fis f(x) = -5 so the domain of f™'is x = 5.
Hence the only solution of f~'(x) =£(35) is x = -5+ /2.

Exercise 1.6
1 f(x)=(x+5)°-7 for x=-5. Find an expression for £ (x).

6
2 fx)=
(x) X+

for x = 0. Find an expression for £ (x).

w

1
f(x) =(@2x-38)°+1 for x= 15. Find an expression for f(x).

4 f(x)=8-+x-3 for x= 3. Find an expression for f ().
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5 f:x—>bx—3 for x>0 gix >

Express f(x) and g™ (x) in terms of x.

2]

f:x— (x+2°-5for x>-2

a Find an expression for f(x). b Solve the equation f 1(x) = 3.

7 f(x)=(x—4)7*+5 for x>4

a Find an expression for f(x). b Solve the equation f1(x) = £(0).
8 glx)= i for x> 1

x —

a Find an expression for g7'(x). b Solve the equation gl =5
9 f(x)=§+2 for xe R g(x) = x*—2x for xeR

a Find f(x). b Solve fg(x) =7 (x).
10 f(x) =x2+2 for xe R gx)=2x+3 for xeR

Solve the equation gf(x) = g™ (17).

+ -
11 f:xn—)gx g—3
x-—-—-

- Solve the equation f(x) = g™ (x).

12 f(x) = 3x — 24 for x = 0. Write down the range of £

for x > -5

for x # 2 g:x >

13 f:x—>x+6 for x>0 g:x>+fx for x>0

Express x > x* — 6 in terms of fand g.

14 f:x—>3-2x for 0sx=<5

g:xr»[3-2x| for 0sx<5

h:x—3-|2x| for 0=sx=<5

State which of the functions f, g and h has an inverse.
15 f(x) =x*+2 for x=0 g(x) =5x—4 for x=0

a Write down the domain of . b Write down the range of g™,
16 The functions f and g are defined, for x € R, by

f : x > 3x — k, where kis a positive constant

g:xm> , where x = —1.

x+1
a Find expressions for f and g
b Find the value of k for which f7'(5) = 6.

¢ Simplify g lg(x).



17 f: x> x’ for xe R g:x—>x—-8 for xeR

Express each of the following as a composite function, using oﬁly f,g

1.
and/or g™ 1

| 1
a x—(x—8)s b x—x*+8 c x> x3-8

1
d x—(x+8)3

1.7 The graph of a function and its inverse

In Worked example 1 you considered the function f(x) =2x -1 xe R,
=l =],

The domain of f was =1 < x < 3 and the range of f was -3 = f(x) = 5.

x+1

2
The domain of f'is =3 < x <5 and the range of flis -1 =fl(x) 3.

The inverse function is f'(x) =

Drawing f and f ' on the same graph gives:

[
=

3.5

g Note:

The graphs of f and f~! are reflections of each other in the line y = x.
This is true for all one-one functions and their inverse functions.
This is because: -1 (x) = x = £1f(x).

Some functions are called self-inverse functions because f and its inverse !

are the same.

If f(x) = 1 for x # 0, then f~'(x) = L for x = 0.
x x

1
So f(x) = — for x # 0 is an example of a self-inverse function.
X

When a function fis self-inverse, the graph of f will be symmetrical about the

line y = x.

Chapter 1: Functions
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WORKED EXAMPLE 8
| "
| f(x)=(x—2), 2=<x =<5,
On the same axes, sketch the graphs of y = f(x) and y ={~'(x), showing clearly the
points where the curves meet the coordinate axes.
Answers
: This part of the expression is a square so it will always
y=(x-2)° be 2 0. The smallest value it can be is 0. This occurs
i when x=2.
When x =5, y=0.
¥ y
104 .
|
84
4
94 |
- Ol [ 2T h] 6] 81 10% o "9 4 6 8§ 1o*

CLASS DISCUSSION

Sundeep says that the diagram shows the graph of

the function f(x) = x* for x> 0, together with its inverse
function y =f£7(x).

Is Sundeep correct?
Explain your answer.
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Exercise 1.7
1 On a copy of the grid, draw the graph - 7
of the inverse of the function f. I T I b T = = :
= 44 BREEE
t+— i — E 18 |
1t ! 19l | f

2 Onacopyofthe grid, drawthegraph | | | [ [ [Vt [ T | | ||
) ) o —— 61—
of the inverse of the function g. ' I I |

3 f(x)=x*+3,x=0.
On the same axes, sketch the graphs of y =f(x) and y=f{"'(x), showing
the coordinates of any points where the curves meet the coordinate axes.
4 g(x)=2* for xeR
On the same axes, sketch the graphs of y =g(x) and y =g (x), showing
the coordinates of any points where the curves meet the coordinate axes.
5 g(x)=x*-1 for x = 0.
Sketch, on a single diagram, the graphs of y =g(x) and y = g~ (x), showing
the coordinates of any points where the curves meet the coordinate axes.
6 f(x)=4x—-2 for —-1<x=<3.
Sketch, on a single diagram, the graphs of y =f(x) and y =f'(x), showing
the coordinates of any points where the lines meet the coordinate axes.
7 The function fis defined by f : x > 3 — (x + 1) for x = —1.
a Explain why f has an inverse.
b Find an expression for f™! in terms of x.

€ On the same axes, sketch the graphs of y =f(x) and y = £~1(x), showing
the coordinates of any points where the curves meet the coordinate axes.
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%+ 7
x—2
a Find f! in terms of x.

for x # 2

b Explain what this implies about the symmetry of the graph

of y = f(x).
Summary
Functions
A function is a rule that maps each x-value to just one y-value for a defined set of input values.
Mappings that are either { ONEONE 4 re called functions.
many-one

The set of input values for a function is called the domain of the function.

The set of output values for a function is called the range (or image set) of the function.

Modulus function
The modulus of x, written as | x|, is defined as:
|x|]=< 0 ifx=0

= ifx<0

Composite functions
fg(x) means the function g acts on «x first, then f acts on the result.
£2 (x) means ff(x).

Inverse functions

The inverse of a function f(x) is the function that undoes what f(x) has done.

The inverse of the function f(x) is written as £(x).

The domain of £ (x) is the range of f(x).

The range of f'(x) is the domain of f(x).

An inverse function f™'(x) can exist if, and only if, the function f(x) is a one-one mapping.
The graphs of fand £ are reflections of each other in the line y = x.
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Examination questions

Worked example
The functions f and g are defined by

=2 for x>0,
X

g(x) =vx+1 for x>-1.

Find fg(8). (2]

Find an expression for f*(x), giving your answer in the form where a, band care

. bx +¢

integers to be found. (3]
¢ Find an expression for g"] (x), stating its domain and range. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 (12i,1i,iii Jun 2014

Answers
a g@=V8+1=3
fg(8) =1(3) substitute 3 for x in ng]
2(3)
T 3+1
=1.5

b f3(x)=ff(x)

= f 2x . 2x . 2x
= substitute for x in
x +1 x+1 x+1

2( 2x1 J
= N simplify
[ ) 1
x+1

4x

= X+1
3x+1

x+1

_ 4x

3x +1
a=4,b=3and c=1

multiply numerator and denominator by x + 1
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¢ gx)=+x+1 for x> -1

Step 1: Write the function as y = — Jx+1
Step 2: Interchange the xand yvariables, —— x = /y+1

Step 3: Rearrange to make y the subject. ———— > x* = y+1
y=x"-1

g" (x) =x2-1

The range of g is g(x) > 0 so the domain ofg“1 is x> 0.

The domain of g is x > —1 so the range of g7 is x > —1.

Exercise 1.8
Exam Exercise
1 Solve the equation |4x — 5| = 21. (3]

Cambridge 1GCSE Additional Mathematics 0606 Paper 21 Q1 Nov 2011

2 a Sketch the graph of y = |3 + 5x|, showing the coordinates of the points where your graph

meets the coordinate axes. (2]
n b Solve the equation |3 + 5x| = 2. (2]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1i,ii Nov 2012
3 a Sketch the graph of y =|2x — 5|, showing the coordinates of the points where the graph
meets the coordinate axes. (2]
J‘

0 X

b Solve |2x — 5| =3. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1i,it fun 2012

4 A function fis such that f(x) = 83x* - 1 for -10 < x < 8.
a Find the range of f. [3]

b Write down a suitable domain for f for which ' exists. [1]

Cambridge 1GCSE Additional Mathematics 0606 Paper 11 Q12ai,ii Nov 2013

L9 P
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5 The functions f and g are defined for real values of x by

f(x)=vx—-1-3 for x>1,

e 25 o
g ox —3 or x>2.
a Find gf(37). [2]
b Find an expression for f!(x). (2]
¢ Find an expression for g‘l (x). (2]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4 Nov 2014
6 A function g is such that g(x) = ox —1 forl = x=<3.
2%~
a Find the range of g. [1]
b Find g™ (x). (2]
¢ Write down the domain of g‘l(x). (1]
d Solve g? (x) = 3. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 (Q9i-iv Nov 2012

7 a The functions fand g are defined, for x € R, by
f:x— 2x+3
gix— x? -1,
Find fg(4). [2]
b The functions h and k are defined, for x > 0, by
h:x— x+4

k:x > Jx.
Express each of the following in terms of h and k.
i x> Jx+4 (1]
ii x— x+8 [1]
il x> x2-4 (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3a,bi,ii,iii Nov 2011

8 The function fis defined by f(x) =2 - Jx+5 for -5 < x < 0.
i Write down the range of f. (2]
ii  Find f™'(x) and state its domain and range. (4]

The function g is defined by g(x) = - for -5 = x < -1
i Solve fg(x) = 0. * 3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6 Jun 2016




Cambridge IGCSE and O Level Additional Mathematics

9 a The function fis such that f(x) = 2x* — 8x + 5.
i Show that f(x) = 2(x + a)® + b, where aand b are to be found. (2]
il Hence, or otherwise, write down a suitable domain for f so that f™! exists. [1]

b The functions g and h are defined respectively by
gx) =x>+4,x=0, h(x)=4x-25 x>0,

i Write down the range of g and of h =1, [2]
i On a copy of the axes below sketch the graphs of y = g(x) and of y = g™'(x), showing
the coordinates of any points where the curves meet the coordinate axes. (3]
)
0 X
iii  Find the value of x for which gh(x) = 85. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 1ai, ii,bi, i, iii Jun 2011

10 i On the axes below, sketch the graphs of y =2 - x and y =3 + 2x]|. (4]
9_
6 0O 6 %
-
il Solve |3 +2x|=2-x. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q4 Mar 2016




X

Simultaneous equations and quadratics

This section will show you how to:

solve simultaneous equations in two unknowns by elimination or substitution

find the maximum and minimum values of a quadratic function

sketch graphs of quadratic functions and find their range for a given domain

sketch graphs of the function y =| f(x)| where f(x) is quadratic and solve associated equations

determine the number of roots of a quadratic equation and the related conditions for a line to
intersect, be a tangent or not intersect a given curve

m  solve quadratic equations for real roots and find the solution set for quadratic inequalities.
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&< Rrecap(simultaneous equations)

Elimination method
5x+2y=25
2x—y=1
Multiply (2) by 2.
5x+2y=25
4x—-2y=2
Add the equations to eliminate y.
9x = 27
x=3
Substitute for xin equation (2).
6-—y=1
y=5

Solve

Solution is x = 3, y = 5.

CLASS DISCUSSION

Solve each of these three pairs of simultaneous equations.

| 3x+y=10 ( 9x+5 =3y
/ 2y =15 - 6x 16 - 6y =—4x

Discuss your answers with your classmates.
Discuss what the graphs would be like for each pair of equations.

/
"Ir 8x+ Sy =7
\ 3x+5y=-9

Substitution method
Solve
2x—-y=1
Make y the subject of equation (2).
y=2x-1
Substitute for y in equation (1).
bx+2(2x-1)=25
9x—-2=25
9x = 27
x=3
Substitute for x in equation (2).
6-y=1
y=25
Solution is x = 3, y = 5.
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<< RECAP (quadratic equations)

You should already know how to use a graphical method or an algebraic method to solve quadratic equations.

To solve quadratic equations algebraically you should know the factorisation method, the quadratic formula

method and the completing the square method.

¥ =
Factorisation method Quadratic formula method
Solve 22 —4x-12 = 0. Solve x%*—-4x-12=0.
Factorise: Identify @, band ¢
(x—6)(x+2)=10 a=1,b=-4 and ¢ = -12.
x—6=0or x+2=0 Use the formula:
— Jp2 =
Solution is x=6 or x=-2. _ T Vb - dac
A 2a
Substitute for a, band c.
i ki 4+ J(-4) —4x1x(-12)
Completing the square method X = —
Solve x2—4x-12=0. 2x1
Complete the square. o= 4 + 64
(x-27°-4-12=0 2
(x—2)* =16 Lo4z8
Square root both sides. 2
x—2=14 _4+8 _4-8
x—2=4 or x—-2=-4 "= 9 el o 9
Solution is x=6orx=-2 Solutionis x =6 or x = -2.
- J

CLASS DISCUSSION

Solve each of these quadratic equations.

2 —-8x+15=0

Lx2+4x+4=0) ( x2+2x+4=0?

Discuss your answers with your classmates. Discuss what the graphs would be like
for each of the functions y = x* - 8x+ 15, y = x* + 4x + 4 and y ="+ 2x+4.

2.1 Simultaneous equations (one linear

and one non-linear)

In this section you will learn how to solve

simultaneous equations where one equation is

linear and the second equation is not linear.

The diagram shows the graphs of y = x + 1
and y = x? - 5.

The coordinates of the points of intersection

of the two graphs are (-2, —1) and (3, 4).

(-2,-1) 0
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We say that x = -2, y = —1 and x = 3, y = 4 are the solutions of the
simultaneous equations y = x +1 and y = x* - 5.

The solutions can also be found algebraically:

Substitute for y from (1) into (2):

x+1=x2-5 rearrange
x2-x-6=0 factorise

(x+2)(x—-3)=0
x=-2o0rx=3

Substituting x =2 into (1) gives y =-2+ 1 =-1.
Substituting x = 3 into (1) givesy=3+1=4.
The solutions are: x =—2,y=—land x =3, y =4.

Solve the simultaneous equations.

2x+2y =7
x2—4y2 =8
Answers
2x+2y =17
x> -4y’ =8
7-2y
Fro yxXx=—
TOom X 2

Substitute for xin

7-2y : 2 _
5 -
49 — 28y + 43?
4
49 — 28y + 4y* — 16y = 32
12y* +28y-17=0
(6y+17)(2y-1)=0

-4y =8

y= —2% ory= %
- 5. . 1
Substituting ¥ = -*QE into | gives x = 62.

1
Substituting y = > into  gives x =3,

1
The solutions are: x = ﬁl,y = —'2E and x =3,y=—.
3 6 2
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Exercise 2.1

Solve the following simultaneous equations.

1 y=un? 2 y=x-6 3 y=x-1 4 xy=4
y=x+6 x> +xy=8 x?+92=25 y=2x+2
5 x*-xy=0 6 3y=4x-5 7 2x+y=7 8 x—y=2
x+y=1 x2 +3xy =10 xy =6 2x%2-3y% =15
9 x+2y=7 10 y=2x 11 xy=2 12 y? =4x
x*+92 =10 x?+xy=3 x+y=3 2x+y=4
13 x+3y=0 14 x+y=4 15 y=3«x 16 x—2y=
2x2 +3y =1 x2+3% =10 2y —xy =15 4y? - 3x% =1

17 3+x+xy=0 18 xy=12
2x + 5y =8 (x=1)(y+2)=15

19 Calculate the coordinates of the points where the line y=1-2x cuts the
curve x2 +y2=2.

20 The sum of two numbers xand yis 11.
The product of the two numbers is 21.25.

a Write down two equations in xand y.

b Solve your equations to find the possible values of xand y.

21 The sum of the areas of two squares is 818 cm®.
The sum of the perimeters is 160 cm.
Find the lengths of the sides of the squares.

22 The line y=2-2x cuts the curve 3x* —y* =3 at the points Aand B.
Find the length of the line AB.

23 Theline 2x+5y =1 meets the curve x>+ 5xy—4y*+10 =0 atthe
points A and B.
Find the coordinates of the midpoint of AB.

24 Theline y = x—10 intersects the curve x? +y* +4x+6y—40=0 at
the points A and B.
Find the length of the line AB.

25 The straight line y = 2x — 2 intersects the curve x* —y=>5 at the points
Aand B.
Given that A lies below the x-axis and the point Plies on ABsuch that
AP: PB=3:1, find the coordinates of P.

26 Theline x—2y=2 intersects the curve x+3)* =10 at two points A and B.
Find the equation of the perpendicular bisector of the line AB.
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2.2 Maximum and minimum values of a quadratic function

The general equation of a quadratic function is f(x) = ax® + bx + ¢, where @, b and ¢ are constants and a# 0.

The graph of the function y= ax’ + bx + ¢ is called a parabola. The orientation of the parabola depends on the
value of «, the coefficient of x*

[ %
If a> 0, the curve has a minimum point which ‘ If @< 0, the curve has a maximum point which
Cccurs at the lowest point of the curve. P occurs at the highest point of the curve.

The maximum and minimum points can also be called turning points or stationary points.
Every parabola has a line of symmetry that passes through the maximum or minimum point.

f(x)=x*>-8x—-4 xe R
a Find the axis crossing points for the graph of y = f(x).

b Sketch the graph of y = f(x) and use the symmetry of the curve to find the
coordinates of the minimum point.

¢ State the range of the function f(x).

Answers

a y= ¥ —-3x—4
I When x =0, y =—4.
‘ When y =0,

2 -3x—4 =0

‘ (x+1)(x—4)=0

x==lorx =4
Axes crossing points are: (0, —4), (-1, 0) and (4, 0).

b The line of symmetry cuts the xaxis
midway between -1 and 4.

a

¥ =15 y=x-3x-4 |

| So the line of symmetry is x = 1.5
When x = 1.5, y = (1.5)2-3(1.5) — 4.
y =—6.25.
Minimum point = (1.5, —6.25). 3

¢ The range is f(x) = —-6.25.
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Completing the square
If you expand the expressions (x +d)* and (x—d)* you obtain the results:
(x+d)? =x2+2dx+d? and (x—d)? = x2 — 2dx + d?
Rearranging these give the following important results:
x% +2dx = (x + d)* - d*
x? - 2dx = (x — d)* - d2
This is known as completing the square.
To complete the square for x* + 8x:
8+2=4
x2 +8x = (x +4)° — 42
x2+8x = (x+4)°-16
To complete the square for x? +10x —3:
10+2=5
x2+10x -3 =(x+5)*-52-3
x2 +10x —3 = (x + 5)* — 28

To complete the square for 2x* — 8x +14 you must first take a factor of 2 out of
the expression:

2x2-8x+14=2[x2—4x+7]
4+2?2\
x2—dx+7=(x-2)"-22+7
x?—4x+3=(x—2)%+3
So, 2% —8x + 6 =2[(x - 2)° +3] =2(x - 2" + 6

You can also use an algebraic method for completing the square, as shown in the
following example.

WORKED EXAMPLE3 '

Express 2x* —4x+5 in the form plx— qf)2 + 7, where p, gand rare constants to
' be found.

Answers

2x% —4x+5 =plx— q)2+ r

Expanding the brackets and simplifying gives:

2:% — 4x+ 5= p® — 2pgx+ pg> + 7

Comparing coefficients of #%, coefficients of x and the constant gives:
2=p (1) —4=-2pg—(2) 5=pg +r—(3)

Substituting p = 2 in equation (2) gives ¢ = 1.

Substituting p =2 and ¢ =1 in equation (3) gives r = 3.

So 2% - 4x+5=2(x—1)%+3.
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Completing the square for a quadratic expression or function enables you to:

e write down the maximum or minimum value of the expression

e write down the coordinates of the maximum or minimum point of

the function

¢ sketch the graph of the function

e write down the line of symmetry of the function

e state the range of the function.

In Worked example 3 you found that:

9x? — 4x + 5 :2 3

This part of the expression is a square so
it will always be = 0. The smallest value it
can be is 0. This occurs when x =1,

The minimum value of the expression is
this minimum occurs when x = 1.

2x0+3=3% and

So the function y = 2x* — 4x + 5 will have a minimum

point at the point (1, 3).
When x =0, y =5.

The graph of y = 2x* —4x + 5
can now be sketched:

¥ el y= ox2 _ 4+

1
1
1
1
1
1
'
I
|
1
|
1
I
I
|
I

(1,3)

@)

The line of symmetry is x = 1.

The range is y= 3.

The general rule is:

5

>

For a quadratic function f(x) = ax® + bx+ ¢ that is

written in the form f(x) = a(x— h)2 + k,

i if @ >0, the minimum point is (k, k)

il if @ <0, the maximum point is (h, k).




Chapter 2: Simultaneous equations and quadratics

‘  WORKED EXAMPLE 4

f(x) =2+ 8x - 2x* xeR
a Find the value of g, the value of band the value of ¢ for which f(x) = a — b(x + ¢)°.
b Write down the coordinates of the maximum point on the curve y = f(x).

¢ Sketch the graph of y = f(x), showing the coordinates of the points where the
graph intersects the x and yaxes.

d State the range of the function f(x).

Answers

a 2+8x-2%=a-b(x+c)
2+8x —2x* = a—b(x* + 20x + ?)
2+ 8x — 2x* = a — bx* — 2bcx — be?
Comparing coefficients of x*, coefficients of x and the constant gives:
2=—b-—1) 8 = —2b¢ -—--—(2) 2=a—bc® —(3)
Substituting & = 2 in equation () gives ¢ =—2.
Substituting » =2 and ¢ = -2 in equation () gives a = 10.
Soa=10,b =__2_Emd c=-2.

b y= 10_2;:(35._ 2)2 "i, ‘ This part of the expression is a square so it will always
N 4 be = 0. The smallest value it can be is 0. This occurs

A when ¥ =2,

The maximum value of the expression is 10 — 2 X 0 = 10 and this maximum occurs
when x = 2.

So the function y = 2 + 8x — 2x” will have maximum point at the point (2, 10).

€ y=2+8x—2x2 y
When x=0,y=2. (2,10)
When y =0, p=2+ 8x— 22
10-2(x—-22%=0
2(x-2)P%=10
(x-2)° =5 9
-2=%/5
2 /0 Y _F
x=2%+5 2++/5 2+b6

x=2-+6 or x=2+5
(x =-0.236 or x =4.24 to 3 sf).

Axes crossing points are: (0, 2), (2 -5, 0) and (2 +5, 0).

d The range is f(x) < 10.
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Exercise 2.2

1

10

11

Use the symmetry of each quadratic function to find the maximum or
minimum points.

Sketch each graph, showing all axis crossing points.

a y=x-5x-6 b y=x2-x-20 ¢ y=x+4x-21
d y=x*+3x-28 e y=x?+4x+1 f y=15+2x—x*
Express each of the following in the form (x — m)® + n.

a x?-8 b x*-10x c x*-D5x d x*-3x

e x%+4x f x2+7x g x>+ 9% h x?+3x

Express each of the following in the form (x — m)® + n.
a x2-8x+15 b x?-10x-5 ¢ x*—-6x+2 d x*-3x+4

e x>+6x+5 f x2+6x+9 g x>’+4x—-17 h x*+5x+6

Express each of the following in the form a(x - p)ﬂ + q.
a 2x2-8x+3 b 2x?-12x+1 ¢ 3x>-12x+5 d 2x*-3x+2
e 2% +4x+1 f 27 +7x-3 g 22 -3x+5 h 3x"-x+6

Express each of the following in the form m — (x — n)’.
a 6x— x? b 10x—x2 ¢ 3x—x? d 8x-—«x?

Express each of the following in the form a —(x + b)*.
a 5-2x—x b 8-4x-x? ¢ 10-5x - x? d 7+3x—x>
Express each of the following in the form a — p(x + ¢)°.
a 9-6x—2x2 b 1-4x-2x> ¢ 7+8x—2x* d 2+ 5x—3x*
a Express 4x” + 2x + 5 in the form a(x + b)* + ¢, where a, band ¢

are constants.

b Does the function y = 4x% + 2x + 5 meet the x-axis?
Explain your answer.

f(x) = 2x2 —8x +1

a Express 2x* — 8x + 1 in the form a(x + b)* + ¢, where aand b
are integers.

b Find the coordinates of the stationary point on the graph of y = f(x).
f(x)=x>—x-5 forxe R

a Find the smallest value of f(x) and the corresponding value of x.

b Hence write down a suitable domain for f(x) in order that f~'(x) exists.
f(x)=5-"Tx—2x* forxe R

a Write f(x) in the form p — 2(x — q)‘z, where pand g are constants to
be found.

b Write down the range of the function f(x).
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12 f(x) =14 + 6x — 2x* for xe R

a Express 14 + 6x — 2x? in the form a + b(x + ¢)?, where a, band ¢
are constants.

b Write down the coordinates of the stationary point on the graph
of y = f(x).
¢ Sketch the graph of y = f(x).
13 f(x)=7+bx—x2for 0<x<7
a Express 7 + 5x — x? in the form a — (x + b)*, where @, and b

are constants.

b Find the coordinates of the turning point of the function f(x), stating
whether it is a maximum or minimum point.

¢ Find the range of f.

d State, giving a reason, whether or not f has an inverse.

14 The function fis such that f(x) = 2x> — 8x + 3.

a Write f(x) in the form 2(x + a)2 + b, where a, and b are constants to
be found.

b Write down a suitable domain for f so that f~' exists.

15 f(x) = 4x%> + 6x — 8 where x = m

Find the smallest value of m for which f has an inverse.

16 f(x)=1+4x—x? forx =2
a Express 1+ 4x —x? in the form a — (x + ), where aand b are constants
to be found.
b Find the coordinates of the turning point of the function f(x), stating
whether it is a maximum or minimum point.

¢ Explain why f(x) has an inverse and find an expression for
f~!(x) in terms of x.
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2.3 Graphs of y = |f(x)| where f(x) is quadratic

To sketch the graph of the modulus function y =|ax2 + bx + ¢

, you must:

e first sketch the graph of y = ax® + bx + ¢

e reflectin the x-axis the part of the curve y = ax? + bx + ¢ that is below
the x-axis.

WORKED EXAMPLE 5 |

‘ Sketch the graph of y = | x?~ 2x— 3.

Answers
First sketch the graph of y = x? — 2x - 3.
When x =0, y =-3. '
- So the yintercept is —3.
‘ When y =0,
¥ -2x-3=0
(x+1)(x-3)=0
x=-1 or x=3.

So the xintercepts are —1 and 3.
=13 _

- The xcoordinate of the minimum point = 9 1.

The y-coordinate of the minimum point = (12 -2(1)-3 = -4.

‘ The minimum pointis (1, —4).

| y=x?-2x-8

(1,-4)

Now reflect in the x-axis the part of the curve y = x* — 2x — 3 that is below the x-axis.

y=|a?— 22— 3|

(1, 4)
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A sketch of the function y = |x? + 4x — 12| is shown below.

Y1 y=|x?+4x-12|
(-2, 16)

12

-6 0 2 X

Now consider using this graph to find the number of solutions of the equation
| %2 +4x — 12| = k where k= 0.

It y=|at+dx-12
"""""""""""""""""""""""""""""""""" y=20 |x?+4x— 12| =20 has 2 solutions
(-2, 16) o . | ‘
______________________ i i B 'II: Ib I_\-“ + -I—‘L_ ]?-I = Ih h'g]‘, 3 5()[[][10115
12
-------------------------------------------- = 7 IJ.' Pdgo 12] =7 has 4 solutions
-6 0 3 x |x2%+ 4x—12| =0 has 2 solutions

The conditions for the number of solutions of the equation | x* + 4x — 12| =4

are:
Value of & k=0 0<k<16 k=16 k> 16
‘Number of solutions 2 4 3 2

Equations involving | f (x)| , where f(x) is quadratic, can be solved algebraically:

To solve | x% + 4x — 12| = 16 :

x2+4x-12 =16 or x> +4x-12 = -16
x2+4x—-28=0 or xX+4x+4 =0
_ —4+4% —4x1x(-28)
%= e or (x+2)(x+2)=0
—4 + /128
S ——— or x==2
2
x=-2+42

(x = 3.66 or x = —=7.66 to 3 sf )
The exact solutions are x = -2 —4/2 or x = -2 or x = -2 + 4.9,
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O

Note:

g ~ 9 . .

[he graph of y = | x* + 4x— 12| is sketched below showing these
three solutions.

Moy =|a+4x-12|

: : :
~94.4,/2-6 2 0 2 24+4.02 X
Exercise 2.3
1 Sketch the graphs of each of the following functions.

a y=|x2-—4x+3l b )*=‘x2—2x—3\ C y=|x2—5x+4l

d y=|x?-2x-8] e y=[2x?-11x-6|f y =|8x? + 5x — 2|

f(x) =1-4x — x?

a Write f(x) in the form a — (x + b)*, where aand b are constants.

b Sketch the graph of y = f(x).

¢ Sketch the graph of y =|f(x)|.

f(x)=2x2+x-3

a Write f(x) in the form a(x + b)2 + ¢, where a, band care constants.

b Sketch the graph of y =|f(x)|.

a Find the coordinates of the stationary point on the curve
y=[(x=7)(x+1)|.

b Sketch the graph of y =|(x—7)(x+1)|.

¢ Find the set of values of k for which |(x =7 )(x +1)| = k has
four solutions.

a Find the coordinates of the stationary point on the curve
y=|(x+5)(x+1)|.

b Find the set of values of k for which |(x +5)(x+1)| = k has
two solutions.

a Find the coordinates of the stationary point on the curve
y=[(x-8)(x-3)|
b Find the value of k for which |(x — 8)(x — 3)| = k has three solutions.

Solve these equations.

a |x*2-6|=10 b |x2-2|=2 ¢ |x®-5x|=6

d [x?+2x|=2¢4 e |x*-Bx+1|=3 f |x2+3x-1|=3
g [x2+2x—4|=5 h |2x?-3|=2x i |x?-4x+7|=4
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CHALLENGE Q
8 Solve these simultaneous equations.
a y=x+1 b 2y=x+4 c y=2x
y=|x? —2x—3|

y= —I—xg—x—3| y=|2x2—4|
2

2.4 Quadraticinequalities

( wrap et R SR =t el

You should already know how to solve linear inequalities.

Two examples are shown below.

Solve 2(x—5)< 9 expand brackets Solve 5—3x =17 subtract 5 from hoth sides
2x-10<9 add 10 to both sides -3x =12 divide both sides bv -3
2x <19 divide both sides bv 2 x=—4
x<95

9 Note:

[t 1s very important that you remember the rule that when you multiply

or divide both sides of an inequalitv by a negative number then the
inequality sign must be reversed. This is illustrated in the second
example above, when both sides of the inequality were divided by -3.

CLASS DISCUSSION
+12

Robert is asked to solve the inequality Pl = 3.
He writes: #X + /2 = 3X i
X = -2
S0x =3
Anna checks his answer using the number —4.
She writes: when x = —4,
(F X (—4) +12) + (—4) = (-1&) + (—4) =+
Hence x = =4 is a value of x that satisfies the original inequality
So Robert’s answer must be tneorrect!

Discuss Robert’s working out with your classmates and explain Robert’s error.
7x +12

Now solve the inequality = 3 correctly.
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Quadratic inequalities can be solved by sketching a graph and considering

when the graph is above or below the x-axis.

WORKED EXAMPLE 6

Solve x2 —3x -4 > 0.

Answers

Sketch the graph of y = x* — 3x — 4.

When y=0, x> —3x -4 =0
(x+1)(x-4)=0

y=x-3x-4

x=-1 or «x=4
So the x-axis crossing points are -1 and 4.
For x> —3x — 4 > 0 you need to find

the range of values of x for which the
curve is positive (above the x-axis).

The solutionis x < -1 and x > 4.

WORKED EXAMPLE 7

Solve 2x* <15 — x.

Answers y
Rearranging: 2x + x — 15 < 0.

Sketch the graph of y = 2x* + x — 15.

When y =0, 2% +x—15=0

p=2x*+x-15

x=25 or «x=-3
So the x-axis crossing points are -3 and 2.5.
For 2x* + x — 15 < 0 you need to find
the range of values of x for which the
curve is either zero or negative (below the x-axis).

The solution is =3 < x < 2.5.

(2x—5)(x+3)=0 -3 [9)

2.5 x

Exercise 2.4

1 Solve.
a (x+3)(x-4)>0 b (x-5)(x-1)<0 ¢ (x=3)(x+7)=0
d x(x-5)<0 e (x+1)(x-4)<0f B-x)(x+1)=0
g (2x+3)(x—=5)<0h (x-5)°=0 i (x-3)=<0

2 Solve.

a x24+5x—-14<0 b x*+x—-6=

(2]

x2—-9x+20=<0

0
d x24+9x—48>0 e 2x2—x—-15=0 f x> +9x+4>0




Chapter 2: Simultaneous equations and quadratics

3 Solve.
a x?<18-3«x 12x < x2 + 35
c x(3-2x)=<1 x*+4x < 3(x+2)
e (x+3)(1-x)<x-1 (4x +3)(8x —1) < 2x(x + 3)

4 Find the set of values of x for which

a x*-11x+24<0 and 2x+3<13

b x*-4x <12 and 4x-3>1

c x(2x-1)<1 and 7-2x<6

d x2-3x-10<0 and x2-10x+21<0

e x2+x-2>0 and x2-2x-3=0.
5 Solve.

a |x?+2x-2|<13 b [x?-8x+6|<6 ¢ |x2-6x+4|<4

CHALLENGE Q

6 Find the range of values of x for which 0.

——<
3x? —2x — 8

2.5 Roots of quadratic equations

The answers to an equation are called the roots of the equation.

Consider solving the following three quadratic equations using the

—b +/b% — 4ac

formula x =
2a
x2+2%x-8=0 x2+6x+9=0 X2 +2%+6=0
x_—2i\/22—4><1><(—8) x_—6iJ62—4x1x9 2 52— 4Ax1x6
2x1 2x1 B 2x%1
-2+ .36 oo 220 o —2%4720

X =—-- = i = B

2 2 2
x=2o0r x=-4 x=-lorx=-1 no solution

2 distinct roots 2 equal roots 0 roots

The part of the quadratic formula underneath the square root sign is called
the discriminant.

discriminant = 5% — 4ac
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The sign (positive, zero or negative) of the discriminant tells you how many
roots there are for a particular quadratic equation.

b% - 4ac Nature of roots
>0 2 real distinct roots
=0 2 real equal roots
<0 0 real roots

There is a connection between the roots of the quadratic equation
ax?® + bx + ¢ = 0 and the corresponding curve y = ax? + bx + ¢.

Nature of roots of
b% - = ax® +
4ac e Shape of curve y = ax* + bx + ¢
N Yo f . fai
2 real distinct x o1 x
. L /0
roots
The curve cuts the x-axis at 2 distinct points.
X
a>0 a<()
or
=0 2 real equal roots
“ N\:
The curve touches the x-axis at 1 point.
X
a>0 . a<()
O1
<0 0 real roots
X
The curve is entirely above or entirely below
the x-axis.

WORKED EXAMPLE 8

Find the values of k for which x* —3x + 6 = k(x — 2) has two equal roots.

Answers
2 —3%x+6=Fk(x—2)

x> —3x+6—-kx+2k=0

W —(3+Rk)x+6+2k=0
For two equal roots b* - 4ac = 0.
(3+ k) -4x1x(6+2k)=0
k* +6k+9-24-8k=0
k-2 -15=0
(k+3)(k—5)=0

So k=-3 or k=5.
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WORKED EXAMPLE 9

Find the values of k for which x? + (k—2)x + 4 = 0 has two distinct roots.

Answers
> +(k—2)x+4=0
For two distinct roots b* — 4ac > 0
(k-2 -4x1x4>0 2 3
k' —4k+4-16>0
K -4k-12>0 -2 6 k
(k+2)(k—6)>0 -

Critical values are -2 and 6.
So k<=2 or k>6.

Exercise 2.5

1 State whether these equations have two distinct roots, two equal roots or
no roots.
a x*+4x+4 b +4x-21 ¢ x"+9x+1 d x*-3x+15

e x2-6x+2 f 4x2+20x+25 g x> +2x+7 h 5x2-2x-9
Find the values of k for which x* + kx + 9 = 0 has two equal roots.

Find the values of k for which kx” — 4x + 8 = 0 has two distinct roots.
Find the values of k for which 3x” + 2x + k = 0 has no real roots.

Find the values of k for which (k +1)x” + kx — 2k = 0 has two equal roots.

Find the values of k for which kx® + 2(k+3)x + k = 0 has two
distinct roots.

o A W N

7 Find the values of k for which 3x® — 4x + 5 — k = 0 has two distinct roots.
8 Find the values of k for which 4x* = (k—2)x+9 = 0 has two equal roots.
9 Find the values of k for which 4x® + 4(k—2)x + k = 0 has two equal roots.

10 Show that the roots of the equation x* + (k- 2)x — 2k = 0 are real and
distinct for all real values of k.

11 Show that the roots of the equation kx* + 5x — 2k = 0 are real and distinct
for all real values of k.
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2.6 Intersection of a line and a curve

When considering the intersection of a straight line and a parabola, there are

three possible situations.

Situation 1

Situation 2

Situation 3

N A

=

2 points of intersection

1 point of intersection

0 points of intersection

The line cuts the curve at two
distinct points.

The line touches the curve at
one point. This means that
the line is a tangent to the
curve.

The line does not intersect
the curve.

You have already learnt that to find the points of intersection of the line
y = x— 6 with the parabola y = x? — 8x — 4 vou solve the two equations

simultaneously.

This would give x2—8x—-4=x-6

x> —4x+2=0.

The resulting quadratic equation can then be solved using the

quadratic formula:

‘= —b+VJb* - dac

2a

The number of points of intersection will depend on the value of »* — 4ac.

The different situations are given in the table below.

b? = 4ac Nature of roots Line and curve
>0 2 real distinct roots | 2 distinct points of intersection
=0 2 real equal roots 1 point of intersection (line is a tangent)
<0 0 real roots no points of intersection

The condition for a quadratic equation to have real roots is b —4ac= 0.




-

Chapter 2: Simultaneous equations and quadratics

WORKED EXAMPLE 10

Find the value of & for which y = 2x + k is a tangent to the curve y = x* — 4x + 4.

Answers
x?—4x+4=2x+k
x*—6x+(4—-k)=0

Since the line is a tangent to the curve,

b — 4ac = 0.

(—6)* —4x1x(4—k)=0
36-16+4k=0

k=-b

WORKED EXAMPLE 11

Find the range of values of k for which y = x -5 intersects the curve y = kx> -6 at two
distinct points.

Answers
kx*-6=x-5
kx* —x—-1=0
Since the line intersects the curve at two distinct points,
b* — 4ac > 0.
(-1 -4xkx(-1)>0
1+4k>0

k>—l

4

WORKED EXAMPLE 12

Find the values of k for which y = kx — 3 does not intersect the curve y = x* — 2x + 1.

Answers
-2 +1=kx—3
¥ —x(2+k)+4=0

Since the line and curve do not intersect,
b — 4ac < 0.
(2+k)} -4x1x4<0
K +4k+4-16<0
K +4k-12<0
(k+6)(k-2)<0 6 — Tk
Critical values are -6 and 2.
So 6< k<2
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Exercise 2.6

1

Find the values of & for which y = kx +1is a tangent to the curve
y=2x2 +x+3.

Find the value of k for which the x-axis is a tangent to the curve
y=x"+(3—-k)x—(4k+3).
Find the values of the constant ¢ for which the line y = x + ¢ is a tangent to

the curve y = 3x+g.
X

Find the set of values of k for which the line y = 3x +1 cuts the curve
y=x"+kx+2 in two distinct points.

The line y = 2x + k is a tangent to the curve x* + 2xy +20 = 0.
a Find the possible values of k.

b For each of these values of k, find the coordinates of the point of contact
of the tangent with the curve.

Find the set of values of % for which the line y = k —x cuts the curve
y = x* —7x +4 in two distinct points.

Find the values of k for which the line y = kx —10 meets the curve
x% + 9% = 10x.

Find the set of values of m for which the line y = mx — 5 does not meet the
curve y=x”-b5x+4.

The line y = mx + 6 is a tangent to the curve y=x"—4x+7.
Find the possible values of m..

Summary

Completing the square
For a quadratic function f(x) = ax? + bx+ ¢ that is written in the form f(x) = a(x— h)* + k,

i if a> 0, the minimum point is (&, k) ii if a< 0, the maximum pointis (&, k).
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Quadratic equation (ax2 + bx + ¢ = 0) and corresponding curve (y = ax?+ bx +c)

Nature of roots of
ax*+bx+c=0

>0 2 real distinct roots \/ / \

The curve cuts the xaxis at 2 distinct points.

X
a>0 i a<0
=0 2 real equal roots
> X

The curve touches the xaxis at 1 point.

- X
a>0 a<(
or
<0 0 real roots
X

The curve is entirely above or entirely below the x-axis.

Shape of curve y = ax®+ b+ ¢

Quadratic curve and straight line

Situation 1 Situation 2 Situation 3

/

2 points of intersection 1 point of intersection 0 points of intersection
The line cuts the curve at two | The line touches the curve at | The line does not intersect
distinct points. one point. This means that the | the curve.

line is a tangent to the curve.

Solving simultaneously the equation of the curve with the equation of the line will give a quadratic
equation of the form ax® + bx + ¢ = 0. The discriminant b* — 4ac, gives information about the
roots of the equation and also about the intersection of the curve with the line.

Nature of roots Line and curve
>0 2 real distinct roots 2 distinct points of intersection
= 2 real equal roots 1 point of intersection (line is a tangent)
< no real roots no points of intersection

The condition for a quadratic equation to have real roots is 5> — 4ac = 0.
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Examination questions

Worked example
The line y = 2x — 8 cuts the curve 2x* + 3% — 5xy + 32 = 0 at the points A and B.

Find the length of the line AB. [7]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Jun 2013

Answers
a1 s - [OOSR (1)
2x2 + 92 —Bxy+32=0 oo (2)

Substitute for y from (1) in (2):
2x2 +(2x — 8)° — 5x(2x —8)+32 =0 expand brackets
2x% + 4x% — 32x + 64 — 10x + 40x + 32 = 0 collect like terms
—4x* +8x+96 =0 divide by -4
x?—2x—-24 =0 factorise
(x—6)(x+4)=0
x=6orx=-4
When x=6, y=2(6)-8 = 4.
When x =—4, y = 2(-4) -8 = -16.

The points of intersection are A (6, 4) and B (-4, —16). x
Using Pythagoras: AB? = 20° + 102
AB? = 500

AB = /500

AB = 224103 sf B (-4, -16)
Exercise 2.7
Exam Exercise
1 Find the set of values of k for which the line y = k(4x — 3) does not intersect the curve

y=4x®+8x-8. (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Jun 2014
2 Find the set of values of x for which x(x + 2) < x. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Jun 2014

3 a Express 2x> —x + 6 in the form p(x - q)? + 7, where p, gand rare constants to be found.[3]

b Hence state the least value of 2x? — x + 6 and the value of x at which this occurs. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q51,ii fun 2014

—

7
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4 Find the set of values of % for which the curve y = (k +1)x? — 3x + (k + 1) lies below the x-axis.
(4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2013
5 Find the set of values of x for which x? < 6 — 5x. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Nov 2013
6 Find the values of k for which the line y = k — 6x1is a tangent to the curve y = x(2x + k). [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2012
7 Itis given that f(x) = 4 + 8x — x2,

a Find the value of aand of b for which f(x) = @ — (x + b)* and hence write down the

coordinates of the stationary point of the curve y = f(x). [3]
b On the axes below, sketch the graph of y = f(x), showing y
the coordinates of the point where your graph intersects
the y-axis.
@) X
(2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q41,ii Nov 2012

8 Given that the straight line y = 3x + ¢ is a tangent to the curve y = x® + 9x + k, express kin
terms of c. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2 Nov 2011

9 Find the set of values of k for which the line y = 2x — 5 cuts the curve y = x® + kx + 11 in
two distinct points. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4 Jun 2011
10 The equation of a curve is given by y = 2x* + ax + 14, where ais a constant.
Given that this equation can also be written as y = 2(x — 8)* + b, where bis a constant, find
a the value of @ and of b, [2]
b the minimum value of y. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1i,ii Nov 2010

11 Find the set of values of m for which the line y = mx — 2 cuts the curve y = x + 8x + 7 in two
distinct points. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Nov 2010
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12 a On a copy of the grid to the right, sketch the y
graph of y =|(x—2)(x+3)| for -5 < x < 4,
and state the coordinates of the points where
the curve meets the coordinate axes. [4]

5 4-39-10 1 2 8 4x

b Find the coordinates of the stationary point on the curve y =|(x—2)(x+3 il [3]

¢ Given that kis a positive constant, state the set of values of & for which |(x - 2)(x+3)| =k
has 2 solutions only. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q84,ii,iii Nov 2013

13 Find the value of k for which the curve y=2x*-3x+ k
i passes through the point (4, -7), [1]
- il meets the xaxis at one point only. (2]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Jun 2016
14 Find the range of values of k for which the equation kx*+ k=8x— 2xk has 2 real distinct

roots. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Nov 2015

15 a Find the set of values of x for which 42* + 19x-5 < 0. [3]
b i Express ¥ +8x-9 inthe form (x+ a)?+ b. where aand bare integers. [2]

i Use your answer to part i to find the greatest value of 9 -8x—* and the value of x at
which this occurs. (2]

ili Sketch the graph of y=9 —8x— »*, indicating the coordinates of any points of
intersection with the coordinate axes. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Jun 2015




Indlces an'd Surds

This section will show you how to:

m perform simple operations with indices and surds, includingrationalising
the denominator.
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You should already know the meaning of the words index, power, exponent and base:
index, exponent or power
2x2x2x2=2*
A base
The plural of the word index is indices.
You should also know and be able to apply the following rules of indices:
(These rules are always true if the bases aand bare positive real numbers and the indices m and 7 are real numbers.)

RULE 1: a"xa" =a""" RULE 6: a’ =1

RULE 2: a"+ad"=a""" or 3;—’: =q" " RULE 7: o = ;l-;
BRE (a")"=a™ RULE 8: B=im

RULE 4: a" x " = (ab)" RULE 9: a7 = (" = T
RULE 5: %_, =(5) i

If the bases @ and bare negative then the indices m and n must be integers for Rules 1-5 to be always true.
Rules 6 and 7 are also true if base a is negative.

3.1 Simplifying expressions involving indices

When simplifying expressions involving indices you often need to use more
than one of the rules for indices.

In Worked Example 1 and Exercise 3.1 you may assume that all bases are
positive real numbers.

WORKED EXAMPLE 1

(4_’(‘3}‘)2 . fgxﬁj‘ﬂ

|

Simplify W
| (%)
|
|

: N T U e L, AT
()" x ¥9xy* _ (4)*()%0)% x (9)2 ()2 ()2
(x?.yz}—z (x?i)—Z (y‘z)—2
L 16x4y2><3x3y

|
5=
o0
H—|
o
=
~1
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Exercise 3.1
1 Simplify each of the following.

a ()3 b x" xx c P+
d Vx' e Vx* f (x2)5

S _1)\2 [ 1)8 9 43
g Vx h (x71)" x|« i 3x"yxbx'y

3 4
i \25x%y7 k (2x°y?)
2 Simplify each of the following.
3
%ﬁ X \Ix_f’ x2 b \(x—5
a — T

-
=)
Rao

=

(=8
X

—u
Qo
B

\‘el

o

x 2
o Gt x e 4 B2xey
<3 (2x'5")?

412

3 Given that %= 27 8% ¢, evaluate a, band c.

x° X 3x
o1 Y2

X

4 Given that _x# = x* y*, find the value of @ and the value of .

Qxﬁy 3

4
5p

wa|ro

5 Given that -2

a

x\2 -4
6 Given that (;;—_}xx byay

= a" P, find the value of xand the value of y.

rf—
wslrg

b

=a’ 54, find the value of x and the value of y.

L[]
K=

7 Simplify (1+x)2 = (1 +x)2.

3.2 Solving equations involving indices
Consider the equation 2" = 64.

The equation has an unknown exponent (or index) and is called an
exponential equation. You have already learnt how to solve simple exponential
equations such as 2" = 64. In this section, you will learn how to solve more
complicated exponential equations.
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CLASS DISCUSSION

The diagram shows the graph of y =2 for-3 < x < 3.
Discuss the following questions with your classmates:

* How does the graph behave when x> 3?

* How does the graph behave when x < —3?

* How does the graph of y = 3* compare with the L]
graph of y =2*? | 1|

* How does the graph of y = 4" compare with the
graphs of y =2%and y =3™?

Now answer the following question:

* If a>0,is it possible to find a value of x for which 4" is either 0 or negative?

WORKED EXAMPLE 2

Solve the equation 2***' = 8.
Answers
23+l _g change 8 to 2
LA 0 equate the indices
3x+1 =3 solve for x
Bai=2
A
x=—
)

WORKED EXAMPLE 3

Solve the equation 321« 9*"1 =943

Answers
8% 1 x0*"1 —943 change (o base 8
g2x-1 X(Sg)x—l =g®
321322 35 add the indices on the left haned side
gt=3 _gb equate the indices
4x—3 =5 solve for x

4x =8
x=2
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WORKED EXAMPLE 4

Solve the simultaneous equations.
9*(27°) =1
4"+ (V2) =128

Answers
9*(27°) =1 change to base 3
4"+ (V2) =128 change to base 2

32:: X 333 = 30 add iudires on the left handside
1
9% 4. 927 =97 suhtract indices on the left hand side
32+% _ g0 equating the indices gives 2x+ 3y =0
1
2x—-= . § 4 . 1 yes
972 =97 equating the indiees gives 2x——y =7
2x+3y =0 sublract the two equations
1
2x— Ey —57,

S%y =-7,50y=-2.
Substituting y = -2 into 2x+ 3y = 0 gives x = 3.

The solution is x = 3, y =-2.

WORKED EXAMPLE 5

a Solve the equation 4y* + 3y~ 1 =0.

b Use your answer to part a to solve the equation 4(2%)* + 3(2%) - 1 =0.

Answers

a 4}'2 +3y—1 =0 factorise
(H-1)(+1) =0
4y—1=0o0ry+1=0

=1 ory =-1
¥ 2 y
b 4(29%*+38(2%-1=0 comparing with 4y* + 3y —1= 0 givesy = 2°
2“ = l or 2" =] I‘{"pl[‘lC(’ l with 2_2
4 4

2*=9"2or2* =-1

Solving 2% =272, gives x = 2.
There is no solution to 2* = —1, since 2* > 0 for all real values of x.
The solution is x = —2.
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Exercise 3.2

1 Solve each of the following equations.
a 52.( = K7x—1 b 42"”'] - 43"'_ 2
¢ 7¥=75x d 3% =g%+d

2 Solve each of the following equations.

a 2" =32 b 4% =256 ¢ 2" =198
2n+ n- 1 In+2 1
d 3*"*'=27 e 2" 1= f 2 =—
. 4 128
gadla h 5+-16=
. 125 ’
3 Solve each of the following equations.
a 2°=4° b 3> ! =97" ¢ 53x-7 =252
d 3x=9x+5 e 43x+-1=8-1x+l‘2 f 252x+] =1253_\;+2
x : x+1
g (1)=64 h 4831 i 84*‘3=(l]
4 gr+1 16
j b¥+8=95% k 3* ~*=27" 1 22972 _8"=0

4 Solve each of the following equations.
a 2%'x4""! =64 b 2! x8* ! =128

¢ (22794>*%)=8  d 3" 'x92*=1
54 947

5 Solve each of the following equations.

972x 2x+1 x dx
9 35—x=%ﬂ b 2;1—:::8%—2
x+4 972x 2x+1
2 23'* . 614‘ d %ﬁ_xz‘o'xT
42" ‘ v
6 Solve each of the following equations.
a 3%xos=L1 b 2%x5*=8000 ¢ 5 x4*=——
18 1000
7 Solve each of the following pairs of simultaneous equations.
a 4"+2"=16 b 27" =9(3) c 125" +5' =25
. ; L=y
82 9 = 97 2%+ 8 =1 2™ x (3] =82

8 a Solve the equation 2y2 -7y~4=0.
b Use your answer to part a to solve the equation 2(2%)% - 7(2%) —4=0.

9 a Solve the equation 4y” = 15 + 7y.
b Use your answer to part a to solve the equation 4(9%) =15+ 7(3%).
3

y 1
b Use your answer to part a to solve the equation 3x% =8 + 3x 2.

10a Solve the equation 3y =8 +

ol
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3.3 Surds

A surd is an irrational number of the form vr, where n is a positive integer
that is not a perfect square.

V2, V5 and V12 are all surds.
V9 is not a surd because V9 = “!3_2 =3.
3 -2

Other examples of surds are 2 + V5, V7 — V2 and s

When an answer is given using a surd, it is an exact answer.

CLASS DISCUSSION

The frog can only hop pr Zains ’
onto lilypads that ; 2 3
contain surds. k* !

It is allowed to move
along a row (west or
east) or a column
(north or south) but
is not allowed to move
diagonally.

Find the route that the
frog must take to catch
the fly.

You can collect like terms together.

6V11 + 3V11 =9v11 and 5V7 — 27 = 3v7

WORKED EXAMPLE 6

Simplify 4(5 — V3) — 2(5v3 — 1).

Answers
45 —\3) - 25V3 — 1) expand the brackets
=20 -4V3 —10V3 + 2 collect like terms

=22 - 14V3
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Exercise 3.3
1 Simplify.

a 3\5+7V5 b 3V10+2V10 ¢ 8VII++V11 d 6V3-43
2

A 35 + 743 B 2V5 — 343 C 23 —+5

Simplify.

a A+B b A-C c 2A+3B d 5A+2B-C

3 The first 4 terms of a sequence are

2+3V7  2+5V7  2+7V7  2+9V7.
a Write down the 6th term of this sequence.
b Find the sum of the first 5 terms of this sequence.

¢ Write down an expression for the nth term of this sequence.

4 a Find the exact length of AB. A
b Find the exact perimeter of the triangle.

B 4em

CHALLENGE Q
5 The number in the rectangle *
on the side of the triangle is
the sum of the numbers at the

adjacent vertices.

7em

[ 18442 | [17-10+3]

Find the value of x, the value of
yand the value ofz.

y 20-32 z

CHALLENGE Q

6 This design is made from
I blue circle, 4 orange circles
and 16 green circles.
The circles touch each other.
Given that the radius of each
green circle is 1 unit, find the
exact radius of

a the orange circles,

b the blue circle.
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3.4 Multiplication,division and simplification of surds

You can multiply surds using the rule: yax Vb= Vab J

Simplify.
a V3x\5 b (V8)* ¢ 2V5x3V3

Answers

a V3xV5=v3x5=1+15
b [\@)2 =Y8x V8 =vV64 =8 Note: vix Vi=un
¢ 2V5 x3V3 =615

Expand and simplify.
a (4-V3)° b (V3 +5v2)(V2 +V3)

Answers
a (4-v3)° squars means multiply by itself
=(4-3)(4-+3) expand the brackets
=16-4V3 -4V3 +3 collect like terms
=19-83
b (V3 +5v2)(\2 + V3) expand the brackets !
=V6 +3+10+5V6 collect like terms
=13+6V6

V98 can be simplified using the multiplication rule.

V98 = V49 x 2 = V49 x V2 = 72
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WORKED EXAMPLE 9

Simplify V75 — V12

Answers

75 — 19 75=25x3and 12 =4x3
=v25 x V3 — V4 x V3 V25 =5and V4 =2
=5x 3 —-92x 3 collect like terms
=373

You can divide surds using the rule: %= %
Simplify\ﬁ_?
Answers 45 —3)— 2533 — 1)
77 77 o =20 —4v3 — 103 + 2
_ IR
Exercise 3.4
1 Simplify.
a VI8 x 2 b V2 x472 ¢ V5 x6 d (\2)?
e (N13)? f (V5)° g 3V2 x5V3 h 7V5 x 27
2 Simplify.
, I , VB2 . 4 Y7
V28 V26 V3 V68
. V2 ¢ IB g 5 n
V108 V3 V6 V25
. 5 j 088 K V20 Y120
V81 oN11 3\5 V24
3 Simplify.
a V8 b Vi2 c V20 d V28
e V50 f V72 g V18 h 32
i V80 i V90 k V63 1l V99
m V44 n V125 o V117 p 200
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q V75 r V3000 s @ t @

u \IESBW v \20xV10  w V8x+5 x V8 x V6

y V245 x V5

Simplify.

a 5V3 + V48 b Vi2++3 c V20 +3V5

d V75 + 23 e V32-2V8 f V125 + V80

g V45 -5 h V20 -5v5 i V175 - V28 + V63
j V50 + 72 — V18 k V200 - 2VI8 +V72 | 528 —3V63 — V7
m V80 +2V20 + 4V45 n 5V12 -3V48 +2V75 o 72 + V8 — YO8 + V50
Expand and simplify.

a V2(3++2) b V3(2V3 + V12) c V2(5-2+2)

d V3(v27 +5) e V3(\3-1) f \5(2V5 + v20)

g (V2 +1)(v2-1) h (V3 +5)(V3-1) i (2+V5)2V5+1)
i (8-2)3++2) k (4+3)4-+3) L (1+V5)1-+5)
m(4+2V8)4-2v3) n (V7 +\5)(V7 +2VB6) o (3+2V2)(5+22)

Expand and simplify.
a (2+5)° b (5-+3)° ¢ (4+5V3)° d (V2 ++3)°

A rectangle has sides of length (2 + ¥8) cm and (7 - V2) em.
Find the area of the rectangle.

Express your answer in the form a+ V2, where a and bare integers.

a Find the value of AC2.

b Find the value of tan x. A
Write your answer in the form %,
where a and b are integers. 93
¢ Find the area of the triangle. :
: . AL B =g
Write your answer in the form 7 59

where pand gare integers.

A cuboid has a square base.

The sides of the square are of length (1 ++2) cm.
The height of the cuboid is (5 — V2) cm.

Find the volume of the cuboid.

Express your answer in the form a+ 02, where aand bare integers.
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CHALLENGE Q
10 Find the exact value of \I2 RN \12 -v3.

(Hint: let x = V2 + V3 — V2 — V3 and then square both sides of the equation.)

CHALLENGE Q

11a Given that V6 —4V2 = va— b, find the value of aand the value of b.

b Given that WJ?B —6V6 —442 = v + Vd, find the value of cand the value of d.

3.5 Rationalising the denominator of a fraction

CLASS DISCUSSION
Khadeeja says that:
“The ;Maaémx‘ a]*‘ two trvational nussbers vs ivvationad.

Discuss this statement with your classmates and decide if this statement is:

¢
- l Always true ‘ ( Sometimes true | Never true
60 - :

You must justify your decision.

You rationalise the denominator of a fraction when it is a surd.

To rationalise the denominator of a fraction means to turn an irrational
denominator into a rational number.

In Exercise 3.4, question 5m you found that
(4+2V3)(4 - 2V8) = (4)2 —8V3 +8Y3 - (2V3)* = 16 - 12=4

This is an example of the product of two irrational numbers (4 +2V3) and
4 —2v3) giving a rational number (4).
4+ 2V3 and 4 - 2V3 are called conjugate surds.

The product of two conjugate surds always gives a rational number.
The product of conjugate surds a+ bvc and a— bVe is a rational number.

So you can rationalise the denominator of a fraction using these rules:

® Tor fractions of the form Lﬂ multiply numerator and denominator by Va.
3 3 :

For fractions of the form
a— bc.
For fractions of the form
a+ bve.

—, multiply numerator and denominator by
a+ bve '

—, multiply numerator and denominator by
a— b ‘ ’
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Note:
To find products such as (4 + 2V3)4 — 2/3), it is quicker to use the

algebraic identity:

(e ) (= ) =2 = *

So(4+2V8)4-2V3) =42 - (2V3)* =16-12=4

5(2 - +3) PRI v T 5 7 T
~ 2+ V3)2-3) ) il o
10 — 53
(22 -(\3)?
=10-5V3 .
ﬁ%—aﬁ nultiply numerator-and denominator bv{y7 + 9
_ (V7 + 3\2)(N7 +V2)
T (V7 =27 +2)
_7+V14+3V14 +6
(N7)? = (v2)?

_13+4V14
g 5

s€ (x+ ) (x—131) =a" —y 1o expand the denominator

Exercise 3.5
1 Rationalise the denominators.

a b

e sl
q@ﬁaa@

[~ gl sle &l

i
&
7

S or s S sl

To
&
&

o
|
el
S
|
3

ol
4
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2 Rationalise the denominators and simplify.

1 1 1 4
a b c d
1++2 3+5 3 4+7 3 -5
5 \7 2 5
e f ——— h
2+5 9 -7 89 9V3 -3
] 8

- ) T-v

3 Rationalise the denominators and simplify.

g, 2—V8 p 1+\2 c V2+1 4 Y1-12
2+3 8- \2 22 - 1 7 + 2
e Yo +1 ¢ I7-NI1 \3-V7 n Y28 +\37

3-\5 V17 + V11 V3 + V7 V87 — \23

4 Write as a single fraction.
1 1 2 1 2 1
a + b + c iy
B+1 \3-1 V7 +2 V7-2 4-V3 4+\3

5 The area of a rectangle is (8 + V10) cm?.

The length of one side is (V5 + v2) cm.

Find the length of the other side in the form a\5 + b\2, where a and bare
integers.

6 A cuboid has a square base of length (2 + V5) cm.
The volume of the cuboid is (16 + 7V5) cm®,
Find the height of the cuboid.
Express your answer in the form a+ W5, where aand bare integers.
7 A right circular cylinder has a volume of (25 + 14+3) cm® and a base radius
of (2 + V3) cm.
Find its height in the form (a@+ bV3) cm, where aand b are integers.

8 a Find the value of tan «x.
a+ N2
C y

Write your answer in the form
where @, band care integers.

b Find the area of the triangle.

p+ 2

Write your answer in the form

r L]

where p, gand rare integers.

9 Find the value of cos 6. 5 A
Write your answer in the form a—'}-?—?’,

where @, band ¢ are integers. (2+47)cm 3cm

Bem
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CHALLENGE Q

10 The blue circle has radius 2 and the green
circle has radius 1. ABis a common tangent
and all three circles touch each other.

- Find the radius of the smaller circle.

B
3.6 Solving equations involving surds
WORKED EXAMPLE 12
Solve V5 x = V2 x+ V7.
Answers
V5 x = V2 x+ '\ﬁ collect &'s on one side
VBx—V2x = V7 [actorise
X{Nrg— ﬁ) = ﬁ divide both sides |J)'(\Jr:'_) - \1@)
x = % nm]li];I_\' numerator and denominator by (V5 + vV2)
x = V7 (\!g-'- ﬁ) use (x+ 9 (x—yp)= v — " to expand the denominator
(V5 -2)\5+ @) T e |
. _ _\B5+TE
(\5)? - (v2)*
_ V35 +14
i) B L
5-2
_ V35 + V14
LA T
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Solve the simultaneous equations.
3x+5y =20

V2x-5V2y=8 ‘

Answers
3x+ 5y =20 : ply the first equ: Y Ty N9 ‘
V2 x-5V2y =8
32 x+5V2y =202
V2x-5V2y =8
42 x =20\2 +8 ivide both sides by 4V2
_20V2 +8 i
sl 0= imntinl 1 I I W NZ
42
_(20V2 + 8)x+2
42 x\2
. _ 40+ 82
B 8
x=5++2
Substituting x =5 + V2 in the first equation gives
64 3(5+2) + 5y =20
15+ 32 + 5y =20
5y =5-3+2
_5-3V2
5 . :
So the solution is x =5+ V2, y = = _53\5.
Haroon writes: X =2
X +2=¢

X* 4 dx +4=16
X5k gx =712 =
k+6)x=2)=0
Sox = =6orx =2
Discuss this with your classmates.

Explain why he now has two values for x.

In the class discussion you found that if you square both sides of an equation
and then solve the resulting equation, you sometimes find that you have an
answer that is not a valid solution of the original equation. Hence, it is always
important to check your answers by substituting the answers back into the
original equation.
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- WORKED EXAMPLE 14

Solve vx =2x— 6.

Answers
Vx =2x—06 - bl sieless
x = (2x—6)(2x—6) expand the brackets
x =4x° — 24x+ 36 colleet like terms
4x° — 25x+36 =0
(4x—9)(x—4) =0

=9 -
x—4orx—4

Check x = % in the original equation:

\IT = %and 2 % ': —-b6=— %, S0 X = % is not a valid solution of the original equation.

Check x = 4 in the original equation:

Vi =2and 2 x | —6=2, so x =4 is a solution of the original equation.
So the final answer is x = 4.

WORKED EXAMPLE 15

Solve V3x+4 — V2x+1 =1

‘ Answers

V3x+4 =1+V2x+1 square both sides
Sx+4 =(1+v2x+1)(1+V2x+1) i
Sx+4 =1+2V2x+1 +2x+1
x+2 =2V2x+1 sejuare both sides

(x+2)2 =4(2x+1)

x2+4x+4 =8x+4 colleet ke termis
X —4x =0
x(x—4) =0

x=0orx =4

Check x = 0 in the original equation:
V3xT +4 -V2x7 +1=v4 -1 =1, s0 x =0 is a solution of the original equation.

Check x =4 in the original equation:

V8x  +4-v2x ' +1=v16 -9 =1, s0 x =0 is also a solution of the original
equation.

So the final answeris x =0 or x =4.

+ Indices and Surds
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Exercise 3.6
1 Solve these equations.
a VI2x-V5x=13 b V10 x = V5 x+ 2 c V17x=2V8x+5
2 Solve these simultaneous equations.
a 3x—y=5V2 b x+y=5 ¢ 3x+y=6
2x+y=5 V6x+ 2y =12 4x+3y=8-5\5
d 2x+y=11 e x+V2y=5+4\2
5x—3y=ll‘f.7_ x+y=8
3 Solve these equations.
a 10vx-4=7Vx+6 b 6vx+4=9vx+3 € 7Vx+9=10vx+10
d V2x-1-3=0 e V2x-3=6 f Bx—1=Vx+7
g 3+VBx+6=12 h V52 - 8 = 2x i 12-Vx+5=7
4 Solve these equations.
a V2x-1=x b Vx+6=x € V2x+3—-x=0
d V10-2x+x=1 e Vx+15=x+3 f Vx+4+2=x
g Vx+bh+l=x h V4x-3 +2x-1=0 i Vvx=2x-6
j V8x+1-x-1=0 k 2x+3-+v20x+9=0
5 Solve these equations.
a 2x+7=Vx+3+1 b vi=1Vx=5+1
€ VBx+4-2x+1=1 dVx+l-vx=1
e Vx+1+V2x+3=5 f V16 -2x=2+ V36 + 6x
6 The roots of the equation X =26 x+5=0are pand ¢, where p> q.
Write %,) in the form a+{{1\[€’ where a, band care integers.
7 Find the positive root of the equation (4 — v2) x* — (1 +2v2) x— 1 =0.

a+ N2
(5

Write your answer in the form , where @, band care integers.
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Summary
Rules of indices | Rules of surds
RULE T2 lafxat=a"" RULE1: Vab=~ax b
RULE2:  a"+a"=a""" or Sr=a"" RULE2:  of = %
RULES3: (a™"=qa™ RULES: ~vax<va=a
RULE 4: a"xb"= (ab)” The product of conjugate surds a+ b3c and
RULE 5: ‘L: - ( %) n : a— bJ¢ is a rational number.
= - b

RULE6: =1
RULE?7 a"=
RULES: a7="a

RULE9: a7 =(@)"=Ya"

Examination questions

Worked example

2 ++3

Without using a calculator, find the value of cos 6, giving your answer
a+ b3
¢

in the form , where a, band care integers.

Cambridge IGCSE Additional Mathematies 0606 Paper 21 Q3 Nov 2011

\. W
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Answers
Using the cosine rule:

32=(24+v3)2+22-92x (24 V8) x 2 x cos §

Rearrange to make cos ¢ the subject:

(2 ++8)% + 22— 32

cos 0 =

I2%x(2+V8)x2
7+4V3 +4-9
6=
COS 4(2+‘\,§)
2 + 443
g=—2"2X0,
CcOs 4(2_'_@

g (2+4\38)(2-\3)
4(2 + V3)(2 - V3)

c059=:§_'f46_\j_§_

cosgzﬂ
2

Exercise 3.7

Exam exercise

x2—5x__l_
1 Solve 2 =54

2 Solve the simultaneous equations,

4x
= 1024
2567
32* % 97 =943

3 Solve the equation

362)’— 5 _ 62}— 1

6> 92165

square brackets in the numerator

(2+V3)2=4+9V3+92V3 +3="7+43)

collect like terms in the numerator

multiply numerator and denominator by (2 - V3)
(2+4V8)(2- V3)=4-2V8 +8V8 - 12=-8 + 673
(2 + V3)(2 - V8)=2% - (V3)* =1

divide numerator and denominator by 2

(4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11a fun 2014

(5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Nov 2013

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5b Jun 2012

4 Integers aand b are such that (a+3V5)* + a— bV5 = 51. Find the possible values of a and the
corresponding values of b.

(6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Nov 2014

5 Without using a calculator, express 6(1 +3)~ % in the form a+ 3 , where a and b are integers

to be found.

[4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2 Jun 2014
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6 Do not use a calculator in this question.

2
Express &N\}:%?L in the form p\5 + ¢, where pand qare integers. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2 Nov 2013

7 Do not use a calculator in any part of this question.

a i Showthat 3V5 — 22 isa square root of 53 —12v10. (1]

i State the other square root of 53 — 12v10. (1]

b Express B3 +7v2 in the form a+ b\6, where aand bare integers to be found. (4]
4V8 + 542

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7a,bi,ii Nov 2012

8 Calculators must not be used in this question.

B
V5 -2
A J5-1 C
The diagram shows a triangle ABC in which angle A =90°,
Sides ABand ACare \b — 2 and V5 + 1 respectively.
Find tan Bin the form a+ bV5, where a and b are integers. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7i Jun 2013

9 Given that

qur_- = p"q”r‘, find the values of a, b, and «. [3]

Cambridge |GCSE Additional Mathematics 0606 Paper 12 Q2 Mar 2016

10 Do not use a calculator in this question.

3y / / 7
:x

[ =
5-v3

6+23

The diagram shows two parallelograms that are similar. The base and height, in centimetres, of
each parallelogram is shown. Given that x, the height of the smaller parallelogram,

is —;%_‘i , find the value of each of the integers pand ¢. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q6 Mar 2016
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This section will show you how to:

m use the remainder and factor theorems
m find factors of polynomials

m  solve cubic equations.




Chapter 4: Factors and polynomials

4.1 Adding, subtracting and multiplying polynomials

A polynomial is a an expression of the form
a,x" +a, X"+ a,_ox" % + ... +ax? + ax' +a,
where:
e xisavariable
® nisanon-negative integer
e the coefficients a,,a,_,,a,_ o, ... ,d9,0y,q, are constants
e a, is called the leading coefficient and a, # 0
e g, is called the constant term.

The highest power of x in the polynomial is called the degree of
the polynomial.

You already know the special names for polynomials of degree 1, 2 and 3.
These are shown in the table below together with the special name for a
polynomial of degree 4.

Polynomial expression Degree Name

ax+b, a#0 1 linear
ax®*+bx+c¢, a#0 2 quadratic

ax? +bx®>+cx+d, a#0 3 cubic

ax* +bx® + ex* +dx+e, a#0 4 quartic

The next example is a recap on how to add, subtract and multiply polynomials.

WORKED EXAMPLE 1

If P(x) = 2x* —6x* =5 and Q(x) = x* + 2x — 1, find an expression for

a Px)+Ql(x), b P(x)-Q(x), c 2Q(x), d P(x)Q(x).
Answers
a P(x) o+ Q(x) =92 —6x2—H+ x> +2%—1 collect like terms
=3x>-6x>+2x—6
b P(x) —_ Q(x) = (2x5 - 6.1:2 —_— 5) — (xa + Q% — ]_) remove brackets
= 2x3 — 6;\:2 S xs — 92 +1 collect like terms

=x*—6x*—2x—4

¢ 2Q(x)=2(x*+2x-1)
=2x% +4x -2

d P(x)Q(x)=(2¢* — 6x2 - 5) (x> + 2x — 1)
=2x3(x* +2x — 1) — 622 (x* + 2x — 1) - 5(x* + 2x - 1)
= 2x0 + 4x* — 2x% — 6x° —12x% + 6x2 — 5x* — 10x + 5
= 2x% — 6x° + 4x* —19x> + 6x* —10x + 5
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CLASS DISCUSSION

P(x) is a polynomial of degree pand Q(x) is a polynomial of degree g, where p> q.
Discuss with your classmates what the degree of each of the following polynomials is:

P +QW 2P(x) Q) +5
8w P2(y Q)
t P(Q() | QP() QWP
Exercise 4.1
1 If P(x) = 3x" + 2x* =1 and Q(x) = 2x* + x* + 1, find an expression for
a P(x)+Q(x)
b 3P(x)+Q (x)
¢ P()-2Q()
d P(x)Q(x).
2 Find the following products.
a (2x-1)(4x* +x +2) b (x*+2x2-1)8x+2)
¢ (3x% +2x—5)(x* +x? +4) d (x+2)°(8x° +x-1)
e (x?-5x+2)f f (3x-1)°

3 Simplify each of the following.
a 2x-3)(x+2)+(x+1)(x-1)
b (3x +1)(x? + 5x +2) — (x* — 4x + 2)(x + 3)
c (2x3+x—1)(x?+3x—4)—(x+2)(x3 —x% + 5x + 2)
4 1If f(x) = 2x* —x — 4 and g(x) = x* + 5x + 2, find an expression for
f(x) + xg(x)
[f]
£2(x)
gf (x).

[a] o 1]

a
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4.2 Division of polynomials

To be able to divide a polynomial by another polynomial you first need to
remember how to do long division with numbers.

The steps for calculating 5508 + 17 are:

324
17)5508 Divide 55 by 17
51 3 x 17 =51
40 55 — 51 =4, bring down the 0 from the next column
34 Divide 40 by 17,2 X 17 =34

68 40 — 34 = 6, bring down the 8 from the next column
68 Divide 68 by 17,4 X 17 =68
0 68 —68=0

So 5508 + 17 = 324

|\

dividend divisor quotient
The same process can be applied to the division of polynomials.

WORKED EXAMPLE 2

Divide x® —5x2 +8x —4 by x —2.

Answers
Step 1:
x>
x— Z)xs -5x’+8x—4 divide the first term of the polynomial by x, x® + & = x*
X — 2x° ¢ multiply (x — 2) by 22 w2 =2) = x5 —2x2
—3x% + 8x subtract, (x%— bx?) — (& —2x%) =342

bring down the 8x from the next column

Step 2: Repeat the process

x> —3x
x—9)x°—5x> +8x—4
2 —2x%
-3x% + 8x divide —3x2 by x —3x2+ x =—3x
-3x + bx multiply (x —2) by—3x, —3x(x —2) =—3a” + bx
2x — 4 subtract, (-3x7 + 8x) — (—3x% + Bx) = 2

bring down the —4 [rom the next column

Step 3:Repeat the process

x*—3x+2
x—9)x°—5x° + 8x — 4
x> —2x?
—3x% + 8x
3% + 6x
2x — 4 divide 2x by x;, 2x + x =2
2x — 4 multiply (x —2) by2, 2(x —2) =2x—4
0 subtract, (2x—4) — (24— 4) =0

So (x* —5x? +8x—4) +(x—2) = x* — 8x + 2.
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WORKED EXAMPLE 3

Divide 2x* — x + 51 by x + 3.

There are no x? terms in 2x* — x + 51 so we write it as 2x* + 0x2 — x + 51.

Answers
2x?
x+8)2F+ 022 — x+ 51
20+ 62 |
—6a2° — x

2 Repeat the process

2x* - 6x
x+3) 23 +02— x+51
2% + 622
62— «x
—6x2 — 18x

17x+ 51 thitr:

- Repeat the process

x2— 6x+17
x+3)23+0x* =  x+51
2x® +6x°

6> — x
—6x° — 18x

17x+ 51

17x+ 51
0 ul

So (2x® — x + 51) + (x +3) = 2x2 — 6x + 17.

Exercise 4.2
1 Simplify each of the following.

a (x®+3x% —46x - 48) + (x +1)
¢ (x*—20x? +100x — 125) + (x - 5)
e (x*-3x*-33x+35)+(x-7)
2 Simplify each of the following.
a (3x% +8x2+3x—2)+(x+2)
¢ (3x® —11x* +20) + (x - 2)

(x* —x%=3x+2)+ (x-2)
d (x®-3x—2)+(x-2)
(x* +2x% - 9x —18) + (x + 2)

(6x® +11x2 —3x — 2) + (3x + 1)
d (3x® - 21x® + 4x - 28) + (x - 7)
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3 Simplify.
3x3 —3x% —4x+4 b 9x3 + 9x2 + 25
x—1 x+5
3x% — 50x + 8 4 x* —14x - 15
3x2 +12x -2 x2—=3x-5
4 a Divide x* —1 by (x+1). b Divide x*> —8 by (x — 2).

4.3 The factor theorem

In Worked example 2 you found that x —2 divided exactly into
(x® — 5x? + 8x — 4).

(x* - 5x? +8x—4)+(x—2) = x* —3x +2
This can also be written as:
(x® — 5x2 + 8x — 4) = (x — 2)(x* — 3x + 2)

If a polynomial P(x) is divided exactly by a linear factor x —¢ to give the
polynomial Q (x), then

P(x) = (x — Q).
Substituting x = c¢into this formula gives P(c) = 0.

Hence:

If for a polynomial P(x), P(c) = 0 then x — ¢ is a factor of P(x).

This is known as the fﬁctor theorem.
For example, when x =2,

4x3 - 8x2 —x+2=4(2° -8(2)°-2+2=32-32-2+2=0.
Therefore x — 2 is a factor of 4x® — 8x% — x + 2.

The factor theorem can be extended to:

If for a polynomial P(x), P[E) =0 then ax — b is a factor of P(x).
@

For example, when x = l,
3 2
4x3—2x2+8x—4=4(1) -2(1] +8[l)—-4=l—--1~+4—4=0.
2 2 2 2 2

Therefore 2x — 1 is a factor of 4x3 — 2x2 + 8x — 4.



Cambridge IGCSE and O Level Additional Mathematics

CLASS DISCUSSION

Discuss with your classmates which of the following expressions are
exactly divisible by x — 2.

x3-x2—-x-2 2x3 + H5x2 —4x — 3 x3—4x2+8x -8
2xt— k3 +3x2-92x -5 x> -8 3x3—-8x—8
6x> — 10x2 — 18 W+ x2—4x-4 X+ x+10

~ WORKED EXAMPLE 4

|
Show that x — 3 isa factor of x> -6x2+1lx—-6 by
a algebraic division
b the factor theorem.

Answers
a Divide x* — 6x® +11x — 6 by x — 3.
K- Bx+ 2

x—3)x — 6>+ 1lx— 6

-3x% + 11x
3%+ 9x
2x— 6
2x— 6
0

The remainder =0, so x — 3 is a factor of x®> —6x2 +11x—6 .

b Let f(x)=x%*-6x*+11x—6 if f(8) = 0,then x — 3 is a factor.
£(3) = (8> -6(3)°+11(3)-6
=27-54+33-6
=0
So x -3 isa factor of x® — 6x? + 11x — 6.
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WORKED EXAMPLE 5

2x? + x =1 is a factor of 2x3 — x% + ax + b.
Find the value of ¢ and the value of b.

Answers
Let f(x) = 2x® — x2 + ax + b.

If 2x® + x — 1 = (2x — 1)(x + 1) is a factor of f(x), then 2x — 1 and x + 1 are also factors
of f(x).

Using the factor theorem f ( 1] 0 and f(-1) = 0.

oo e

L ey=0

f(-1) = 0 gives 2(-1)’ = (-1)* +a(-1)+b =0

—2-1-a+b=0
F=h=a et ()

(2)= (1) gives b—3 = —2b

3b=3

b=1
Substituting in (2) gives a =-2.
Soa=-2,b=1.
Exercise 4.3

1 Use the factor theorem to show:
a x—4 isafactorof x®—3x2-6x+8
b x+1 isafactor of x*—3x—2
¢ x—2 isafactor of 5x® —17x2 +28
d 3x+1 isafactor of 6x3 +11x2 — 3x—2.

2 Find the value of @ in each of the following.
a x+1 isafactorof 6x®+ 27x% + ax + 8.
b x+7 isa factor of x*—5x2 — 6x + a.
¢ 2x+3 isafactor of 4x3 + ax? + 29x + 30.

3 x-—2 isafactor of x®+ ax? + bx — 4.
Express bin terms of a.

4 TFind the value of aand the value of b in each of the following.
a x?+3x—10 isafactor of x®+ ax? + bx + 30.
b 2x? -11x+5 isafactor of ax®—17x2 + bx — 15.
¢ 4x?—4x—15 isafactor of 4x® + ax? + bx + 30.
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5 Itis given that x* — 5x + 6 and x® — 6x* + 11x + a have a common factor.
Find the possible value of a.

6 x—2 isacommon factor of 3x*® — (a — b)x — 8 and x* — (a + b)x + 30.
Find the value of @ and the value of b.
7 x—3 and 2x — 1 are factors of 2x® — px* — 2¢x + q.
a Find the value of p and the value of ¢.
b Explain why x +3 is also a factor of the expression.
8 x+a isafactor of x* + 8x? + 4ax — 3a.
a Show that a® — 4a% +3a = 0.

b Find the possible values of a.

4.4 Cubic expressions and equations

Consider factorising x* — 5x? + 8x — 4 completely.

In Worked example 2 you found that (x* — 5x2 + 8x —4) + (x —2) = x? - 3x + 2.
This can be rewritten as: 2 —5x2 +8x—4 = (x—2)(x2 —3x+2).
Factorising completely gives: x> —Bx2 +8x—4 = (x—2)(x—2)(x—1).
Hence if you know one factor of a cubic expression it is possible to then

factorise the expression completely. The next example illustrates three
different methods for doing this.

WORKED EXAMPLE 6

Factorise x* — 3x* —13x + 15 completely.

Answers

Let f(x) = x> — 3x% — 13x + 15.
The positive and negative factors of 15 are +1, 3, £5 and +15.
f) =01 -3x1)*-18x(1)+15=0
| So x —1 isafactor of f(x).
The other factors can be found by any of the following methods.

Method 1 (by trial and error)

f(x) = x* = 3x2 —13x + 15

fN) =0 -3x(1)?-18x1)+15=0

So x —1 isafactor of f(x).
|

£(-8) = (-3’ -3 x(-8)* -18x(-8) +15=0
So x+ 3 is a factor of f(x).
£(5)=(5)° -3 x(5)* =13 x (5) +15 =0

So x —5 isa factor of f(x).
Hence f(x) = (x — 1)(x — 5)(x + 3)
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Method 2 (by long division)

¥— 2x-15
x —1)x°—8x— 13x+15
Pl

—9x% - 13x
9%+ 9x

—15x+ 15

—15x+ 15

0

f(x) = (x = 1)(x2 - 2x — 15)
=(x-1(x-5)(x+3)
Method 3 (by equating coefficients)

Since x —1 isafactor, x> —3x? —13x + 15 can be written as:
x3 —3x2 —13x +15 = (x — 1)(ax® + bx + ¢)

coefficientof x'i1s 1,50 a =1 H constant term is =15, so c=-15

since =1 X =15=15

23 —3x% —18x +15 = (x — 1)(352 + bx - ]5) expand and collect like terms
x> =8x2-183x+15=x*+(b-1)x* +(-b—-15)x + 15
Equating coefficients of x% 6-1=-3
b=-2
f(x) = (x = 1)(x* — 2x - 15)
=(x-1)(x—-5)(x+3)

: Factors and polynomials

WORKED EXAMPLE 7

Solve 2x* —3x* —18x -8 = 0.

Answers
Let f(x) = 2x® —3x® — 18x — 8.
The positive and negative factors of 8 are +1, +2, +4 and +8.
£(-2) = 2(-2)° -3 x (-2)* =18 % (-2) -8 =10
So x + 2 isa factor of f(x).
2x% —3x2 —18x — 8 = (x + 2)(ax? + bx + ¢)

| coefficient of ¥ is 2,50 a =2 H constant term 1s =8, so ¢ = —4

| since 1 X2 ="2

9x% —3x2 —18x—8 = (x + 2)(2362 + bx — 4) expand and collect like terms
2% —3x2 —18x—8=2x"+ (b +4)x* + (20 -4)x— 8
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Equating coefficients of x% b+ 4 = -3
b=-7

f(x) = (x + 2)(2x% - Tx — 4)
=(x+2)(2x+1)(x—4)

Hence (x +2)(2x +1)(x — 4) = 0.

Sox=—20rx=—-%orx=4.

WORKED EXAMPLE 8

Solve 2x% 4+ 7x% = 2x -1 = 0.

Answers
Let f(x) =2x> + 7x® - 2x - 1.
The positive and negative factors of -1 are +1.
f(-1)=2(-1P +7x (-1)2=2x (-1)-1#0

fO) =20 +7x1? -2x1)-1#0
So x —1 and x +1 are not factors of f(x).

1 1\ 1) 1

By inspection, f(E) = 2(5) +7x (EJ -2x (E) -1=0.

So 2x -1 is a factor of:
2x% + Tx? = 2x — 1 = (2x — 1) (ax? + bx + ¢)

b -

—_— — e % —_—

coefficientof 27 is 2, 50 a =1 constant termis —=1. so ¢ =

since 2 X 1=2 sinee ] X ]

2% + Tx? = 2x —1 = (2x — 1)(x2 + bx + 1)
2% + 7x2 =22 —1=2x3 + (26— 1)x® + (2-b)x — 1

Equating coefficients of x% 25 —1=7
b=4
So 2x% + 7x? — 2x — 1 = (2x — 1) (x? + 4x +1).

—4 +42 -4 x1x1

2x1

=2
1]

Q
=
»
1l

4 +9J3
9

or x=-2+3 or x=-2-.3

k- =
1] |
o
d
1]
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Not all cubic expressions can be factorised into 3 linear factors.
Consider the cubic expression x* + x* — 36.
Let f(x) = x* + x* — 36.
£(3)=(3)" +(3)°-36=0
So x — 3 isa factor of f(x).

x% + x% =36 = (x — 3)(ax? + bx +¢)

sy

coefficient of % is 1.s0 a=1|| constant term is—=36, so =12
sincel] X 1=1 since =3 X 12 =-536

2%+ x2 =36 = (x — 3)(x2 + bx +12)
x*+x2-36=x%+(b—-3)x? + (12— 3b)x — 36

Equating coefficients of x?: b —3 =1
b=4
So x* +x% — 386 = (x — 3)(x? + 4x + 12)

(Note: x2 + 4x + 12 cannot be factorised into two further linear factors, since
the discriminant < 0.)

Exercise 4.4
1 a Showthat x—1 isafactor of 2x* —x% — 2x + 1.

b Hence factorise 2x* —x® — 2x +1 completely.

2 Factorise these cubic expressions completely.
a x> +2x2-3x-10 b x*+4x>—-4x-16
¢ 2x® —9x? —18x d x®—8x*+5x+14
e 2% —13x%* +17x+12 f 3x>+2x2-19x+6
g 4x®-8x2-x+2 h 2x? +3x% — 32x + 15

3 Solve the following equations.
a x*-3x2-3%%x+35=0
¢ 3x?+17x* +18x-8=10
e 2x° —3x*-1lx+6=0
g 4x®*+12x2+5x-6=0

xI = 6x>+1lx-6=0
2x% + 3x2 —17x+12=0
2x% +7x2 = bx—4=0
2x% — 8x% — 29x + 60 = 0

= ™ o T

4 Solve the following equations.
Express roots in the form a * blc , where necessary.
a x®+5x2-4x-2=0 b x*+8x2+12x-9=0
€ B+2%%2-7x-2=0 d 2x*+3x2-17x+12=0
5 Solve the equation 2x* + 9x* — 14x — 9 = 0.

Express roots in the form a + b/ , where necessary.
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6 Solve the equation x* + 8x2 + 12x = 9,
Write your answers correct to 2 decimal places where necessary.
7 a Show that x -2 isa factor of x* —x2 —x—2.

b Hence show that x* —x?> —x -2 =0 has only one real root and state
the value of this root.

o

f(x) is a cubic polynomial where the coefficient of x% is 1.
Find f(x) when the roots of f(x) = 0 are
a —2,landb b —5,-2and 4 ¢ -3,0and 2.

w

f(x) is a cubic polynomial where the coefficient of x¥ is 2.
Find f(x) when the roots of f(x) = 0 are
a —-0.5,2and 4 b 0.5, 1and?2 ¢ -1.5,1and 5.

10 f(x) is a cubic polynomial where the coefficient of x” is 1.
The roots of f(x) = 0 are — 3,1+ /2 and 1 - /2.

Express f(x) as a cubic polynomial in x with integer coefficients.
11 f(x) is a cubic polynomial where the coefficient of x? is 2.

1
The roots of f(x) = 0 are 5 2+ /3 and 2 - 3.

Express f(x) as a cubic polynomial in x with integer coefficients.

12 2x + 3 is a factor of 2x* + (a‘-’ + I)xf‘ —3x? + (I — aﬁ)x + 3.
a Show that 4¢” — 9a® +4 = 0.

b Find the possible values of a.

4.5 The remainder theorem

Consider f(x) = 2x® — 4x? + 7x — 37.

Substituting x = 3 in the polynomial gives f(3) = 2(3)° — 4(3)* + 7(3)- 37 = 2.
When 2x* — 4x* + 7x — 37 is divided by x — 3, there is a remainder.

2x° + 2x+ 13
x—3)2x3—4x2+ Tx— 37

2x° — 6x°
2% + 'Tx
2x% — 6x
13x— 37
13x— 39

2
The remainder is 2. This is the same value as f(3).
f(x) = 2x® — 4x? + 7x — 36, can be written as
f(x) = (x - 3)(2x* + 2x + 13) + 2.
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In general:

If a polynomial P (x) is divided by x — ¢ to give the polynomial
Q (x) and a remainder R, then

P(x) = (x—¢)Q(x) + R.
Substituting x = ¢ into this formula gives P(c) = R.

This leads to the remainder theorem:

If a polynomial P(x) is divided by x — ¢, the remainder is P(c).

The Remainder Theorem can be extended to:

b
If a polynomial P(x) is divided by ax — b, the remainder is P(;) :

WORKED EXAMPLE9

Find the remainder when 7x* + 6x* — 40x + 17 is divided by (x + 3) by using
a algebraic division b the factor theorem.

Answers

a Divide 7x + 6x* — 40x +17 by (x +3).
7*+ 15x + 5
x+3)7° + 62— 40x + 17
72 + 212

—15x% — 40x

-15x% — 45x
5x + 17
5x + 15
2

The remainder is 2.
b Let f(x) = 7x® + 6x — 40x + 17.
Remainder = f(-3)
=7(-8)° + 6(-3)° — 40(-3) + 17
=-189 + 54 +120+17
=2
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WORKED EXAMPLE 10

flx)=2x> + ax® —9x + b

When f(x) is divided by x — 1, the remainder is 1.
When f(x) is divided by x + 2, the remainder is 19.
Find the value of a and of &.

Answers
f(x)=2x+ax®—9x+ b
When f(x) is divided by x — 1, the remainder is 1 means that: f(1) = 1.
21 +a(1)*-9()+b=1
2+a-9+b=1
a+b=8-——n(l)
When f(x) is divided by x + 2, the remainder is 19 means that: f(-2) = 19.
2(-2)* +a(-2)* -9(-2)+b =19 .
~16+4a+18+b=19 |
4da+b=17 —(2)

(2) = (1) gives 3a =9
a=3
Substituting @ = 3 in equation (2) gives b =5. |

-‘ a=3and b=5 |

Exercise 4.5
1 Find the remainder when
a x*+2x®-x+3 isdividedby x -1
b x*—-6x>+11x—7 isdivided by x -2
¢ x®—3x%-33x+30 isdivided by x+2
d 2x® —x? —18x+11 is divided by 2x — 1.

2 a When x® +x? + ax — 2 isdivided by x — 1, the remainder is 5.
Find the value of a.
b When 2x* — 6x® + 7x + b is divided by x + 2, the remainder is 3.
Find the value of b.
¢ When 2x® + x? + ex =10 is divided by 2x — 1, the remainder is —4.
Find the value of .
3 f(x)=x*+ax>+bx—-5
f(x) has a factor of x — 1 and leaves a remainder of 3 when divided by x + 2.
Find the value of aand of b.
4 f(x) =x>+ax*+1lx+b
f(x) has a factor of x — 2 and leaves a remainder of 24 when divided by x —5.
Find the value of @ and of b.
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5 flx)=x>-2x>+ax+b
f(x) has a factor of x —3 and leaves a remainder of 15 when divided by x + 2.
a Find the value of a and of b.
b Solve the equation f(x) = 0.

6 f(x)=4x®+8x*+ax+b
f(x) has a factor of 2x —1 and leaves a remainder of 48 when divided by x — 2.
a Find the value of ¢ and of &.
b Find the remainder when f(x) is divided by x — 1.

7 f=2x>+(a+1)x2—ax+b
When f(x) is divided by x — 1, the remainder is 5.
When f(x) is divided by x — 2, the remainder is 14.
Show that a = —4 and find the value of b.

8 f(x)=ax®+bx*+5x—-2
When f(x) is divided by x — 1, the remainder is 6.
When f(x) is divided by 2x + 1, the remainder is —6.
Find the value of a and of b.

9 fW)=x®-bHx2+ax+b
f(x) has a factor of x — 2.
a Express bin terms of a.
b When f(x) is divided by x + 1, the remainder is —9.
Find the value of @ and of &.

10 f(x) = x® + ax® + bx + ¢
The roots of f(x) =0 are 2, 3, and k.
When f(x) is divided by x — 1, the remainder is —8.
a Find the value of k.
b Find the remainder when f(x) is divided by x + 1.
11 f(x) = 4%® + ax® + 18x + b
f(x) has a factor of 2x —1 and leaves a remainder of 21 when divided by x -2,
a Find the value of @ and of b.
b Find the remainder when the expression is divided by x + 1.
12 f(x) = x3 — 8x? + kx — 20
When f(x) is divided by x — 1, the remainder is R.
When f(x) is divided by x — 2, the remainder is 4R.
Find the value of k.
13 f(x) = x> + 2x2 -~ 6x + 9
When f(x) is divided by x + a, the remainder is R.
When f(x) is divided by x — a, the remainder is 2R.
a Show that 3a® — 24% —18a -9 = 0.

b Solve the equation in parta completely.
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14 f(x) = x> + 6x2 + kx — 15

When f(x) is divided by x — 1, the remainder is R.

When f(x) is divided by x + 4, the remainder is —R.

a Find the value of k.

b Hence find the remainder when the expression is divided by x + 2.
15 P(x)=5(x—1)(x—2)(x—3)+a(x—1)(x—2)+b(x—1)+c¢

It is given that when P(x) is divided by each of x— 1, x— 2 and x— 3 the remainders are 7, 2 and 1
respectively. Find the values of @, b, and c.

CHALLENGE Q
16 f(x) = x> + ax®> + bx + ¢
The roots of f(x) =0 are 1, k,and k& + 1.
When f(x) is divided by x —2, the remainder is 20.
a Show that k% — 3k —18 = 0.
b Hence find the possible values of k.

Summary
n The factor theorem:
If, for a polynomial P(x), P(¢) =0 then x — ¢ is a factor of P(x).

If, for a polynomial P(x), P(EJ = 0 then ax — b is a factor of P(x).
a
The remainder theorem:

If a polynomial P(x) is divided by x — ¢, the remainder is P(c).

: b
If a polynomial P(x) is divided by ax — b, the remainder is P[;) .
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Examination questions

Worked example

The function fis such that f(x) = 4x3 — 8x2 + ax + b, where aand bare constants. It is given that
9x — 1 is a factor of f(x) and that when f(x) is divided by x + 2 the remainder is 20. Find the
remainder when f(x) is divided by x — 1. (6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2011

Answer
f(x) =4x® —8x®> +ax+b

If 2x — 1 is a factor, then f %) = 0.
3 )

(3] -o(3) +o(3)
2 2 2

é—2+a( )+b=0

Remainder = 20 when divided by x + 2, means that f(-2) = 20.
4(-20° -8(-2* +a(-2)+b=20
-32-32-2a+0b=20

From (1) a =3 — 2b.
Substituting in (2), gives: —2(3 — 2b) + b = 84

—-6+4b+b =84
56 = 90
b=18

So a=-33, b =18.

Remainder when f(x) = 4x® — 8x? — 33x + 18 is divided by (x — 1) is f(1).
Remainder = 4(1)° — 8(1)* —33(1) + 18

=4-8-33+18

=-19
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Exercise 4.6

Exam Exercise

1 a Show that x — 2 is a factor of 3x* — 14x? + 32. m
b Hence factorise 3x® —14x2 + 32 completely. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12i,ii Nov 2012

2 The function f(x) = ax® + 4x> + bx — 2, where aand b are constants, is such that 2x — 1 isa
factor. Given that the remainder when f(x) is divided by x — 2 is twice the remainder when
f(x) is divided by x + 1, find the value of @ and of b. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6 Nov 2013

3 a The remainder when the expression x* + 9x* + bx + ¢ is divided by x — 2 is twice the
remainder when the expression is divided by x — 1. Show that ¢ = 24. [5]

b Given that x + 8 is a factor of x? + 9x” + bx + 24, show that the equation
x* +9x% + bx + 24 = 0 has only one real root. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1041 Nov 2012

4 The expression x* + 8x” + px — 25 leaves a remainder of R when divided by x — 1 and a
remainder of —R when divided by x + 2.

a Find the value of p. [4]

b Hence find the remainder when the expression is divided by x + 3. [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q54,ii fun 2011

5 Factorise completely the expression 2x* —11x* — 20x — 7. (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Nov 2010

6 The expression x3 + ax® — 15x + b has a factor of x — 2 arid leaves a remainder 75 when divided
by x + 3. Find the value of a and of &. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2 Nov 2010

7 The polynomial f(x)=ax"+7x"—9x+b is divisible by 2x— 1. The remainder when f(x) is
divided by x— 2 is 5 times the remainder when f(x) is divided by x + 1.

i Show that ¢ = 6 and find the value of A. [4]

ii  Using the values from part a, show that f(x)=(2x— 1)({7;\:2 +dx+ e), where ¢, d and eare
integers to be found. (2]

ili Hence factorise f(x) completely. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q7 Mar 2016




Equétions, inequalities and graphs

This section will show you how to:

® solve graphically or algebraically equations of the type | ax +b| =| cx + d|

® solve graphically or algebraically inequalities of the type |ax+5|>¢ (¢=0),
lax+b|=<c¢ (¢>0) and |ax +b| <|cx +d|

® solve cubic inequalities in the form k(x—a)(x—b)(x—c¢) < d graphically
# sketch the graphs of cubic polynomials and their moduli, when given in factorised form

# use substitution to form and solve quadratic equations.
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5.1 Solving equations of the type |ax+ b|=]cx+ d|

CLASS DISCUSSION

Using the fact that | p|2 = p* and |q|2 =¢° you can say that:
£ ~¢*=|pl ~|qf
Using the difference of two squares then gives:
#* =" =(|l-1a1)(| 2l +I41)
Using the statement above, explain how these three important results can be obtained:
(The symbol < means ‘is equivalent to’.)
* |tl=lg & #°=¢
* [pl>lgl & 2" >¢
* lpl<lgl & p*<g’ ifg=0

The next worked example shows you how to solve equations of the form
|ax +b| =|ex+d| using algebra. To solve this type of equation you can use the
techniques that you learnt in Chapter 1 or you can use the rule:

lp|=ld| & »*=4

v xVb=vab |

Solve the equation |x — 5| = |x + 1| using an algebraic method.

Answers

Method 1
|2 =5| =|x+1]
x=b=x+1 or x-b5=—(x+1)
‘ 0=6 or 2x=4 0= 6is False
x=2
CHECK: |2 = 5| =2 + 1|/

The solution is x=2

Method 2 |
x5 =|x+1] om0 ) BTN
(x=5)P=(x+1) expand
x* —10x +25 = x? + 2x + 1 simplify
12x=24

x=2
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The equation |x—5|=|x+1| could also have been solved graphically.

\':!-\ + [| J"=|X—-5l
/.o/.-

A

//
Do v e ooy

Y
2 1 b 8 [ 10 | 12%

The solution is the xcoordinate where the two graphs intersect.

WORKED EXAMPLE 2
Solve the equation |2x + 1| =[x — 3| using an algebraic method.
Answers
Method 1
[2x + 1] =|x - 3|
2x+1=x-3 or 2x+1=—=(x—-3)
x=—4 or x=2
2
T8
CHECK: |2(~4) + 1] =|~4 8|V, |25 fl ‘ -.‘ v
Solution is' x = % or x=—4
Method 2
[2x+1] =[x 3| use [p| =[q| & p* =¢*
(2x+1)° = (x - 3)° expand
45 +4x+1=x"-6x+9 simplify
3x*+10x-8=0 factorise

B3x—2)(x+4)=0

x=—or x=—4
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The equation |2x+1|=|x—3| could also be solved graphically.

y=|2x+1| y=|%=3

T

6 8 10 12X

IO_

From the graph, one of the answers is clearly x=—4. The exact value of the other answer is not so
obvious and algebra is needed to find this exact value.

The graph of y=|x—3| can be written as:
y=x—3 if x=3
y=—(x-3) if x<3

The graph of y=|2x+1| can be written as:
y=2x+1 if x;—l
2
y=—(2x+1) if x<~é

The second answer is found by ﬁn(iing the x value at the point where y=—(x—3) and y=2x+1

intersect.
2x+1=-x-3
2x+1=—-x+3
3x=2
2

3

. 2
Hence the solution is x=—4 or x = g :
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WORKED EXAMPLE 3

Solve |x +4|+|x—5| =11.

Answers
|x+ 4] +|x—5] =11 subtract |x — 5| from both sides
|[x+4|=11—|x— 5| split the equation into two parts
x+4=11—|x-5] -——(1)
x+4=|x-5[-11 ——(2)
Using equation (1)
|[x-5]=7-x split this equation into two parts
x—b=T7—x  or x—5=—(7-x)
2x=12 or =-2 0 =-2is false
x=6
Using equation (2)
[x—5]=x+15 split this equation into two parts
x-5=x+15 or x—5=—(x+15)
0=20 or 9x=-10 0 = 20 is false
x=-5
CHECK: [6 + 4| +|6—-5| =11V, |-5 + 4| +|-5-5| =11V

The solution is x=6 or x=-5.

Exercise 5.1

1 Solve.
a |2x-1|=|x| b |x+5|=|x—4] ¢ [2x-3|=|4-x
d |5x+1|=|1-3x] e |1-4x|=|2-x| f ‘1—§‘=|3x+2|
1
g [3x—2|=|2x+5| h |2x-1]=2|3—x] i |2—x|=5§x+1

2 Solve the simultaneous equations y=|x—5| and y=|8—x|.
3 Solve the equation 6|x+2|" +7|x+2|—-3=0.

4 a Solve the equation x° —6|x|+8=0.
b Use graphing software to draw the graph of f(x)=x*—6|x|+8.
¢ Use your graph in part b to find the range of the function f.

C‘HAI.:'LENGE‘ Q
5 Solve the equation |x+1|+|2x—3|=8.
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CHALLENGE Q

6 Solve the simultaneous equations y=|x—5| and y=|3—2x|+2.

CHALLENGE Q
7 Solve the equation 2| 3x+ 4y—2‘ +3./25 —=5x+2y=0.

5.2 Solving modulus inequalities

Two useful properties that can be used when solving modulus inequalities are:

|p|$q & —qg=psg and |p|;zq & ps=—q or p=q

r,

The following examples illustrate the different methods that can be used when solving modulus inequalities.

Solve |2x — 1] < 3.

Answers
“ Method 1 (using algebra)
12x = ]! =3 luse if-' <g = g<p<yg
-3<2x—1<3
-2<2x <4
-l<x<?2

Method 2 (using a graph)
The graphs of y =|2x — 1| and y= 3 intersect at the points A and B.

2x—1 if xBl
[2x—1] = 12 |
L =(2x-1) if x<§ i
At A, the line y=—(2x— 1) intersects the line y=3.
—(2x—1)=3
-2x+1=3
2x =2 \/
S : _ 2 10 1 2 8%
At B, the line y=2x— 1 intersects the line y= 3. 14
2x-1=3
2x=4
x=2

To solve the inequality | 2x — 1| < 3 you must find where the graph of the function
y =|2x — 1| is below the graph of y=3.
| Hence, the solution is -1 < x< 2.
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' WORKED EXAMPLE 5

Solve | 2x + 3| > 4.

Answers
Method 1 (using algebra)

|2x+31 >4 use | I;’_:| > & p<—q or p>g

2x+3<-4 or 2x+3>4

2x<-7 or 2x >1
¥<—==  Or x> =
2 2

Method 2 (using a graph)

The graphs of y =|2x + 3| and y= 4 intersect
at the points A and B.

2x+3 if x=-1

|[2x + 3| = <

1
9
—(2x+3) if x<—1%

At A, the line y=—(2x+ 3) intersects the line y=4.

—(2x+3) =4
—2x-3 =4
2x =T

7

X =——

2

At B, the line y=2x+ 3 intersects the line y=4.

2x+8 =4
2x =1
1

x ==
2

To solve the inequality | 2x + 3| > 4 you must find where the graph of the function
y =|2x + 3| is above the graph of y=4.
1

. 7
Hence, the solution is x < '"‘é‘ or x > E
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WORKED EXAMPLE 6

Solve the inequality |2x +1| = |3 - x| .

Answers
Method 1 (using algebra)
|2x +1] =8 - x|
(2x+1) = (3-x)°
4x> +4x+12= 9 - 6x + x?
3x? +10x -8 =0
(3x-2)(x+4)=0

Critical values are g and —4.

y=3a%+10x - 8

-

3

Hence,x = -4 or x =

©o | o

Method 2 (using a graph)
The graphs of y =|2x + 1| and y =|3 — x| intersect at the points A and B.

2x+1 if xa—l

=2x+1) £ =x< —%

x—3 if x=3
—(x-3) if x<3

| 2%+ 1| =
|

|3 -x|=|x-3| =

At A, the line y=—(2x+ 1) intersects the line y=—(x— 3).

i 2x+1 =x-3
| =-4
| At B, the line y=2x+ 1 intersects the line y=—(x— 3).
| 2+ 1=—(x-9)
3x=2
=

3
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To solve the inequality | 2x + 1| = |3 — x| you must findwhere the graph of the
function y =|2x + 1] isabove the graph of y =3 — x|.

Hence, x = -4 or x = % |

Exercise 5.2

LR R

] 123545678910%
The graphs of y=[x-2| and y=|2x-10| are shown on the grid.
Write down the set of values of x that satisfy the inequality |x—2| >|2x—10|.

2 a On the same axes sketch the graphs of y=|3x-6| and y=|4-x|.
b Solve the inequality |3x—6|=|4 —x|.

3 Solve.

a |2x—3|>5 b |4-5x|<9 c |8-3x|<2

d [2x-7|>3 e [3x+1|>8 f |b—2x|<7
4 Solve.

a |2x-3|=sx-1 b |5+x|>7-2x ¢ |x—-2/-8x=1
5 Solve.

a |2x-1|<|3x] b |x+1]|>|x| c |x[>]|3x-2]

d |4x+3|>|x| e |x+3|=|2x| f |2x|<|x-3|
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6 Solve.
a |x+1|>|x—4 b |x—2|=|x+5| ¢ |x+1|<|3x+5|
d |2x+3|<|x-3| e |x+2|<%x—5‘ f |3x-2|=|x+4|
7 Solve.
a 2/x-3[>|3x+1]| b 3|x-1|<|2x+1] € |2x-5|<3|2x+]|

8 Solve the inequality |x+2k|=|x—3k| where kis a positive constant.

9 Solve the inequality |x +3k| < 4|x— k| where kis a positive constant.

CHALLENGE Q
10 Solve |3x+2|+|3x—2|<8.

5.3 Sketching graphs of cubic polynomials and their moduli

In this section you will learn how to sketch graphs of functions of the form y= k(x —a)(x—b)(x—¢) and
their moduli.

When sketching graphs of this form you should show the general shape of the curve and all of the axis
intercepts.

To help find the general shape of the curve you need to consider what happens to

e yas xtends to positive infinity (i.e. as x — +oo)

e yas xtends to negative infinity (i.e. as x — —0)

WORKED EXAMPLE 7

a Sketch the graph of the function y=(2x—1)(2—x) (x+1).
b Hence sketch the graph of y=|(2x—1) (2—x) (x+1)|

Answers

a Whenx=0,y=-1x2x1=-2.
.. The curve intercepts the y-axis at (0, =2).

When y=0, (2x—-1)(2-x)(x+1)=0
2x—1=0 2-x=0 x+1=0

xX=— x:? x=—1

2
.. The curve intercepts the x-axis at (é, 0), (2, 0) and (-1, 0).
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As X — +oo, y — —o0
As x —> —o0, y — 0
The graph of the function y= (2x—1)(2 - x) (x+ 1) is:

2 y=(2x- 1)(2-x)(x+1)

A
2

b To sketch the curve y =|(2x —1)(2—x)(x +1)| you reflect in the x-axis the parts
of the curve y = (2x —1)(2 — x)(x + 1) that are below the x-axis.

P y=(@x-1)(2 =) (x+1)|

ro|—

WORKED EXAMPLE 8

a Sketch the graph of the function y = (x —1)* (x + 1).
b Hence sketch the graph of y = I(x—1)2(x + 1)‘.

Answers
a Whenx=0,y=(-1)2x1=1.
. The curve intercepts the yaxis at (0, 1).
When y=0, (x—1)(x=1)(x+1) =0
x—1=0 x—1=0 x+1=0
x =1 (repeated root) x=-1
The curve intercepts the x-axis at (1, 0) and (-1, 0).

As X — too, y—> +o0
AsiX—» —oo/y —p—ba
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The graph of the function y = (x — 1)% (x + 1) is:

y=(x=1)"(x+1)

¥
ik
1 0

b To sketch the curve y = ’(x -1 (x+ 1)‘ you reflect in the x-axis the part of the
curve y = (x —1)*(x + 1) that is below the x-axis.

y

’ y=](x=1)%(a+1)]
\ﬂ
-1 0

In worked examples 7 and 8, you considered the value of yas x — * e to determine the shape of the
cubic curve. It is often easier to remember that for a curve with equation y=k(x— a)(x— b) (x— ¢) the
shape of the graph is:

/\/ if kis positive \/\ if kis negative

Exercise 5.3

1 Find the coordinates of the points A, Band C
where the curve intercepts the x-axis and the )
point D where the curve intercepts the
positive y-axis.

L

/4 0 B C x

2 Sketch each of these curves and indicate clearly the axis intercepts.
a y=(x—2)(x—4)(x+3) b y=(x+2)(x+1)(3-x)
¢ y=2x+1)(x+2)(x—2) d y=(3-2x)(x—1)(x+2)

3 Find the coordinates of the point A and the point B,
where A is the point where the curve intercepts the

positive x-axis and Bis the point where the curve
intercepts the positive y-axis.

-
|
o
<
-

y y=2(x+ 1)°(7

B
4
0
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4 Sketch each of these curves and indicate clearly the axis intercepts.

a y=x2(x+2) b y=x*(5-2x)
¢ y=(x+1)*(x-2) d y=(x-2)*(10-3x)
5 Sketch each of these curves and indicate clearly the axis intercepts.
a y=|(x+1)(x—2)(x-3)| b y=|2(5-2x)(x+1)(x+2)|
¢ y=|x(9-x) d y=|3(x-1)2(x+1)‘

6 Factorise each of these functions and then sketch the graph of each function indicating clearly the
axis intercepts.

a y=9-x° b y=x>+4x2+x-6
¢ y=2x%+x?-25x+12 d y=2x*+3x?—29x - 60
7 a On the same axes sketch the graphs of y=x(x—5)(x—7) and y==x(7-x), showing clearly the
points at which the curves meet the coordinate axes.

b Use algebra to find the coordinates of all the points where the graphs intersect.
8 a On the same axes sketch the graphs of y=(2x—1)(x+2)(x+1) and y=(x+1)(4~-x), showing
clearly the points at which the curves meet the coordinate axes.
b Use algebra to find the coordinates of all the points where the graphs intersect.

CHALLENGE Q
9 The diagram shows the graph
of y=k(x—a)’ (x—b).

LF.H’_._...-??\{

Find the values of @, band k. 4
2-
-1 1 2 g
94
_4_-

CHALLENGE Q

10 The diagram shows the
graph of
y=|k(x—a)(x—b)(x—c)|
where a< b< ¢

Find the values of a, b,
cand k.

-2

—9
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5.4 Solvingcubicinequalities graphically

In this section you will learn how to use a graphical method to solve inequalities of the
form k(x—a)(x—-b)(x—c)<d.

WORKED EXAMPLE 9 1
] P=— (\—3){\—2)('\+ 2}

V
= I
The diagram shows part of the s
graph of y = é{x -3 (x—2)(x+2).
Use the graph to solve the
inequality (x — 3)(x — 2)(x + 2) < 6.
-3 4 X
o)
-3
Answers
(x—3)(x-2)(x+2)=6 divide both sides by 6
1
=(x=3)(x~2)(x+2) =1
ﬁ(x ) =2)(x +2) y _;,=% (x=38) (x=2)(x+2)
8
L You need to find where the e I
Curvey=~:5-(x—3)(x—2)(x+2) /‘} B
is below the line y= 1. . \ e y=1
/ : NI /
The red sections of the graph / | e \‘_ = / !
represent where the -3 —,Q =1  EmmEy AEREkInaar. M
f Eee
curve y = %(x -3N(x-2)(x+2) }.'“}
f _9.
is the line y=1. / 2
! =5
The solutionis x < -1.6 or 1 = x=3.6.
Exercise 5.4 3
1 The diagram shows part of the graph of y=x(x—2)(x+1). 5. y=x(x-2)(x+1)
Use the graph to solve each of the following inequalities _
a x(x-2)(x+1)=<0, HERQ N
b x(x—2)(x+1)=1,
¢ x(x-2)(x+1)=-2. -2 g X
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2 The diagram shows part of the graph of y=(x+1)?(2-x).

Use the graph to solve each of the following inequalities
a (x+17(2-x)=0,
b (x+1)7(2-x)<4,
¢ (x+1P%(2-x)<3.

3 The diagram shows part of the graph

of y=(1-x)(x—2)(x+1).

Use the graph to solve each of the following inequalities

a (1-x)(x—-2)(x+1)=<-3,
b (1-x)(x—2)(x+1)=<0,
¢ (I-x)(x—2)(x+1)=-1.

-3t

_2'. ._i

5.5 Solving more complex quadratic equations

You may be asked to solve an equation that is quadratic in some function of x.

 WORKED EXAMPLE 10

Solve the equation 4x*—17x%+4=0.

Answers

4y-1=0 or
= S
174
x?=l or
4
=t or

P | =

Method 1 (substitution method)
4x* 175 +4=0

4y* -17y+4=0
(49-1)(y-4)=0

y—4=0

y=4

. - £
use the substitution y= x*
factorise

solve

. S
substitute x= for y
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Method 2 (factorise directly)
4x* -17x* +4=0

WORKED EXAMPLE 11
I

1
Use the substitution y=x% to solve the equation 3x? —5x% +2=0.

|ra

Answers
2 1
3x3 —5x3+2=0
3y —5y+2=0
(3y-2)(y-1)=0
i1 3y-2=0 or y—-1=0
== or =1
¥ 3 y
1 1
x?’=g or x3 =1
3 |
8 |
x:(g) or x=(1)*
3 |
xz-g% or =1

WORKED EXAMPLE 12

Solve the equation x—4+/x —21=0.

Answers
x—4Jx-21=0
32 —4y-21=0
(»=7)(y+3)=0
y=7= or y+3=0

0
7 or y=-3
7 or J;:—S Y h1as al solutions

W
]

49
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WORKED EXAMPLE 13

Solve the equation 8(4%)-33(2")+4=0.

Answers

8(42)_33(2x)+4=0 1 can be written as |.—| : —I .Il-:

8(2")2—33(2’)+4=0 let y=2
8y>-33y+4=0
(8y-1)(y-4)=0

Exercise 5.5
1 Find the real values of x satisfying the following equations.
a x*-b5x+4=0 b x'+x*-6=0 c x*-20x*+64=0
d x*+2x*-8=0 e x'-4x*-21=0 f 2x*'-17x’-9=0
2 1 8 7
4x* +6=11x" h =+—==6 i —+—==1
g X X x‘ x2 xﬁ x3

2 Use the quadratic formula to solve these equations.

Write your answers correct to 3 significant figures.

a x'-8x2+1=0 b x*-b5x?-2=0 c 2% +x2-5=0
d 2x°-3x*-8=0 e 3% -5x"-2=0 f 2®-7x'-3=0
3 Solve.

a x—7Jx+10=0 b x—/x-12=0 ¢ x+5Jx—-24=0

d Vx(2+x)=35 e 8x—18/x+9=0 f 6x+11Jx—-35=0
5 4

2x+4=9 h 3Jx+—==16 i 2Vx+—=9
g 2x Jx Jx 7 Jx 7

2 1
4 Solve the equation 2x* —7x% +6=0.

5 The curve y= Jx and the line 5y=x+4 intersect at the points Pand Q.
a Write down an equation satisfied by the xcoordinates of Pand Q.

b Solve your equation in part a and hence find the coordinates of Pand Q.

6 Solve.
a 2%-6(2°)+8=0 b 3™-10(3")+9=0 ¢ 2(2%)-9(2")+4=0
c 3*-28(3°)+9=0 d 2%-33(2*)+8=0 e 3™7+3(3")-2=0
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7 f(x)=2" and g(x)=4x*+7x. Solve gf(x)=2.
8 f(x)=x"-2 and g(x):x'-’_g,x_ Solve gf (x)=6.

9 f(x)=x"+3x and g(x)=x"—4x. Solve gf (x)=0.

Summary
Solving modulus equations

To solve modulus equations you can use the property:
|a|l =8| & a? = b2

Solving modulus inequalities
To solve modulus inequalities you can use the properties:
la|=b ©-b<sa<b
lal|=b ©a=<-b or a=h
lal >|b] & a* > b2
lal <|bl & a®> < b2, b #0
The graph of y=k(x—a)(x-b)(x—c)
The x-axis intercepts are (a, 0), (b, 0) and (¢, 0).

n The shape of the graph is
/\// if k is positive \_/\ if k is negative

The graph of y=|k(x-a)(x-b)(x-c)|
To sketch the curve y =|k(x—a)(x—5)(x—c)| you reflect in the x-axis the parts of
the curve y=k(x—a)(x—b)(x—c) that are below the x-axis.
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Examination questions

Worked example

a On the same axes sketch the graphs of y= x%(x—2) and y= x(6 — x), showing clearly
the points at which the curves meet the coordinate axes. [5]

b Use algebra to find the coordinates of the points where the graphs intersect. (6]
Examination style question

Answers
a The graph of y= x?(x— 2):
When x=0, y=02x (-2) =0.
.. The curve intercepts the y-axis at (0, 0).
When y=0, x?(x—2)=0
x=0 x=0 x—2=0
x=0 (repeated root) x=2
.. The curve intercepts the x-axis at (0, 0) and (2, 0).
As x = +oo, y = +oo
AS x — —oo0, y — —c0
The graph of y= x(6 — x):
When x=0,y=0x6=0.
. The curve intercepts the y-axis at (0, 0).
When y=0, x(6 - x) =0
x=0 6-x=0
¥=10 x=6
.. The curve intercepts the x-axis at (0, 0) and (6, 0).
As x —> +o0, y = —c0
As x — —o0, y = —c0
Y

y=x(x-6)
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b At the points of intersection:
x2(x—2) =x(6— x)
x2(x—2) —x(6-2x) =0
x[x(x—2)—-(6-x)]=0
x(F—x—6) =0

x(x—3)(x+2) =0

x=0 or x=3 or x=-2

x=0 = y=0

x=3 = y=9

x=-2 = y=-16

The points of intersection are (-2, -16), (0, 0) and (3, 9).

Exercise 5.6
Exam Style Exercise
1 Solve the equation |2x — 3| =|3x - 5|. [3]
Examination style question
2 Solve the inequality | 2x — 1| > 7. (3]
_ 108 Examination style question
3 Solve the inequality | 7 — 5x| < 3. (3]
Examination style question
4 Solve the inequality | x| > |3x — 2|. [4]
Examination style question
5 Solve the inequality |x — 1] <|x + 2]. [4]

Examination style question

6 Solve the inequality | x + 2| <

1

—x—1l. 4
" .
Examination style question

7 Solve the inequality | x + 2k| > | x — k| where kis a positive constant. [4]
Examination style question

8 a Solve the equation |x — 13| = 14. [3]
b Hence solve the equation |y* — 13| = 14. [1]

Examination style question

9 Sketch the graph of y=x(3-2x)(x—4), showing clearly the points at which the curve meets the
coordinate axes. [3]

Examination style question

\. _/
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10 Sketch the graph of y=2(2x—1)(x—3)(x+1), showing clearly the points at which the curve

meets the coordinate axes.

[4]

Examination style question

11 y

3 ::2 (x+1) (x—1)(2-2)

: //\

1

The diagram shows part of the graph of y=2(x+1)(x-1)(2-x).
Use the graph to solve the inequality (x+1)(x—1)(2-x)>-1.

(3]

Examination style question

12 Sketch the graph of y=(x—4)(x—1)(x+2), showing clearly the points at which the curve

meets the coordinate axes.
Hence sketch the curve y =|(x —4)(x—1)(x+2)|.

[4]
(1]

Examination style question

13 a  Factorise completely x* +x* - 6x.

(3]

b Hence sketch the curve with equation y=x’+x* —6x, showing clearly the points at which

the curve meets the coordinate axes.

[3]

Examination style question

14 a  On the same axes sketch the graphs of y=(x-3)(x+1)" and y= E, showing clearly the

points at which the curves meet the coordinate axes. &

b Hence state the number of real roots of the equation (x—3)(x+1)’ = E
X

(5]
(1]

Examination style question

15 a Factorise completely 2x°> +x* —25x+12.

(5]
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b Hence sketch the curve with equation y=2x"+x* —25x+12, showing clearly the points at
which the curve meets the coordinate axes. [4]

Examination siyle question

16 a On the same axes sketch the graphs of y=x*(6—x) and y=4x(4-x), showing the points
at which the curves meet the coordinate axes. [5]

b Use algebra to find the coordinates of the points where the graphs intersect. [6]

Examination style question

o J

110



This section will show you how to:

use simple properties of the logarithmic and exponential functions including In x and e*

use graphs of the logarithmic and exponential functions including In x and e*and graphs of ke"*+a
and k In(ax+ b) where n, k, a and b are integers

use the laws of logarithms, including change of base of logarithms
solve equations of the form a* =b,
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6.1 Logarithms to base 10

Consider the exponential function f(x) = 10*. ][}[%L y=10*
To solve 10* = 30.

You cansay 10' =10 and 10? = 100. 80

So 1< 2

The graph of y = 10* could be used to give a 604

more accurate value for x when 10* = 30.

From the graph, x = 1.48. 40
There is a function that gives the value of x directly.

If 10* = 30 then x = log,,30.
log ;30 is read as ‘log 30 to base 10".
log is short for logarithm.

1 (0]

_ . Note:
~ 1ogjp30 can also be written as lg 30 or log 30.

On your calculator, for logs to the base 10, you use the iog‘ or I\[g key.
So if 10* = 30
then x =log,,30

x =1.477 to 4 sf.

112

Hence the rule for base 10 is:
If y=10" then x =loggy-
This rule can be described in words as:

logjgy is the power that 10 must be raised to in order to obtain .

For example, log,,100 = 2 since 100 = 102.

y=10% and y = log,,x are inverse functions.
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CLASS DISCUSSION

Discuss with your classmates why each of these four statements is true.

( logjp10=1 ) ( logjpl=0 J log)p10* = x for x eR Cx =10'"8v* for x>0 )

WORKED EXAMPLE 1

a Convert 10* =45 to logarithmic form.

b Solve 10* = 45 giving your answer correct to 3 sf.

Answers
a Method 1

10* =45

Step 1: Identify the base and index: The base is 10. The index is x.

Step 2: Start to write in log form: In log form the index always goes on its
own and the base goes at the base of the
logarithm. So x = log,?

Step 3: Complete the log form: Fill in the last number. X = log,45

Sox = 10g1045.

Method 2
10* =45
log10* = log;y45 Take logs to base 10 of both sides. log,10* = x
x =log 045
b 10*=45
x = Iogm45

x =1.65
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a Convert log;yx = 2.9 to exponential form.

b Solve log)yx = 2.9 giving your answer correct to 3 sf.

Answers
a Method 1
logpx = 2.9
Step 1: Identify the base and index: The base is 10. The index is 2.9.
(In log form the index is always on
its owrl.)

Slcp 2: Start to write in exponentia! form: Write the base and the index first.

29

So 10~ =¢
Step 3: Complete the exponential form: — x = 107
So x =10**

Method 2
logmx = 2-9
10'9810*= 1029 10l0%10% = x
x =10%*
b logipx=2.9
=105
114 x =794

WORKED EXAMPLE 3

Find the value of

a log100 000 b log,,0.001 ¢ log,,100410.
Answers
a log,,100 000 = log,,10° write 100 000 as a power of 10, 100 000 = 10°
=5
b log,,0.001 = l(}gml()_3 write 0.001 as a power of 10, 0.001 = 10
=-3

(& Ioglol[][),,‘l - 10g10102-5 write 100 /ﬁ as a power of 10
=95 100-/10 = 102 x 10%5 = 1023
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Exercise 6.1
1 Convert from exponential form to logarithmic form.
a 10° = 1000 b 10% =100 ¢ 10° =1000000
d 10 =2 e 10=15 f 10* =0.06
2 Solve each of these equations, giving your answers correct to 3 sf.
a 10 =175 b 10* =300 c 10 =720
d 10* =15.6 e 10* =0.02 f 10* =0.005
3 Convert from logarithmic form to exponential form.
1
1g 100000 = 5 b lglo=1 c lg——=-3
a0 5 & 1000
d lgx=75 e lgx=17 f lgx=-08
4 Solve each of these equations, giving your answers correct to 3 sf.
a lgx=25.1 b lgx=3.16 c lgx=216
d lgx=-03 e lgx=-15 f lgx=-284
5 Without using a calculator, find the value of
a 1g10000 b 1g 0.01 ¢ lg10
1000
Ig (¥10 lg (10410 lg | —=|.
d Ig (¥10) e lg (10V10) fg[m)

6.2 Logarithms to basea

In the last section you learnt about logarithms to the base
of 10.

The same principles can be applied to define logarithms
in other bases.

If y = a* then x = log,y. /

f"
'o' | - y ¥
/ } ltl%"”'\

log,a =1 log,1 =0
log,a" = x x = a8

The conditions for log x to be defined are:
e a>0anda#1l

e x>0

1 X
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WORKED EXAMPLE 4

Convert 2* = 16 to logarithmic form.

Answers

Method 1

2¢=16

Step 1: Identify the base and index:
Step 2: Start to write in log form:

Step 3: Complete the log form:
So 4 = logy16.

Method 2
2t =16
logs2* =log,16
4 =logyl6

The base is 2. The index is 4.

In log form the index always goes on its
own and the base goes at the base of the
logarithm. So 4 = log,?

Fill in the last number. 4 = log,16

Take logs to base 2 of both sides, log,2* = 4,
- [ o 4

WORKED EXAMPLE 5

Convert log;49 = 2 to exponential form.

Answers

Method 1

log;49 =2

Step I: Identify the base and index:

Step 3: Complete the exponential form:
So 72 =49

Method 2
log,49 =2
7log, 49 _ 72

49 = 72

Step 2: Start to write in exponential form:

The base is 7. The index is 2.

(In log form the index is always on its own.)
Write the base and the index first, So 7 =7
7°=49

798,49 = 49
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WORKED EXAMPLE 6
Find the value of |
a logy81 b log,128 c log, e
Answers
a logy81 = logs 34 write 81 as a power of 8, 81 = 34
=4
b logy128 = logy 97 write 128 as a power of 2, 128 = 27
c |} i—l 4—2 ,.‘..-I_.,\. rer of 4 L_—_..]"E
og, 16 = log, WILe 16 as a power ol 4, 16
=-2
Exercise 6.2
1 Convert from exponential form to logarithmic form.
a 4% =64 h 2°=732 c 5'=125
5 1 1
d 62 = 36 e 2—:) e f 3_4 il
32 81
g a’=b h x'=4 i a"=c
2 Convert from logarithmic form to exponential form.
a log,4 =2 b log,64 =6 c log;1=0
1 1
d log;9=2 e log.6 = 5 f loge2 = 3
g log,1=0 h log, 8=y i log,b=c
3 Solve.
a logyx=4 b logsx =2 c log,x=4
1
d logsx = 3 e log,144 =2 f log,27=3

hee 14

g log,(x—-1)=4 log,(2x+1)=2 i logs;(2-3x)=3

4 Find the value of

a log,16 b log,81 ¢ log,64 d log,0.25
1
e log,243 f log,(8v2) g loga(QSJg) h logg(ﬁ}
J7 1
i log.,8 i log.|— log-35 1 —
I 64 J 87[ - k log; I log, NG
5 Simplify.
a log, x* b log Yx c logx(x\/;) d logxiq
2
1y z X x/x
e logx(EJ f log, (\lx | g logx[@} h log, %J
6 Solve.

a log, (logg x) =1 b log, (log5x) =2
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6.3 The laws of logarithms

If x and y are both positive and @ > 0 and a # 1, then the following laws of
logarithms can be used:

Multiplication law Division law Power law

log, (xy) = log,x +log,y  log, [ﬂ = log,x —log,y log, (x)" = m log,x

Proofs:
log, (xy) log, [i] log,,(x)"

J‘ m
= logﬂ (alug,,x = alvg,—;_\') '98a¥ = loga ((alng,;-\') )
= IDg“ (a"’“" 2t log, -T] = log“’ ( '8ald ] - log (a mlog , x)
= Iogﬂx + loga.v . ( log,x — lug.{”_\') — lrJ

gu {1 m Ogﬂx

=log,x—log,y

1
Using the power law, log, (—] = log, x™!
X

T = logﬂ X

This gives another useful rule to remember:

log, (1) = —log,x
x

WORKED EXAMPLE 7
Use the laws of logarithms to simplify these expressions.
a lg8+1g2 b log,15 + log5 ¢ 2logs4+5logs?2
Answers
a Ig8+Ig2 b logs15 +log,5 C 2logs4+5logs2
15
=Ig (8 x 2) = log, (?] =logs4® + logs 2°
=Igl6 = log,3 =logs (16 x 32)
=logs512
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WORKED EXAMPLE 8 -

Given that logsp =x and logsq = y, express in terms of x and/or y

a log; p+log;q* b logsp* - logs g ¢ log; [%]
Answers
3 2 q
a log; p+logsq b logsp® - logs/g c 1035( )
1
= log; p + 3 logsq =2log;p — 51085‘? = log;q — logs5
1
=x+3y =2x——2-y =y-1
Exercise 6.3
1 Write as a single logarithm.
a log,5+log,3 b logs12—logs2 ¢ 3log;2+log.8

d 2log,4-3log,2 e %Iog325+log34 f 210g7( ]+log78
g 1+log,3 h 1gh-2 i 3-log,l0

2 Write as a single logarithm, then simplify your answer.

1
a log,56 —log,7 b loggl2 + logs3 c §log236—]0g23

1
d logslb — %logs% e log,40 - %log4125 f —2~10g316 -2 log46

3 Simplify.
1
a 2log53~%log54+10g58 b 2+§log249— log,21
4 a Express 16 and 0.25 as powers of 2.
b H lify —B310
ence, simplify log,0.25°
5 Simplify.
log,4 log, 27 " log464 3 log;100
log,2 log,3 log30.25 log;0.01
6 Given that u = log,x, find, in simplest form in terms of u
[ x e
a x b log; \Eg) c log5(5~/;) d 10g5(125}
7 Given that log, p = x and log,q = y, express in terms of x and/or y
/
16
a log,(4p) b log, ?) ¢ log,p+log, ¢* d pg.
\
8 Given that log,x = 5 and log,y = 8, find
1) Jx
a log,|~ b log,[~—| ¢ log,(x) d log,(x*?).
vy, \ )

9 Given that log,x =12 and log,y = 4, find the value of

x) x? ( y ]
1 — b 1 — 1 d 1|
a oga( Oga[ y ) ¢ log, (x\/}) 3% y"‘

Y)
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6.4 Solving logarithmic equations
You have already learnt how to solve simple logarithmic equations.
In this section you will learn how to solve more complicated equations.

It is essential, when solving equations involving logs, that all roots are checked
in the original equation.

WORKED EXAMPLE 9

Solve.
a 2logy(x+2)=logg(2x+19) b 4log,2-log 4=8

Answers
a  2logg(x +2) = logg (2x + 19)
logg (x +2)° = logg (2x +19)  115c coyualin of logarithms
(x+2)° =2x+19
x2+4x+4=2x+19
x?+2x—15=0
(x=3)(x+5)=0
x=3o0orx=-5
Check when x = 3; 2 logg (x +2) = 2 loge5 = log 25 is defined
. logg (2x +19) = log, 25 is defined

So x =3 is a solution, since both sides of the equation are defined and equivalent
in value.

Check when x = -5: 2 logg (x + 2) = 2 log, (-3) is not defined
So x =5 is not a solution of the original equation.
Hence, the solution is x = 3.

b 4log.2-log 4=2 use the power law
log, 2% — log, 2% = 2 use the division law

log, 242 =2
log. 2% =32
log, 4 =2 convert to exponential form
x% =4
x =12
Since logarithms only exist for positive bases, x = -2 is not a solution.
Check whenx = 2: 4 log,2 — log,4 = 4 — 2 log,2
=4-2
=2

So x = 2 satisfies the original equation.
Hence, the solution is x = 2.
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Exercise 6.4
1 Solve.
a log,x +log,4 = log,20 b log,2x—log,5 = log,3
¢ log, (x - 5)+log,5 = 2log,10 d logs(x +3) = 2log,4 + log,5
2 Solve. _
a loggx+loggd =2 b lg(x)-lg(x—4)=1
¢ logy(x+4)=1+log,(x—3) d log;(2x +3) = 2 + log, (2x — 5)

e log;(10x +3)—log;(2x —1) = 2 f lg(4x+5)+2lg2=1+I1g(2x~-1)

Solve.
a log;(x+8)+1log;(x+2)=1log;20x b logsx+logs(x—2)=logsl5
¢ 2log,x—log,(x+3)=1 d lgx+lg(x+1)=1g20
e logsx+logy(2x—5)=1 f 3+2log,x = log,(14x —3)
g lg(x+5)+1g2x =2 h lgx+I1g(x—15)=2
Solve.
a log,64—-1log.4=1 b logl6+log.4=3
¢ log,4-2log 3 =2 d log,l5=2+log,.b
Solve.
2
a (logsx)" —8log,(x)+2=0 b (logsx) —logs(x?) =15
4 (log5x)2 - log, (x*) =18 d 2(log2:u:)2 + Blog, (x?) = 72
CHALLENGE Q ~
6 Solve the simultaneous equations.
a xy=064 b 2*=4
log,.y=2 2lgy =1gx +1gbh
¢ log,(x+y)=2log,x d xy=640
log,y = log,3 + log,x 2logx — logpy = 2
e logya=2log,b 48 = g¥p
log,,(2a—5) =1 logyy —log,x =1

CHALLENGE Q
7 a Show that Ig(x?y) = 18 can be written as 21gx +1gy = 18.

b lg(x%y) =18 and Ig[y—’;] =2.

Find the value of lgx and Igy.
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6.5 Solving exponential equations

In Chapter 3 you learnt how to solve exponential equations whose terms could
be converted to the same base. In this section you will learn how to solve
exponential equations whose terms cannot be converted to the same base.

WORKED EXAMPLE 10

Solve, giving your answers correct to 3 sf.

a 3*=40 b 5%*!=200
Answers
a 3* =40 take logs of both sides
lg3* = 1g40 use the power rule
x1g3 = 1g40 divide both sides by lg 3
1
. 540
Ig3
x = 3.36
b 521 = 200 take logs of both sides

1g 5% = 1g200
(2x +1)1g5 = 1g 200

use the power rule

divide both sides by lg5

2x+1= g 200
lgh
2x+1=3.292...
2x = 2.292...
x=1.15

WORKED EXAMPLE 11

Solve 3(22‘) -2+l _8 =,

Answers
3(22") —25l 8 =0 replace 2¢*1 with 2(2¥)
3(2*)-2(2*)-8=0 use the substitution y = 2¥
3y -2y-8=0 factorise
(»-2)By+4)=0
When y =2
2=0%
=1l
4
Wh =——
en y 3
—i =27 there are no solutions to this equation since 2 is always
3 positive

Hence, the solution is x = 1.
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Exercise 6.5
1 Solve, giving your answers correct to 3 sf.
a2r="70 b 3*=20 cC 5*=4 d 2% =150

e 3 =55 f oo2l=20 g 7%=40 h 7% = g+
i 5x+1 s 3x+2 j 4x—l et 5x+] k 32x+3 e 53x+| l 3-1——-5.\' — 2x+4

2 a Show that 2**! — 2*! =15 can be written as 2(2%) - %(2*) =15.
b Hence find the value of 2.
¢ Find the value of «.
3 Solve, giving your answers correct to 3 sf.
a 22 -2* =4 b 2 -2-1-8=0
¢ 3+ _8(31)=5=0 d 952 _ 93 =19
e 5 -524125=0
4 Use the substitution y = 3* to solve the equation 3% +2 = 5(3"').
Solve, giving your answers correct to 3 sf.
a 3 -6x3+5=0 b 4*-6x4"-7=0
c 2% -2-20=0 d 5*-2(5*)-3=0

6 Use the substitution u = 5* to solve the equation 5% — 2(5"*‘) +21=0. v

7 Solve, giving your answers correct to 3 sf.
a 22421 -15=0 b 6*-6"+7=0
C 3% _2(3*)+8=0 d 4% =17(4¥)-15

8 Solve, giving your answers correct to 3 sf.

a 4*-3(2)-10=0 b 16*+2(4*)-35=0
€ 9 -2(3*)+8=0 d 25* +20 = 12(5%)
CHALLENGE Q

9 32x+1 X 5x—! = 27x e 52x
Find the value of a 15% b x

CHALLENGE Q

10 Solve the equations, giving your answers correct to 3 significant
figures.
a [3"+2|=[8"-10| b |2 +3|=[2"+10]

¢ 3% =5(3")+24 d 4"=5(2")+14
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CHALLENGE Q

11 Solve the inequality

2% — 1| < | 2= 8| giving your answer in exact form.

6.6 Change of base of logarithms

You sometimes need to change the base of a logarithm.

A logarithm in base b can be written with a different base ¢ using the change
of base rule.

If a,b, c >0 and b,¢ # 1, then:

log,a
log,a = —=
55 log, b
Proof:
If x = log,a, then b* = a take logs of both sides

log b* =log.a  use the power rule

n x log b =log,a  divide both sides by log. b
1
s og.a

- log b

log, a

log,a =
8 log, b

If ¢ = ain the change of base rule, then the rule gives:

1
log b

log,a =

WORKED EXAMPLE 12

Change logy 7 to base 10. Hence evaluate logy 7 correct to 3 sf.

log, 7 = gl 2.81

Answers
g2

Q Note: %,

Some calculators have ;1( log, [ ]k('j\'.

\
.

4
This can be used to evaluate log, 7 directly.
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The change of base rule can be used to solve equations involving logarithms with different bases.

WORKED EXAMPLE 13

Solve logax = log, (x + 6).

Answers

logs x = logy(x + 6) change log, (x + 6) to base 3

logx = M logy 9 = log, 8% =2
log,9

log.‘lx = 10g3(2—x+5) =}|li|'li!':|\ both sides by 2

2 loggx = log, (x + 6) use the power rule

logyx* = log (x + 6) use equality of logs

x2=x+6
x2-x-6=0

(x=3)(x+2) =0

x=3 or x=-2

Checkwhen v =3 logs3 is defined and is equal to 1
logy (3 +6) = log,9 is defined and is equal to 1

So x = 3 is a solution, since both sides of the equation are defined and equivalent

in value. 125

Check when v =-2: logg (—2)is not defined
So x =-2 is not a solution of the original equation.

Hence, the solution is x = 3.

Exercise 6.6 |
1 Use the rule log, a = 26102 evaluate these correct to 3 sf.
0810
a log,10 b log;33 ¢ logs8 d log,0.0025

2 Given that u = log,x, find, in simplest form in terms of w.
a log. 4, b log 16, ¢ log,2, d log.8.

3 Given that log,y = x, express in terms of x.

a log,9, b log,(9y), ¢ logsy, d log,(81y).
4 a Given that log,x = 20 and log,y =5, find log,x.

b Given that log,X =15 and log,Y = 6, find the value of logY.

5 Evaluate log,2 X logg p.
6 Solve.

a logy3 +log,(x + 4) = log;25 b 2log, 2+ log,(2x + 3) = log;27
7 a Express log,x in terms of log,x.

b Using your answer of part a, and the substitution u = log,x, solve the
equation log,x + log,x = 12.
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8 Solve.
a log,x+ 5 log,x = 14 b log,x +2logyx =4
¢ 5log,x —log,x =3 d 4log,x = logyx +2

9 a Express log,3 in terms of a logarithm to base 3.

b Using your answer of part a, and the substitution u = log,x, solve the
equation logsx = 3 — 2log 3.

10 Solve.
a loggx =9log, 3 b log;x +log b =2
¢ log,x—4log,4+3=0 d log,x+6log,4-5=0
e log,x—9log,2=8 f logsy=4-4log,5

11 a Express log,x in terms of log,x.

b Express loggy in terms of log, y.
Hence solve, the simultaneous equations
6 log,x + 3 loggy = 16
log,x — 2 log,y = 4.

CHALLENGE Q

12 Solve the simultaneous equations
n 2 logsy = log;125 + log,x

27 = 4.

6.7 Natural logarithms

There is another type of logarithm to a special base called e.
The number e is an irrational number and e = 2.718.

The number e is a very important number in mathematics as it has very special
properties. You will learn about these special properties in Chapters 15 and 16.

Logarithms to the base of e are called natural logarithms. y p=e 3 =%

In x is used to represent log, x. -

If y=e* then x =Iny.

y = Inx is the reflection of y = e* in the line y = x. ¥

y = Inx and y = e* are inverse functions. | pelun
All the rules of logarithms that you have learnt so 4

far also apply for natural logarithms. ¥l
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Exercise 6.7
1 Use a calculator to evaluate correct to 3 sf.

ae? b e!’ ¢ ¢ d e3
2 Use a calculator to evaluate correct to 3 sf.

aln4 b In2l ¢ In0.7 d In0.39
3 Without using a calculator find the value of

a el b eé e ¢ 3el2 d —e_ln%
4 Solve.

ae**=7 b Ine*=25 ¢ e?"*=36 d e*=20
5 Solve, giving your answers correct to 3 sf.

ae =70 b e* =28 ¢ e**1=16 d e¥7=5
6 Solve, giving your answers in terms of natural logarithms. 1

8 c*= b 2*4+1=7 ¢ e¥*%=3 d 563"“=4
7 Solve, giving your answers correct to 3 sf.

alnx=3 b Inx=-2 c In(x+1)=7 d In(2x-5)=3
8 Solve, giving your answers correct to 3 sf.

a Inx*+lnx=5 b ¥ = %! ¢ In(x+5)-Inx=3

9 Solve, giving your answers in exact form.
a In(x-3)=2 b e®l=? € e¥*-4e*=0 121

d e =2 e e —-0e*+20=0 f e*+6e* =

10 Solve, giving your answers correct to 3 sf.
a e*-2*-24=0b e*-5e*+4=0 ¢ e* +2* =80

11 Solve the simultaneous equations, giving your answers in exact form.
a Inx=2Iny b 51 = 3e
Iny-Inx=1 e = Ge*n

12 Solve 5 In(’? - eg") =3, giving your answer correct to 3 significant figures.

13 Solve ex—xe™™ =0,

CHALLENGE Q
14 Solve bx®—x’e™ +2e* =10 giving your answers in exact form.
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6.8 Practical applications of exponential equations

In this section you will see how exponential equations can be applied to
real-life situations.

WORKED EXAMPLE 14

The temperature, T °C, of a hot drink, ¢ minutes after it is made, is given by
T="75¢"%%24 20,

a Find the temperature of the drink when it was made.

b Find the temperature of the drink when ¢ = 6.

¢ Find the value of twhen T = 65.

: Answers
. a Whent=0, T ="75e7%02%04 90
="75¢e% + 20 use e
=95
Temperature of the drink when first made is 95 °C.
b Whent=6, T =75e7002%6 4 90
=86.5
Temperature of the drink when ¢ =6 is 86.5°C.,
¢ When T=65, 65="75e00%4+20 subtract 20 from both sides
o 45 = T5e 002 divide both sides by 75
0.6 = 002t take 1n of both sides
In 0.6 =-0.02¢ divide both sides by —=0.02
- In 0.6
-0.02
t=25.5to 3 sf
Exercise 6.8

1 At the start of an experiment the number of bacteria was 100.

This number increases so that after ¢t minutes the number of bacteria, N, is
given by the formula

N =100 x 24

a Estimate the number of bacteria after 12 minutes.

b Estimate the time, in minutes, it takes for the number of bacteria to

exceed 10000 000.
2 At the beginning of 2015, the population of a species of animals was

estimated at 50 000.

This number decreased so that, after a period of n years, the population was
50000e 003",

a Estimate the population at the beginning of 2020.

b Estimate the year in which the population would be expected to have
first decreased to 5000.
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3 The volume of water in a container, V cm?, at time { minutes, is given by
the formula
V = 2000 e™*.
When V = 1000, ¢=15.
a Find the value of k.
b Find the value of Vwhen ¢ = 22.

4 A species of fish is introduced to a lake.
The population, N, of this species of fish after ¢ weeks is given by the formula
N = 500 e0%,
a Find the initial population of these fish.
b Estimate the number of these fish after 6 weeks.
¢ Estimate the number of weeks it takes for the number of these fish to

1
have fallen to E of the number introduced.

5 The value, $V, of a house n years after it was built is given by the formula
V = 250000 e*".
When n = 3, V = 350000.
a Find the initial value of this house.
b Find the value of a.
¢ Estimate the number of years for this house to double in value.

6 The area, Acm?2, ofa patch of mould is measured daily.
The area, n days after the measurements started, is given by the formula
A= A"
Whenn=2,A=18andwhenn =3, A =24.
a Find the value of b.
b Find the value of A, and explain what A, represents.

¢ Estimate the number of days for the area of this patch of mould to
exceed 7cm?.

6.9 The graphs of simple logarithmic and
exponential functions

You should already know the properties of the
graphs y =e* and y = Inx.

The graph of y =e*

e y=e" intercepts the y-axis at (0, 1).

e ¢* > 0for all values of x.

®* When x gets closer to —o, then y gets closer to 0.

e This can be written as: As x — —eo, then y — 0.

e The graph is said to be asymptotic to the
negative x-axis.

e Also,as x — +oo, then y — +oo.
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The graph of y =lnx

¢ y=Inx intercepts the x-axis at (1, 0).

e Inx only exists for positive values of x.

e Asx— 0, then y > —oo.

e The graph is asymptotic to the negative y-axis.
o As x = +oo, then y — +oo.

y=e* and y = Inx are inverse functions, so they are mirror images of each
other in the line y = x.

Exercise 6.9

1 Use a graphing software package to plot each of the following family of
curves for k. =3,2,1, -1, -2 and - 3.

a y=ek b y=ke* c y=¢e*+k
Describe the properties of each family of curves.

2 Use a graphing software package to plot each of the following family of
curves for k=3, 2,1, -1, -2 and - 3.
a y=Inkx b y=klnx ¢ y=In(x+k)
Describe the properties of each family of curves.

130

6.10 The graphsof y =ke"™ +a and y =kln (ax+b)
where n, k, a and b are integers

CLASS DISCUSSION

Consider the function y = 2e*+ 1.
Discuss the following and decide on the missing answers:

1 Whenx=0,y=... 4 Asx —+oo,y > ...
2 The y-interceptis (..., ...) 5 Asx ——9,9 = ...
3 Wheny=0,xis... 6 Theliney=...isan...

Now sketch the graph of y = 2e3*+ 1 and compare your answer with your classmates.
(Remember to show any axis crossing points and asymptotes on your sketch graph.)
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WORKED EXAMPLE 15

Sketch the graph of y = 3¢ - 5.

Answers
When x=0, y=3e’-5

=3-5

As x — 400, €2* 50 s0 y—> -5
As x = —o0, €% — 00 50 y —> o

The sketch graph of y = 3¢ -5 is:

hence the yintercept is (0, —2)

hence the xintercept is (-0.255, 0)
hence the asymptote is y =5

y=3e*-5 by
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WORKED EXAMPLE 16

Sketch the graph of y = 4In(2x + 5).

Answers
When x =0, y=4In5,
= 6.44 hence the yintercept is (0, 41n5)

When y=0, 0=4In(2x+5)

0 = In(2x + 5)

e’ =2x+5
1=2x+5
x==2 hence the xinterceptis (-2, 0)

In x only exists for positive values of x.

So 4In(2x + 5) only exists for 2x + 5> 0
2525,

As x = oo, y > oo
As x - =25, y > —oo hence the asymptote is x =-2.5

The sketch graph of y = 4In(2x + 5) is:
y‘/m =4In(2x+5)
Aln 5

i
1
i
1
!
1—2 (0] X

x==2.5,

Exercise 6.10

1 Sketch the graphs of each of the following exponential functions.
[Remember to show the axis crossing points and the asymptotes.]

a y=2"-4 b y=3e*+6 € y=bhe*+2
d y=2e*+6 e y=3e* -1 f y=-2e*+4
g y=4e¥ +1 h y=2e>*+8 i y=-e*+2

2 Sketch the graphs of each of the following logarithmic functions.
[Remember to show the axis crossing points and the asymptotes.]
a y=In(2x+4) b y=In(8x-6) c y=In(8-2x)
d y=2In(2x+2) e y=4In(2x—-4) f y=-3In(6x-9)
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6.11 The inverse of logarithmic and exponential functions
In Chapter 1 you learnt how to find the inverse of a one-one function.

This section shows you how to find the inverse of exponential and logarithmic
functions.

|
- WORKED EXAMPLE 17

Find the inverse of each function and state its domain.

a f(x)=2*"*+3 forxe R b f(x)=3In(2x—-4) for x>2

Answers

a f(x)=2*+3 forxe R

Step 1: Write the function as y = —_—

y=2%+3
x=2e%+3
Step 3: Rearrange to make y the subject. ————> x -3 = 2™
x—3

2

x—3
] =4
“( 2 ) 4

" __l_ln(x—S)
I=~4 "\ 2

Step 2: Interchange the x and y variables. ————»

=e¥

1. (-8
£1(x) = —Zln(x 5 ] for x >3

b f(x)=3In(2x-4), x>2

Step 1: Write the function as y = —> y=3In(2x-4)
Step 2: Interchange the x and y variables.—>  x = 3In(2y - 4)
Step 3: Rearrange to make y the subject. 2 -; =In(2y-4)
e3 =2y-4
2
2y=e3+4
1%
=—ed 4
=3 ed +2

fl(x)=—e3+2 forxe R

K=

Exercise 6.11
1 The following functions are each defined for x € R.
Find f!(x) for each function and state its domain.

a f(x)=e*+4
d f(x)=3e*>+1
g f(x)=2-e"

b f(x)=e*-2
e f(x)=D5e*+3
h f(x)=5-2e

¢ f(x)=5e*-1
f f(x)=4e3 +5
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2 Find f7!(x) for each function.

a f(x)=In(x+1),x>-1 b f(x)=In(x-3),x>3
¢ f(x)=2In(x+2),x>-2 d f(x]z?ln(2x+l),x>«—%
e f(x)=31n(2x—5),x>g f f(x)=—5ln(3x—1),x>%
3 f(x)=e*+1forxe R
a State the range of f(x). b Find f(x).
¢ State the domain of £ (x). d Find f'f(x).
4 f(x)=e€" forxe R g(x) = Inbx for x > 0

a Find i fg(x) ii gf(x).
b Solve g(x) = 3f~'(x).

5 f(x)=¢€* forxe R g(x) = Inx for x > 0
a Find i fg(x) ii gf().
b Solve f(x) = 2g7(x).

6 f(x)=e* forxe R g(x) =In(2x +1) forx>-%
a Find fg(x).
b Solve f(x) = 8g7!(x).

134

Summary
The rules of logarithms —
If y = a* then x = log, . ) ' =

log,a =1 log,1=0

log,a* = x x = q'%8a* o y=log x

Product rule: log, (xy) = log,x + log, ¥y Q.= ' 1 x

X
Division rule:  log, [;) = log,x —log,y

Power rule: log, (x)" = m log,x special case: log, [l) = —logax]
X

log, a I : -
Change of base: log,a = 10;!) LSpe(:lal case: log,a = ey b]
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Natural logarithms

Logarithms to the base of e are called

natural logarithms. y T e y=ux
In x is used to represent log x. o

If y=€* then x=1ny.

W
All the rules of logarithms apply for / '/ /

natural logarithms. 0,/ 1 x

Examination questions

Worked example
By changing the base of log,,4 , express (10g2a4)(1 + log, 2) as a single logarithm to base a. (4]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11b Jun 2014

Answer

use the product rule on the denominator

log 4
=— 98.* remember that log,a = 1
log,2 +log,a
log .4

- 1+ log,2

log, 4
(log,,4)(1 + log,2) = (H"fm]@ +log,2)

(loga4)(l LS log02) divide numerator and denominator by (1 + log,2)
1+ log,2 ;

= log 4
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Exercise 6.12
Exam Exercise

1 a Using the substitution y = 5%, show that the equation 5%*! — 5**! + 2 = 2(5*) can be
written in the form ay? + by + 2 = 0, where a and b are constants to be found. [2]

b Hence solve the equation 5%+ — 5¥*! 4+ 2 = 2(5%). [4]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4i,ii Nov 2014
2 Solve the following simultaneous equations.
log, (x +3) = 2 + log,y
log, (x +3) =3 (5]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Nov 2014
3 Functions g and h are defined by
g(x) = 4e* -2 for xe R,
h(x) = Inbx for x > 0.
a Find g7'(x). (2]
b Solve gh(x) = 18. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q12bi,ii Nov 2013
4 Given that log,,X =5 and 10gPY =2, find

a log,X?, [1]
1

b logpg, [1]

¢ logyy p- (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4i,ii,iii Nov 2013
1

5 a Given that log,x = 9’ find the value of x. [1]
b Solve 2log,y - log, (5y-12) = é (4]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4i,ii fun 2013

6 Solve the equation 3%* = 1000, giving your answer to 2 decimal places. [2]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5a fun 2012

7 Express lga +31lgb—3 as a single logarithm. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Jun 2011

8 Using the substitution u = 5%, or otherwise, solve
52+ = 7(5%) -2, (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Nov 2012

Y S
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9 The temperature, T° Celsius, of an object, ¢ minutes after it is removed from a heat source, is

given by
T = 55 e™%!* +15.

a Find the temperature of the object at the instant it is removed from the heat source. [1]
b Find the temperature of the object when ¢ = 8. (1]
¢ Find the value of twhen T = 25. ' [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8iii,iii Jun 2011
10 a Write log,, x as a logarithm to base 3. (2]
b Given that log, y=3(log,15—-log,3)+1, express yin terms of a. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q1 Jun 2015

11 Do not use a calculator in this question.

i  Find the value of —log 5 pz. [1]
1
. F- d 1 [ 1
ii Fin g( T ) [1]
iii Show that M = (1g y)2 , where yis a constant to be found. [2]
log,10
iv Solve log, 2x+log, 3x = log, 600. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Jun 2016

12 a i Sketch the graph of y=e* -5, showing the exact coordinates of any points where the

graph meets the coordinate axes. [3]
ii Find the range of values of k for which the equation e*—5 =k has no solutions. [1]
b Simplify log,+/2 +log,8+log, (l], giving your answer in the form plog, 2, where p
is a constant. 2 (2]
¢ Solve the equation loggx—logs4x=1. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q10 Mar 2015

13 a Solve the following equations to find pand ¢.

8(;—] X 22p+] — 4?
97 % x 37 =81 [4]
b Solve the equation lg(3x—2)+Ig(x+1)=2-1g2. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 Nov 2015




Straight-line graphs

This section will show you how to:

solve questions involving midpoint and length of a line

use the condition for two lines to be parallel or perpendicular

interpret the equation of a straight-line graph in the form y =mx + ¢

transform given relationships, including y=ax" and y =ab? to straight-line form and hence
determine unknown constants by calculating the gradient or intercept of the transformed graph.
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You should already be familiar with the following coordinate geometry work:

Length of a line, gradient and midpoint

Pis the point (¥, ;) and Qis the point (%, ¥p).
M s the midpoint of the line PQ.

The length of the line PQ = yJ(x, — % ) + (3 - »)'-

Q (%, 3,)
: ; =N
Th dient of the line PQ = =——,
e gradient of the line PQ = M
P (%, )

The coordinates of M are (ﬂ%, %)
Gradients of parallel lines

If two lines are parallel then their gradients are equal.

equal gradients

Gradients of perpendicular lines

gradient m

gradient — %

If a line has a gradient of m, a line perpendicular to it

has a gradient of — 3 :
m

This rule can also be written as:

If the gradients of the two perpendicular lines are m;
and my, then m; X my =-1.

The equation of a straight line

The equation of a straight line is y = mx + ¢ where
m = the gradient and ¢ = the )intercept.
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7.1 Problems involving length of a line and midpoint

You need to know how to apply the formulae for the midpoint and the length
of a line segment to solve problems.

A is the point (=3, 7) and Bis the point (6, -2).
a Find the length of AB.
b Find the midpoint of AB.

Answers
a (-3’7) {6,—2) decicde which values (o us
A A A
| 8
(x1, 1) (%9, ¥o)

2

AB = \l("ﬁ _"1)2 +(32 =)
= l6--87 +(-2-7f
=92

b Midpoint = ("' I8 Lo 3’2)

140 ’

The distance between two points P (7, a) and Q (a + 1, 9) is 15.
Find the two possible values of a.

Answers
(7, a) (a+1,9) cdecicde which values to use for
A A A A .
| | |
(%1, 1) (%, )

Using PQ = \[(x, — %)’ + (5, —»)° and PQ =15.
Ja+1-77+(©-a =15
J@a-6)+(9-4a)* =15  square both sides
(a—6)° +(9-a) =225
a® —12a+36+81—18a +a% =225 collect terms on one sid
2a® - 30a -108 = 0
a*-15a—-54=0 factori
(a—18)(a+3)=0
a-18=0o0ra+3=0

Hence a = 18 or a =-3.
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The coordinates of the midpoint of the line segment joining A(=5, 11) and B(p, ¢)
are (2.5, —6).

Find the value of p and the value of ¢.

bl

Answers
(—5,11) (p, q) decide which values 1o use foi Xrs Vs Ka, Yo

14

(x3m) (% 0)

Using (x‘ ) and midpoint = (2.5, ~6).

( ) = (25, -6)

-5+ p 11 + q) !
[——2 = (2.5, -6)

Equating the xcoordinates gives: _5; L w 2.5

+x2
2
+ x

2
N+ %

5+p=5
p=10

Equating the ycoordinates gives: H_;Q = -6

11+¢=-12
q=-23

Hence p =10 and g =-23.

Three of the vertices of a parallelogram ABCD are A(-10, 1), B(6,-2) and C(14, 4).
a Find the midpoint of AC.
b Find the coordinates of D.

Answers
a Midpoint of AC = [-10 e 4) = (2.25).

2 2
b Let the coordinates of D be (m, n).
Since ABCD is a parallelogram, the midpoint of BD is the same as the midpoint of

AC.
Midpoint of BD = (6 ; 2, '2;’ ”] = (2 25)
Equating the xcoordinates gives: g ; ~
6+m=4
m= -2
Equating the y-coordinates gives: H22+ =25
2+n=5
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The coordinates of D are (-2, 7).

y &
D(-2,7)
C(14, 4)
A(—].O, 1 ) _______ :\-\ ——————————
—= x
B(6, -2)

CLASS DISCUSSION

This triangle has sides of length 5v/3 cm, 2v/6 cm and 742 cm. 543
Priya says that the triangle is right-angled.
Discuss whether she is correct.

Explain your reasoning. 72

Exercise 7.1

Find the length of the line segment joining

a (2,0)and (5,0) b (-7,4) and (-7, 8) ¢ (2,1) and (8,9)

d (-3,1) and (2,13) e (5,-2) and (2,-6) f (4,4) and (20, -3)
g (6,-5)and (1,2) h (-3,-2) and (-1,-5) i (-7,7) and (5, -5).

Calculate the lengths of the sides of the triangle POR.
Use your answers to determine whether or not the triangle is right-angled.

a P(3,11), Q(5,7), R(11, 10)

b P(-7,8), Q(-1,4), R(5, 12)

¢ P(-8,-3), Q(-4,5), R(-2,-6)

A (-1, 0), B(1, 6) and C(7, 4).

Show that triangle ABC is a right-angled isosceles triangle.

The distance between two points P (10, 2b) and Q (b, —5) is 510.
Find the two possible values of b.

The distance between two points P (6, —2) and Q (24, a) is 5.

Find the two possible values of a.

Find the coordinates of the midpoint of the line segment joining

a (5,2)and (7,6) b (4,3)and (9, 11) ¢ (8,6) and (-2, 10)

d (-1,7) and (2,-4) e (-7,-8)and (-2,3) f (2a,-3b) and (44, 5b).
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7 The coordinates of the midpoint of the line segment joining P (-8, 2) and
Q(a’ b)} are (5’ _3)‘
Find the value of a and the value of b.

8 Three of the vertices of a parallelogram ABCD are A(-7, 6), B(-1, 8)
and C(7, 3).

a Find the midpoint of AC.
b Find the coordinates of D.

9 The point P(2k, k) is equidistant from A (-2, 4) and B(7, -5).
Find the value of k.

10 In triangle ABC, the midpoints of the sides AB, BCand ACare P(2, 3), Q(3,
5) and R (-4, 4) respectively. Find the coordinates of A, Band C.

7.2 Parallel and perpendicular lines

You need to know how to apply the rules for gradients to solve problems
involving parallel and perpendicular lines.

‘ WORKED EXAMPLE 5

The coordinates of 3 points are A(8 — k, 2), B(-2, k) and C(-8, 2k).
Find the possible values of %if A, B and Care collinear.

Answers
If A, Band C are collinear then they lie on the same line.

gradient of AB = gradient of BC

k-2 _ 2k~k
-2-(8-k) -8-(-2)
k-2 = L cross multiply
k—10 -6
—6(k—2) = k(k-10) expand brackets
—6k +12 = k% - 10k collect terms on one side
k> -4k -12=0 factorise
(k—=6)(k+2)=0 solve

k—6=00rk+2=0
Hence k=6 ork =-2.
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WORKED EXAMPLE 6

The vertices of triangle ABCare A(—4, 2), B(5,-5) and C(k, k + 2).
Find the possible values of k if angle ACB is 90°.

Answers

Since angle ACBis 90°,

gradient of AC x gradient of BC = -1.
(k+2)-2 » (k+2)—(-5) _

-1

k—(—4) k-5
A L Y
k+4 k-5 G, k+2)

A(4, 2)
k(k+7) = —(k +4)(k - 5) <
k2 + Tk = —(k® - k - 20)

N x
k2 + Tk = —k% + k+ 20
2k? + 6k —20 =0

P +3k-10=0 B(5, -5)
(k+5)(k—2)=0
k+5=00rk-2=0
Hence k=-bor k=2,

n The two possible situations are:

y ¥

C(2,

A(~4,2) A(-4, 2)<’D\
Aﬂ;i X N x
C(-5,-3) ::l; \\\5&

B(5,-5)

S

)

B(5,-5)
Exercise 7.2
1 Find the gradient of the line AB for each of the following pairs of points.
a A(1,2) B(@3,-2 b A4,3) B(5,0)
c A(-4,49 B(7,4) d A(1,-9) B#4,1)
e A(-4,-3) B(5,0) f A(6,-7) B(2,-4)
2 Write down the gradient of lines perpendicular to a line with gradient
1 2 1 1
3 b - - d 1— ~d=
a 9 c 5 4 e 9

3 Two vertices of a rectangle ABCD are A (3, -5) and B(6, —3).
a Find the gradient of CD.
b Find the gradient of BC.
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4 A(-1,-5), B(5,-2) and C(1, 1).
ABCD is a trapezium.
ABis parallel to DC and angle BAD is 90°.
Find the coordinates of D.

5 The midpoint of the line segment joining P(-2, 3) and Q4,-1) is M.
The point C has coordinates (-1, —2).
Show that CM is perpendicular to PQ.

6 A(-2,2),B(3,-1) and C(9, —4).
a Find the gradient of ABand the gradient of BC.
b Use your answer to part a to decide whether or not the points A, Band C

are collinear.

7 The coordinates of 3 points are A (-4, 4), B(k, -2) and C(2k + 1, —6).
Find the value of kif A, Band Care collinear.

8 The vertices of triangle ABCare A (-k, —2), B(k,—4) and C4, k — 2).
Find the possible values of k if angle ABCis 90°.

CHALLENGE Q
9 Ais the point (-2, 0) and Bis the point (2, 6).
Find the point C on the x-axis such that angle ABCis 90°.

7.3 Equations of straight lines

You should already know that the equation of a straight line is
y=mx-+c¢

where m = the gradient and ¢ = the y-intercept.

There is an alternative formula that can be used when you know the gradient
of the straight line and a point on the line.

Consider a line, with gradient m, which passes through the known point
A(x,, y,) and whose general point is P (x, ).

y A
P(x, y)

A(x, y,)
0 X
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Gradient of AP = m, hence 2-2L — ,, multiply both sides by (x — x,)
x = x ' '

Yy—%"~= m(x—xl).

The equation of a straight line, with gradient m, which passes through the
point (x], ) is:

. WORKED EXAMPLE 7

Find the equation of the straight line
a with gradient 2 and passing through the point (4, 7)
b passing through the points (-5, 8) and (1, -4).

Answers

a Using y—y =m(x—x)withm=2,xy=4and y, =7

y=7=2(x—4)
y=7=2x-8
y=2x-1

n b ('—5, 8) (1, "4) decide which values to use for XN W M, Ya

| |
(xl! .71) (x2)y2)

Ko CH=8

G di_l'l[: = =_9

i G X =% 1-(-5)

USil’lg y—m =m(x—x1) withm:—2’ x1=—5andy1 =8.
y—8 ==2(x+5)
y—-8=-2x-10

y=-2x-2
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WORKED EXAMPLE 8

Find the equation of the perpendicular bisector of the line Jjoining A(3, 2) and B(7, 10).

Answers
Gradient of AB = 1;)—:32 = g =9, I using :: : 11[
Gradient of the perpendicular is =5 using my X my = 1
3+7 2+10 Kitx  wE
Midpoint of AB = (T’ 9 ]= (5, 6). using ( ! 5 2 Avie 5 J*]
So the perpendicular bisector is the line passing through the point (5, 6) with
gradient _l_
1
Using y—y = m(x - x) with x, =5, y, =6 and m= =5
1
y 5 (x=5)
1 5
—6=——x+—=
¢ 279
y = —%x + 8.5 multiply both sides by 2 and rearrange
x+2y=17
Exercise 7.3

1 Find the equation of the line with
a gradient 3 and passing through the point (6, 5)
b gradient —4 and passing through the point (2, -1)

¢ gradient i) and passing through the point (8, —3).

2 Find the equation of the line passing through
a (3,2 and (5,7) b (-1,6) and (5,-3) ¢ (5,-2) and (-7, 4).
3 Find the equation of the line
a parallel to the line y = 2x + 4, passing through the point (6, 2)
b parallel to the line x + 2y = 5, passing through the point (2, -5)
¢ perpendicular to the line 2x + 3y = 12, passing through the point (7, 3)
d perpendicular to the line 4x — y = 6, passing through the point (4, -1).
4 Pis the point (2, 5) and Qis the point (6, 0).

Aline /is drawn through P perpendicular to PQ to meet the y-axis at the
point R.

a Find the equation of the line L
b Find the coordinates of the point R.
¢ Find the area of triangle OPR where Ois the origin.
5 Find the equation of the perpendicular bisector of the line segment
Jjoining the points
a (1,3)and (-3,1) b (-1,-5) and (5,3) ¢ (0,-9) and (5, -2).
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6 The perpendicular bisector of the line joining A(-1, 4) and B(2, 2)
intersects the x-axis at Pand the y-axis at Q.

a Find the coordinates of Pand of Q.
b Find the length of PQ.
¢ Find the area of triangle OPQ where O is the origin.

7 The line /; has equation 3x + 2y = 12.
The line k has equation y = 2x — 1.
The lines /; and  intersect at the point A.
a Find the coordinates of A.
b Find the equation of the line through A which is perpendicular to the line /.

8 The coordinates of three points are A(1, 5), B(9,7) and C(k, —6).
M s the midpoint of ABand MCis perpendicular to AB.
a Find the coordinates of M.
b Find the value of k.

9 The coordinates of triangle ABCare A(2, -1), B(3,7) and C(14, 5).
Pis the foot of the perpendicular from Bto AC.
a Find the equation of BP.
b Find the coordinates of P.
¢ Find the lengths of ACand BP.

28 d Use your answers to part c to find the area of triangle ABC.

"
'@
CHALLENGE Q = 4 _N_ote: |
10 The coordinates of triangle PQRare P(-3, -2), Q(5,10) and The point
is where the
R(11, -2). :
¢ . . : . o perpendicular
a Find the equation of the perpendicular bisectors of i PQ il QR. s, GF fhie
b Find the coordinates of the point which is equidistant from P, Q and R. Qir.l s HATREOL.
7.4 Areas of rectilinear figures
Discuss with your classmates, how you can find the area b
of triangle ABC. 94 ¢
Try to find as many different methods as possible. 2_
Compare the ease of use of each of these methods. 64
54
44
314
9]
14 B

0012345678910
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There is a method that you might not have seen before. It is often referred to
as the ‘shoestring’ or ‘shoelace’ method. You do not have to know this method
for the examination, but you may find it useful to know.

If the vertices of triangle ABCare A(x,,3), B(*3%) and C(xs,y,), then:

1
Area of triangle ABC = 3 %12 + XoYg + Xg)y — Xo)y — X3Yp — %Ys

This complicated formula can be written as:

2B
21 n" "2 s
The products in the direction \ are given positive signs and the products in
the direction  are given negative signs.

For the triangle in the class discussion k)
A(1, 3), B(9, 1) and C(3, 8): 9

1 9 3 1
BXIXSXS

areaoftriangleABC=-;—|I><1+9><8+3><3-3>f.9—1><3—-8><l

] gNote:
:§|1+72+9—27—3—8|

If you take the
vertices in an

= %} 44| anticlockwise
& ol direction
L around a shape,
This method can be extended for use with polygons with more then the inside

than 3 sides. of the modulus

sign will be
WORKED EXAMPLE 9 positive. If you

take the vertices

The vertices of a pentagon ABCDE are A(0,-1), B(5, 1), C(3, 4), B(~1, 6) and C(-3, 2). in a clockwise
a Find the area of the pentagon using the ‘shoestring’ method. direction, then
b Find the area of the pentagon using the ‘boxing in’ method. the inside of the
modulus sign
Answers will be negative.
21 -1 1 : 3 6 2 -1

Area of pentagon =::-|0+20+18+(—2)+3—(—5)—3—(—4)—(—18)—-0

= 2| 63)
2

= 31.5 units?
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b For the ‘boxing in’ method, you draw a rectangle
around the outside of the pentagon.

Area of pentagon = area of rectangle — sum of the outside areas
=(8X7)-(4+6+5+5+4.5)

=56 —-24.5
= 31.5 units?
Exercise 7.4
m 1 Find the area of these triangles.
a A(-2,3), B(0,-4), C(5,6) b P(-3,1), Q(5,-3), R(24)

2 Find the area of these quadrilaterals.
a A(,8), B(-4,5), C(-2,-3), D(4,-2)
b P(2,7), Q(-5,6), R(-3,-4), $(7,2)
3 Triangle PQRwhere P(1, 4), Q (-3, —4) and R(7, k) is right-angled at Q.
a Find the value of k. b Find the area of triangle POR.
4 Ais the point (-4, 0) and Bis the point (2, 3).
M is the midpoint of the line AB.

-6
a Find the coordinates of Mand C.
b Show that CM is perpendicular to AB.
¢ Find the area of triangle ABC.
5 Angle ABCis 90° and M is the midpoint of the
line AB. M(6, 4)
The point Clies on the y-axis. A(8, 3)

Point Cis such that W = ( 3] ;

a Find the coordinates of Band C.
b Find the area of triangle ABC.
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6 Ais the point (-4, 5) and Bis the point (5, 8).

The perpendicular to the line AB at the point A crosses the y-axis at the
point C.

a Find the coordinates of C.
b Find the area of triangle ABC.

7 ABis parallel to DCand BCis perpendicular to AB. y C
a Find the coordinates of C. D(3.5, 8)
b Find the area of trapezium ABCD.

B(9, 3)
A(1,1)
0 X
8 ABCDis a square.
A'is the point (-2, 0) and Cis the point (6, 4).
ACand BD are diagonals of the square, which intersect at M.
a Find the coordinates of M, Band D.
b Find the area of ABCD.
9 The coordinates of 3 of the vertices of a parallelogram ABCD are A(—4, 3),
B(5, -5) and C(15, -1).
a Find the coordinates of the points of intersection of the diagonals.
b Find the coordinates of the point D.
¢ Find the area of parallelogram ABCD.
7.5 Converting from a non-linear equation to
linear form
Some situations in the real world can be modelled using
an equation.
Consider an experiment where a simple pendulum, of length Lcm, travels
from A to Band back to A in a time of T seconds. The table shows the time
taken, 7, for different lengths L.
L] 5 10 15 20 95 30 .
| T| 045 | 063 | 078 | 090 | 1.00 | 1.10 & B
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When the graph of Tagainst L is drawn, the points lie on a curve.
They do not lie on a straight line.

1.2

0.8

0.6

0.4 |

0.2 ¢

0 10 20 30 L
So how can you find the equation of the curverz

If you are told that the rule connecting the variables T'and L is believed to be
152 T = a/L , you should draw the graph of T against JL . To do this, you must
first make a table of values for Tand VL .

JL 2.24 3.16 3.87 4.47 5.00 5.48

T 0.45 0.63 0.78 0.90 1.00 1.10

0.8 |
0.6
0.4

0.2 [

Y=y
0 3 45 6 VL

ro -

.I
1
The fact that the points now lie on a straight line confirms the belief that the
rule connecting the variables T'and Lis T = aNL .
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The gradient of the straight line tells you the value of a.

. 3 ot o < 117045 _
sing the two end points, gradient = = =07

Hence the approximate rule connecting 7and L is
T=02JL

In the example above you have converted from a non-linear graph to a
linear graph.

Before you can model more complicated relationships, you must first learn
how to choose suitable variables for ¥ and X to convert from a non-linear
equation into the linear form Y = mX + ¢ where m is the gradient of the
straight line and cis the Y-intercept.

‘ WORKED EXAMPLE 10

b
Convert y = ax + — , where aand b are constants, into the form ¥ = mX + ¢.
x

Answers

Method 1 y=ax+ %

Multiplying both sides of the equation by x gives:
xy = ax’+b

Now compare xy = ax®+ b with ¥ =mX + ¢:
= u @+ b

J:I} +T

: b :
The non-linear equation y = ax + — becomes the linear equation:
X

Y=mX+cwhereY=x), X=x> m=aand c=b

b

Method 2 y=ax+ ;
Dividing both sides of the equation by x gives:

b

x xt

y b .
Now compar: ;= a+x—2 with Y =mX + c:

0 &)
J A )

= 5 A

: : b . ;
The non-linear equation y = ax + — becomes the linear equation:
x

Y——»mX+c,whereY=2, X=i2,m=bandc=a
5 x

Itis important to note that the variables Xand Yin Y = mX + ¢ must contain
only the original variables x and y. They must not contain the unknown
constants aand b.
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Similarly the constants m and ¢ must contain only the original unknown
constants ¢ and 4. They must not contain the variables x and y.

WORKED EXAMPLE 11

—bx

Convert y = ae™, where aand b are constants, into the form Y =mX +c.

Answers
y = ae™
Taking natural logarithms of both sides gives
Iny=In (ae™™)
Iny=Ina+Ine?*
Iny=Ina - bx
Iny=-bx+1na

Now compare Iny =-bx +Ina with ¥ =mX+c:
= —ef;®+ Ina

P o

)
Y m X o+

The non-linear equation y = ae™ becomes the linear equation:

Y=mX+c where Y=Iny, X=x, m=-band c=lna

154 Exercise 7.5

1 Convert each of these non-linear equations into the form Y = mX + ¢, where
aand b are constants. State clearly what the variables Xand Yand the
constants m and ¢ represent.

(Note: there may be more than one way to do this.)

a y=ax*+b b y=ax+£ ¢ y=ax®—bx
x
d y(a—x)=bx e y:a\/g—c+% f y=%+b
= + h 1—a x—-i
g x=axy+by ) o

2 Convert each of these non-linear equations into the form ¥ = mX + ¢,
where a and b are constants. State clearly what the variables X and Yand
the constants m and ¢ represent.

(Note: there may be more than one way to do this.)
a y=10%* b y=e®? ¢ y=ax
d y=ab” e x%’ =e? f xa’>=b

g a=e’ty h y=ae®
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7.6 Converting from linear form to a non-linear equation

WORKED EXAMPLE 12

Find yin terms of x.

a b xy
(1,7)
(6, 8)
4 (6, 2)
0 x 0 x
Answers

a The linear equation is ¥ =mX + ¢, where Y=y and X= &%
Gradient = m = Bt s
6—0 3
Yintercept = ¢ =4

Hence Y = §X+4.

The non-linear equation is y = §x2 +4.

b The linear equation is ¥ = mX + ¢, where Y=xy and X=x.
Gradient =m=£=—l
bl
Using Y=mX+¢m=-1,X=6and V=2
2=-1X6+c
c=8
Hence Y=-X+8.

The non-linear equation is xy =—-x+8

y=—1+§.
x
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WORKED EXAMPLE 13

Variables xand y are such that y = a X 6% where
‘ (6, 13)
aand b are constants.

The diagram shows the graph of Igy against x,
passing through the points (2, 5) and (6, 13).
Find the value of @ and the value of b.

(2,5)

Answers
y=axb*
Taking logarithms of both sides gives:
lgy =lg (a X &%)
lgy=lga +1gb*
lgy=xlgb+lga
Now compare Igy = xIgb +1ga with Y=mX + ¢:
= ]g-’-‘®+ lga
e T
156 Gradient = m = Lo
6:=:2
lgh=2
b =107
Using Y=mX+e¢m=2,X=2 and V=5
h=2X2+¢

=1

¢
ns}-!-
5:2

Iga =1
a =10
Hence a =10 and b =100.
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Exercise 7.6
1 The graphs show part of a straight line obtained by plotting y against some
function of x.

For each graph, express y in terms of x.

a b C
y y y
3,6
oo . (5,6)
(2, 3)
0} x 0 x? 0 Jz
d e f
y y y

(1,5)
(5, 3)

0 (4, —1) Ox 0O Inx
(7,-2)

(@) x?

2 For each of the following relations

i express yin terms of x ii find the value of ywhen x =2.
a b C
1 2 Xy
b x
2,6
o l/{;m) : )
(1, 5) (5, 3)
(1,.2)
0 x2 (@] x 0 X
d e f
i wd yx
(2,9) (10, 8)
(5, 6)
(65 1) 0 x2 (1’ 2)
(2,-2)
0] x? 0] x
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3 Variables x and yare related so that, when % is plotted on the vertical axis
x

and x®is plotted on the horizontal axis, a straight-line graph passing
through (2, 12) and (6, 4) is obtained.

Express yin terms of x.

4 Variables xand y are related so that, when y* is plotted on the vertical axis
and 2* is plotted on the horizontal axis, a straight-line graph which passes
through the point (8, 49) with gradient 3 is obtained.

a Express y? in terms of 2*.
b Find the value of x when y =11.

5 Variables xand y are related so that, when 2 s plotted on the vertical
axis and xis plotted on the horizontal axis,xa straight-line graph passing
through the points (2, 4) and (5, —2) is obtained.

a Express yin terms of x.

b Find the value of xand the value of y such that L-3,
X

6 Variables x and yare related so that, when e’ is plotted on the vertical
axis and x” is plotted on the horizontal axis, a straight-line graph passing
through the points (3, 4) and (8, 9) is obtained.

158 a Express e’ in terms of x.
b Express yin terms of x.
7 Variables xand y are related so that, when lg y is plotted on the vertical

axis and xis plotted on the horizontal axis, a straight-line graph passing
through the points (6, 2) and (10, 8) is obtained.

a Express 1gy in terms of x.
b Express yin terms of x, giving your answer in the form y = a x 10,

8 Variables xand y are related so that, when lg y is plotted on the vertical
axis and lgx is plotted on the horizontal axis, a straight-line graph passing
through the points (4, 8) and (8, 14) is obtained.

a Express yin terms of x, giving your answer in the form y = a x x”.
b Find the value of x when y = 51.2.
9 Variables xand y are related so that, when Iny is plotted on the vertical

axis and Inx is plotted on the horizontal axis, a straight-line graph passing
through the points (1, 2) and (4, 11) is obtained.

a Express Iny in terms of x.
b Express yin terms of x.
10 Variables x and y are such that, when Iny is plotted on the vertical axis and

Inx is plotted on the horizontal axis, a straight-line graph passing through
the points (2.5, 7.7) and (3.7, 5.3) is obtained.

a Find the value of Iny when Inx = 0.
b Given that y = a X x’, find the value of aand the value of 5.
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7.7 Finding relationships from data

When experimental data is collected for two variables, it is useful if you can
then establish the mathematical relationship connecting the two variables.

If the data forms a straight-line when a graph is plotted, it is easy to establish
the connection using the equation y = mx + ¢.

It is more usual, however, for the data to lie on a curve and to be connected by
a non-linear equation.

In this section, you will learn how to apply what you have just learnt in sections
7.5 and 7.6 to find the non-linear equation connecting two variables.

WORKED EXAMPLE 14

X% 5 10 20 40 80
¥y 2593 1596 983 605 372

The table shows experimental values of the variables xand y.

a By plotting a suitable straight-line graph, show that xand y are related by the
equation y = k X x", where k and n are constants.

b Use your graph to estimate the value of kand the value of n.

Answers

a y=kXxx" take logs of both sides
lgy=I1g(kx x™)  use the multiplication law
lgy=Ilgk+Ilgx™  use the power law
lgy=nlgx+1gk

Now compare lgy = nlgx +1gk with ¥'=mX +¢:
= rz+ lg &
P vt
Y=mX + ¢
Hence the graph of lgy against Ig x needs to be drawn where

¢ gradient = n
¢ intercept on vertical axis = Ig k.
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Table of values is

lgx | 0.699 | 1.000 | 1.301 | 1.602 | 1.903
lgy | 3.414 | 3.203 | 2.993 | 2.782 | 2571
gy
4\\
KES R\K“«,_
T
‘\-u\_x‘
9]
14
0 T T T >
05 1 15 2 lgx

b The points form an approximate straight line, so xand y are related by the

equation
y=kX x"

n = gradient

_ 2.571-3.414

1.908 — 0.699
= 0.7

gk = intercept on vertical axis

Igk =3.9
ks 103,9
k =7943
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WORKED EXAMPLE 15

x 2 4 6 8 10
¥y 4.75 2.19 1.42 1.05 0.83

The table shows experimental values of the variables xand y. i
a+ bx
The variables are known to be related by the equation y = e where aand b

are constants.

a Draw the graph of x*y against x.
b Use your graph to estimate the value of @ and the value of .

An alternate method for obtaining a straight-line graph for the equation
a+ bx . .
y =——— isto plot xy on the vertical axis and — on the horizontal axis.
x

X
¢ Without drawing a second graph, estimate the gradient and the intercept on the
vertical axis of this graph.

Answers

a First make a table of values for of x%y and x: i

x 2 4 6 8 10 201
a0
x%y | 19 |385.0 |51.1 |67.2 | 83 o
(7o) |2 s B S
A0t
JO el
30{
20]
10]
Of

The graph of x?y against x is:

1 235 456 78910

+b
b Using y:axQx
x2y=bx+a

Now compare x2y =bx+a with Y=mX+¢:
@ 1O ¢
I i

Y = m X ¥
: -19 :
Hence, b = gradient = = 8 and a = yintercept =3
a=3and b=8 B
a+ bx
¢ Usi =
sing y 2
_a+bx
X
ag;:g—-i-b
X

Now compare xy = 24 b with Y=mX +c:
X
@: ax @+ b
1 (g
Y=m X +
Gradient = g = 3 and intercept on vertical axis = b = 8.
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Exercise 7.7

1 x 0.5 1.0 1.5 2.0 95 |

y 1.00 3.00 3.67 4.00 4.20

The table shows experimental values of the variables x and y.

a Copy and complete the following table.

&
xy
b Draw the graph of xy against x.

¢ Express yin terms of x.

d Find the value of x and the value of y for which xy = 2.

B x 0.1 0.2 0.3 0.4 0.5
» 0.111 | 0.154 | 0.176 | 0.189 | 0.200

The table shows experimental values of the variables x and y.

a Copy and complete the following table.

162

2 | 52 |t

1
b Draw the graph of ; against l
/ X

¢ Express yin terms of x.

d Find the value of x when y = 0.16.

x 1 2 3 4 5
y 128 | 76 | 64 | 62 | 64

The table shows experimental values of the variables x and y.
a Draw the graph of xy against x”.

b Use your graph to express yin terms of x.

¢ Find the value of x and the value of y for which xy = 12.288.
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4 The mass, m grams, of a radioactive substance is given by the formula

m = mye™*, where (is the time in days after the mass was first recorded and
m, and k are constants.

The table below shows experimental values of tand m.

t 10 20 30 40 50
m 40.9 335 27.4 22.5 18.4

a Draw the graph of Inm against (.
b Use your graph to estimate the value of m, and k.
¢ Estimate the value of m when ¢ = 27.

x 10 100 | 1000 | 10000
» 15 75 | 378 | 1893

The table shows experimental values of the variables xand y.

The variables are known to be related by the equation y = kx" where kand
n are constants.

a Draw the graph of Ig y against Igx.
b Use your graph to estimate the value of kand n.

X 2 4 6 8 10
¥y 12.8 32.8 83.9 214.7 | 549.8

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = a X b* where
aand bare constants.

a Draw the graph of Ig y against x.
b Use your graph to estimate the value of ¢ and the value of .

x 2 4 6 8 10
y 4.9 13.3 36.2 98.3 267.1

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = a X €™ where a
and n are constants.

a Draw the graph of Iny against x.

b Use your graph to estimate the value of @ and the value of n.
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10

11

x 2 4 6 8 | 10
¥y 30.0 | 44.7 | 66.7 | 995 | 148.4

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = e**’ where a
and b are constants.

a Draw the graph of Iny against x.

b Use your graph to estimate the value of @ and the value of b.
¢ Estimate the value of x when y = 50.

% 2 4 6 8 10
¥ 0.10 0.33 1.08 3.48 11.29

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = 10 X b*, where
aand b are constants.

a Draw the graph of lg y against x.
b Use your graph to estimate the value of a and the value of &.
¢ Estimate the value of x when y = 5.

x 0.2 0.4 0.5 0.7 | 09
y 36 12 9 6 45

The table shows experimental values of the variables x and y.

The variables are known to be related by the equation y = s , where a
and b are constants. i

a Draw the graph of y against xy.

b Use your graph to estimate the value of @ and the value of &.

An alternate method for obtaining a straight-line graph for the equation

a . g . . .
y= ; is to plot x on the vertical axis and — on the horizontal axis.
X+

y
¢ Without drawing a second graph, estimate the gradient and the
intercept on the vertical axis of this graph.

x 2 | 5 15 25 60 |
¥ 115 | 554 | 230 [ 153 [ 0.76 |

The table shows experimental values of the variables x and y.
a Draw the graph of Iny against Inx.
b Express yin terms of x.

An alternate method for obtaining the relationship between xand yis to

plot lgy on the vertical axis and lgx on the horizontal axis.

¢ Without drawing a second graph, find the gradient and the intercept on
the vertical axis of this graph.
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Summary
Length of a line segment, gradient and midpoint
2 2 Xy )
Length of PQ = J(xg = x,) + (y2 - y,) Q (%, 3,
2=
Gradient of PQ = ==~
radie PQ e A

X tx nt ?2)

¥ 2 P (%, )
Parallel and perpendicular lines
If two lines are parallel then their gradients are equal.

Midpoint of PQ = [

: . 1
If a line has a gradient of m, a line perpendicular to it has a gradient of =

If the gradients of the two perpendicular lines are m, and m,, then m; X m, = —1.

The equation of a straight line
y = mx + ¢ where m = the gradient and ¢ = the y-intercept.

y— % = m(x — x,) where m = the gradient and (x;,,) is a known point on the line.

Non-linear equations

To convert a non-linear equation involving x and y into a linear equation, express the equation in
the form ¥ = mX + ¢, where Xand Yare expressions in xand/or y.

Examination questions
Worked example

Solutions to this question by accurate drawing will not be accepted.
Y
B(6, 5)

A(l, 4)

D

The diagram shows a quadrilateral ABCD in which A is the point (1, 4), and Bis the point (6, 5).
Angle ABCis a right angle and the point Clies on the x-axis. The line AD is parallel to the y-axis
and the line CD is parallel to BA. Find

a the equation of the line CD, (5]

b the area of the quadrilateral ABCD. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,ii Nov 2010

. o
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Answers
a Gradient of AB = % = % use myms; = —1 to find gradient of BC
Gradient of BC =-5
Equation of BC: y—y =m(x-x) use m= -5, x, =6and y =5
y—5=-5(x-6)
¥~ 5="30~56x
y = 35— b5x
When y =0, 0 =35-b5x
x=17
Cis the point (7, 0)
Equation of CD: y—y =m(x—x) use m = ]g x, =7and 3 =0
y=0=(x-7)
5
Equation of CDis i %(x -7)

b ADis parallel to the y-axis, hence the x-coordinate of Dis 1.

o : . 1 o s
Substituting x = 1 into the equation y = :(x - 1) gives y = —1.2.
5

Use the ‘shoestring’ method with A(1, 4), B(6, 5), C(7, 0) and D(1, -1.2).
1| ToanbicgF 1oyl
Ar f ABCD = —
reae 2| e X5 R0 R 0Ky
1

==|5+0+(-84)+4-24-35-0-(-1.2)|

2
- ~|-57.2]
2
= 98.6 units®

Exercise 7.8

Exam exercise

1 The point Plies on the line joining A(-2, 3) and B(10, 19) such that AP: PB = 1:3.
a Show that the x-coordinate of Pis 1 and find the y-coordinate of P.
b Find the equation of the line through Pwhich is perpendicular to AB.

The line through Pwhich is perpendicular to AB meets the y-axis at the point Q.
¢ Find the area of the triangle AQB.

(2]
(3]

(3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8 Nov 2014

e
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2 The table shows values of variables Vand p.

| 4 10 50 100 200
P 95.0 8.5 3.0 1.1

a By plotting a suitable straight line graph, show that Vand p are related by the equation

p = kV", where kand n are constants. [4]
Use your graph to find
b the value of n, [2]
¢ the value of pwhen V = 35. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q8i,ii,iii fun 2014

3 Solutions to this question by accurate drawing will not be accepted.

The points A(-3, 2) and B(1, 4) are vertices of an isosceles triangle ABC, where angle B = 90°.

a Find the length of the line AB. [1]
b Find the equation of the line BC. [3]
¢ Find the coordinates of each of the two possible positions of C. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q104,ii,iii Nov 2013

4 Variables xand y are such that y = Ab*, where A and b are constants. The diagram shows the
graph of Iny against x, passing through the points (2, 4) and (8, 10).

Iny

(8, 10)

(2, 4)

O X

Find the value of A and of 4. (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Jun 2013J
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5 Solutions to this question by accurate drawing will not be accepted.

4
B(7,7)
A(11, 4)
C
{_3s 2)
Q x
D

The diagram shows a trapezium ABCD with vertices A(11, 4), B(7,7), C(-3, 2) and D.
The side AD is parallel to BCand the side CD is perpendicular to BC.
Find the area of the trapezium ABCD. [9]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10 fun 2012

The table shows experimental values of two variables xand y.

X 1 2 3 4 5
y 3.40 2.92 2.93 3.10 3.%94

a
It is known that x and y are related by the equation y = T + bx, where a and b are constants.
’ X

a Complete the following table.

w
i

(1]
b Onagrid plot yv/x against xv/x and draw a straight line graph. 2]
¢ Use your graph to estimate the value of a and of b. [3]
d Estimate the value of y when xis 1.5. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9i-tv Nov 2011

7 The points A and B have coordinates (-2, 15) and (3, 5) respectively.

The perpendicular to the line AB at the point A(=2, 15) crosses the y-axis at the point C.
Find the area of triangle ABC. (6]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7 Jun 2011

2
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8 Variables xand yare such that, when Iny is plotted against Inx, a straight line graph passing

10

through the points (2, 5.8) and (6, 3.8) is obtained.

Iny

"‘\.\

0 Inx
a Find the value of Iny when Inx = 0. (2]
b Given that y = Ax’, find the value of A and of &. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q84,1i Nov 2010
Solutions to this question by accurate drawing will not be accepted.
The points A and B have coordinates (2, -1) and (6, 5) respectively.

i Find the equation of the perpendicular bisector of AB, giving your answer in the form
ax + by = ¢, where a, band care integers. [4]

The point C has coordinates (10, -2).

ii  Find the equation of the line through Cwhich is parallel to AB. [2]
iii ~ Calculate the length of BC. (2]
iv  Show that triangle ABC s isosceles. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q8 Mar 2015

The curve y=xy+ x> —4 intersects the line y=3x—1 at the points Aand B. Find the
equation of the perpendicular bisector of the line AB. (8]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Jun 2015

Solutions to this question by accurate drawing will not be accepted.
Two points A and B have coordinates (-3, 2) and (9, 8) respectively.

i Find the coordinates of C, the point where the line AB cuts the y-axis. (3]
ii  Find the coordinates of D, the mid-point of AB. [1]
ili  Find the equation of the perpendicular bisector of AB. [2]
The perpendicular bisector of AB cuts the y-axis at the point E.

iv  Find the coordinates of E. [1]
v Show that the area of triangle ABE is four times the area of triangle ECD. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Nov 2015

7




Circular measure

This section will show you how to:

use radian measure

solve problems involving the arc length and sector area of a circle.

A
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8.1 Circular measure

Have you ever wondered why there are 360 degrees in one complete
revolution?

The original reason for choosing the degree as a unit of angular measure is
actually unknown but there are a number of different theories:

e ancient astronomers claimed that the Sun advanced in its path by one
degree each day and that a solar year consisted of 360 days

e the ancient Babylonians divided the circle into 6 equilateral triangles
and then subdivided each angle at O into 60 further parts, resulting in
360 divisions in one complete revolution

e 360 has many factors which makes division of the circle so much easier.

Degrees are not the only way in which you can measure angles. In this section
you will learn how to use radian measure. This is sometimes referred to as
the natural unit of angular measure and it is used extensively in mathematics
because it can simplify many formulae and calculations.

In the diagram below, the magnitude of angle AOB s 1 radian (1 radian is
written as 1 rad or 1°).

An arc equal in length to the radius of a circle subtends
an angle of 1 radian at the centre.

It follows that the circumference (an arc of length 2nr) subtends an angle of
27 radians at the centre.

21 radians = 360°

7t radians = 180°

When an angle is written in terms of m, the radian symbol is usually omitted.
Hence, nt = 180°.
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Converting from degrees to radians

Since 180° = &, then 90° =

Angles that are not simple fractions of 180° can be converted using the

following rule:

To change from degrees to radians, multiply by —

b8
, 45° = — etc.
2

4

T
180

Converting from radians to degrees

Since T = 180°, ~ = 30°, -~ = 18° etc.

10

Angles that are not simple fractions of  can be converted using the

following rule:

180
To change from radians to degrees, multiply by —.
m

180

(It is useful to remember that 1 radian = 1 x — = 57°.)

WORKED EXAMPLE 1

Answers

a Method I:

180° = 1 radians

(180)D b1 o "
— | = — radians
3 3

60° = i radians
3
b Method 1:
7t radians = 180°

-E radians = 36°

S?E radians = 108°

18

a Change 60° to radians, giving your answer in terms of 7.

3n
b Change — radians to degrees.

Method 2:
60° = (60 X i) radians
180

60° = g radians

Method 2:

3n . (31: 180)"
— radians = | — X —

5 5 o

3?11: radians = 108°




Chapter 8: Circular measure

Exercise 8.1
1 Change these angles to radians, in terms of .
a 10° b 20° c 40° d 50° e 15°
f 120° g 135° h 225° i 360° j 720°
k 80° 1 300° m 9° n 75° o 210°
2 Change these angles to degrees.
T n L b 2n
2% % T 9 3
¢ = Iz e ; 2B 9n
5 10 12 20 b0
6m n 8n 9n
k 3 l 3n m - n 3 o
3 Write each of these angles in radians correct to 3 sf.
a 32° b 55° c 84° d 123° e 247°

4 Write each of these angles in degrees correct to 1 decimal place.
a l.3rad b 2.5rad ¢ 1.02rad d 1.83rad e 0.58rad

5 Copy and complete the tables, giving your answers in terms of 7.

2 |Degrees | 0 | 45 | 90 | 135 | 180 | 225 | 270 | 315 | 360

Radians | 0 T 2n
b Degrees | 0 | 30 | 60 | 90 | 120 | 150 | 180 | 210 | 240 | 270 | 300 | 330 | 360
Radians | 0 T 2n
6 Use your calculator to find
a sinl.3rad b tan0.8rad ¢ sinl.2rad ! Note:
d éal 6 ThE— f Be, You do not need to change the
2 3 4 angle to degrees. You should
set the angle mode on your
calculator to radians.
CHALLENGE Q

7 Annais told the size of angle BAC in degrees and she is
then asked to calculate the length of the line BC. She
uses her calculator but forgets that her calculator is in
radian mode. Luckily she still manages to obtain the
correct answer. Given that angle BAC is between 10°

and 15°, use graphing software to help you find the size A

6 cn

of angle BAC in degrees correct to 2 decimal places.
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You should already be familiar with the following mathematical words that are used in circle questions.

arc I sector l ( segment
LN

Discuss and explain, with the aid of diagrams, the meaning of each of these words.
Explain what is meant by:

* minor arc and major arc

* minor sector and major sector

* minor segment and major segment.

If you know the radius, rcm, and the angle 6 (in degrees) at the centre
of the circle, describe how you would find:

e arc length * area of sector
* perimeter of sector ¢ length of chord
e perimeter of segment e area of segment.

8.2 Length of an arc

From the definition of a radian, the arc that subtends an angle of 1 radian
at the centre of the circle is of length » Hence, if an arc subtends an angle
of O radians at the centre, the length of the arc is 6.

174

Arc length = 76

WORKED EXAMPLE 2

n 3 ; ; :
An arc subtends an angle of 5 radians at the centre of a circle with radius 8 cm.
Find the length of the arc in terms of 7.

Answers
Arc length = 18
=8x£
6
4n
= —cm

3
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'WORKED EXAMPLE 3

A sector has an angle of 2 radians and an arc length of 9.6 cm.
Find the radius of the sector.

Answers
Arc length = 10
96 =rx 2
r=4.8cm
WORKED EXAMPLE 4 -
) ) 12cem P
The circle has radius 5cm and Q.
centre O.

PQis a tangent to the circle at the
point P.

QRO is a straight line. Find

a angle POQ, in radians

b QR

¢ the perimeter of the shaded region.

Answers
a tan POQ = % triangle QPOis right-angled since PQisa tangent
Angle POQ = tan™ (153) remember to have your calculator in radian mode
=1.176...
= 1.18 radians
b 0Q? =122 +5?2 using Pythagoras
00* =169
0Q =13
Hence QR =8cm.
¢ Perimeter = PQ + QR +arc PR use are PR =16
=12+8+ (5 x 1.176...)
=259cm
Exercise 8.2
1 Find, in terms of 7, the arc length of a sector of
T
a radius 6cm and angle P b radius 5cm and angle 2

¢ radius 10cm and angle :%ﬂ d radius 18 cm and angle %
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2 Find the arc length of a sector of

a radius 8cm and angle 1.2 radians b radius 2.5cm and angle 0.8 radians.
3 Find, in radians, the angle of a sector of

a radius 4cm and arc length 5cm b radius 9cm and arc length 13.5cm.

4 Find the perimeter of each of these sectors.

a b C
4cm 8cm em
E
A ND
5 ABCDis a rectangle with AB =6cm and BC = 16cm. '

O s the midpoint of BC.

OAED is a sector of a circle, centre O. Find

a AO
176 b angle AOD, in radians B ) C

¢ the perimeter of the shaded region.

6 Find
a thelength of arc AB
b the length of chord AB
¢ the perimeter of the shaded segment.

7 Triangle EFGis isosceles with EG = FG = 16 cm.

GH is an arc of a circle, centre F, with angle HFG = 0.85
radians. Find

a the length of arc GH
b the length of EF
¢ the perimeter of the shaded region.
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8.3 Area of a sector

To find the formula for the area of a sector you use the ratio: B
area of sector _ angle in the sector
area of circle ~ complete angle at the centre “

When 6is measured in radians, the ratio becomes
area of sector 6
nr? on

0 3
area of sector = — X Ir-®
21

18
area of sector = = r26

WORKED EXAMPLE 5

2n
Find the area of a sector of a circle with radius 6 cm and angle 3 radians.

Give your answer in terms of .

Answers

1
Area of sector = - 770

= l><62 ><~2—E
9 4)
=12ntcm?

WORKED EXAMPLE 6

Calculate the area of the shaded segment correct
to 3 sf.

Answers

: o oo
Area of triangle AOB = % x8x8xsin(2%)  using area of triangle = 3 @bsin G

=29.0975...
=29.0975...
Area of sector AOB = % x8x8x2 using area ofsector = ;),.2()
= 64 i
Area of segment = area of sector AOB — area of triangle AOB
=64 —29.0975...

=3%4.9cm?
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Exercise 8.3
1 Find, in terms of &, the area of a sector of
a radius 6cm and angle g— b radius 15cm and angle 3?“
. Tn : bn
¢ radius 10cm and angle T d radius 9cm and angle —.

2 Find the area of a sector of

a radius 4cm and angle 1.3 radians b radius 3.8cm and angle 0.6 radians.

3 Find, in radians, the angle of a sector of

a radius 3cm and area 5cm? b radius 7cm and area 30 cm?.
4 POQis the sector of a circle, centre O, radius 10cm.

The length of arc PQis 8 cm. Find

a angle POQ, in radians b the area of the sector POQ.

5 Asector of a circle, radius rcm, has a perimeter of 150 cm.

Find an expression, in terms of 7, for the area of the sector.

6 ABCDis arectangle with AB=9cm and BC = 18cm. E
O1is the midpoint of BC.
178 OAED is a sector of a circle, centre O. Find A D

a AO ”
b angle AOD, in radians
¢ the area of the shaded region.

7 The circle has radius 12 cm and centre O.

PQ s a tangent to the circle at the point P.
QRO s a straight line. Find

a angle POQ, in radians

b the area of sector POR

¢ the area of the shaded region.

8 AOBis the sector of a circle, centre O, radius 8 cm. A
ACis a tangent to the circle at the point A.
CBOis a straight line and the area of sector AOBis 32cm?. o
Find
a angle AOB, in radians
b the area of triangle AOC
¢ the area of the shaded region.
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9 Triangle EFG is isosceles with EG = FG =9 cm. G

GH is an arc of a circle, centre F, with angle

HFG = 0.6 radians. Find 9cm 9cm

a the area of sector of HFG

b the area of triangle EFG 0.6rad

¢ the area of the shaded region. E H F
10 The diagram shows a circle, centre O, radius 12 cm. 9ncm

Angle AOB = 0 radians. //\\

A B
Arc AB =9mcm. 4
a Show that § = %“. 12em < > 12em
0

b Find the area of the shaded region.

11 AODis a sector of a circle, centre O, radius 4 cm.
BOCis a sector of a circle, centre O, radius 10 cm.
The shaded region has a perimeter of 18 cm. Find
a angle AOD, in radians

b the area of the shaded region.

12 AOBis a sector of a circle, centre O, with radius 9 cm.
Angle COD = 0.5 radians and angle ODCis a right angle.
OC =5cm. Find
a OD
b CD
¢ the perimeter of the shaded region

d the area of the shaded region.

13 FOG s a sector of a circle, centre O, with angle
FOG =1.2 radians.

EOH is a sector of a circle, centre O, with radius 5cm.
The shaded region has an area of 71.4 cm?.

Find the perimeter of the shaded region.
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CHALLENGE Q
14 The diagram shows a semi-circle, centre O, radius 10 cm.

FH is the arc of a circle,
centre E.

Find the area of 4

a triangle EOF

b sector FOG :

¢ sector FEH ZFQ

d the shaded region. E 0 H G

CHALLENGE Q

15 The diagram shows a circle inscribed inside a square /
of side length 10cm. A quarter circle of radius 10cm

is drawn with the vertex of the square as its centre.
Find the shaded area.

n Summary

One radian (1°)is the size of the angle subtended \
at the centre of a circle, radius 7, by an arc of length ~. )

When 6 is measured in radians:

the length of arc AB = 10

the area of sector AOB = %rgﬁ'.
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Examination questions

Worked example

The diagram shows an isosceles triangle AOBand a sector OCDEO of a circle with centre O.
The line ABis a tangent to the circle.
Angle AOB = 1.8 radians and the radius of the circle is 12 cm.

a Show that the distance AC =7.3cm to 1 decimal place. [2]
b Find the perimeter of the shaded region. (6]
¢ Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11 Jun 2011

Answer
a cos09= ]
OA
OA = L =19.3047...
cos 0.
AC =0A-12 = 7.3047...
= 7.3 to 1dp
b Perimeter = arc CDE + EB + BA + AC hence need to find arc CDE, EB and BA
arc CDE: arc CDE = 8 where 0is the angle in the major sector = 21 — 1.8
=12x(2n -1.8)
= 53.798...
12 . , . .
EB: c0s0.9 = — using half of the isosceles triangle
OB '
B=—2__103047..
cos 0.9
EB = OB - OF =19.3047 — 12 = 7.3047...
BA: BA =2 x (0A x sin0.9) = 30.24378...

Perimeter = arc CDE + EB + BA + AC

= 53.798...+ 7.3047 ... + 30.24378... + 7.3047 ...
= 98.7cm




Cambridge IGCSE and O Level Additional Mathematics

¢ area of shaded region = area of triangle OAB + area of major sector CDE

= labsinC+ lr28
2 2

= % 19.307% x sin1.8 + % x 122 x (2n - 1.8)

= 504 cm?

Exercise 8.4
Exam Exercise
1

0 = P

The diagram shows a sector OPQ of a circle with centre O and radius x cm.

Angle POQ s 0.8 radians. The point S lies on 0Q such that OS = 5cm.

The point R lies on OPsuch that angle ORSis a right angle.

Given that the area of triangle ORS is one-fifth of the area of sector OPQ, find

a the area of sector OPQ in terms of x and hence show that the value of x is 8.837 correct

to 4 significant figures, [5]
b the perimeter of PQSR, (3]
¢ the area of PQSR. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Ql11a,b Nov 2014

The diagram shows a circle with centre Oand a chord AB.

The radius of the circle is 12cm and angle AOBis 1.4 radians.

a Find the perimeter of the shaded region. [5]
b Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q104,1i Nov 2013
S o
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A—6cm—E D

MK rad 16cm

B F C
= 16cm

The diagram shows a square ABCD of side 16 cm. M is the mid-point of AB.
The points Eand Fare on AD and BC respectively such that AE = BF = 6cm.
EFis an arc of the circle centre M, such that angle EMFis 6 radians.

a Show that 8 = 1.855 radians, correct to 3 decimal places. [2]
b Calculate the perimeter of the shaded region. [4]
¢ Calculate the area of the shaded region. (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q81,41 fun 2013

] 1 rad
A C

12cm —D

The diagram shows a right-angled triangle ABC and a sector CBDC of a circle with centre Cand
radius 12cm. Angle ACB = 1 radian and ACD is a straight line.

a Show that the length of ABis approximately 10.1 cm. (1]
b Find the perimeter of the shaded region. (5]
¢ Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11i,3i,iii Jun 2012
_J
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The diagram shows two circles, centres A and B, each of radius 10cm. The point Blies on the
circumference of the circle with centre A. The two circles intersect at the points Cand D. The
point E lies on the circumference of the circle centre B such that ABE is a diameter.

i Explain why triangle ABC s equilateral. [1]
il Write down, in terms of m, angle CBE. 1]
iii Find the perimeter of the shaded region. [5]
iv Find the area of the shaded region. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10 Nov 2015
6 P
184
7
Q

The diagram shows a circle, centre O, radius 8 cm. The points Pand Q lie on the circle.

3n
The lines PT and QT are tangents to the circle and angle POQ = Y radians.

i  Find the length of PT. [2]
il Find the area of the shaded region. [3]
iii Find the perimeter of the shaded region. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q4 Jun 2015

. Y,
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The diagram shows a circle, centre O, radius 7 cm. Points A, Band Care such that Aand B
lie on the circle and the tangents at A and Bmeet at C. Angle AOB = @ radians.

i  Given that the area of the major sector AOBis 7 times the area of the minor sector AOB,

find the value of 6. [2]
ii  Given also that the perimeter of the minor sector AOB is 20 cm, show that the value
of 7, correct to 2 decimal places, is 7.18. [2]
iii Using the values of 8and rfrom parts i and ii, find the perimeter of the shaded region
ABC. (3]
iv Find the area of the shaded region ABC. [3]
L Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q9 Mar 2016
A
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Trigonometry

This section will show you how to:

m find the trigonometric ratios of angles of any magnitude

m determine the amplitude and period of trigonometric functions

m describe the relationship between trigonometric graphs

m sketch graphs of y =|f(x) |, where f(x) is a trigonometric function

m draw and use the graphs of y = asinbx + ¢, y = acosbx + ¢, y=atanbx + ¢ where ais a positive
integer, bis a simple fraction or integer and c¢is an integer
use trigonometric relationships

solve simple trigonometric equations

prove simple trigonometric identities.
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You should already know the following trigonometric ratios:

SR opposite i adjacent e opposite

~ hypotenuse hypotenuse adjacent
(] sinf =< cost = = anf = =
T T X

9.1 Angles between 0° and 90°

WORKED EXAMPLE 1

Given that siné = -‘—;2—5 and that 8 is acute, find the exact values of

sin@

9 =
a sin“@ b cosf € tanf e ———
Answers
a sin’8 =sinf xsinf sin? § means (sin 6)*
-2.2
V5 B
_ 4
B
2
b sinf=—
J5

The right-angled triangle to represent 6 is:

Using Pythagoras’ theorem, x = (\fg)g - 22

x=1
Hence, cosf = % = %
¢ tan@ = £ =2
1
2
d sl _ 5 multiply numerator and denominator by /5
tanf — cos@ 9 b
V5
= 2‘[5? = multiply numerator and denominator by (‘2\/5 + 1)
2(2v5 +1)
~ (2v5 -1)(2V5 +1)
2(25 + 1)
19
_2+45

19
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The sine, cosine and tangent of 30°, 45° and 60° (or
obtained exactly from the following two triangles:

Consider a right-angled isosceles triangle whose two equal sides are of length
1 unit.

The third side is found using Pythagoras’ theorem: V12 + 12 = /2

Sin45°—i =£ Sin£=i —ﬂ
21 2 4 Ll 2
1 (2 n 1 2
2 450 == ¥R n_1(_~v2
\[_ 1 cCOSs ﬁ( 2] COS4 ﬁ( 2)
tan 45° = 1 fane =1
4

45 .

1

Consider an equilateral triangle whose sides are of length 2 units.

The perpendicular bisector to the base splits the equilateral triangle into two
congruent right-angled triangles.

The height of the triangle can be found using Pythagoras’ theorem:

188 v22-12 =3

¢ e o8 . n_ 3
sin 60° = — sin— = —
2 3 2
30°] cos60° = L cosE = l
2 3 2
9 tan 60° = /3 r,:m—;E =3
V3 §in30° = & s &
2 2
60° [ cos30° = —J—g cos—= _\/_§
1 2 2
1( V3 n 1( 3
tan30° = —|= —| tan—=—|=—
! ﬁ[ 3 ] "5 J§[ 3 )
Note:

You do not need to learn these triangles and ratios for the examination,
but you may find it useful to know them.
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WORKED EXAMPLE 2

Find the exact value of

a sin45°sin 60° b
Answers
a sin4b5°sin60° = % X g
_ B
2.2
_ Bx2
2J2 x 2
_V6
4

b cos?45° = cos45° X cos 45°

cos? 45° [

b . I
tan — + sin —
b 4

1-cos—

rationalise the denominator

o s
cos® 45° means (cos45°)

1 1
e
N2 T2
L
2
T 1
tan — + sin — ~/§ 7 ﬁ 1
C 3 = 4 - 1 the denominator simplifies to =
1—cos— 1-= 2
3 2
1
=[J3+—=|x2 expand brackets
(5 JEJ '
=923 + T rationalise the denominator
=23 + 2.

Exercise 9.1

: 2 ;
1 Given that tan8 = — and that O is acute, find the exact values of

a sin@ b cosB ¢ sin%@
d sin?6 + cos?6 2_-”1[&
3 —cosB

2 Given that sinf =

V2
5

and that @ is acute, find the exact values of

a cos@ b tan® ¢ 1-sin@
d sin@ +cos@ 505 0 — sindl
tan 6

3 Given that cos@ = 3 and that @ is acute, find the exact values of

a sinf

d sin*60+ cos?@

b tanf C

tan @ cosO

cos O — tanf

1 —cos’@
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4 Find the exact value of each of the following.

a tan4b°cos60° b tan?60° c T
cos 30°
cos? 30° tan 45° — sin30°
d sin45°+ cos30° e f -
o8 cos45° + cos 60° 1+ sin?60°
5 Find the exact value of each of the following.
an —
a sinECtz}sE b 5ir1EE C
4 3 4 cos g
4
5 —tan — KR
d . T ¢ om T f T, T °
s — Sin— COoS— tan —sin —
3 6 4 6 6

9.2 The general definition of an angle

You need to be able to use the three basic trigonometric functions for
any angle.

To do this you need a general definition for an angle:
190

y
SECOND FIRST
QUADRANT QUADRANT
P
6\
0 X
THIRD FOURTH

QUADRANT QUADRANT

An angle is a measure of the rotation of a line OP about a fixed point O.
The angle is measured from the positive x-direction.

An anticlockwise rotation is taken as positive and a clockwise rotation is taken
as negative.

The Cartesian plane is divided into four quadrants and the angle €is
said to be in the quadrant where OPlies. In the diagram above, 6 is in the
first quadrant.
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" WORKED EXAMPLE 3

Draw a diagram showing the quadrant in which the rotating line OPlies for each of
the following angles. In each case find the acute angle that the line OP makes with the

X-axis.

2n
a 240° b -70° c 490° d ?
Answers

a 240° is an anticlockwise rotation b -70° is a clockwise rotation

Ya Ya
71N
60°/|0 * ACIINE:
=70°
P
P
acute angle = 60° acute angle = 70°

i
¢ 490° is an anticlockwise rotation d ? is an anticlockwise rotation
490° = 360° + 130°

YA YA

507 Non rﬁ\?’_
NI

i
acute angle = 50° acute angle = 3

w3y

=Y
Q
=y

Exercise 9.2

1 Draw a diagram showing the quadrant in which the rotating line OPlies for
each of the following angles. In each question indicate clearly the direction
of rotation and find the acute angle that the line OP makes with the x-axis.

a 110° b —60° ¢ 9290° d —135° e —300°
, 5 R
4 6 3 9 b 73

2 State the quadrant that OPlies in when the angle that OP makes with the
positive x-axis is
a 110° b 300° ¢ -160° d 245° e -500°
(T gUT 5 1mo oo

4 6 6 6 &



192

Cambridge IGCSE and O Level Additional Mathematics

9.3 Trigonometric ratios of general angles

In general, trigonometric ratios of any angle 8 in any quadrant
are defined as:

sin9=l, c056=£, tanf@ ==, x#0
T

2
L& X

JE—

where xand y are the coordinates of the point P
and ris the length of OPand r = /x% + j°.

You need to know the signs of the three trigonometric ratios in the
four quadrants.

In the first quadrant sin, cos and tan are positive. (Since x, yand rare
all positive.)

By considering the sign of x and yyou can find the sign of each of the three
trigonometric ratios in the other three quadrants.

CLASS DISCUSSION

y By considering the sign of y in the second, third and fourth
sinf = ¥ quadrants, determine the signs of the sine ratio in each of these

quadrants.

By considering the sign of x in the second, third and fourth
X 3 2 . . s

cosf = — quadrants, determine the signs of the cosine ratio in each of
these quadrants.

: By considering the sign of xand yin the second, third and fourth
tan6 = < quadrants, determine the signs of the tangent ratio in each of
: these quadrants. What happens to the tangent ratio when x = 0?

On a copy of the diagram, record which ratios are positive in each
quadrant.

The first quadrant has been completed for you.

sin

COSs

ran

(All three ratios are positive in the first quadrant.)
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The results of the class discussion, can be summarised as: 90°

A
You can memorise this diagram using a mnemonic such as J

‘All Students ‘Trust ¢ ambridge’. & All
180° > ()°, 360°
%
Tan 08
270°

‘ WORKED EXAMPLE 4

Express in terms of trigonometric ratios of acute angles.
a cos(-110°) b sin125°

Answers

a The acute angle made with the x-axis is 70°.

In the third quadrant only tan is positive,
SO cos is negative.

cos(—110°) =—cos 70°

1

b The acute angle made with the xaxis is 55°.
In the second quadrant sin is positive.
sin 125° = sin 55°

A

wn

Ngﬁ '

0 X
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WORKED EXAMPLE 5

Given that sinf = — 3 and that 180° < @ < 270°, find the value of tan 6 and the value
of cos 6. 5

Answers

6is in the third quadrant.

tan is positive and cos is negative in this quadrant.

2 Ef = g
E 08916 | x/’\ L

Since x < 0, x=—4 _3 ‘J o x
-3 3 —4 i 5
tanf = — = — and cosf = — = ——
= 4 5 5
Exercise 9.3
1 Express the following as trigonometric ratios of acute angles.
a sin220° b cos325° ¢ tan 140° d cos(—25°)
e tan600° f sin4—n g 1:211117—7E h cos[— H—n]
5 4 6
e o
' n 3 J 4

2 Given that cos@ = % and that 270° < @ < 360°, find the value of
a tané b sin#b.
3 Given that tan@ = —/3 and that 90° < 0 < 180°, find the value of

a sinf b cosé.

4 Given that sinf = % and that @ is obtuse, find the value of

a cosf b tané.

5 Given that tanf = % and that @ is reflex find the value of
a sinf b cos@.
6 Given that tan A = i and cosB = —% , where A and Bare in the same

quadrant, find the value of
a sinA b cosA ¢ sinB d tanB.

7 Given that sinA = —% and cosB = -i—, where A and B are in the same

quadrant, find the value of
a cosA b tanA ¢ sinB d tanB.



9.4 Graphs of trigonometric functions

CLASS DISCUSSION

Consider taking a ride on a Ferris wheel, with radius b0 metres,

which rotates at a constant speed.

You enter the ride from a platform that is level with the centre of
the wheel and the wheel turns in an anticlockwise direction.

Sketch the following two graphs and discuss their properties:
o agraph of your vertical displacement from the centre of the

wheel plotted against angle turned through

+ agraph of your horizontal displacement from the centre of

the wheel plotted against angle turned through.

The graphs of y =sinx and y = cosx
Suppose that OP makes an angle of x with the positive

horizontal axis and that P moves around the unit circle,

through one complete revolution. The coordinates of Pwill

be (cosx,sinx).

The height of Pabove the horizontal axis changes
from 0 —=1—=0—->-1-0.

The graph of sinx against xfor 0° < x < 360° is:

The distance of P from the vertical axis changes
froml-0—-5-1-0->1.

The graph of cosx against xfor 0° < x < 360° is:

Y4

Chapter 9: Trigonometry

P(cosx, sinx)

Hy----3

A
"

J

N
\

970

y=sinx

V= COS X

o

180
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The graphs of y = sinx and y = cosx can be continued beyond 0° < x < 360°:

y )‘ 4
=sin x 1~

1_
/\ /—\ /\ /\ ity
~180-90 9] 90 JQQ\iii/760 450 540 X _1?j2750 0 d&\iETL;%o 360 450 540 *

—17 —1-|

The sine and cosine functions are called periodic functions because they
repeat themselves over and over again.

The period of a periodic function is defined as the length of one repetition
or cycle.

The basic sine and cosine functions repeat every 360°.
We say they have a period of 360°. (Period = 2, if working in radians.)

The amplitude of a periodic function is defined as the distance between a
maximum (or minimum) point and the principal axis.

The basic sine and cosine functions have amplitude 1.

“ The graph of y=tanx
i

0 A80 270 /56

-180 =90 O 9

1
i
1
I

The tangent function behaves very differently to the sine and cosine functions.
The tangent function repeats its cycle every 180° so its period is 180°.

The red dashed lines at x = £90°, x = 270° and x = 450° are asymptotes. The

branches of the graph get closer and closer to the asymptotes without ever
reaching them.

The tangent function does not have an amplitude.

The graphs of y=asinbx+c, y=acosbx+c¢ and y=atanbx+c
You have already learnt about the graphs of y = sinx, y = cosx and y = tanx.

In this section you will learn how to sketch the graphs of

y=asinbx +c¢, y = acosbx + ¢ and y = a tanbx + ¢ where aand b are positive
integers and cis an integer.

You can use graphing software to observe how the values of a, b and ¢ affect
the trigonometric functions.



The graph of y =asinx
Using graphing software, the graphs of y =sinx and y =2sinx are:

y

A

1

X
0 :
90 1 270 60
—1
y=sinx

_9] y=2sinx

The graph of y =2sinx is a stretch of the graph of y =sinx.
It has been stretched from the x-axis with a stretch factor of 2.
The amplitude of y =2sinx is 2 and the period is 360°.

Similarly, it can be shown that graph of y = 3sinx is a stretch of y =sinx
from the x-axis with stretch factor 3. The amplitude of y =3sinx is 3 and the
period is 360°.

ACTIVITY

Use graphing software to confirm that:

e ) =2cosx isastretch of y=cosx from the x-axis with stretch factor 2
e Y=3cosx isastretch of y =cosx from the x-axis with stretch factor 3

and

e Y =2tanx isastretch of y =tanx from the x-axis with stretch factor 2
e Y =3tanx isastretch of y =tanx from the x-axis with stretch factor 3.

The graph of y =sin bx

Using graphing software, the graphs of y = sin x and y = sin 2x are:

1_

O /\ /\ )
9b 80 z>’}\ 460

—1-

The graph of y = sin 2x is a stretch of the graph of y = sin x.

y=sin2x y=sinx

Chapter 9: Trigonometry
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It has been stretched from the y-axis with a stretch factor of L

The amplitude of y =sin2x is 1 and the period is 180°.

Similarly, the graph of y =sin3x is a stretch, from the y-axis, of y =sinx
: 1

with stretch factor 3"

The amplitude of y =sin3x is 1 and the period is 120°.

ACTIVITY

Use graphing software to confirm that:

* y=cos2x is astretch of y=cosx from the y-axis with stretch factor :

: . s 1
* y=cos3x is astretch of y =cosx from the y-axis with stretch factor 3

and

: _ 1
* y=tan2x is astretch of y =tanx from the y-axis with stretch factor —

. 1
¢ y=tan3x isastretch of y=tanx from the y-axis with stretch factor 3

The graph of y =sinx +¢

Using graphing software, the graphs of y =sinx and y =sinx +1 are:

J}
2_
y=sinx
1-/\ _«_::sinx'*- 1
X
0 ; ;
90 18 270 560

-1-
The graph of y =sinx + 1 is a translation of the graph of y =sinx.

It has been translated by the vector [(;] i

The amplitude of y =sinx + 1 is 1 and the period is 360°.

Similarly, the graph of y =sinx +2 is a translation of y =sinx by the

0
vector | _ |.

2
The amplitude of y =sinx +2 is 1 and the period is 360°.
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ACTIVITY

Use graphing software to confirm that:

.
® y=cosx+1 isa translation of y = cosx by the vector O)

(0
® y=cosx+2 isa translation of y = cosx by the vector )

(
¢ y=cosx—3 isa translation of y =cosx by the vector 0]

and

® y=tanx+1 isa translation of y =tanx by the vector [1}]

® y=tanx—2 isa translation of y=tanx by the vector [ g]

In conclusion,

y=asinbx+c

|

affects affects vertical translation
amplitude period _ 0
(amplitude = a) ( ) 360° 21t) translation = (c
period = or «b—

y=acosbx+c

|

affects affects vertical translation
amplitude period ) 0
(amplitude = a) ( ) 360° 2,!) translation = (c)
period = or 3

y=atan bx +c

e

stretches the graph affects vertical translation

Note: there is no period ; 0
amplitude for a tangent ( - 180° n] translation = (c)]

function Ly
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Sketching trigonometric functions
The sketch graph of a trigonometric function, such as
y=2cos3x—1 for 0° =< x =< 360° can be built up in steps.

Step 1: Start with a sketch of y = cos «x: y
Period = 360° ?_ y = COs x
Amplitude =1 0 "
; 90 180 970 360
-9
Step 2: Sketch the graph of y = cos3x: y
Stretch y = cosx from the y-axis 2 3.
1 y = CO0s 3x
ith stretch factor —. 15
with stretch fac 3 . \ /\ | /‘\ /
° 180 2 360
Period = 3?30 =120° 14 \_/d \/ %\_/
Amplitude = 1 -2-
Step 3: Sketch the graph of y =2cos3x: 3
il Stretch y =cos3x from the x-axis 3 3
y=2cos 3x
with stretch factor 2 2

(] 14
Period = i =]120° 0 /\ /\ /
3 o
360
Amplitude = 2 =
9

Step 4: Sketch the graph of y =2cos3x —1: y

Translate y =2cos3x by ( 2] y=2cos 3x—1

360° 0

3 /\ e

Period = “— = 120° ; 9 180 70 360
Amplitude = 2 _9-
-3
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WORKED EXAMPLE 6

f(x) =3 sin 2x for 0° < x < 360°

a Write down the period of f.

b Write down the amplitude of f.
Write down the coordinates of the maximum and minimum points on the curve
y =£(x).

d Sketch the graph of y =f(x).

e Use your answer to part d to sketch the graph of y =3 sin 2x+1.

Answers

sl 180°

a Period =
b Amplitude =3
¢ y=sin x has its maximum and minimum points at:
(90°, 1), (270°, 1), (450°, 1) and (630°, -1)
Hence, f(x) = 3 sin 2x has its maximum and minimum points at:
(45°, 3), (135°, -3), (225°, 3) and (315°, -3)

y v =23sin 2x
8-.

. | .
1

1A 0 21 0

—9- . |

—g
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WORKED EXAMPLE 7

a On the same grid, sketch the graphs of y =sin2x and y =1+ cos2x for
0° = x = 360°.

b State the number of roots of the equation sin2x =1 + cos2x for 0° < x < 360°.

Answers
a
¥y
3_.
y =1+ cos 2x
2—\ 4 /
1 -
X
0 . | il
9?)\ /{80 QMO
_1 — = |
y =$in 2x

-24

| b The graphs of y=sin2x and y =1+ cos2x intersect each other at 4 points in
the interval.

Hence, the number of roots of sin2x =1+ cos2x is 4.

n Exercise 9.4

1 a The following functions are defined for 0° =< x < 360°.

For each function, write down the amplitude, the period and the
coordinates of the maximum and minimum points.

i f(x)="7cosx il f(x) = 2sin2x iii  f(x) = 2cos3x
iv f(x)=35in%x v f(x)=4cosx+1 vi f(x)=5sin2x—2

b Sketch the graph of each function in part a and use graphing software
to check your answers.

2 a The following functions are defined for 0 = x =< 2.

For each function, write down the amplitude, the period and the
coordinates of the maximum and minimum points.

i f(x)=4sinx ii f(x) = cos3x iii f(x) = 2sin3x
iv f(x)=3cos%x v f(x)=sin2x+3 vi f(x)=4cos2x—1

b Sketch the graph of each function in part a and use graphing software
to check your answers.



-
2y

.
2

The graph of y = a + bsincx, for 0 < x < 7, is shown above.

Write down the value of g, the value of b and the value of ¢.

0 X
45 90 135 180%

Part of the graph of y = asinbx + ¢ is shown above.

Write down the value of a, the value of b and the value of c.

O 60 120 180 240 300 360*
The graph of y = a + bcoscx, for 0° < x < 360°, is shown above.
Write down the value of a, the value of b and the value of ¢.

6 a The following functions are defined for 0° < x < 360°.

For each function, write down the period and the equations of the
asymptotes.

i f(x)=tan2x i f(x)=3tan%x i f(x) = 2tan8x +1

b Sketch the graph of each function and use graphing software to check
your answers.

Chapter 9: Trigonometry
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10

11

12

a The following functions are defined for 0 < x < 27.

For each function, write down the period and the equations of
the asymptotes.

i f(x)=tan4x il f(x) =2 tan3x iii  f(x)=b5tan2x -3

b Sketch the graph of each function and use graphing software to check
your answers.

Part of the graph of y = Atan Bx + C is shown above.

The graph passes through the point P(g, 4).

Find the value of A, the value of B and the value of C.

f(x) = a+ bsincx

The maximum value of f is 13, the minimum value of f is 5 and the period
is 60°.

Find the value of a, the value of b and the value of c.

f(x) = A+ 3cos Bx for 0° < x < 360°

The maximum value of f is 5 and the period is 72°.

a Write down the value of A and the value of B.

b Write down the amplitude of f.

¢ Sketch the graph of f.

f(x) = A+ BsinCx for 0° = x < 360°

The amplitude of fis 3, the period is 90° and the minimum value of f is —2.
a Write down the value of A, the value of B and the value of C.

b Sketch the graph of f.

a On the same grid, sketch the graphs of y = sinx and y =1+ sin2x for
0° = x = 360°.

b State the number of roots of the equation sin2x —sinx +1 = 0 for
0° = x = 360°



13 a On the same grid, sketch the graphs of y = sinx and y =1+ cos2x for
0° =< x < 360°.
b State the number of roots of the equation sinx =1+ cos2x for
0° = x =< 360°.
14 a On the same grid, sketch the graphs of y = 3cos2x and y = 2+ sinx
for 0° = x < 360°.

b State the number of roots of the equation 3cos2x = 2+ sinx for
0° < x < 360°.

9.5 Graphs of y =|f(x)|, where f(x) is a trigonometric
function

You have already learnt how to sketch graphs of y = | f (x)l where f(x) is either
linear or quadratic.

In this section you will learn how to sketch graphs of y = \ f (x)| where f(x) is a
trigonometric function.

WORKED EXAMPLE 8

a Sketch the graph of f(x) =|sinx| for 0 = x = 2m.
b State the range of the function f.

Answers

a Step 1: Sketch the graph of y =sinx

¥4
14
0=<f(x) <1 <{: /\/\: | sin x]
- E3 m.  3m om *
2 ® 2 < y=sinx
14

Step 2: Reflect in the x-axis the part of the curve y =sinx that is below the x-axis.

b The range of the function fis 0 < f(x) < 1.

Chapter9: Trigonometry
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WORKED EXAMPLE 9

a On the same grid, sketch the graphs of y =|sin2x| and y =cosx for 0° < x < 360°.
b State the number of roots of the equation |sin2x| =cosx for 0° < x =< 360°.

Answers

a For y =|sin2x| sketch the graph of y =sin2x and then reflect in the xaxis the
part of the curve y =sin2x that is below the x-axis.

¥y =|sin 2x]|

() i 1

-1 N, y=sin 2x

Hence, the graphs of y =|sin2x| and y =cosx are:

Y ¥ =|sin 2x] ¥ =COs X
i

il /

T, 1
& 90\ 180 70
_]_ﬁ “‘/

b The graphs of y = |[sin2x| and y =cosx intersect each other at 4 points in the
interval.

Hence, the number of roots of |sin2x| = cosx is 4.

|
360

Exercise 9.5
Use graphing software to check your graphs in this exercise.

1 Sketch the graphs of each of the following functions, for 0° < x < 360°,
and state the range of each function.

a f(x) =|tanx| b f(x)=|cos2x]| ¢ f(x) =|3sinx|

f(x) =

f f(x)=]|2sin2x]|

e f(x)=

L1 1
sin —x 2 cos—x
2 2
f(x)=|sinx—2] h f(x)=|5sinx+1| i f(x)=|4cosx—3|

Sketch the graph of y = 2sinx — 1 for 0° < x < 180°.

Sketch the graph of y =|2sinx — 1| for 0° < x # 180°.

o o m o

(]

Write down the number of solutions of the equation | 2sinx — 1| = 0.5
for 0° < x < 180°.



a Sketch the graph of y = 2 + 5cosx for 0° < x < 180°.
b Sketch the graph of y = |2+ 5cosx| for 0° < x < 180°.

¢ Write down the number of solutions of the equation |2+ 5cosx| = 1 for
0° = x < 180°.

a Sketch the graph of y = 2+ 3cosx for 0° < x < 180°.
b Sketch the graph of y =|2 + 3cosx| for 0° < x < 180°.

¢ Write down the number of solutions of the equation |2 + 3sin2x| =1
for 0° = x < 180~.

a On the same grid, sketch the graphs of y =|tanx| and y = cosx for
0° = x =< 360°.

b State the number of roots of the equation |tanx| = cosx for
0° < x < 360°.

a On the same grid, sketch the graphs of y =|sin2x| and y = tanx for
0=<x=<2nm

b State the number of roots of the equation |sin2x| = tanx for
0=<x=<2m

a On the same grid, sketch the graphs of y =|0.5 + sinx| and y = cosx
for 0° = x < 360°.

b State the number of roots of the equation | 0.5 + sinx| = cosx for
0° < x < 360°.

a On the same grid, sketch the graphs of y = |1+ 4 cosx| and
y =2+ cosx for 0° < x < 360°.

b State the number of roots of the equation |1+ 4 cosx| = 2 + cosx for
0° = x =< 360°.

The equation |3cosx — 2| = k, has 2 roots for the interval 0 < x < 2x.

Find the possible values of k.

CHALLENGE Q
10 f(x)

90 180 270 360 x

The diagram shows the graph of f(x) = |a + bcoscx|, where a, band ¢
are positive integers.

Find the value of a, the value of band the value of .

Chapter 9: Trigonometry
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9.6 Trigonometric equations

Consider the right-angled triangle:

F y X )
sm9=l cosf = — tan9=—3~
r r X

The following rules can be found from this triangle:

tan = 2 divide numerator and denominator by r
x
Y
_r ) ; X
= use = = sinf and — = cos@
i r r
7
sind
tanf =
cost
9 g ¢ s F .
x% + y2 = r® divide both sides by r?
£\2 y 9 3 ;
(—) + (—] =1 use — = cos® and = = sin6
T T T T

cos2 @ +sin26 =1 }

These two important rules will be needed to solve some trigonometric
equations later in this section.

Consider solving the equation: ~ sinx = 0.5
x = sin~! (0.5)
A calculator will give the answer: x = 30°

There are, however, many more values of x for which sinx = 0.5.

Consider the graph of y =sinx for -360° < x < 360"

v\(‘
1_
360 9270 -180 -90 © 90 180 2710 360%
830 910 30 150
—1 y=sin x

The sketch graph shows there are four values of x, between —360° and 360°, for
which sinx = 0.5.
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You can use the calculator value of x = 30°, together with the symmetry of the
curve to find the remaining answers.

Hence the solution of sinx = 0.5 for —360° = x < 360° is:

x = —330°, -210°, 30° or 150°

Solve cosx = —0.4 for 0° < x < 360°.

Answers
cosx =—0.4 use a caleulator to find cos™ (=0.4) to 1 decimal place
x =113.6°
¥

y=cos x

The sketch graph shows there are two values of x, between 0° and 360°, for which
cosx =-0.4.

Using the symmetry of the curve, the second value is (360° - 113.6°) = 246.4°.
Hence the solution of cosx =-0.4 for 0° < x < 360° is
x=113.6° or 246.4°.

209
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WORKED EXAMPLE 11

Solve tan2A = -1.8 for 0° < A < 180°.

Answers
tan24A=-1.8 let x=24
tanx = —1.8 use a calculator to find tan™' (-1.8)
x = —60.95°
y
y=tanx
-60.95
90 | /0
Using the symmetry of the curve:
x =—60.95 x = (—60.95 + 180) x = (119.05 + 180)
=119.05 =299.05
Using x = 24,
24A=-60.95 24 =119.0 2A =299.05
A=-30.5 A =595 A =149.5

Hence the solution of tan2A4 =-1.8 for 0° < x < 180° is

A =59.5° or A =149.5°.
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WORKED EXAMPLE 12

Solve sin(?A - g) =06 for 0SA<m

Answers
: o
sin (2.&— E] = 0.6 let %= 2A—=
3 3
sinx = 0.6 use a calculator to find sin™' 0.6
x = 0.6435 radians
y
5 yv=0.6
0[0643 ; an o
2 2 e
5 V= sIn X
Using the symmetry of the curve:
x =0.6435 x =1 — 0.6435
=2.498
Using x=2A- g-
24 - % - 0.6435 24 - _ 2498
3 3
A—l[06435+3£) A~5(2498+-’5)
o\ 3 2™ 3
A =0.845 A=1.77
Hence the solution of sin [2.4 - %) =06 for 0=EA<Tis
A =0.845 or 1.77 radians.
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WORKED EXAMPLE 13

Solve sin®x — 2sinxcosx =0 for 0° < x < 360°.

Answers
sin?x — 2 sinxcosx =0 factorise

sinx (sinx — 2 cosx) =0

sinx =0 or sinx—2cosx=0
x=0°, 180°, 360° sinx =2 cosx
tanx =2

x =63.4 or 180 + 63.4
x =63.4° or 243.4°

O

y=tanx

The solution of sin®x —2sinxcosx =0 for 0° < x < 360° is
x =0° 63.4°, 180°, 243.4° or 360°.

WORKED EXAMPLE 14

Solve 1+ cosx =3sin’x for 0° = x < 360°,

Answers
1+cosx =3sin’x use sin“x = 1 —cos>x
1+cosx =3(1—- cos? x) expand brackets and collect terms
3cos®’x+cosx—2 =0 factorise

(3cosx —2)(cosx+1)=0

3cosx—2=0 or cosx +1=0

cosx=§ cosx =—1
x =48.2° or 360 — 48.2 x =180°
x=48.2° or 311.8°
.\;
1 2
\I C T I T
O 482 99 180 70 360"
1
_\': COs X

The solution of 1+ cosx =3sin®x for 0° < x < 360° is
x =48.2°, 180° or 311.8°.




Exercise 9.6
1 Solve each of these equations for 0° < x < 360°.
a sinx=0.3 b cosx =02 € tanx =2 d sinx=-0.6
e tanx=-14 f sinx=-08 g 4sinx—-3=0 h 2cosx+1=0
2 Solve each of the these equations for 0 < x < 2.
a cosx =05 b tanx = 0.2 ¢ sinx=2 d tanx =-3
e sinx=—-0.75 f cosx=-0.55 g 4sinx =1 h 5sinx+2=0
3 Solve each of these equations for 0° < x < 180°.
a sin2x=0.8 b cos2x=-06 ¢ tan2x =2 d sin2x=-0.6
e 5cos2x=4 f 7sin2x=-2 g 1+3tan2x=0 h 2-3sin2x =0
4 Solve each of these equations for the given domains.
a cos(x—30°)=-0.5 for 0°=< x = 360°.
b 6sin(2x +45°) = -5 for 0° = x < 180°.
4 2c05[—23—x)+ J3 =0 for 0° < x < 540°.
d cos(x + %) =-0.5 for 0 <x < 2m.
e sin(2x-3)=0.6 for 0 < x < w radians.
f V2 sin[g + g] =1 for 0 < x < 4r radians.
5 Solve each of these equations for 0° < x < 360°.
a 4sinx = cosx b 3sinx +4cosx =0
¢ 5sinx —3cosx =0 d 5cos2x —4sin2x =0
6 Solve 4sin(2x —0.4) —5cos(2x—0.4) =0 for 0 s x =T
7 Solve each of these equations for 0° < x < 360°.
a sinxtan(x—30°) =0 b 5tan’x—4tanx =0
¢ 3cos®x = cos x d sin?x +sinxcosx =0
e b5sinxcosx = cosx f sinxtanx = sinx
8 Solve each of these equations for 0° < x < 360°.
a 4sin*x=1 b 25tan®’x =9
9 Solve each of these equations for 0° < x < 360°.
a tan’x+2tanx -3 =0 b 2sinx+sinx—-1=0
¢ 3cos?x—2cosx—1=0 d 2sin*x—cosx—1=0
e 3cos’x—3 =sinx f sinx+5=6cos’x
g 2cos’x—sin*x—2sinx—1=0 h 1+tanxcosx = 2cos” x
i 3cosx = 8tanx
10 f(x) =sinx for Oﬂxﬁg g(x)=2x-1 for xe R

Solve gf(x) = 0.5.

Chapter 9: Trigonometry
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9.7 Trigonometric identities

sin? x + cos? x =1 is called a trigonometric identity because it is true for all
values of x.

In this section you will learn how to prove more complicated identities
involving sinx, cosx and tanx.

When proving an identity, it is usual to start with the more complicated side
of the identity and prove that it simplifies to the less complicated side. This is
illustrated in the next example.

Note:
LLHS means left-hand side and RHS means right-hand side.

WORKED EXAMPLE 15

Prove the identity (1 + sinx)® + (1 - sinx)® + 2cos? x = 4.

Answers

LHS = (1 +sinx)® + (1 - sinx)® + 2cos? x
=(1+sinx)(1+sinx) +(1-sinx)(1-sinx) +2cos?x  cxpand brackets
=1+2sinx +sin®x + 1 - 2sinx + sin? x + 2cos? x collect like terms

=2+ 2sin’ x + 2cos? x
=24 2(sin2x+coszx) use sin“x +cos*x =1
=2+2x1
=4
= RHS
L = — L | = =

WORKED EXAMPLE 16

| Prove the identity
| cosx

— COSXx = sinxtanx.

Answers

LHS =

— Cosx
Cosx

1 cos? x

COSX  COSX
_1-cos®x
" cosx
_sin®x

COsSx
sin x

= sinx X
cosx

= sinxtanx
= RHS




CLASS DISCUSSION

Equivalent trigonometric expressions
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tan x cos x

1- cos’x

sin® x + sin x cos®x

sin® x

sin x

sin®x

tan x cos x

tan’x cos®x

1 - cos®x

tan x (1 —sin®x)

sin x

COs Xx

Discuss why each of the trigonometric expressions in the blue boxes simplify to sin x.

Create as many trigonometric expressions of your own which simplify to tan x.

(Your expressions must contain at least two different trigonometric ratios.)

Compare your answers with your classmates.

Exercise 9.7
1 Prove each of these identities.
sin x
= COSX
tan x
1-sin?x
———— = cosx
CoS X

e (sinx+cosx)® =1+ 2sinxcosx

2 Prove each of these identities.

2x —sin®x = 2cos?x -1

a cos

¢ cos*x +sin?xcos?x = cos? x

e 2-(sinx+cos x)* = (sinx — cosx)?
3 Prove each of these identities,

cos?x —sin?x

- = Ccosx + sinx
cosx — sinx
cos*x — sin x "
5 =1-tan“x
cos“ x

-y

COs X sin x s

=]1-sin“x

tan x

cos? x — sin? x

- +sinx = cosx
cosx + sinx

tan? x — sin? x = tan? xsin?x

cos?’x —sin?x =1-2sin?x
2(1+ cosx) — (1+ cosx)? = sin%x

cos? x + sin? x = sin* x + cos® x

sin x

1+ cosx 2
+ —

1+ cosx sin x sinx
sin? x (l - cosgx) 5
) =tan" x

cos? x(l — sin?x
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9.8 Further trigonometric equations

The cosecant, secant and cotangent ratios
There are a total of six trigonometric ratios. You have already met the ratios
sine, cosine and tangent. In this section you will learn about the other three

ratios, which are cosecant (cosec), secant (sec) and cotangent (cot). These
three ratios are defined as:

g 1 p ] cotl 1 ( cos@) |
= secl = = =
S sin @ cost tan @ sind
Consider the right-angled triangle:
si119=2 cosr’ai=i tan6=l
T r X
cosec@ = z secO = L cotf = £ r
b x Y s
A -
X

The following rules can be found from this triangle:
216

x? Figf = o2 divide both sides by x?
2 9
" ‘ ;
1+ [1) = (—) use Lon tanf@ and o= sec@
x x x x
1 +tan260 =sec? 0 l
%% ;— y? = 2 divide both sides by y*
9
X r :
[— +1= [—} use X = cot@ and I = coseco
b b y y
cot20 +1 = cosec? 0 J

These important identities will be needed to solve trigonometric equations in
this section.
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‘ WORKED EXAMPLE 17

Solve 2cosecix +cotx—8 =0 for 0° < x < 360°.

Answers
2cosec’x + cotx —8 =0 use 1+ cot? x = cosec®x
2 (1+cot®x)+cotx—8 =0 expand brackets and collect terms
factorise
2cot’x+cotx—6=10 :
(2cotx —3)(cotx+2) =0 Y

92cotx—3=0 or cotx+2=0

y=tan x

cotx = cotx = —2 =961

tanx =

wo|ho Moo
|
o)
<

1
tanx = ——
2

x =33.7or 33.7 + 180 x =—26.6 or —26.6 + 180 or —26.6 + 360
x=33.7°0r213.7°  x=153.4° or 333.4° (since —26.6° is out of range)

The solution of 2cosec?x + cotx —8 =0 for 0° < x < 360° is
x =33.7°, 153.4°, 213.7° or 333.4°.

Exercise 9.8
1 Solve each of these equations for 0° < x < 360°.

a cotx=0.3 b secx=4 ¢ cosecx = —2 d 3secx—-5=0

2 Solve each of the these equations for 0 < x < 2.
a cosecx =5 b cotx=08 ¢ secx=-4 d 2cotx+3=0

3 Solve each of these equations for 0° < x < 180°.

a sec2x =1.6 b cosec2x=5 ¢ cot2x=-1 d bHcosec2x = -7

4 Solve each of these equations for the given domains.
a sec(x—30°) =3 for 0°=<x =< 360°

cosec(2x +45°) = -5 for 0° < x < 180°

c cot[x+%}=2 for 0 <x<2m

o

d 3sec(2x+3)=4 for 0<x<m

5 Solve each of these equations for 0° = x =< 360°.
1
a sec’x =4 b 9cot?’x=4 ¢ 16c0t2§x=9

6 Solve each of these equations for 0° < x < 360°.
a 3tan’x—-secx—1=0 b 4tan?x+ 8secx =1
¢ 2sec’x =bHtanx+5 d 2cot’x—5cosecx —1=0
e 6Hcosx +6secx =13 f cotx+6sinx—2cosx =3
g h

3cotx = 2 sinx 12secx —10cosx — 9tanx = 0



o s :
Cambridge IGCSE and O Level Additional Mathematics

9.9 Further trigonometric identities

In this section you will learn how to prove trigonometric identities that involve
any of the six trigonometric ratios.

CLASS DISCUSSION

Odd one out

sin’x + cos?x

COSEC X

cos x sinx

cotx cosec’x — cot?x

— sin®x cosec?x
N,
N
\\ CcOoSs x
< COsecx —cotx cos x —_—
N\ / sec’x —tan®x
cotx sinx tanx

Find the trigonometric expression that does not match the other six expressions.
Create as many expressions of your own to match the odd one out’.
(Your expressions must contain at least two different trigonometric ratios.)

218

Compareyour answers with your classmates.

WORKED EXAMPLE 18

. . 1+ secx
Prove the identity ——————— = cosecx,
tanx + sinx

| Answers

[

1+ secx 1 sin x
LHS = ——M— use sec x = and tanx =
tanx + sin x cosx Ccosx

1

1L5F
= —_COSX multiply numerator and denominator by cos x
sinx . . ‘ s i ¥
+ sin x

Ccosx
cosx + 1 : : ;
= — . factorise the denominator
sinx + sinx cos x
cosx + 1

s divide numerator and denominator by (cosx + 1
sinx (cosx + 1) : : ¥ )

1
=T USE COSECX = —
SHLG sinx

= COseCx

L = RHS
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Exercise 9.9
1 Prove each of these identities.

a tanx + cotx = secx cosecx
€ cosecx —sinx = COSX cotx

2 Prove each of these identities.
a (1+secx)(cosecx —cotx)=tanx

b (1+secx)(l—-cosx)=sinxtanx

2

¢ tan®x—sec?x + 2 = cosec?x — cot® x

b sinx + cosxcotx = cosecx

d secxcosecx —cotx = tanx

d (cotx + tanx)(cotx — tanx) = cosec®x — sec® x

3 Prove each of these identities.

1 . sin® x + cos®x g
a ————— =sinxcosx b 5 = sec’x
tanx + cotx Ccos* x
sin? xcosx + cos® x 1- cos®x i
C - = cotx d ——2—=1—smx
sin x secx — 1
1+ tan®x sin x
€@ ————— = SecxCosecx f ———— = COosecx
tanx 1-cos®x
sinx tan®*x . 1-sec?x ’
g — S =sin’y h ;- =tan®x
1+ tan*x 1 — cosec*x
. 1+sinx 2 . cosxcotx =Ld
i —,=(tanx+secx) j =secx —tanx
1-sinx cosx + cotx
4 Prove each of these identities.
sinx Ccosx 1 1
a —— = SeC X COSeCX b — — = 2tanxsecx
cosx sinx 1—-sinx 1+ sinx
1 1 9 cosx sin x )
c + = 2cosec* x d = sinx + cosx
1+ cosx 1-cosx 1-tanx 1-cotx
cosx COS X cosx COS X
e — + — = 2secx f = 2tan%
1+sinx 1-sinx cosecx +1 cosecx — 1

5 Show that (3+2sinx)® +(3—2sinx)* +8cos® x has a constant value for all x and state this value.
6 a Express 5sin’x—2cos’x in the form a+bsin®x.

b State the range of the function f(x)=5sin’x—2cos’ x for 0 <x=<2m.

CHALLENGE Q
7 a Express sin°0+4cosf+2 in the form a—(cosd —b)

9

b Hence state the maximum and minimum values of sin® 0 + 4cos6 + 2.
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Summary

Positive and negative angles
Angles measured anticlockwise from the positive -direction are positive.

Angles measured clockwise from the positive -direction are negative.

Diagram showing where sin, cos and tan are positive

90°
4

Sin All

180° > 0°, 360°
x

Tan Cos

270°
Useful mnemonic: “All Students Trust Cambridge’

Cosecant, secant and cotangent

cosec ) = — secl = coti=
- sin 0/ cos 0 tan®

Trigonometric identities
_ sinx

tan x

COS X
;9 Do =
sin“x + cos“x =1
1+ tan®x = sec? x

1+ cot® x = cosec? x
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Examination questions

Worked example
The diagram shows the graph of y = asin(bx) + ¢ for 0 < x < 2r, where a, band care positive
integers.

State the value of a, of band of ¢. (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Nov 2013

y = asin(bx) + ¢
. : 271
a = amplitude period =T = —
a=3 b=2
The graph of y = 3sin2x has been translated by the vector [?), hence ¢ = 1.

g=3, bh=2 =]

Exercise 9.10
Exam Exercise

1 a Sketch the curve y = 3cos2x —1 for 0° < x < 180°. (3]
b i State the amplitude of 1- 4sin2x. [1]
ii State the period of 5tan3x + 1. (1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q2 Nov 2014

2 a Solve 2cos3x = cot3x for 0° < x < 90°. [5]
b Solve sec [_']J + g) = -2 for 0 <y < mradians. (4]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q11a,b Nov 2014

3 a Prove that secxcosec x — cotx = tanx. (4]
b Use the result from part a to solve the equation secxcosecx = 3cotx for 0° < x < 360°. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,ii Nov 2014
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4 Showthat ~*S00, €00 _ o o (4]

cos@ 1+sin@

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12a,b Nov 2013

5 a Solve the equation 2cosecx + =0 for 0° = x < 360°. [4]

CcCosx
b Solve the equation 7sin(2y—1) = 5 for 0 < y < 5 radians. (5]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1i,ii,iii Jun 2013

6 On a copy of the axes below sketch, for 0 < x < 2n, the graph of

a y=cosx—1 [2]
b y=sin2x. (2]
};
2—----"‘-_--_: ------------ : ------------ .'__--__-_-‘.--:
o SRR T
0 i 1 ’.
i n 3T 2am X
? T
222 R N s
Y — R S
¢ State the number of solutions of the equation cosx —sin2x = 1, for 0 < x < 2m. (1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1i,ii,iii Jun 2013

1+sin9)2 [1- sin O
+

9
= 2+ 4tan?86. 4
cos@ cos@ ) " 4]

7 Prove that [
Cambridge IGCSE Additional Mathematics 0606 Paper 21 QI Jun 2013

8 a Given that 15c0s? 0 + 2sin%20 = 7, show that tan20 = g (4]
b Solve 15cos®6 + 2sin?68 =7 for 0 < @ < 7 radians. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,ii Jun 2012
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9
0 T
0 180° *
a The diagram shows a sketch of the curve y = asin(bx) + ¢ for 0° < x < 180°.
Find the values of a, band c. [3]
b Given that f(x) = 5cos3x + 1, for all x, state
i the period of f, (1]
ii the amplitude of f. [1]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3a,bi,ii Jun 2012
10 a Solve 4sinx = cosecx for 0°< x < 360°. [3]
b Solve tan®3y—2sec8y—2=0 for 0°< y<180°. [6]
¢ Solve tan(z—%):ﬁ for 0 <z=<2n radians. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10 Jun 2015
11 Show that v/sec28—1++/cosec?d—1 = secOcosech. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3 Nov 2015

12 Solve the following equations.

i 4sin2x+5cos2x =0 for 0°<x<180° (3]
i cot’ y+3cosecy=3 for 0°< y=<360° [5]
L 1 . :

iii cos(z + ZJ =5 for 0=z <2n radians, giving each answer as a multiple of T [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Nov 2015
J
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Permutations and combinations

This section will show you how to:

find the number of arrangements of n distinct items
find the number of permutations of r items from n distinct items
find the number of combinations of r items from n distinct items

solve problems using permutations and combinations.
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10.1 Factorial notation
5x4x3x2x1is called 5 factorial and is written as 5!
It is useful to remember that n! = nx (n—1)!

For example 5! =5 x 4!

WORKED EXAMPLE 1

Find the value of

8! 11!
a — flcdcatel

5! 813!
Answers

. 8l _8x7x6xBxAxFxIxf
51 BExAxZxgxA
=8xT7x6
- 336

g L 11x10x 9 x 8 x 7/ x x5 x A x Zx 2 x ¥
813! g/xz(xﬁ/xb/xfxg/xfx/{x:%xQx]
_ 9%

6
= 165

Exercise 10.1

1 Without using a calculator, find the value of each of the following.
Use the x! key on your calculator to check your answers.

1 !
a 7! 2} C 2 d 8—
21 3! 51
4! 6! 6! 51 7!
—, e —— (= g —X—
2121 3121 (312 3! 4!
2 Rewrite each of the following using factorial notation.
a 2x1 b 6 x5Xx4x3%x2x1 ¢ Hx4x3
d 17x16x 15x 14 . 10x9x8 f 12x11x10x9%x8
Ix2x%x1 4x3x2x1
CHALLENGE Q
3 Rewrite each of the following using factorial notation.
a n(n—1)(n-2)(n-3) b n(n—-1)(n—2)(n—-3)(n—4)(n—>5)
n(n—1)(n—2) d n(n—1)(n—2)(n—3)(n—4)

5x4x3x2x1 Ix2x1
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10.2 Arrangements

CLASS DISCUSSION

These books are arranged in the order BRO G. (Blue, Red,
Orange, Green).
The books could be arranged in the order ) GBR.

Find the number of different ways that the 4 books can be arranged in
a line.

You will need to be systematic.
How many ways are there of arranging five different books in a line?

To find the number of ways of arranging the letters A, B and C in a line you can use two methods.

Method 1

List all the possible arrangements.

These are: ABC  ACB BAC BCA CAB and CBA.
There are 6 different arrangements.

Method 2
Consider filling 3 spaces.
UL
The first space can be filled in 3 ways with either A or B or C.
For each of these 3 ways of filling the first space there are 2 ways of filling the second space.
There are 3 X 2 ways of filling the first and second spaces.
For each of the ways of filling the first and second spaces there is just 1 way of filling the third space.
There are 3 X 2 X 1 ways of filling the three spaces.

The number of arrangements =3 x 2 x 1 = 6.
3 x 2 x 1 is called 3 factorial and can be written as 3!

In the class discussion, you should have found that there were 24 different ways
of arranging the 4 books.
41=4x3x2x1=24

The number of ways of arranging n distinct items in a line = n!.

) (&) (&) (o) (W) (] W] (5] (&)

a Find the number of different arrangements of these nine cards if there are no
restrictions.

b Find the number of arrangements that begin with GRAD.
Find the number of arrangements that begin with G and end with S.
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Answers

a There are 9 different cards.
number of arrangements = 9! = 362 880

b The first four letters are GRAD, so there are now only 5 letters left to be
arranged.
number of arrangements = 5! = 120

¢ The first and last letters are fixed, so there are now 7 letters to arrange between
the G and the S.
number of arrangements = 7! = 5040

WORKED EXAMPLE 3

NENNGOO
a Find the number of different arrangements of these seven objects if there are
no restrictions.
Find the number of arrangements where the squares and circles alternate.
Find the number of arrangements where all the squares are together.

d Find the number of arrangements where the squares are together and the circles
are together.

Answers

a There are 7 different objects.
number of arrangements = 7! = 5040

b If the squares and circles alternate, a possible arrangement is:

HONONOMH

There are 4! different ways of arranging the four squares.
There are 3! different ways of arranging the three circles.
So the total number of possible arrangements = 4! X 3! =24 x 6 = 144.

¢ If the squares are all together, a possible arrangement is:

......................

The number of ways of arranging the 1 block of four squares and the 3
circles = 4!

There are 4! ways of arranging the four squares within the block of squares.
So the total number of possible arrangements = 4! X 4! = 24 x 24 = 576.

d If the squares are together and the circles are together, a possible arrangement is:

There are 4! X 3! ways of having the squares at the start and the circles at the end.
Another possible arrangement is:

There are 3! x 4! ways of having the circles at the start and the squares at the end.
total number of arrangements = 4! x 3! + 3! x 4! = 144 + 144 = 288
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Exercise 10.2
1 Find the number of different arrangements

a
b

4 people sitting in a row on a bench
7 different books on a shelf.

2 Find the number of different arrangements of letters in each of the
following words.

a

3 a

TIGER b OLYMPICS ¢ PAINTBRUSH

Find the number of different four-digit numbers that can be formed
using the digits 3, 5, 7 and 8 without repetition.

How many of these four-digit numbers are

i even

ii greater than 80007

4 A shelf holds 7 different books.
4 of the books are cookery books and 3 of the books are history books.

a

Find the number of ways the books can be arranged if there are
no restrictions.

Find the number of ways the books can be arranged if the 4 cookery books
are kept together.

5 Five-digit numbers are to be formed using the digits 2, 3, 4, 5 and 6.

Each digit may only be used once in any number.

a

Find how many different five-digit numbers can be formed.

How many of these five-digit numbers are

b
c
d

even
greater than 40000
even and greater than 400007

6 Three girls and two boys are to be seated in a row.

Find the number of different ways that this can be done if

a
b
c

7 a

the girls and boys sit alternately
a girl sits at each end of the row

the girls sit together and the boys sit together.

Find the number of different arrangements of the letters in the
word ORANGE.

Find the number of these arrangements that

b
c

8 a

begin with the letter O
have the letter O at one end and the letter E at the other end.

Find the number of different six-digit numbers which can be made using
the digits 0, 1, 2, 3, 4 and 5 without repetition. Assume that a number
cannot begin with 0.

How many of the six-digit numbers in part a are evenr
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9 6 girls and 2 boys are to be seated in a row.

Find the number of ways that this can be done if the 2 boys must have
exactly 4 girls seated between them.

10.3 Permutations

In the last section, you learnt that if you had three letters A, B and C and 3 spaces to fill, then the
number of ways of filling the spaces was 3 x 2 x 1 = 3!

L0

Now consider having 8 letters A, B, C, D, E, F, G, H and 3 spaces to fill.
The first space can be filled in 8 ways.

For each of these 8 ways of filling the first space there are 7 ways of filling the
second space.

There are 8 x 7 ways of filling the first and second spaces.

For each of the ways of filling the first and second spaces there are 6 ways of
filling the third space.

There are 8 x 7 x 6 ways of filling the three spaces.

The number of different ways of arranging three letters chosen from eight

letters=8 X 7 X 6 = 336.
229

The different arrangements of the letters are called permutations.

The notation ®P; is used to represent the number of permutations of 3 items
chosen from 8 items.

Txb6Xbhx4x3 1 ! ]
T\Iotethatffixi’x6czm9115;0l:)rewrittenas8X . Lt =8—= 3

8! ]! Hhx4x3x2x1 5! (8-3)!
SO SP-).= (8 .3)1 :5—;:336’

The general rule for finding the number of permutations of r items from 7
n!

distinct items is "P, = J
(n—n)!

Note:
e In permutations, order matters.
® By definition, 0! = 1.
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To explain why 0! = 1, consider finding the number of permutations of 5
letters taken from 5 letters.

5 4 3 2 1
choices choices choices choices choice

The number of ways of filling the 5 spaces with the 5 letters =5 x4 x 3 x 2 x 1 =120.
5 5! 5! 120
But, Py=———=—=——.
T (G=5! 0 0

1
So % = 120. Hence 0! must be equal to 1.

WORKED EXAMPLE 4

A security code consists of 3 letters selected from A, B, C, D, E, F followed by 2 digits
selected from 5, 6, 7, 8, 9.

Find the number of possible security codes if no letter or number can be repeated.

Answers

Method 1

There are 6 letters and 5 digits to select from.

Number of arrangements of 3 letters from 6 letters = °Pg

Number of arrangements of 2 digits from 5 digits = °P,

So number of possible security codes = P4 x 2Py = 120 x 20 = 2400.

Method 2
There are 6 letters and 5 digits to select from.

6 i) 4 5 4
choices choices choices choices choices

The first three spaces must be filled with three of the six letters.

There is a choice of 6 for the first space, 5 for the second space and 4 for the third
space.

The last two spaces must be filled with two of the 5 digits.
There is a choice of 5 for the first space and 4 for the second space.
So number of possible security codes =6 x5 x 4 x 5 x 4 = 2400.
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WORKED EXAMPLE 5

Find how many even numbers between 3000 and 4000 can be formed using the digits
1, 3,5, 6, 7and 9 if no number can be repeated.

Answers
Method 1
The first number must be a 3 and the last number must be a 6.
31 %|| *|| 6
There are now two spaces to fill using two of the remaining four digits 1, 5, 7 and 9.
41 41
Number of ways of filling the remaining two spaces = Py = (T'-Q_)l = 2l =12

There are 12 different numbers that satisfy the conditions.

Method 2
Consider the number of choices for filling each of the four spaces.

1/ j N3 \1

choice  choices choices choice

Number of ways of filling the four spaces=1x4x3x 1
There are 12 different numbers that satisfy the conditions.

Method 3
In this example it is not impractical to list all the possible permutations.
These are: 3156 3516 3176 3716 3196 3916
3576 3756 3196 3916 3796 3976
There are 12 different numbers that satisfy the conditions.

Exercise 10.3

1 Without using a calculator, find the value of each of the following.
Use the "P, key on you calculator to check your answers.
a Bp, b 6p, ¢ Upg d P,

2 Find the number of different ways that 4 books, chosen from 6 books be
arranged on a shelf.

3 How many different five-digit numbers can be formed from the digits 1, 2,
3,4,5,6,7,8,9 if no digit can be repeated?

4 There are 8 competitors in a long jump competition.
In how many different ways can the first, second and third prizes
be awarded?
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5 Find how many different four-digit numbers greater than 4000 that can be

formed using the digits 1, 2, 3, 4, 5, 6 and 7 if no digit can be used more
than once.

6 Find how many even numbers between 5000 and 6000 can be formed from
the digits 2, 4, 5, 7, 8, if no digit can be used more than once.

7 A four-digit number is formed using four of the eight digits 1, 2, 3, 4, 5, 6, 7
and 8. No digit can be used more than once.
Find how many different four-digit numbers can be formed if
a there are no restrictions b the number is odd
¢ the number is greater than 6000 d the number is odd and greater than 6000.

8 Numbers are formed using the digits 3, 5, 6, 8 and 9.
No digit can be used more than once.
Find how many different
a three-digit numbers can be formed
b numbers using three or more digits can be formed.

9 Find how many different even four-digit numbers greater than 2000 can
be formed using the digits 1, 2, 3, 4, 5, 6, 7, 8 if no digit may be used more
than once.

'CLASS DISCUSSION

You have already investigated the number of ways of arranging
4 different books in a line.

You are now going to consider the number of ways you can select 3
books from the 4 books where the order of selection does not matter.

If the order does not matter, then the selection BRO is the same as
OBR.

Find the number of different ways of selecting 3 books from the
4 books.

1

CRAYONS

To find the number of different ways of choosing 3 crayons
from the set of 5 crayons you can use two methods.

[

A combination is a selection of some items where the order of selection does
Method 1

not matter. i
So for combinations order does not matter. 3
List all the possible selections.

Consider the set of 5 crayons.
A0 A0 AAR AAD AAR AOR QR0 AOA QAR AOR

So there are 10 different ways of choosing 3 crayons from 5.
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Method 2 B Bx4

The number of combinations of 3 from 5 = ﬁ= T =10.

10.4 Combinations

The general rule for finding the number of combinations of ritems from

n distinct items is:
.. n!

C,=——
ri(n—1)!

Note:

* In combinations, order does not matter.

* *C,is read as ‘n choose ¥’
So C; is read as ‘5 choose 3",

* "C, can also be written as ( ?‘).

¢ %G, is the same as '°Cy.
So the number of ways of choosing 3 from 10 is the same as the number
of ways of choosing 7 from 10. This is because when you choose a group
of 3 from 10, you are automatically left with a group of 7.

WORKED EXAMPLE 6

A team of 6 swimmers is to be selected from a group of 20 swimmers.
Find the number of different ways in which the team can be selected.

Answers

20!

Number of ways of selecting the team = 2Cg = T 38760.
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WORKED EXAMPLE 7

A B
The diagram shows 2 different tents A and B.
Tent A holds 3 people and tent B holds 4 people.

Find the number of ways in which 7 people can be assigned to the two tents.

Answers

Number of ways of choosing 3 people from 7 for tent A = Cs = 35.
So, the number of ways of assigning the 7 people to the two tents = 35.

WORKE[#EXAMPLE 8

3 coats and 2 dresses are to be selected from 9 coats and 7 dresses.
Find the number of different selections that can be made.

Answers

Number of ways of choosing 3 coats from 9 coats = °C;.
Number of ways of choosing 2 dresses from 7 dresses = "Cs.
So, the number of possible selections =°Cg x "Cy = 84 x 21 = 1764.

WORKED EXAMPLE 9

A quiz team of 5 students is to be selected from 6 boys and 4 girls.

Find the number of possible teams that can be selected in which there are more boys
than girls.

Answers

If there are more boys than girls there could be:

5boys O0girls number of ways =°C; X *Cy=6x1=6
4boys 1girl number of ways =°Cy x *C; =15 x 4 = 60
3boys 2girls number of ways =°Cg x *Cy =20 x 6 =120
So, the total number of possible teams = 6 + 60 + 120 = 186.
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WORKED EXAMPLE 10

Sofia has to play 5 pieces of music for her music examination.

She has 13 pieces of music to choose from.

There are 7 pieces written by Chopin, 4 written by Mozart and 2 written by Bach.
Find the number of ways the 5 pieces can be chosen if

a there are no restrictions

b there must be 2 pieces by Chopin, 2 pieces by Mozart and 1 piece by Bach

¢ there must be at least one piece by each composer.

Answers

a Number of ways of choosing 5 from 13 = 1*C; = 1287

b Number of ways of choosing 2 from 7 pieces by Chopin = G
Number of ways of choosing 2 from 4 pieces by Mozart = ‘Cy
Number of ways of choosing 1 from 2 pieces by Bach = *C,

So, number of possible selections = "Cy X *Cy X 2C; = 21 X 6 x 2 = 252.

¢ If there is at least one piece by each composer there could be:
3 Chopin 1Mozart 1Bach number of ways = "Cg X “C; x *C, = 35 x 4 x 2 =280
1 Chopin 3 Mozart 1Bach number of ways = "C; X *Cg x *C; =7x 4 X 2 =56
9 Chopin 2 Mozart 1Bach number of ways = "Cy X *Cy X *C; = 21 x 6 X 2 =252
9 Chopin 1 Mozart 2Bach number of ways="Cy X *C; X 2Cy=21 x4 x 1 =84
1 Chopin 2 Mozart 2Bach number of ways = TCy X *Cox2Cy=Tx6x1=42

So, total number of ways = 280 + 56 + 252 + 84 + 42 = 714.

Exercise 10.4

1 Without using a calculator find the value of each of the following, and then
use the "C, key on your calculator to check your answers.

o b, e af) <f) )
2 Show that 8C3 = BC5.
3 How many different ways are there of selecting

a 3 photographs from 10 photographs

b 5 books from 7 books
¢ ateam of 11 footballers from 14 footballers?

4 How many different combinations of 3 letters can be chosen from the
letters P, Q, R, S, T?
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5 The diagram shows 2 different boxes, A and B. 7 A

8 different toys are to be placed in the boxes. A B

Find the number of ways in which the 8 toys can
be placed in the boxes so that 5 toys are in box A and 3 toys are in box B.

6 4 pencils and 3 pens are to be selected from a collection of 8 pencils and
5 pens.

Find the number of different selections that can be made.

7 Four of the letters of the word PAINTBRUSH are selected at random.
Find the number of different combinations if
a there is no restriction on the letters selected
b the letter T must be selected.

8 A test consists of 30 questions.
Each answer is either correct or incorrect.
Find the number of different ways in which it is possible to answer
a exactly 10 questions correctly
b exactly 25 questions correctly.

9 An athletics club has 10 long distance runners, 8 sprinters and 5 jumpers.
236 A team of 3 long distance runners, 5 sprinters and 2 jumpers is to be selected.
Find the number of ways in which the team can be selected.

10 A team of 5 members is to be chosen from 5 men and 3 women.
Find the number of different teams that can be chosen
a if there are no restrictions
b that consist of 3 men and 2 women

¢ that consist of no more than 1 woman.

11 A committee of 5 people is to be chosen from 6 women and 7 men.
Find the number of different committees that can be chosen
a if there are no restrictions

b if there are more men than women.

12 A committee of 6 people is to be chosen from 6 men and 7 women.
The committee must contain at least 1 man.

Find the number of different committees that can be formed.

13 A school committee of 5 people is to be selected from a group of 4 teachers
and 7 students.

Find the number of different ways that the committee can be selected if
a there are no restrictions

b there must be at least 1 teacher and there must be more students
than teachers.
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14 A test consists of 10 different questions.
4 of the questions are on trigonometry and 6 questions are on algebra.
Students are asked to answer 8 questions.
a Find the number of ways in which students can select 8 questions if there
are no restrictions.
b Find the number of these selections which contain at least 4 algebra
questions.

15 Rafiu has a collection of 10 CDs.
4 of the CDs are classical, 3 are jazz and 3 are rock.
He selects 5 of the CDs from his collection.
Find the number of ways he can make his selection if
a there are no restrictions
b his selection must contain his favourite jazz CD
¢ his selection must contain at least 3 classical CDs.

16 In a group of 15 entertainers, there are 6 singers, 5 guitarists and
4 comedians.

A show is to be given by 6 of these entertainers.

In the show there must be at least 1 guitarist and 1 comedian.
There must also be more singers than guitarists.

Find the number of ways that the 6 entertainers can be selected.

Summary

Arrangements in a line
The number of ways of arranging n distinct items in a line is
aXn-1Xxn-2)X..x3x2x1=n!

Permutations
The number of permutations of ritems from n distinct items is
n!
"P=—
(n—1n)!
In permutations, order matters.
Combinations
The number of combinations of ritems from n distinct items is
n n!
"Cy= ( 'r) =

n—n!"
In combinations, order does not matter.
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1 a

1l a

Answers

Examination questions

Worked example

Find how many different 4-digit numbers can be formed using the digits 1, 2, 3,4, 5
and 6 if no digit is repeated. [1]

How many of the 4-digit numbers found in part i are greater than 6000? (1]

How many of the 4-digit numbers found in part i are greater than 6000 and
are odd? (1]

b A quiz team of 10 players is to be chosen from a class of 8 boys and 12 girls.

Find the number of different teams that can be chosen if the team has to have equal
numbers of girls and boys. [3]

Find the number of different teams that can be chosen if the team has to include the
youngest and oldest boy and the youngest and oldest girl. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10ai, i, iii,bi,ii Nov 2014

Number of 4-digit numbers = °P, = 360.

Method 1
The first number must be a 6.

61| x| % || *

There are now three spaces to fill using three of the remaining five digits 1, 2, 3,4 and b.
5! 51

5-38) 2

Number of ways of filling the remaining three spaces = °Ps =

There are 60 different numbers that satisfy the conditions.

Method 2
Consider the number of choices for filling each of the four spaces.

* *

l/ Bf \1 \3

choice  choices  choices choices

Number of ways of filling the four spaces =1 X5 x4 x 3.

There are 60 different numbers that satisfy the conditions.
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iii Method 1
The first number must be a 6.

o[+ =]

The last number must bea 1, 3 or 5.

The middle two spaces must then be filled using two of the remaining four numbers.
! !

. 3=3Xx 4 _se.

4-2)! 2!

Number of ways of filling the four spaces =1 x*Py X 3 =1 x

There are 36 different numbers that satisfy the conditions.

Method 2
Consider the number of choices for filling each of the four spaces.

The first number must be a 6.
The last number must be a 1, 3 or 5.

When the first and last spaces have been filled there will be four numbers left to

choose from.
‘ * ‘ %k * *

PR S N
1 4 3 3
choice  choices  choices choices

Number of ways of filling the four spaces=1 x4 x 3 x 3.
There are 36 different numbers that satisfy the conditions.

b i There mustbe 5 boys and 5 girls.
Number of ways of choosing 5 boys from 8 = #C;.
Number of ways of choosing 5 girls from 12 = 12C;.
Number of possible teams = 8C; X 2C5 = 56 X 792 = 44 352,

ii The team includes the youngest and oldest boy and the youngest and oldest girl.

There are now 6 places left to fill and 16 people left to choose from.
Number of ways of choosing 6 from 16 = °C¢ = 8008.
Number of possible teams = 8008.

Exercise 10.5
Exam Exercise
1 a How many even numbers less than 500 can be formed using the digits 1, 2, 3, 4 and 5?

Each digit may be used only once in any number. (4]

. J
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b A committee of 8 people is to be chosen from 7 men and 5 women.
Find the number of different committees that could be selected if
i the committee contains at least 3 men and at least 3 women, (4]

ii the oldest man or the oldest woman, but not both, must be included in the committee.

(2]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10a,bi,ii Jun 2014

2 a An artgallery displays 10 paintings in a row.
Of these paintings, 5 are by Picasso, 4 by Monet and 1 by Turner.

i Find the number of different ways the paintings can be displayed if there are
no restrictions. (1]

ii Find the number of different ways the paintings can be displayed if the paintings by
each of the artists are kept together. (3]

b A committee of 4 senior students and 2 junior students is to be selected from a group of 6
senior students and 5 junior students.

i Calculate the number of different committees that can be selected. [3]
One of the 6 senior students is a cousin of one of the 5 junior students.

240 ii Calculate the number of different committees which can be selected if at most one of
these cousins is included. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q9ai,ii,bi,ii Nov 2012
3 a Arrangements containing 5 different letters from the word AMPLITUDE are to be made.
Find
i the number of 5-letter arrangements if there are no restrictions, [1]

ii the number of 5-letter arrangements which start with the letter A and end with the
letter E. [1]

b Tickets for a concert are given out randomly to a class containing 20 students.
No student is given more than one ticket. There are 15 tickets.
i Find the number of ways in which this can be done. [1]
There are 12 boys and 8 girls in the class. Find the number of different ways in which
ii 10 boys and 5 girls get tickets, [3]
iii all the boys get tickets. [1]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4ai, i, bi, i, it Jun 2012
S v
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Six-digit numbers are to be formed using the digits 3, 4, 5, 6, 7 and 9.
Each digit may only be used once in any number.
a Find how many different six-digit numbers can be formed. (1]

Find how many of these six-digit numbers are

b even, [1]
¢ greater than 500000, (1]
d even and greater than 500 000. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4i-iv Nov 2011

a A shelf contains 8 different travel books, of which 5 are about Europe and 3 are
about Africa.

i Find the number of different ways the books can be arranged if there are no restrictions.
(2]

ii Find the number of different ways the books can be arranged if the 5 books about
Europe are kept together. [2]

b 3 DVDs and 2 videotapes are to be selected from a collection of 7 DVDs and 5 videotapes.
Calculate the number of different selections that could be made. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6ai,ii,b fun 2011

A 4-digit number is formed by using four of the seven digits 1, 3, 4, 5, 7, 8 and 9.
No digit can be used more than once in any number.

Find how many different 4-digit numbers can be formed if

a there are no restrictions, [2]
b the number is less than 4000, [2]
¢ the number is even and less than 4000. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6i,ii,iii Nov 2010

a Jean has nine different flags.

i Find the number of different ways in which Jean can choose three flags from her

nine flags. (1]
i Jean has five flagpoles in a row. She puts one of her nine flags on each flagpole.
Calculate the number of different five-flag arrangements she can make. [1]
b The six digits of the number 738925 are rearranged so that the resulting six-digit
number is even. Find the number of different ways in which this can be done. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q2 Mar 201 5)
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8 a
b
9 a

10 a

A lock can be opened using only the number 4351. State whether this is a
permutation or a combination of digits, giving a reason for your answer. (1]

There are twenty numbered balls in a bag. Two of the balls are numbered 0, six are
numbered 1, five are numbered 2 and seven are numbered 3, as shown in the table below.

Number on ball 0 1 2 3
Frequency 2 6 5 7

Four of these balls are chosen at random, without replacement. Calculate the
number of ways this can be done so that

i the four balls all have the same number, [2]
ii the four balls all have different numbers, [2]
iii the four balls have numbers that total 3. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q5 fun 2015
6 books are to be chosen at random from 8 different books.
i Find the number of different selections of 6 books that could be made. [1]

A clock is to be displayed on a shelf with 3 of the 8 different books on each side of it.
Find the number of ways this can be done if

ii there are no restrictions on the choice of books, [1]
iii 3 of the 8 books are music books which have to be kept together. (2]

A team of 6 tennis players is to be chosen from 10 tennis players consisting of 7 men and 3
women. Find the number of different teams that could be chosen if the team must include
at least 1 woman. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q4 Nov 2015
A 6-character password is to be chosen from the following 9 characters.

letters A B E F
numbers 5 3 9
symbols * $

Each character may be used only once in any password.

Find the number of different 6-character passwords that may be chosen if

i there are no restrictions, [1]
ii the password must consist of 2 letters, 2 numbers and 2 symbols, in that order, [2]
iii the password must start and finish with a symbol. [2]

An examination consists of a section A, containing 10 short questions, and a section B,
containing 5 long questions. Candidates are required to answer 6 questions from
section A and 3 questions from section B. Find the number of different selections
of questions that can be made if
i there are no further restrictions, [2]
ii candidates must answer the first 2 questions in section A and the first question

in section B. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q5 Mar 2016
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This section will show you how to:

® use the binomial theorem for expansion of (a+ )" for positive integral n

n

®m usethe general term [
T

Ja"_'b’ for a binomial expansion

recognise arithmetic and geometric progressions
use the formula for the nth term and for the sum of the first nterms to solve problems involving
arithmetic and geometric progressions

m use the condition for the convergence of a geometric progression, and the formula for the sum to
infinity of a convergent geometric progression.
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11.1 Pascal’s triangle

The word ‘binomial’ means ‘two terms’.
The word is used in algebra for expressions such as x+ 5 and 2x— 3y.
You should already know that (a+ )%= (a+ b)(a+ b) = a® + 2ab+ b°.
The expansion of (a+ b)? can be used to expand (a+ b)°.
(a+8)® = (a+ b)(a+b)?
= (a+ b)(a® + 2ab+ b?)
=@+ 2a%b+ ab® + a®b+ 2ab? + b
= a® + 3a%b+ 3ab® + b
Similarly it can be shown that (a+ 8)* = a* + 4a°b + 6a%5* + 4ab® + b*.

Writing the expansions of (a+ b)" out in order:

(a+b)! = la + 1b
(a+b)? = la*> + 2ab + 1
(a+ b3 = 1 + 3% + 3ab® + 19

(a+b)* =1a* + 4a®°0 + 64%¥ + 4ab® + 18

If you look at the expansion of (a+ b)*, you should notice that the powers of a
and b form a pattern.

* The first term is a* and then the power of a decreases by 1 whilst the power
of bincreases by 1 in each successive term.

e All of the terms have a total index of 4 (a%, a®b, a®b?, ab® and b%).

There is a similar pattern in the other expansions.

The coefficients also form a pattern that is known as Pascal’s triangle.

1 1

Ny,
o

2 1

1 4 4 1

Note:

e Each row always starts and finishes with a 1.

¢ FEach number is the sum of the two numbers in the row above it.

The next row would be:
1 5 10 10 5 1
This row can then be used to write down the expansion of (a+ b)°.

(a+ b)® =1d° + 5a*b+ 10a°* + 10a%0° + Hab* + 10°



CLASS DISCUSSION

There are many number patterns in Pascal’s triangle.
For example, the numbers 1, 4, 10 and 20 have been highlighted.

&9

°c © ©
O
1 4 10

These numbers are called tetrahedral numbers.
Which other number patterns can you find in Pascal’s triangle?
What do you notice if you find the total of each row in Pascal’s triangle?

WORKED EXAMPLE 1

Use Pascal’s triangle to find the expansion of
a (2+5x)° b (2x-3)?

Answers
a (2+5x)°
The index = 3 50 use the third row in Pascal’s triangle.
The third row of Pascal’s triangleis1,3,53 and 1.
(2+5%)2 =1(2)3+3(2)2(5%) +3(2) (5x)2 +1 (5x)3 Use the expansion of (a+ b)®.
=8+ 60x+ 1502 + 125x°
b (2x-3)*
The index = 4 so use the fourth row in Pascal’s triangle.
The fourth row of Pascal’s triangle is1,4,6, 4 and | .
(2x—38)* =1 (2x)* +4(2x)3(~3) + 6 (2x)2(~3)2 Use the expansion of (a+ b)".
+4(2x) (=3)% +1 (-3)*
=16x" — 96x° + 216x? — 216x° + 81

Chapter 11: Series
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a Expand (2 - x)5.

- b Find the coefficient of x® in the expansion of (1 + 3x) (2 — x)°.

Answers

a (2-x°
The index = 5 so use the fifth row in Pascal’s triangle.
The fifth row of Pascal’s triangle is 1, 5,10 ,10 ,5 and 1 .

(2-%°%=1(2)°+5(2) (=2 +10 (203(-2)2+10 (20> +5(2) (=) *+1 (-x)® .
=32 — 80x+ 80x2 — 40x>+ 10x* — x5

b (1+3x%)(2-x°%=(1+3x)(82-80x+80x% — 40x> + 10x* — x%)

The term in xg‘_comes from the products: |

e e e T~a
(1 + 3x) (32 — 80x+ 80 x> — 40 x* + 10x% - x5)
I X (—40x") =—40x% and 3x X 80 x* =240x* |

So the coefficient of x3 is =40 + 240 = 200.
Exercise 11.1

1 Write down the sixth and seventh rows of Pascal’s triangle.

n 2 Use Pascal’s triangle to find the expansions of

a (1+x)° b (1-x)* c (p+q) d 2+x)°

e (x+y) fo(y+4) g (a-b)‘: h (2x+y) .

i (x—?y)3 i (8x-4) k (x+§) l (x2 —E:?)
3 Find the coefficient of x” in the expansions of

a (x+4) b (1+x) c 3-x° d (3+2x)3‘i

e (x-2° f (2x+5) g (4x-3)° h [3 - %x)

4 (4+x)°+(4-x)°=A+Bx?+Cx*

Find the value of A, the value of Band the value of C.
5 Expand (1+2x)(1+ 3x)*.
6 The coefficient of xin the expansion of (2 + ax)® is 96.

Find the value of the constant a.

7 a Expand (3+x)".
4
b Use your answer to part a to express (3 + JE) in the form a + by/5.



8 a Expand (1+x)°.
b Use your answer to part a to express
i (1 + \/5)5 in the form a + b3, i (1 - JE’;)S in the form ¢ + d+/3.
¢ Use your answers to part b to simplify (1 1 Jg)s + (1 - J§)5
9 a Expand (2-— x2)4.
b Find the coefficient of x° in the expansion of (1 + 3x*)(2 — x2)4.

37
10 Find the coefficient of xin the expansion (x — ;) :

1 8
11 Find the term independent of x in the expansion of (x2 + 2—x) :

CHALLENGE Q

12 a Find the first three terms, in ascending powers of y, in the
expansion of (2 + )’

b By replacing y with 3x — 4x%, find the coefficient of »” in the
expansion of (2 + 3x — 4x2)’.

CHALLENGE Q ;
13 The coefficient of #® in the expansion of (3 + ax)5 is 12 times the

4
coefficient of x* in the expansion of (1 ¥ a_;) . Find the value of a.

CHALLENGE Q

3 3
14 a Given that (x2 + i) —(xﬂ - E) =ax’ + % , find the value of @ and
x x/) . X
the value of 4.
b Hence, without using a calculator, find the exact value of

4y 4 Y

g sl ger. | .

(%) (%)
CHALLENGE Q

! 1
15 Given that y=x+—, express
%
3o L,
a x +— intermsof y
x

188
b x’+— in terms of y.
X

Chapter 11: Series

247




248

Cambridge IGCSE and O Level Additional Mathematics

CLASS DISCUSSION

The stepping stone game

The rules are that you can move East —» or Southl from anystone.

1

START ] | 1
| |B B | 1 | N |

I ‘ I ] 3

A []| o H | M [ ¥

: 1

C G 1 | g U

' IJ K ol | 1 L L\J

_]‘ o gl ‘ V{ }F!NISH

The diagram shows there are 3 routes from the STAR T'stone to stone G.
1 Find the numberof routes from the START stone to each of the following stones.

a i A ii B
biC i D iii E
G EISE i G iii H iv I

What do you notice about youranswers to parts a, band c?
2 Thereare 6 routes from the START to stone L.

How could you have calculated that there are 6 routeswithout drawing or visualising them?
3 What do you have to do to find the number of routes to any stone?
4 How manyroutes are there from the START stone to the FINISH stone?

In the class discussion you should have found that the number of routes from the START stone to stone
Qs 10.

To move from START to Q you must move East (E) 3 and South (S) 2, in any order.

Hence the number of routes is the same as the number of different combinations of 3 E’s and 2 S’s.

The combinations are:

EEESS EESES EESSE ESESE ESEES
ESSEE SSEEE SESEE SEESE SEEES

So the number of routes is 10.
This is the same as °Cs (or °Cy).



11.2 The binomial theorem

Chapter 11: Series

Pascal’s triangle can be used to expand (a + b)" for any positive integer n, but if n is large it can take a
long time. Combinations can be used to help expand binomial expressions more quickly.

Using a calculator:
Co=l Cy=5 %C=10 PCy=10 °*Cy=5 ICy=1
These numbers are the same as the numbers in the fifth row of Pascal’s triangle.
So the expansion of (a + b)° is:
(a+b)° = °Cy a’ +°C; a*b+°Cy @ b2 +°Cs a®b® + °C4 ab* + °C5 ¥

This can be written more generally as:

(@+b)" = "Coa"+"Cya" 1 b+"Coa" 202+ "Cs a" 2B+ ...+ "C,d" "V +... + "C, b

But "Cy =1 and "C,~l, so the formula simplifies to:

(@a+8)"=a"+"Cia" ' b+"Co@® 2P +"Csa" 3} P +...+"C,a" U+ ...+ V"

or

The formulae above are known as the binomial theorem.

WORKED EXAMPLE 3

Use the binomial theorem to expand (3 + 4x)°.

Answers

(8 + 4x)° = 35+ 5C, 3%(4x) + °Cy 33(4%)% + °Cy 32(4x)% + °C, 3(4x)* + (4x)°
=243 + 1620x + 4320x2 + 5760x> + 3840x* + 1024x°

WORKED EXAMPLE 4

Find the coefficient of x?* in the expansion of (2 — x)%.

Answers
(2- 9P =254 5C, 22 (—x) + BCy 2% (-)2 + ... + BCy0 2® (0P + ... + ()P
The term containing x%° is ®Cgy X 25 X (—x)2.
=53130 x 32 x x20
=1700160x2°
So the coefficient of ¥ is 1700160.

(@a+b)"=a"+ (ﬂ a b+ [g] a e+ (g) @ 3P+ ...+ [:) @Iy A

249
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Using the binomial theorem, _
1+2"=17+7C; 15x+7Co 1P 2+ 'C5 1* 3+ 7C, 13t + ...
=1+7Cix+7Co®+7Ca x>+ 7Cy a* + ...

But ’C,, "Co, ’Cgand "C, can also be written as:

7(:1:__"{1_:7 . 71 _7x6 y 71 Tx6x5
116!

C=95 T o > 3141 8!

C, = 70 Tx6x5x4
4= =
413! 4!

7X6 , 7x6x5 , Tx6x5x4
224 x° 4
2! 3! 4!

This leads to an alternative formula for binomial expansions:

So, l+x) =1+7x+ 4

1+ x)"=1+nx+ it X+ 1n(:’z_l)(n_2)xf”+ ailn - D —2(n -3 .

2! 3! 4! i |
P—— T — = —— —
The following example illustrates how this alternative formula can be applied.
H WORKED EXAMPLE 5
Find the first four terms of the binomial expansion to
a (1+3y)7 b (2-y)°
Answers
TX6, 2 Tx6%x5
a (1+ 3_)?)? =1+7(3y)+ ;l [3)‘)2 + XT[EU)S Fei Replace by 3yand » by 7 in the formula.
=1+ 21y + 189y% + 945¢% + ...
g 6
b (2-y) = [2[ - %ﬂ The formula is for (1 + x)" so take out a factor

of 2,

6x5( y\¥ 6x5x4 3 :
= 96 [l - 6(—- %J - T(— —%] - _37_(_ %J + ] Replace x by (— ;;—) and nby 6 in the formula.

15 5 .
=9k [1 -3y+ T 3= s ¥+ ] Multiply terms in braekets by 2°.

= 64 — 192y + 2402 — 160y> + ..
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Exercise 11.2
1 Write the following rows of Pascal’s triangle using combination notation.

a row3 b row4 ¢ rowbh
2 Use the binomial theorem to find the expansions of
a (1+x) b (1-x)° ¢ (1+2) d 3+x)
e (x+ y)‘i \ f (2-x)° . g (a- Eb): h (2x+ 33!)4 5
N I G Y O B G
3 Find the term in &® for each of the following expansions.
a (2+x)° b (5+x)° ¢ (1+2)° d (3+2x)°
e (1-x)° f (2-%x)° g (10 -3x) h (4-5%)".
4 Use the binomial theorem to find the first three terms in each of these expansions.
a (1+x)" b (1+2x)° ¢ (1-3x) d (3+2x)°

e 3-x)° f (2-&-%.«:] g (5—;»:2)9 h (4x—5y)m.

a Write down, in ascending powers of x, the first 4 terms in the expansion of (1 + 2x)°.
b Find the coefficient of x* in the expansions of [l - %)(1 +2x)°.

13
. . . . - x
Write down, in ascending powers of x, the first 4 terms in the expansion of (1 4 —) .

o

13
Find the coefficient of x* in the expansions of (1 + 3x) (1 $ %] :

Write down, in ascending powers of x, the first 4 terms in the expansion of (1 — 3x)".
Find the coefficient of x” in the expansions of (1—4x)(1 - 3x)"7.

Find, in ascending powers of x, the first $ terms of the expansion of (1 + 2x)’.

o o o o

Hence find the coefficient of ¥? in the expansion of (1 + 2x)’ (1-8x + 5x2).

w
4]

Find, in ascending powers of x, the first 4 terms of the expansion of (1+ x)".

b Hence find the coefficient of y° in the expansion of (1 +y—92 )7.

7
10 Find the coefficient of x in the binomial expansion of (x - —) .
X

. 1Y
11 Find the term independent of x in the binomial expansion of (x + F) ;
x

CHALLENGE Q
12 When (1 + ax)" is expanded the coefficients of +* and »* are equal.

Find 4 in terms of #.
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11.3 Arithmetic progressions

At IGCSE level you learnt that a number sequence is an ordered set of
numbers that satisfy a rule and that the numbers in the sequence are called
the terms of the sequence. A number sequence is also called a progression.

The sequence 5, 8, 11, 14, 17, ... is called an arithmetic progression. Each term
differs from the term before by a constant. This constant is called the common
difference.
The notation used for arithmetic progressions is:

a = first term d = common difference [=last term

The first five terms of an arithmetic progression whose first term is 2 and
whose common difference is d are:

a a+d a+2d a+3d a+ 4d

term 1 term 2 term 3 term 4 termb

This leads to the formula:

nthterm=a+ (n—1)d

I

252 [l WORKED EXAMPLE6

Find the number of terms in the arithmetic progression -17, -14, =11, -8, ... , 58.
Answers
nthterm=a+ (n—1)d use ad=-17,d=3 and mnth term =58
58 =—17+3(n-1) solve
n—-1=25
n=26

WORKED EXAMPLE 7

The fifth term of an arithmetic progression is 4.4 and the ninth term is 7.6. Find the
first term and the common difference.

Answers
fifthterm=44 = a+4d=44- (1)
ninthterm =76 = a+8d=7.6------(2)
(2) = (1), gives 4d = 3.2

d =08
Substituting in (1) gives a+ 3.2 =4.4

a=12

First term = 1.2, common difference = 0.8.
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WORKED EXAMPLE 8

The nth term of an arithmetic progression is 11 — 3n. Find the first term and the
common difference.

Answers
Firstterm =11 -3(1) =8 substitute n=1 into nth term =11 = 3n
second term=11-3(2) =5 substitute n=2 into nthterm =11 — 3»

Common difference = second term - first term = -3.

The sum of an arithmetic progression
When the terms in a sequence are added together the resulting sum is called a series.

CLASS DISCUSSION

1+2+3+44+...4+97+98+99+100="

It is said that at the age of eight, the famous mathematician Carl Gauss was asked to find the sum

of the numbers from 1 to 100. His teacher expected this task to keep him occupied for some time
but Gauss surprised his teacher by writing down the correct answer after just a couple of seconds.

His method involved adding the numbers in pairs: 1 + 100 =101, 2 + 99 = 101, 3 + 98 = 101, ...

1 Can you complete his method to find the answer?

2 Use Gauss’s method to find the sum of
a 2+4+46+8+...+394+ 396 + 398 + 400
b 8+6+9+12+...+44] + 444 + 447 + 450
C 17+24+31+38+...+339+ 346 + 353 + 360.

3 Use Gauss’s method to find an expression, in terms of 7, for the sum
1+2+3+4+...+(n=-3)+(n-2)+(n-1) +n.
It can be shown that the sum of an arithmetic progression, S,, can be written as:

sﬂ=§(a+z) or Sn=%[2a+(n—1)d] '

Proof: S, = a +(a+d)+(a+2d) +...+(I-2d) + (I-d) +1

Reversing: §, = I +(-d) +(l-2d) +...+(a+2d) + (a+d) +a
Adding:  2S,=n(a+ 1)+ (a+ 1) + (a+l) +...+(a+l) +(a+l) +(a+1)

28, =n(a+1)

S =i2‘-(a+z)

n
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Using 1=a+ (n—1)d, gives Sn=%[2a+(n—l)d]

It is useful to remember the following rule that applies for all progressions:

nthterm =S, -S§,_,

WORKED EXAMPLE 9

In an arithmetic progression, the first term is 25, the 19th term is —38 and the last
term is -87. Find the sum of all the terms in the progression.

Answers
nthterm =a+ (n—-1)d use nth term=-38 when #=19 and a=25
-38 =25+ 184 solve
d=-35
nth term = a+ (n—-1)d use nth term=-87 when a=95 and d=-3.5
-87 =25-3.5(n-1) solve
n—1 =32
n =33
S, =g—(a+ 0 e a='98, I=—87 and n=33
Sis =2 (25 -87)
2
=-1023

WORKED EXAMPLE 10

The 12th term in an arithmetic progression is 8 and the sum of the first 13 terms is 78.
Find the first term of the progression and the common difference.

Answers
nth term =a+ (n-1)d use nth term =8 when n=12
8=l (1)
n .
S, = E[QG +(n—1)d] use n=13 and S53="78
78 = %(2&%—12@ simplify
6=a+6d-———imm (2)
(1) = (2) gives 5d =2

d=04
Substituting d= 0.4 in equation (1) gives a= 3.6.
First term = 3.6, common difference = 0.4.
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The sum of the first » terms, §,, of a particular arithmetic progression is given by
S, =5n* - 3n.

a Find the first term and the common difference.
b Find an expression for the nth term.

Answers
a §=51)2-3(1)=2 = first term = 2
$=5(2)2-3(2) =14 =  first term + second term = 14
second term =14-2=12
First term = 2, common difference = 10.

b Method 1:
nth term =a+ (n—-1)d usea=2,d=10
=2+10(n-1)
=10n-8
Method 2:

nthterm=S,-§,_;=57°-3n-[5(n-1)2-3(n-1)]
=572 -3n—- (57n°-10n+5-3n+3)
=10n-8

Exercise 11.3

1

The first term in an arithmetic progression is a and the common difference
is d.

Write down expressions, in terms of a and d, for the fifth term and the

14th term.

Find the sum of each of these arithmetic series.

a 2+9+16+... (15 terms) b 20+11+2+... (20 terms)
¢ 85+10+11.5+ ... (30 terms) d -2x-5x—8x—... (40 terms)

Find the number of terms and the sum of each of these arithmetic series.
a 23+27+31...+159 b 28+11-6-...-210

The first term of an arithmetic progression is 2 and the sum of the first 12
terms is 618.

Find the common difference.

In an arithmetic progression, the first term is 13, the 20th term is 82 and
the last term is 112.

a Find the common difference and the number of terms.

b Find the sum of the terms in this progression.

The first two terms in an arithmetic progression are 57 and 46. The last
term is ~207. Find the sum of all the terms in this progression.
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7 The first two terms in an arithmetic progression are -2 and 5. The last term
in the progression is the only number in the progression that is greater
than 200. Find the sum of all the terms in the progression.

8 The first term of an arithmetic progression is 8 and the last term is 34. The
sum of the first six terms is 58. Find the number of terms in this progression.

9 Find the sum of all the integers between 100 and 400 that are multiples of 6.

10 The first term of an arithmetic progression is 7 and the eleventh term is 32,
The sum of all the terms in the progression is 2790. Find the number of
terms in the progression.

11 Rafiu buys a boat for $15500. He pays for this boat by making monthly
payments that are in arithmetic progression. The first payment that he makes
is $140 and the debt is fully repaid after 31 payments. Find the fifth payment.

12 The eighth term of an arithmetic progression is —10 and the sum of the
first twenty terms is -350.

a Find the first term and the common difference.

b Given that the nth term of this progression is 97, find the value of n.

13 The sum of the first n terms, S,, of a particular arithmetic progression is
. » 2] . ~ .
given by S, = 4n” + 2n. Find the first term and the common difference.

14 The sum of the first n terms, S, of a particular arithmetic progression is
. y 9 . ~ .
given by §, = =3n~ — 2n. Find the first term and the common difference.

15 The sum of the first n terms, S,, of a particular arithmetic progression is

2 5 n s : . .
given by § = E(ﬁln +5). Find an expression for the nth term.

16 A circle is divided into twelve sectors. The sizes of the angles of the sectors
are in arithmetic progression. The angle of the largest sector is 6.5 times
the angle of the smallest sector. Find the angle of the smallest sector.

17 An arithmetic sequence has first term @ and common difference d.
The sum of the first 25 terms is 15 times the sum of the first 4 terms.

a Find ain terms of d.

b Find the 55th term in terms of «.

18 The eighth term in an arithmetic progression is three times the third term.
Show that the sum of the first eight terms is four times the sum of the first
four terms.

CHALLENGE Q

19 The first term of an arithmetic progression is cos? x and the second
term is 1.

a Write down an expression, in terms of cosx, for the seventh term of
this progression.

b Show that the sum of the first twenty terms of this progression is
20 + 170 sin®x.
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CHALLENGE Q

20 The sum of the digits in the number 56is 11. (5+6=11)
a  Show that the sum of the digits of the integers from 15 to 18 is 30.
b  Find the sum of the digits of the integers from 1 to 100.

11.4 Geometric progressions

The sequence 7, 14, 28, 56, 112, ... is called a geometric progression. Each
term is double the preceding term. The constant multiple is called the
common ratio.

Other examples of geometric progressions are:

Progression Common ratio
1,-2, 4, -8, 16,-32, ... -2
81, 54, 36, 24, 16, IOg, g
3 3
A STl i
2 4 2

The notation used for a geometric progression is:
a = first term r=common ratio

The first five terms of a geometric progression whose first term is @ and whose
common ratio is rare:
a ar ar? ar® ar?
term | term 2 term 3 term 4 term b

This leads to the formula:

nth term = ar"-!

WORKED EXAMPLE 12

; : Lo _—
The third term of a geometric progression is 144 and the common ratio is —.
Find the seventh term and an expression for the nth term.

Answers
nth term = @~ use nth term = 144 whenn=3and r =

2
144 = a(ﬁJ
2
a = 64
3 t
seventh term = 64 (—2—) =729

Ko | Lo

3 n—=1
nth term = ar’™! = 64 (5)
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WORKED EXAMPLE 13

The second and fourth terms in a geometric progression are 108 and 48 respectively.

Given that all the terms are positive, find the first term and the common ratio. Hence,
write down an expression for the nth term.

Answers
108 =:ar~-==<==(1) 48 = grt---——-(2)
I:.‘J|_|II ives ﬁ._fa_ﬁ
Bves o T 108
et
9
r= i% all terms are positive = r>0
2
r=—
3

2 - [ s
Substituting r = 3 into equation (!) gives a=162.

A
First term = 162, common ratio = %, nth term = 162(§T ;

258 WORKED EXAMPLE 14

The nth term of a geometric progression is 30(— —) . Find the first term and the
common ratio. 2

Answers

1
first term = 30(—— é-) =-15

2
second term = 30 [— %] =175

i 2nd term 7.5 1
Common ratio = ——— = —— =

1st term 189

. . 1
First term = —-15, common ratio = — §
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WORKED EXAMPLE 15
In the geometric sequence 2, 6, 18, 54, ... which is the first term to exceed 10000007
Answers
nth term = ar*~! useaq=2andr=3
2x3"~1 > 1000000 divide by 2 and take logs
logmB"'l > log;p 500000 use the power rule for logs
(n—1) logyp 3 > log;o 500000 divide both sides by logy43
log;o 500000
n-1>——
logyp 3
n—-1>1194...
n>1294...
The 13th term is the first to exceed 1000000.

CLASS DISCUSSION

In this class discussion you are not allowed to use a calculator.
1 Consider the sum of the first 10 terms, Sy, of a geometric progression with a=1 and r=5.
Sio=1+5+52+5%+ ... +57+5%+5°

a Multiply both sides of the equation above by the common ratio, 5, and complete the
following statement.

5810=5+52+5 +5 " +...+5 +5+5"
b What happens when you subtract the equation for Sy, from the equation for 55,02
¢ Can you find an alternative way of expressing the sum S;¢?

2 Use the method from question 1 to find an alternative way of expressing each of the following

a 34+3x2+3x22+3x22+... (12 terms)
1 ) LY

b 32+32x-§+32x P +32% 5 + ... (15 terms)

¢ 27-18+12-8+... . (20 terms)

It can be shown that the sum of a geometric progression, §,, can be written as:

A alr® -1 QNOEC:
S = u or S“ = —(—‘)‘ For these

r—1
: —~ formulae, r #1

Either formula can be used but it is usually easier to
e use the first formula when -1 <r<1.

e use the second formula when r>1 orwhen r<-1.
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Proof:
Sn=a+ar+a” +...+a" 3+ a2+ @' (1)
rx (1): rS, = ar+arf +...+tar" 3+ ar" 2t @ @t (2)
(2) = (1): 78,-8, =ar"-a
(r=1)S, =a(r"=1)
a(r"-=1)
S, =——
r—1

a(l-1r")

_?'

Multiplying numerator and denominator by -1 gives the alternative formula S, =

' WORKED EXAMPLE 16

Find the sum of the first ten terms of the geometric series 2 + 6 + 18 + 54 + ...
Answers
S, = g =) (T =) use 4@=2, r=3and n=10
=1
2(31%=1 o s
Sip = % simplify
=59048

260

WORKED EXAMPLE 17

The second term of a geometric progression is 9 less than the first term. The sum
of the second and third terms is 30. Given that all the terms in the progression are
positive, find the first term.

Answers

second term = first term -9

ar=a-9 rearrange to make a the subject
a= Y (1)
1-r
second term + third term = 30
ar+ ar = 30 factorise
ar(l1+r =30 (2)

ar(l1+71 30(1-1)

(2) + (1) gives 5 simplify
372+ 18r-10=0 factorise and solve
(3r=2)(r+5)=0

2

r=— or r=-5 all terms are ['){.ﬂ.il.i\'t’ = 1> ()

¥

Lol b wo|

Substituting r=~— into (1) gives a= 27.

wlre

First term is 27.
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Exercise 11.4

1 Identify whether the following sequences are geometric. If they are
geometric, write down the common ratio and the eighth term.

al,24,6,. b -1,4,-16, 64, ...
2 3 5 8
c 81,27,9,3, ... d =, —, =, —,..
11’ 11 11
Dy

e 2,0.4,0.08,0.16, ... f -5,5,-5,

2 The first term in a geometric progression is ¢ and the common ratio is r.
Write down expressions, in terms of « and 7, for the ninth term and the
20th term.

3 The third term of a geometric progression is 108 and the sixth term is -32.
Find the common ratio and the first term.

4 The first term of a geometric progression is 75 and the third term is 27.
Find the two possible values for the fourth term.

5 The second term of a geometric progression is 12 and the fourth term is
27. Given that all the terms are positive, find the common ratio and the
first term.

6 The sixth and 13th terms of a geometric progression are % and 320

respectively. Find the common ratio, the first term and the 10th term of

this progression.
prog 261

7 The sum of the second and third terms in a geometric progression is 30.
The second term is 9 less than the first term. Given that all the terms in the
progression are positive, find the first term.

8 Three consecutive terms of a geometric progression are x, x+ 6 and x+9.

Find the value of x.

9 In the geometric sequence l, l 1,2, 4, ... which is the first term to exceed
5000007 42

10 In the geometric sequence 256, 128, 64, 32, ... which is the first term that
is less than 0.0017

11 Find the sum of the first eight terms of each of these geometric series.
a 4+8+416+32 4.
b 729 +243 + 81 + 27 + ...
C 2-6+18-54+...
d -5000+ 1000 - 200 + 40 — ... ...

12 The first four terms of a geometric progression are 1, 3, 9 and 27. Find the
smallest number of terms that will give a sum greater than 2000 000.

13 A ball is thrown vertically upwards from the ground. The ball rises to a
height of 10m and then falls and bounces. After each bounce it rises to —
of the height of the previous bounce.

a Write down an expression, in terms of n, for the height that the ball
rises after the nth impact with the ground.
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b Find the total distance that the ball travels from the first throw to the
fifth impact with the ground.

14 The third term of a geometric progression is nine times the first term. The

sum of the first four terms is k times the first term. Find the possible values
of k.

15 John competes in a 10km race. He completes the first kilometre in 4
minutes. He reduces his speed in such a way that each kilometre takes him
1.05 times the time taken for the preceding kilometre. Find the total time,
in minutes and seconds, John takes to complete the 10km race.

Give your answer correct to the nearest second.

16 A geometric progression has first term ¢, common ratio rand sum to
n terms, S,,.

Show that ~S°”’—_Szi =",

CHALLENGE Q
17 1, 1,3,1,9,1, 27,i, Sl,i,
3 9 27 81

Show that the sum of the first 2z terms of this sequence is %(3" -3+ 2).

262

CHALLENGE Q
18 S, =6+ 66 + 666 + 6666 + 66666 + ...
Find the sum of the first n terms of this sequence.

11.5 Infinite geometric series

An infinite series is a series whose terms continue forever.

1 1 1 1
The geometric series where a =2 and r=§ 18 291 —d—t=k oy

2 4 8

For this series it can be shown that

1 3 7
Si=2,82:3, Sg=3§,S4=3Z,S5=3—8-,.... |
This suggests that the sum to infinity

approaches the number 4.

oo|—

roj—
|

The diagram of the 2 by 2 square is a visual
representation of this series. If the pattern 2 2
of rectangles inside the square is continued
the total areas of the inside rectangles
approaches the value 4.

This confirms that the sum to infinity of

the series 2+1+l+l+—1-+... is 4.
2 4 8
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This is an example of a convergent series because the sum to infinity converges
on a finite number.

CLASS DISCUSSION

1 Use a spreadsheet to investigate whether the sum of each of these infinite geometric series
converge or diverge. If they converge, state their sum to infinity.

a=§,r=2 !:.“a=—3,f=—_%/j Cs=5,r=§j [a=-é,r=-5j

Find other convergent geometric series of your own. In each case find the sum to infinity.

3 Can you find a condition for r for which a geometric series is convergent?

n-1

Consider the geometric series a+ ar+ar’+ar’+ ... + ar
a(l - r")

1 - F
If -1 < r< 1, then as n gets larger and larger, r" gets closer and closer to 0. Q Note:
This is not true
when r>1 or
a(l - T“)_)a(l _(])_ a when r=-1
1-7 1-r 1-7

The sum, S , is given by the formula S, =

We say thatas n— oo, 7" — 0.

Hence, as n— o,

This gives the result

=

oo

WORKED EXAMPLE 18

The first three terms of a geometric progression are 25, 15 and 9.

! provided that =1 <r<1
-r

a Write down the common ratio.
b Find the sum to infinity.

Answers

. secondterm 15 3
a Commonratio=——M =~ ==

first term 25 5

use g = 25 and r =—
1-1r 2
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WORKED EXAMPLE 19

A geometric progression has a common ratio of — — and the sum of the first four terms
is 164. 7
a Find the first term of the progression.
b Find the sum to infinity.
Answers
a(l - »* :
Al S = it use ;=164 and r= —%
= 5
4
(-(4))
5 i
164 = 7 simplify
)
5
: 41
164 =——a solve
125
a =500
his = use a = 500 and r= -
L—r 5
_ 500
& 4
-]
5
7
= Q77—
9

Exercuse 11.5

1 Find the sum to infinity of each of the following geometric series.

1 1
a Il+—d—t. b 1-l+l—l+i—...
3 Y 2 4 8 16
8 8 8 .
€ 8i—4—+ d -162+108-72+48- ...
h 25 125

2 The first term of a geometric progression is 10 and the second term is 8.
Find the sum to infinity.

3 The first term of a geometric progression is 300 and the fourth term is

¥ ; A ;
-QE. Find the common ratio and the sum to infinity.

4 The first four terms of a geometric progression are 1, 0.8%, 0.8" and 0.8°.
Find the sum to infinity.

5 a Write the recurring decimal 0.42 as the sum of a geometric

progression.

- : 14
b Use your answer to part a to show that 0.42 can be written as 33"

6 The first term of a geometric progression is —120 and the sum to infinity is
~72. Find the common ratio and the sum of the first three terms.



7 The second term of a geometric progression is 6.5 and the sum to infinity
is 26. Find the common ratio and the first term.

8 The second term of a geometric progression is =96 and the fifth term is

40L.
2

a Find the common ratio and the first term.
b Find the sum to infinity.

9 The first three terms of a geometric progression are 175, kand 63. Given
that all the terms in the progression are positive, find

a thevalue of &
b the sum to infinity.

10 The second term of a geometric progression is 18 and the fourth term is
1.62. Given that the common ratio is positive, find

a the common ratio and the first term
b the sum to infinity.

11 The first three terms of a geometric progression are k+ 15, k and k—12
respectively, find

a the value of k
b the sum to infinity.

12 The fourth term of a geometric progression is 48 and the sum to infinity is
three times the first term. Find the first term.

13 A geometric progression has first term ¢ and common ratio ». The sum of
the first three terms is 62 and the sum to infinity is 62.5. Find the value of a
and the value of r.

14 The first term of a geometric progression is 1 and the second term is
. T T " ¥ .
2sinx where 5 <x< e Find the set of values of x for which this
progression is convergent.

15 A ball is dropped from a height of 12m. After each bounce it rises to 2 of

the height of the previous bounce. Find the total vertical distance that the
ball travels.

Chapter 11: Series
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CHALLENGE Q

16 Starting with an equilateral triangle, a Koch snowflake pattern can be
constructed using the following steps:

Step 1:  Divide each line segment into three equal segments.

Step 2: Draw an equilateral triangle, pointing outwards, which has
the middle segment from step 1 as its base.

Step 3:  Remove the line segments that were used as the base of the

equilateral triangles in step 2.

These three steps are then repeated to produce the next pattern.

i

A\ / v
/ \ _/\ e oY 5.;«15 Lo
\ 2 { s
' ' & B .
/ / Ly S
e k.
Pattern 1 Pattern 2 Pattern 3 Pattern 4

You are given that the triangle in pattern 1 has side length x units.

a Find, in terms of x, expressions for the perimeter of each of patterns
1, 2, 3 and 4 and explain why this progression for the perimeter of
the snowflake diverges to infinity.

H b Show that the area of each of patterns 1, 2, 3 and 4 can be written as
Pattern Area
1 il
4
2 V3x +3 3
4 4
2 2
26, P)
: V3x g \8) 19 \0
4 4 4
OO
: V3xT g7 N3) 197 \9) g
4 1 4

Hence show that the progression for the area of the snowflake

&lce w ;
converges to 5 times the area of the original triangle.
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CHALLENGE Q

17 A circle of radius 1 unit is drawn touching the three edges

of an equilateral triangle.

Three smaller circles are then drawn at each corner to
touch the original circle and two edges of the triangle.

This process is then repeated an infinite number of times.

a Find the sum of the circumferences of all the circles.

b Find the sum of the areas of all the circles.

11.6 Further arithmetic and geometric series

Some problems may involve more than one progression.

CLASS DISCUSSION

a,b,.c ...

1 Given that g, band care in arithmetic progression, find an equation connecting a, b and c.

2 Given that @, band care in geometric progression, find an equation connecting a, band c.

WORKED EXAMPLE 20

a the value of xand the value of y

Answers
a Arithmetic series is: x + y + x°
y-x=x"-y
Dy =xfitii e (1)
Geometric series is: x + 2 + y +
)y _ ¥
2 x
¥y = " SRS S S (2)
(1) and (2) give 2x%= x? + x
2% ~x-1=0

(2x+1)(x-1)=0

:c=—l orx=1
2

Hence, x = = and y = —l.
2 8

b the sum to infinity of the geometric series

Sy G

The first, second and third terms of an arithmetic series are x, yand »2. The first,
second and third terms of a geometric series are x, ¥* and y. Given that x < 0, find:

¢ the sum of the first 20 terms of the arithmetic series.

use common differences

use common ratios

divide by x (since x # 0) and rearrange

factorise and solve

x#1sincex<()
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b S.= - use d = = and r = |
L= 2 2
_1
EE
2
C S" = E[Qa + (?‘.‘. — l)d] use n=20.g0 == % d = P-x= 11
20 SII
Sop = —|-1+19|=
20 2[ (8
=61.25

Exercise 11.6

1 The first term of a progression is 8 and the second term is 12. Find the sum
of the first six terms given that the progression is

a arithmetic b geometric.

2 The first term of a progression is 25 and the second term is 20.
a Given that the progression is geometric, find the sum to infinity.

b Given that the progression is arithmetic, find the number of terms in
the progression if the sum of all the terms is =1550.

3 The first, second and third terms of a geometric progression are the first,
fifth and 11th terms respectively of an arithmetic progression. Given
that the first term in each progression is 48 and the common ratio of the
geometric progression is r, where r# 1, find

a the value of r
b the sixth term of each progression.

4 A geometric progression has six terms. The first term is 486 and the
.. 2 : . . -
common ratio is — An arithmetic progression has 35 terms and common

difference E The sum of all the terms in the geometric progression is

equal to the sum of all the terms in the arithmetic progression. Find the
first term and the last term of the arithmetic progression.

5 The first, second and third terms of a geometric progression are the first,
fifth and eighth terms respectively of an arithmetic progression. Given
that the first term in each progression is 200 and the common ratio of the
geometric progression is 7, where r= 1, find

a the value of r
b the fourth term of each progression

¢ the sum to infinity of the geometric progression.

6 The first term of an arithmetic progression is 12 and the sum of the first 16
terms is 282.
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a Find the common difference of this progression.

The first, fifth and nth term of this arithmetic progression are the first,
second and third term respectively of a geometric progression.

b Find the common ratio of the geometric progression and the value of n.

7 The first two terms of a geometric progression are 80 and 64 respectively.
The first three terms of this geometric progression are also the first, 11th
and nth terms respectively of an arithmetic progression. Find the value of n.

8 The first two terms of a progression are 5xand x* respectively.

a For the case where the progression is arithmetic with a common
difference of 24, find the two possible values of x and the corresponding
values of the third term.

b For the case where the progression is geometric with a third term

8 ; s
of ——, find the common ratio and the sum to infinity.
5

Summary

Binomial expansions
If nis a positive integer then (a + )" can be expanded using the formula

(@+d) = a"+7Cra* L b+ TCoa* 22+ "Cad 2+ ...+ "C T B

@+ | o+ [P 224 [P @28+ |
1 2 3 T

!
and where "C, = | " | = LR
T (n=17)lr!

or

(a+b)

In particular,

(1+x)" =1+ nx + —n(g!_l) 2+ n("_?!(n_z) 8+ n(nﬁl)(n‘g =) o

ARG
Arithmetic series

For an arithmetic progression with first term @, common difference d and » terms:

e the kthterm=a+ (k—1)d

e thelastterm=I/=a+ (n-1)d

e the sum of the terms = S, =g(a+£)=g[2a+(n—l)d].



270

Cambridge IGCSE and O Level Additional Mathematics

Geometric series
For a geometric progression with first term ¢, common ratio rand n terms:
e the kth term = ar*~!
o the last term = ar™~!
a(l - r") a('r" = 1)
e the sum of the terms = 8§, = = :
L=t

The condition for a geometric series to converge is -1 < r< 1.

When a geometric series converges, S =

S e
Examination questions
Worked example
a Find the first 4 terms in the expansion of (2 + x* )h in ascending powers of x. [3]
016 g N
b Find the term independent of x in the expansion of (2 + x?) (1 - —}J : (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3i,ii fun 2015

Answer
a Expanding (2 o x2]6 using the binomial theorem gives
26 + 6C; 2542 + 0Cy 24 (x2)° + ©C3 23 (x2)° = 64 +192x2 + 240x* +160x°...

216 2 Y* 9 4 . 6 9
b (2+x°)°|1-—| =(64+192x" + 240x* +160x°...)| 1 - — + —
x* x*  x

Term independent of x = (64 x 1) + (1923:‘-’ X —%) + (2403:* % —%—]
X X
=64 - 1152 + 2160

= 1072
Exercise 11.7
Exam Exercise
1 a Find the first four terms in the expansion of (2 + x)° in ascending powers of x. [3]
b Hence find the coefficient of x* in the expansion of (1+3x)(1-x)(2 + x)°. (4]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i,ii fun 2013
2 a Find the first 3 terms, in descending powers of x, in the expansion of (x + f—gr. (3]
4 2°Y
b Hence find the term independent of x in the expansion of [2 - ?][x * FJ ; (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,ii Nov 2012

o8 2
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’ . '3
3 The coefficient of x* in the expansion of (1 + %J » where n is a positive integer is 5
a Find the value of n. (4]

b Using this value of 7, find the term independent of x in the expansion of

(3T

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7i,ii Nov 2011

12
4 a Find the coefficient of x° in the expansion of (1 - %) . [2]

12
b Find the coefficient of x® in the expansion of (1 + 4x)(1 - g] ; (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2i,ii Jun 2011

5 a Find, in ascending powers of x, the first 3 terms in the expansion of (2 — 5x)°, giving your
answer in the form a + bx + ¢x?, where a, b and care integers. [3]

10
b Find the coefficient of x in the expansion of (2 — 5x)° (1 + %) g [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q6i,ii Nov 2010

6 i Write down, in ascending powers of x, the first 3 terms in the expansion of (3 + 2x)°.
Give each term in its simplest form. [3]

ii. Hence find the coefficient of x? in the expansion of (2 - x) (3 + 2x)°. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q4 Mar 2015

7 i Find the first 4 terms in the expansion of (2 + ¥*)® in ascending powers of x. [3]
2
ii Find the term independent of x in the expansion of (2+x2 Jﬁ(l—%) ; [3]
x

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q3 Jun 2015

8 a i Use the Binomial Theorem to expand (a+ b)*, giving each term in its simplest form.  [2]

4
ii Hence find the term independent of x in the expansion of (2x+—51—) ; [2]
x

b The coefficient of x® in the expansion of (1+ EJ equals = . Find the value of the
positive integer n. . 12

[3]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8 Jun 2016
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9 The first term of a geometric progression is 35 and the second term is —14.
a Find the fourth term. (3]
b Find the sum to infinity. [2]

Examination style question

10 The first three terms of a geometric progression are 2k+ 6, k+ 12 and k respectively.
All the terms in the progression are positive.
a Find value of k. (3]
b Find the sum to infinity. [2]

Examination style question

11 An arithmetic progression has first term a and common difference d. Give that the sum of the
first 100 terms is 25 times the sum of the first 20 terms.

a Find din terms of a. [3]

b Write down an expression, in terms of g, for the 50th term. [2]

Examination style question

12 The 15th term of an arithmetic progression is 3 and the sum of the first 8 terms is 194.
a Find the first term of the progression and the common difference. [4]
b Given that the nth term of the progression is 22, find the value of n. (2]

Examination style question

13 The second term of a geometric progression is -576 and the fifth term is 243. Find

a the common ratio [3]
b the first term [1]
¢ the sum to infinity. (2]

Examination style question

14 a The sixth term of an arithmetic progression is 35 and the sum of the first ten terms
is 335. Find the eighth term. [4]

b A geometric progression has first term 8 and common ratio 7. A second geometric

progression has first term 10 and common ratio ir. The two progressions have the
same sum to infinity, S. Find the values of rand the value of S. [3]
Examination style question

15 a The 10th term of an arithmetic progression is 4 and the sum of the first 7 terms is -28.
Find the first term and the common difference. [4]

b The first term of a geometric progression is 40 and the fourth term is 5. Find the sum
to infinity of the progression. [3]

Examination style question

N _J
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16 a

A geometric progression has first term @, common ratio rand sum to infinity S.
A second geometric progression has first term 34, common ratio 2rand sum to

infinity 4S. Find the value of r. [3]
b An arithmetic progression has first term —24. The nth term is —13.8 and the (2n)th
term is —3. Find the value of n. (4]
Examination style question
, -

®




This section will show you how to:

use the notations f'(x), f"(x) dy dy [ d (_d)_”

"dx’ dx?’| dx

dx

use the derivative of x" (for any rational n), together with constant multiples, sums and composite

functions of these
differentiate products and quotients of functions

apply differentiation to gradients, tangents and normals, stationary points, connected rates of
change, small increments and approximations and practical maxima and minima problems

use the first and second derivative tests to discriminate between maxima and minima.

\

__r<____——-/
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You have learnt how to find the gradient of a straight line joining the two points (xy, ¥;) and
(%2, y%) using the formula:
%

xz-xl

Gradient =

You should also have learnt how to estimate the gradient of a curve

at a particular point.

For example, to find the gradient of the curve y = x? at the point (1, 1):
Step 1: Draw the graph of y = x%.

Step 2: Draw a tangent to the curve at the point (1, 1).

Step 3: Find the gradient of the tangent using %= !

xz....xl L e ey

This method only gives an approximate answer (because of the
inaccuracy of drawing the tangent) and it is also very time consuming.

In this chapter you will learn an accurate method for finding the gradient of a curve, which does not involve drawing
the curve first. This accurate method is called differentiation.

12.1 The gradient function
y

S

The diagram shows a point A(x, y) on the curve y =x? and a point Bwhich is
close to the point A.

The coordinates of Bare (x + 8x, y + 8y) where 8x is a small increase in the
value of xand 8y is a small increase in the value of y.
The coordinates of A and B can also be written as (x, x?) and (x +8x, (x + 6x)2).

gradient of chord AB = =N

(x + 8x)° — x2
(x + 8x) — x
x? + 2x0x + (5x)2 - x?
dx
_ 2x0x + (8.:‘:)2
N dx
= 2x + Ox
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As B — A, 8x — 0 and the gradient of the chord AB — the gradient of the
curve at A.

Hence, gradient of curve = 2x.

This process of finding the gradient of a curve at any point is called
differentiation from first principles.

Notation

There are three different notations that can be used to describe the rule
above.

1 Ify= x?, then d_y =:2x,
dx
2 If f(x) = x%, then f'(x) = 2x.

d
3 —(x%)=2x
dax (x ) X
dy . o e :
ax called the derivative of y with respect to x.
X

f’(x) is called the gradient function of the curve y = f(x).

d
d—(xg) = 2x means ‘if you differentiate x% with respect to x, the result is 2x”.
X

%' You do not need to be able to differentiate from first principles for the
examination but you are expected to know the rules of differentiation.

Differentiation of power functions
The rule for differentiating power functions is:

If y = x", then EH nx"1,

dx

It is easier to remember this rule as:

‘multiply by the power n and then subtract one from the power’

So for the earlier example where y = x?,
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WORKED EXAMPLE 1

Differentiate with respect to x.

1
a x° b — ¢ Vx d3
o
Answers
d..; i d(l) de
ot = Hx5-1 e e e 3
. dx(x) 7 dx \ x® dx(x )
= bx* = —8x731
—3x~4
S
Tt
d d( 2 d d
= =—| x2 d —(3)=—(3x"
¢ dx(J;) dx[x] dx() dx(x)
1 l_] =0x0—1
= —% -
% =
1
I
2
i
2x

You need to know and be able to use the following two rules:

Scalar multiple rule:

d d
a[kf(x)] = ka[f(x)]

Addition/subtraction rule:

d d d
L[ (0] = —[e(0)] = - [8()]
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; : 1 5
Differentiate 2x® — 3x* + — + —= with respect to x.

2%  Jx
Answers
d i 1 5] d 1 1
—|2x° -3+ —+—F—=|=—|2%° - 3x? + —x3 + 5x 2
dx(x Y JE) dx(Qx e x]
d, . d 1d o !
=2 (%)= 8—(x?) + = —(x%) + 5—| x 2
dx(x) dx(x) de(x ) dx[x ]

A

= 2(5x4)—3(2x)+%(—3x4)+ 5(—%1‘-5]

3
= 10x* —Gx—gx“‘ —i:rc"EE
2 2

Find the gradient of the curve y = (8x + 2) (2x — 1) at the point (-1, 3).

Answers
' y=Bx+2)(2x-1)

| y=6x+x—-2
ﬂ=12x+1
dx

When x=-1, & =12(-1)+1
dx

=-11
Gradient of curve at (-1, 3) is —11.

Exercise 12.1
1 Differentiate with respect to x.

1
a x* b x* c x3 d x® e —
x
1 1 1
r = g Jx h Jx® i x5 j «x3
x
1 3
k 3x? l T m x n x2 o Yxb
X
P x2xx* q x?xx r 2 s — t x—JE
x2 Jx %®
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2 Differentiate with respect to x.

a 2x®-5x+4 b 8x>-3x2-2 ¢ 7-2x%+4x
2 1 1 1 x+ b
BB I — — — — f

d 3x +x = e 2x o T

xE—S h 5.‘.!32“\/; i- x2_x_1
" g — 5 Jx

1

i 5x?(x+1) k x2(2x-5) l ;(x2—2)
m (3x +1)? n (1-x%)? 0 (2x—1)(3x +4)

3 Find the value of g—y at the given point on the curve.
X

a y=3x-4 at the point (1, -1)
b y=4-2x2 at the point (-1, 2)
cC y=2+ % at the point (-2, -2)
d y=5x>-2x2-3 atthe point (0, —3)
e y=2 : 5 at the point (5, 2)

f y= x\/—ES at the point (9, 2)

4 Find the coordinates of the point on the curve y = 2x® — x — 1 at which the
gradient is 7.

: ; x
5 Find the gradient of the curve y =
crosses the x-axis.

at the point where the curve

6 Find the gradient of the curve y = x*> — 2x* + 5x — 3 at the point where the
curve crosses the y-axis.

7 The curve y = 2x* + 7x — 4 and the line y =5 meet at the points Pand Q.
Find the gradient of the curve at the point Pand at the point Q.

8 The curve y = ax* + bx has gradient 8 when x =2 and has gradient —10
when x =-1.

Find the value of @ and the value of &.
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9 The gradient of the curve y = ax + . at the point (-1, =3) is =7.
X

Find the value of ¢ and the value of b.

3 By
10 Find the coordinates of the points on this curve y = — — Lo +6x—1

where the gradient is 2. 2 -
11 The curve y = %xg —2x%2 —8x + 5 and the line y = x +5 meet at the
points A, Band C.
a Find the coordinates of the points A, Band C.
b Find the gradient of the curve at the points A, Band C.
12 y=4x® +3x2 — 6x -1
a Find iil

dx

b Find the range of values of x for which ? = (0.
X

13 y=x+x2-16x—16
a Find d—J
dx dy
b Find the range of values of x for which d_ = 0.
X

CHALLENGE Q

14 A curve has equation y = x® — 5x° + 25x” + 145x + 10. Show that the
gradient of the curve is never negative.

12.2 The chain rule

To differentiate y = (2x + 3)°, you could expand the brackets and then
differentiate each term separately. This would take a long time to do. There is
a more efficient method available that allows you to find the derivative without
expanding:

Let u = 2x + 3, then y = (2x +3)” becomes y = u®

The derivative of the composite function y = (2x + )" can then be found
using the chain rule:

dy 4y du

dx du dx
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WORKED EXAMPLE 4

Find the derivative of y = (2x + 3)5.

Answers
y=(2x+3)8
Letu =2x+3 so y=u
du dy
— =2 — = 8u’
dx end du
. dy dy du
— X SNy
o dx du dx
=8u’” x 2
=8(2x+3)" x 2
=16(2x + 3)’

With practice you will find that you can do this mentally:
Consider the ‘inside’ of (2x + 3)® to be 2x + 3.

To differentiate (2x + 3)32:

Step I: Differentiate the ‘outside’ first: 8(2x + 3)”

Step 2: Then differentiate the ‘inside’: 2

Step 3: Multiply these two expressions: 16(2x + 3)7

WORKED EXAMPLE 5

2
Find the derivative of y =

(52 -1)""

Answers

o 5, R
R

=-8(5x*-1)" x 10x
—80x

(5x% —1)°
Alternatively, to differentiate the expression mentally:

: 2
Write ————— as 2(5x2—1)"%
(5x2 - 1)* : )
Step 1o Differentiate the ‘outside’ first: -8(5x2 — 1)”5
Step 2: Then differentiate the ‘inside’: 10x
Step 3: Multiply the two expressions: —80x (5x% — 1) =

-5 —80x
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Exercise 12.2
1 Differentiate with respect to x.

4
a (x+2)° b (3x-1) ¢ (1-5x)° d (éx = 7)
6
; 1
e 2x +1)° ; ) f 2(x-4)° g 6(5-x) h 5(2?5 +5)°
5 2\*
i (x?+ 2)4 i (1- 2x2)? k (x? —3x)’ l (xQ + —)
%
2 Differentiate with respect to x.
1 " 3 5 i 16
& L SV
2 (x+4) (2x - 1) (2 - 3x) (2x2 - 5)
e ——-—4— f ; L h ___1___
(2 - 2x) (x - 1P E Bx+1) 2(3x - 2)°

3 Differentiate with respect to x.

a Jx+2 b Jhx-1 c J2x2 -3 d +/x3+ 2

1 3
e 33-2x f 42x-1 g NS h ﬁ

Find the gradient of the curve y = (2x — 5]4 at the point (3, 1).

282 5 Find the gradient of the curve y = at the point where the curve

crosses the y-axis.

(x - 2)*

6 Find the gradient of the curve y = x + at the points where the curve
x —

crosses the x-axis.

7 Find the coordinates of the point on the curve y = (x2 — 6x + 13) where
the gradient is 0.

a
8 The curve y =
3 ) Jox +1

—§ at this point.

passes through the point (1, 4) and has gradient

Find the value of @ and the value of b.

12.3 The product rule

Consider the function  y = x?(x® +1).

3,}=::t77+:~:2
ﬂ=’7'.34:E'+2.:c
dx

The function y = x?(x? + 1) can also be considered as the product of two
separate functions y = uv where u = x* and v =x* +1.

To differentiate the product of two functions you can use the product rule
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It is easier to remember this rule as

‘(first function X derivative of second function) + (second function X derivative of first function)’

So for y = x2(x® +1), d——(x) (x +1) + (°+1) %(xz)
\‘v_/\"“v—/ S !

first differentate : second differentiate
second first

= (xz)(E\x‘*) + (x5 + l) (2x)
= x5 + 2% + 2
=7x% + 2x

WORKED EXAMPLE 6

Find the derivative of y = (5x +1)v/6x — 1.

Answers
y=(5x+1)v6x—1
1
= (bx +1)(6x —1)2

% = (52+1) %[(Gx —ai e 1)%] %(53: +1)

first dilferentiate + second differentiare
second first

= (5x + 1)[%(5:: &% (6)] +(VB6x =1)(5)
e e —

use the chain rule

3(5x + 1)
Jﬁac_— + 5/6x — write as a single fraction

_3(bx+1)+5(6x—1)
- J6x — 1

. 455 =2

T Jbx—-1

simplify the numerator
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WORKED EXAMPLE 7

Find the xcoordinate of the points on the curve y = (x + 2)2(2x — 5)® where the
gradient is 0.

Answers
3 = (x + 2)*(2x - 5)
dy | 2 d 3 3 d 2
=G+ a[(2:;—5) ]+ (2x - 5) a[(x+2) ]
first diﬂ‘crt-mii:llv +  second differentiate
SECONC irst

= (x +2)°[3(2x - 5)%(2) 1 + (2% — 5)*[2(x + 2)'(1)]
he chain rul he chain rul
use the chaimn rule use the chamn rule
= 6(x + 2)%(2x — 5)? + 2(x + 2) (2x - 5)° factorise
= 2(x +2) (2x - 5)*[3(x + 2) + (2x - 5)] simplify
= 2(x + 2) (2x — 5)*(bx + 1)
:—y = 0 when 2(x + 2) (2x - 5)*(5x +1) = 0
X
x+2=0 2x—-5=0 bx+1=0
x==2 x=25 x==0.2

Exercise 12.3

1 Use the product rule to differentiate each of the following with respect to x:

284

a x(x+4) b 2x(3x+5) ¢ x(x+2)°
d x2(x-1)° e xJx-5 f (x+2)Vx
g x%Jx+3 h \,/;(3—::3):a i (2x+1)(x*+5)

i (x+4)(x-3)° k (x-1)7%(x+2)* U (2x+1)°(x-3)*
Find the gradient of the curve y = x*\/x + 2 at the point (2, 8).
Find the gradient of the curve y = (x — 1)’ (x + 8)* at the point where x = 2.

4 Find the gradient of the curve y = (x + 2)(x — 5)* at the points where the
curve meets the x-axis.

5 Find the x-coordinate of the points on the curve y = (2x — 3)° (x + 2)*
where the gradient is zero.

6 Find the x-coordinate of the point on the curve y = (x + 3)\/4 — x where
the gradient is zero.
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12.4 The quotient rule

I4+1
The function y = (;x——i%) can be differentiated by writing the function in
the form y = (x* +1) (2x — 3)~! and then by applying the product rule.

S +1
Alternatively, y = h can be considered as the division (quotient) of two

separate functions:

u
y=— where u=x*+1 and v=2x-3.
U
To differentiate the quotient of two functions you can use the quotient rule:

du dv
d U — — U —
_(3) __dx  dx
dx\v v?

It is easier to remember this rule as:

(denominator X derivative of numerator) — (numerator X derivative of denominator)

(denominator)?
WORKED EXAMPLE 8
3
Use the quotient rule to find the derivative of y = x4l ;
(2x - 3)

Answers

x* +1

y =
(2x - 3)
denominator differentiate - numerator differentiate
numerator denominator
d d

D=8 e (T (RGO
d_y=(x )de(x +1) (x +l)xdx(2x 3)
dx (2x - 3)°

\_V_/
denominator squared
2= 3)(3x2) — (x* + 1)(2)
(2x —38)*
Bx’ = Ox? = 23— 2
(2x — 3)’

_ 4x%—9x2 -2
(2x — 3)°
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CLASS DISCUSSION

An alternative method for finding e in worked example 8 is to express yin the form

dx
Y= 1)@2x~3)"
and to then differentiate using the product rule.
Try this method and then discuss with your classmates which method you prefer.

—
WORKED EXAMPLE 9

2
z e x+1
Find the derivative of y = ( ) :
Jx+2
Answers
(x+1)
y =
Jx+2
denominator differentiate - numeraton differenuate
numerator denominator

d 2 -«—.\2 iy —
dy \/x+2><3;[(x+1)] - (x+1) xd—x[Jx+2]

m e
;\_\x,_.--

denominator squared

(Jx - ‘2)[2 (x + 1) (1)] - (x +1)? [% (x + 2)‘% (1)]

x+2
s (x +1)°
2(x + 1) x+2 - 2. Jx+2 n'mliipl_\' numerator and denominator
= %+ 2 by 2 +2

=4(x+l)(x+2)—(x+l)2
2(x + 2)Jx + 2
(x4 )[4(x+2) - (x +1)]
2(x + 2)%
_(x+DBx+7)
9(x + 22

factorise the numerator
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Exercise 12.4
1 Use the quotient rule to differentiate each of the following with respect to x:

1+ 2x b 3x+2 | d 5x -2
b= % x+4 3x+4 3—~8x
A +4
5 £ 2 h 5
S5x— 2 x* -1 3x — 1 x* =2
; : %43 . -
2 Find the gradient of the curve y = ] at the point (2, 5).
vl
9
* d
3 Find the coordinates of the points on the curve y = 9% —1 where d_y = 0.
- x
Tx -2
4 Find the gradient of the curve y = Qz g & the point where the curve

crosses the y-axis.

5 Differentiate with respect to x:

s b —— § e g
2x +1 V1= 2x Jx? +2 3+x
1 1 ' = 2 i L e
6 Find the gradient of the curve ) iis at the point (-4, —6).
2(x-5)

7 Find the coordinates of the point on the curve y = P v where the

5
gradient is Z ;

CHALLENGE Q
8 Theline 5x — 5y = 2 intersects the curve x?y — 5x + y+2 = 0 at three
points.

- a Find the coordinates of the points of intersection.

b Find the gradient of the curve at each of the points of intersection.

12.5 Tangents and normals

= f(x
y[ y=1f(x)

,tangent

T Ax, )

normal

@) X

The line perpendicular to the tangent at the point A is called the normal at A.
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d
If the value of —2 at the point (xl, y) is m, then the equation of the tangent is

given by: ge

y—y =m(x—x)

The normal at the point (x,, y,) is perpendicular to the tangent, so the

: ) : _—
gradient of the normal is —— and the equation of the normal is given by:
m

1
Y= N =-—;(x—xl), m# 0

WORKED EXAMPLE 10

. , ’ 8
Find the equation of the tangent and the normal to the curve y = Sk gt —mtihe
point where x = 2. A

Answers

y=38x>—x+8x""
288

L 6x — 1 — 8x7*
dx
When x=2,5=3(2)*- (2) +8(2)"' = 14
d s
and  2=6@2)-1-8()" =9
Tangent: passes through the point (2, 14) and gradient =9
y—14 =9(x-2)
y=9x—4
1
Normal: passes through the point (2, 14) and gradient = =
R
—14 =~=—(x—2
y Sa=2)
Oy+x =128
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WORKED EXAMPLE 11

The normals to the curve y = x®—5x2+3x + 1, at the points A(4, -3) and B(1, 0),
meet at the point C.

a Find the coordinates of C.
b Find the area of triangle ABC.

Answers
a D =3x2-10x+3
dx

When x =4, :—y =3(4° -10(4)+3 =11
x

d
When x = 1, Ef? =3(1)2 -10(1)+ 3 = —4

. 1
Normal at A: passes through the point (4, -3) and gradient = -ﬁ
1
—(-3)=-——(x—4
3= (=3) T (r~4)

1ly=—x—-29--------- (1)
X 1
Normal at B: passes through the point (1, 0) and gradient = o
y=0==(x~1)
4
dy =i = T mmmmronmacs (2)
Adding equations (1) and (2) gives 15y = -30
y==2
When y = -2, 11(-2) =—-x—29
x=-7
Hence, Cis the point (-7, -2).
b y
B(1,0)
< x
C(-7,-2)
A(4,-3)

Area of triangle ABC= %’ _‘; X (IJX :; X_:;

- %|o+(—2)+21—(—3)*0—{—8)l

1
=—|30
2I i

= 15 units?
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Exercise 12.5

1

10 A curve has equation y = (2 — \/;)

Find the equation of the tangent to the curve at the given value of x.

a y=x*-3 at x=1 b y=x?+3x+2 at x=-2
¢ y=2x+5x2-1 at x=1 d _v=5+g at x =-2
x
e y=(x-3)(2x-1)° at x=2 f y=—— at x=-3
© x4+l
Find the equation of the normal to the curve at the given value of x.
a y=x?+5x at x=-1 b y=3x2-4x+1 at x=2
c y=D5x*-7x2+2x at x=-1 d y=4—% at x =-2
x
3 x+2
e y=2x(x—3) at x=2 f }‘=x_2 at x=6

: . 3
Find the equation of the tangent and the normal to the curve y = 5x — —
at the point where x = 1. x

The normal to the curve y = x* — 2x + 1 at the point (2, 5) intersects the
y-axis at the point P.

Find the coordinates of P,

x-=1
Find the equation of the tangent and the normal to the curve y = Tend
X

at the point where the curve intersects the y-axis.

The tangents to the curve y = x* — 5x + 4, at the points (1, 0) and (3, -2),
meet at the point Q.

Find the coordinates of Q.

The tangent to the curve y = 3x% — 10x — 8 at the point Pis parallel to the
line y = 2x — 5.

Find the equation of the tangent at P.

A curve has equation y = x* — x + 6.

a Find the equation of the tangent to this curve at the point P(-1, 6).
The tangent at the point Q is parallel to the tangent at P.

b Find the coordinates of Q.

¢ Find the equation of the normal at Q.

A curve has equation y = 4 + (x — 1.

The normal at the point P(1, 4) and the normal at the point Q (2, 5)
intersect at the point R.

Find the coordinates of R.

4

The normal at the point P(1, 1) and the normal at the point Q(9, 1)
intersect at the point R.

a Find the coordinates of R.

b Find the area of triangle POR.
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11 A curve has equation y = J/x (x — 2)°.

The tangent at the point P(S, Jg) and the normal at the point Q (9, 1)
intersect at the point R.

a Show that the equation of the tangent at the point P(B, \/g) is
19v3 173
3= W= :
6 2

b Find the equation of the norma;l at the point Q(1, -1).
X

x+2°
The tangent to the curve at the point where x = -3 meets the y-axis at M.

12 The equation of a curve is y =

The normal to the curve at the point where x = -3 meets the x-axis at N.
Find the area of the triangle MNO, where Ois the origin.

x—3

x+2°

The curve intersects the x-axis at the point P.

13 The equation of a curve is y =

The normal to the curve at P meets the y-axis at the point Q.
Find the area of the triangle POQ, where O is the origin.

12.6 Smallincrements and approximations

y=1f(x)

" Q (x+0x, y+ dy)
: 8
llll'lgf:‘lll
The diagram shows the tangent to the curve y =f(x) at the point P(x, y).
The gradient of the tangent at the point Pis 4 ,

The point Q(x + 8x, y + 8y) is a point on the curve close to the point P.

The gradient of the chord PQis g_J’ .
x

If Pand Qare sufficiently close then:

S_yg—dl
ox dx
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WORKED EXAMPLE 12

Variables xand yare connected by the equation y = x* + x*.

Find the approximate increase in y as x increases from 2 to 2.05.

Answers

Y= % + x?
9 3x? + 2x
dx

When x = 2, 0Fe 3(2) +2(2) =16
dx
Using 2_)’ = fi_J_’_

x dx

Sy =76
0.05

8y = 16 x 0.05
oy = 0.8

WORKED EXAMPLE 13

4
The volume, Vem?, of a sphere with radius rcm is V = 3 T,

Find, in terms of p, the approximate change in Vas rincreases from 10 to 10 + p, where
pis small.

Answers
V= 3'51'3
3
ﬂ = 4nr?
dr
When 7 = 10, c(ll—v = 4m(10)* = 4007
T
oV dV
Using — = —
208 & dr
-S—V = 4007
4

8V = 400mp
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Exercise 12.6
1 Variables x and yare connected by the equation y = 2x* — 3x.

Find the approximate change in y as x increases from 2 to 2.01.

; o 8
2 Variables x and y are connected by the equation y = 5x* — s
%

Find the approximate change in y as x increases from 1 to 1.02.

3 Variables xand yare connected by the equation x*y = 400.
Find, in terms of p, the approximate change in y as x increases from 10 to
10 + p, where p is small. 1 2

4 Variables x and yare connected by the equation y = [gx = 2] .

Find, in terms of p, the approximate change in y as x increases from 9 to
9 + p, where p is small.

5 A curve has equation y = (x +1)(2x — 3)".
Find, in terms of p, the approximate change in yas x increases from 2 to
2 + p, where pis small.

6 A curve has equation y = (x —2)y2x +1.
Find, in terms of p, the approximate change in y as x increases from 4 to
4 + p, where p is small.

7 The periodic time, T'seconds, for a pendulum of length Lcm is

I
T=9 f—,
™10

Find the approximate increase in T as L increases from 40 to 41.

ycm

X CIm

2xcm

The volume of the solid cuboid is 360 cm® and the surface area is Acm?.

~a Express yin terms of x.

b Show that A = 4x2 + HIE0 .

X
¢ Find, in terms of p, the approximate change in A as x increases from 2

to 2 + p, where pis small. State whether the change is an increase
or decrease.
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12.7 Rates of change

CLASS DISCUSSION

A B C

Consider pouring water at a constant rate of 10cm®s™ into each of these three large containers.
1 Discuss how the height of water in container A changes with time.
2 Discuss how the height of water in container B changes with time.
3 Discuss how the height of water in container C changes with time.

On copies of the axes below, sketch graphs to show how the height (k cm) varies with time
(¢ seconds) for each container.

3 h i

0 k 0 . 0 t
294

dy

You already know that e represents the rate of change of y with respect to x.
’ X

There are many situations where the rate of change of one quantity depends
on the changing value of a second quantity.

In the class discussion, the rate of change of the height of water at a particular

h :
time, ¢, can be found by finding the value of an at time £ (The gradient of
. di

the tangent at time (.)

WORKED EXAMPLE 14

Variables Vand tare connected by the equation V=5 - 8¢ + 3.

Find the rate of change of Vwith respect to t when ¢ =4.

Answers
V=52-8t+3

Ei_‘[: 10t — 8

dit

dv
When ¢ =4, E=10(4)-—8=32




Connected rates of change

When two variables x and y both vary with a third variable ¢ the three
variables can be connected using the chain rnle:

& dy d°
d: dx dt

You may also need to use the rule that:

ds_ 1
dy dy
dx

Chépter 12: Differentiation 1

. WORKED EXAMPLE 15

Variables x and y are connected by the equation y = x” — 5x2 + 15.

Given that x increases at a rate of 0.1 units per second, find the rate of change of y
when x = 4.

Answers
3 2 dx
y=x"—bx“+15and — =0.1
d dt
2 _ 3k~ 10x
dx
N 2
When x =4, —= = 3(4)° —10(4)
dx
=8
; : dy dy dx
U the ch ==
sing the chain rule, R
=8x0.1
= 0.8

Rate of change of yis 0.8 units per second.
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WORKED EXAMPLE 16

E 120 cm

The diagram shows a water container in the shape of a triangular prism of length
120 cm.

The vertical crosssection is an equilateral triangle.
Water is poured into the container at a rate of 24cm®s™.

where A cm is the height of the water in the container.
b Find the rate of change of h when h =12.

Answers
a Length of side of triangle = — :
sin 60°
_ 2V3h
3
Area of triangle = %x ka X h
_ BR?
3
V = area of triangle x 120
2
= x5 x 120
3
= 403 £

b ﬂ:80\/51?‘! andﬂ:%}
dh d¢

When & =12, %% = 804/3 (12)
= 96043
Using the chain rule, s = i X a¥
dt  dv’°~ dt
1
= X 24
9603
_B3
120

3
Rate of change of his 190 <™ per second.

a Show that the volume of water in the container, V cm®, is given by V = 403 A2,

1)



Exercise 12.7

1

Variables x and y are connected by the equation y = x* — 5x.

Given that x increases at a rate of 0.05 units per second, find the rate of
change of y when x = 4.

Variables x and yare connected by the equation y = x +vJx - 5.

Given that x increases at a rate of 0.1 units per second, find the rate of
change of y when x =9.

Variables x and yare connected by the equation y = (x — 3)(x + 5).

Given that x increases at a rate of 0.2 units per second, find the rate of

change of ywhen x =—4.
B

Variables x and y are connected by the equation y = o1’

Given that y increases at a rate of 0.1 units per second, find the rate of
change of xwhen x = -2.

2x
x*+3°
Given that x increases at a rate of 2 units per second, find the rate of
increase of ywhen x = 1.

Variables x and y are connected by the equation y =

2% —5

x—1"

Given that x increases at a rate of 0.02 units per second, find the rate of
change of ywhen y = 1.

Variables x and y are connected by the equation y =

1 1 2
Variables x and y are connected by the equation — = s X

Given that x increases at a rate of 0.01 units per second, find the rate of
change of ywhen x = 8.

A square has sides of length x cm and area Acm®.

The area is increasing at a constant rate of 0.2 cm?s™.

Find the rate of increase of xwhen A = 16.

A cube has sides of length x cm and volume Vem?®.

The volume is increasing at a rate of 2cm®s™.

Find the rate of increase of x when V=512,

10 A sphere has radius 7cm and volume Vem?®.

... . 1 _
The radius is increasing at a rate of —cms b
A

Find the rate of increase of the volume when V = 972n.

11 A solid metal cuboid has dimensions x cm by x cm by 5x cm.

The cuboid is heated and the volume increases at a rate of 0.5cm”s™\.

Find the rate of increase of x when x = 4.

12 A cone has base radius rcm and a fixed height 18cm.

The radius of the base is increasing at a rate of 0.1cms™.

Find the rate of change of the volume when r = 10.

Chapter 12: Differentiation 1
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13 Water is poured into the conical container at a rate of 5cm®s™.

After ¢ seconds, the volume of water in the container, Vcm?, is given by

1
V= Enha, where & cm is the height of the water in the container.

a Find the rate of change of hwhen & =5.
b Find the rate of change of h when A = 10.

14 Water is poured into the hemispherical bowl at a rate of 4tcm?®s™.
After tseconds, the volume of water in the bowl, Vem?, is given by
V = 8nh? - é-n:hs , where h cm is the height of the water in the bowl. w

a Find the rate of change of hwhen A = 2.
b Find the rate of change of hwhen h = 4.

12.8 Second derivatives

If you differentiate y with respect to x you obtain ?
x
s ] is called the first derivative of y with respect to x.
%* d(d
If you differentiate 8 with respect to x you obtain _[_)‘] which can also be
298 d2y dx dx\dx
written as —=-.
dx?
d?y . o ;
) is called the second derivative of y with respect to x.
Sofor y=x*—T7x*+2x+1 or f(x) =x®-T7x>+2x+1
?=3x2—14x+2 or f'(x) = 3x2 — 14x + 2
X
2
4 = 6x — 14 or f”(x) = 6x — 14
dx?

WORKED EXAMPLE 17

2
Given that y = 3x* - é, find ﬂ
x dx?
Answers
y=8x% — 5x71

e 6x + 5x72

dx

2
L) _ 6-10x

X
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Exercise 12.8

2

1 Find j—% for each of the following functions.
X

a y=b6x2-7x+3 b y=2x*+3%?-1 ¢ y=4-—

[ ]

2
Find 32 for each of the following functions.

d’ 4x —1 1
- +
a y=x(x-4)>° b y= xE c y=x
x =3
x+2 x? 2x + 5
d y= = f y=
e T il e P
3 Given that f(x) = x> — 7x? + 2x + 1, find
a f(1) b (1) c £7(1).
4 A curve has equation y = 4x> + 3x* — 6x — 1.
a Show that % =0 when x = —1 and when x = 0.5.
%
. d?y
b Find the value of s when x = -1 and when x = 0.5.
x
5 A curve has equation y = 2x® — 15x? + 24x + 6.
2,
Copy and complete the table to show whether j_)' and % are positive (+),
x &%
negative (—) or zero (0) for the given values of x.
X 0 1 2 3 4 5
dy
dx
d?
do
6 A curve has equation y = 2x® + 3x? — 36x + 5. Find the range of values of x for which both i and

2 X

d
d_xz are both positive.

i 2 d?y dy
7 Given that y = x? — 2x + 5, show that 4 —= + (x — 1)—= = 2y.
dx? dx

CHALLENGE Q
3 o 4%y dy
8 Given that y = 8/x, show that 4x +4x— =

@ dx %
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12.9 Stationary points

Consider the graph of the function y = f(x) shown below.

y=1f(x)

O X
The red sections of the curve show where the gradient is negative (where f(x)
is a decreasing function) and the blue sections show where the gradient is

positive (where f(x) is an increasing function). The gradient of the curve is
zero at the points P, Q and R.

A point where the gradient is zero is called a stationary point or a
turning point.

Maximum points

The stationary point Qis called amaximum point because the value of yat
this point is greater than the value of y at other points close to Q.

At a maximum point: 0
dy _
dx
¢ the gradient is positive to the left of the maximum and k n
negative to the right
Minimum points
The stationary points Pand Rare called minimum points.
Ata minimum point:
dy - +

=0
dx

¢ the gradient is negative to the left of the minimum and
positive to the right
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Stationary points of inflexion

There is a third type of stationary point (turning point) called a
point of inflexion. 0 / _\ 0
At a stationary point of inflexion: 1/ \_

dy
_) = O .. .. -
dx from positive to zero and then to positive again
e the gradient changes < or
from negative to zero and then to negative again

You do not need to know about points of inflexion for the examination. They
have been included here for completeness.

WORKED EXAMPLE 18

Find the coordinates of the stationary points on the curve y = x* — 3x + 1 and
determine the nature of these points. Sketch the graph of y = x* — 3x + 1.

Answers

y=x"=3x+1

dy
— = 8% -8
d
F . : dy
or stationary points, —=0.
dx
3x2-3=0
x¥-1=0

(x+1)(x-1)=0
x=-lorx=1
When x=-1,y=(-1)>-3(-1) +1=3
When x=1,y=(1)>-3(1) +1=-1
The stationary points are (-1, 3) and (1, -1).
Now consider the gradient on either side of the points (-1, 8) and (1, -1):

dy

dx 3(-1.1)2-3= positive 0 3(-0.9)2-3= negative

direction of
tangent o \
shape of

dy
dx
direction of
tangent \ o
shape of U
curve

3(0.9)% - 8 = negative 0 3(1.1)* - 8 = positive
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So (-1, 3) is 2 maximum point and (1, 1) is a minimum point.
The sketch graph of y = x% — 3x + 1 is:

p=x*-3x +1

-1,3)

(1,-1)

Second derivatives and stationary points

Consider moving from left to right along a curve, passing through a

maximum point: 0

s d S .
The gradient, d—y, starts as a positive value, decreases to zero at the maximum
X

point and then decreases to a negative value.

. d , dy . .
Since -d—y decreases as x increases, then the rate of change of 2 s negative.
X

dy . . i(ﬂ) _ 4
[The rate of change of d is written as e e 0 J

This leads to the rule:

dy d?y Aok : :
If — =0 and — < 0, then the point is a maximum point.
dx dx?

Now, consider moving from left to right along a curve, passing through a
minimum point:
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; dy : 3 -
The gradient, —, starts as a negative value, increases to zero at the minimum

point and then increases to a positive value.

. dy . . dy . .
Since d—y increases as x increases, then the rate of change of d_y is positive.
x x

This leads to the rule:

2
152§ and % > 0, then the point is a minimum point.
X X

WORKED EXAMPLE 19

Find the coordinates of the stationary points on the curve y = 2x® — 15x2 + 24x + 6 and
determine the nature of these points. Sketch the graph of y = 2x* — 15x” + 24x + 6.

Answers

y=2x%—15x% + 24x + 6

(—12-= 6x% — 30x + 24
dx

For stationary points, :_y =0.
x

6x%2—30x+24=0
x2—bx+4=0
(x-1(x—-4)=0

x=lorx=4
When x=1,y=2(1)3-15(1)2+24(1) + 6 = 17
When x =4, y=2(4)%-15(4)? + 24(4) + 6 =-10
The stationary points are (1, 17) and (4, -10).

d?y
a‘:z- =12x-30
d?y
When x =1, a2 = —18 whichis <0
x

2

Whens=4, 1 =18 whichiss0
dx?

So (1, 17) is a maximum point and (4, ~10) is 2 minimum point,
The sketch graph of y = 2x® — 15x? + 24x + 6 is:

3 1 =2%3 _ 1552 + 9% +H
3[ ay  FoeE -l o

ES

(4,-10)
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Exercise 12.9

1 Find the coordinates of the stationary points on each of the following
curves and determine the nature of each of the stationary points.

a y=x>-12x+8 b y=06+x)(1-x)
€ y=x"=12x+2 d y=x>+x>-16x-16
e y=x(3-4x—x?) f oy=(x-1)(x2-6x+2)

2 Find the coordinates of the stationary points on each of the following
curves and determine the nature of each of the stationary points.

_ 4 Lo 2 4
a y—\/;+ﬁ b y=x o c y—;+ x
d g= 2x o y= x? ¢ Ja=;a:2—5:c:+f’;
x>+9 x+1 x+1
2x+ 5

3 The equation of a curve is y =

x+1

Find gi and hence explain why the curve has no turning points.
x

4 The curve y = 2x* + ax? — 12x + 7 has a maximum point at x =-2.

Find the value of a.

5 The curve y = x* + ax + b has a stationary point at (1, 3).
“ a Find the value of @ and the value of .
b Determine the nature of the stationary point (1, 3).

¢ Find the coordinates of the other stationary point on the curve and
determine the nature of this stationary point.

6 The curve y = x* + 24+ b hasa stationary point at (1, -1).
a Find the value of sz and the value of b.
b Determine the nature of the stationary point (1, —1).

7 The curve y = ax + % has a stationary point at (-1, —12).
a Find the value of fx and the value of b.

b Determine the nature of the stationary point (-1, -12).

CHALLENGE Q

8 The curve y = 2x® — 3x? + ax + b has a stationary point at the point

(3,-77).

a Find the value of @ and the value of b.

b Find the coordinates of the second stationary point on the curve.
¢ Determine the nature of the two stationary points.

d Find the coordinates of the point on the curve where the gradient is
minimum and state the value of the minimum gradient.
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12.10 Practical maximum and minimum problems

There are many problems for which you need to find the maximum or
minimum value of a function, such as the maximum area that can be enclosed
within a shape or the minimum amount of material that can be used to make
a container.

WORKED EXAMPLE 20

15cm %

24 cm

The diagram shows a 24 cm by 15 cm sheet of metal with a square of side x cm
removed from each corner. The metal is then folded to make an open rectangular
box of depth x cm and volume Vem®,

a Show that V=4x>—78x% + 360x.
b Find the stationary value of Vand the value of x for which this occurs.
¢ Determine the nature of this stationary value.

Answers

a V = length x breadth x height
= (24 - 2x) (15 — 2x)x
= (860 — 78x + 4x?)x
= 4x® — 78x2 + 360x

b ﬂ = 12x? — 156x + 360
dx
dy _

Stationary values occur when e
x

122 - 156x + 360 =0

¥—13x+30 =0

(x=10)(x—-3) =0
x=10orx =3
The dimensions of the box must be positive so x = 3.
When x =3, V=4(3)%-78(3)2 + 360(3) = 486.
The stationary value of Vis 486 and occurs when x = 3.

d*v

€ ——=24x-156
5 d2v
When x =8, — =24(3)-156 = -84 whichis <0

dx?
The stationary value is a maximum value.
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WORKED EXAMPLE 21

xm R

P ym Q
A piece of wire, of length 2m, is bent to form the shape PQRST.
PQST is a rectangle and QRS is a semi-circle with diameter SQ.
PT=xmand PQ=ST=ym.
The total area enclosed by the shape is Am®.
a Express yin terms of x.

b Show that A =x— %xg -—lnxg.

8
¢ Find g d 2l
ind —— and 75"
d Find the value for x for which there is a stationary value of A.

e Determine the magnitude and nature of this stationary value.

E Answers

a Perimeter = PQ +arc QRS + ST + TP

1 x
9=9y+—Xx2n —)+ +x ‘
IT9 (2 >

2=2y+lnx+x ‘
2
2y=2-x l:tx ‘
: 2
4

y:l—%x—lnx ‘

b A =area of rectangle + area of semi-circle

(3) |
=xy+=m|=
P79 M 2 |
=:’c(l—lx—l'.'tx]+lﬂ:x2
2 4 8 |
S L
2 4 ‘
1 1
=x—§x2——éﬂ:x2 |
dA 1
¢ —=l-x-—7x
dx
d2A 1
—=-1-—"
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d Stationary values occur when a4 0.

dx
l—x——l-mc=0
4
4 -4x-nmx=0

x(4+m=4

Stationary value occurs when x = T

2 2
4 4 4 & T 1] 4
& When &mor s A LD 2[(4+n)] s“[(4+n)]

_4(4+m)-8-2n
- (4 + )
_8+2n

T (4+n)
24+ m

T (4 +n)

o2

T @+

+ aa
(4 +m)’ dx?

When x = =-—1—%nwhichis<0

2 25 :
The stationary value of Ais —— m?® and it is a maximum value.

4+m

Exercise 12.10

1 The sum of two numbers xand yis 8.
a Express yin terms of x.
b i Given that P = xy, write down an expression for Pin terms of x.

i
ii Find the maximum value of P.
i
i

¢ i Given that S = x? + y2, write down an expression for S, in terms of x.
i Find the minimum value of S.
2 The diagram shows a rectangular garden with a fence on three of S
its sides and a wall on its fourth side. The total length of the fence
is 100m and the area enclosed is Am?.
a Show that A = %x(IOO —x). L
b Find the maximum area of the garden enclosed and the value of x for
which this occurs.
3 The volume of the solid cuboid is 576 cm® and the surface area is Acm®. T
a Express yin terms of x. [ |yem
o 1728
b Show that A = 4x* + ,
X
¢ Find the maximum value of A and state the dimensions of the xem

cuboid for which this occurs. 2xcm
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4 A cuboid has a total surface area of 400 cm? and a volume of Vem?®.
The dimensions of the cuboid are 4x cm by x cm by A cm.
a Express & in terms of Vand x.
b Show that V = 160x — %?x:”.

¢ Find the value of xwhen Vis 2 maximum.

5 A piece of wire, of length 60 cm, is bent to form a sector of a circle with
radius rcm and sector angle 6 radians. The total area enclosed by the
shape is Acm®,

a Express @ in terms of .

b Show that A = 30r — »2,
9

¢ Find —A and e A

dr dr?
d Find the value for rfor which there is a stationary value of A.

e Determine the magnitude and nature of this stationary value.

6 The diagram shows a window made from a rectangle with base 2rm
and height ~ m and a semicircle of radius rm. The perimeter of the
window is 6m and the surface area is Am?.

rim

a Express & in terms of r.

H b Show that A = 67 — 202 — %‘m?.

dA d?A hm
¢ Fin 5

dr dr®
d Find the value for rfor which there is a stationary value of A.

e Determine the magnitude and nature of this stationary value. 2rm

7 ABCDisa rectangle with base length 2p units, and ¥4
area Aunits®.

The points A and Blie on the x-axis and the points
Cand Dlie on the curve y = 4 — x2,

a Express BCin terms of p.
b Show that A = 2p(4 - p?).
¢ Find the value of p for which A has a stationary value.

d Find this stationary value and determine its nature. 2p units

8 Asolid cylinder has radius r cm and height £ cm.
The volume of this cylinder is 250% cm® and the surface area is Acm?.
a Express hin terms of r.

b Show that A = 2?2 + —=

¢ Find -C-lé and d—A
dr dr?

Find the value for r for which there is a stationary value of A.

500n

T oo

Determine the magnitude and nature of this stationary value.
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9 The diagram shows a solid formed by joining a hemisphere of
radius rcm to a cylinder of radius rcm and height # cm. The surface
area of the solid is 2881 cm? and the volume is Vem®.

a Express hin terms of r.
b Show that V = 144nr — %‘ﬂ:‘ra.

¢ Find the exact value of rsuch that Vis a maximum. h

10 A piece of wire, of length 50 cm, is cut into two pieces.

One piece is bent to make a square of side x cm and the other is bent to
make a circle of radius rcm. The total area enclosed by the two shapes is
A cm?.
a Express rin terms of x.
2

- +
b Show that A = (m +4)x* —100x 625.

T
¢ Find the stationary value of A and the value of x for which this occurs.

Give your answers correct to 3 sf.,

11 The diagram shows a solid cylinder of radius rcm and height 24 cm
cut from a solid sphere of radius 5cm. The volume of the cylinder
is Vem?®.

a Express rin terms of A.
b Show that V = 21h(25 - h?).
¢ Find the value for i for which there is a stationary value of V.

d Determine the nature of this stationary value.

CHALLENGE Q

12 The diagram shows a hollow cone with base radius 12¢m and
height 24 cm.

A solid cylinder stands on the base of the cone and the upper edge
touches the inside of the cone. 24cm

The cylinder has base radius r cm, height 2 cm and volume Vem?.

a Express kin terms of 7. »‘*

b Show that V = 2nr2 (12 — 7).

¢ Find the volume of the largest cylinder which can stand inside

12¢cm
the cone.
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CHALLENGE Q 5 - JEN

13 The diagram shows a right circular cone of base radius r cm and /_/ x .\\\ \‘\
height A cm cut from a solid sphere of radius 10cm. The volume of the / ) : %
cone is Vem?. l-" / hi H\
a Express rin terms of A. 1 '\\ /
b Show that V = %mﬂ (20 - h). L i ...

¢ Find the value for 4 for which there is a stationary value of V.

d Determine the magnitude and nature of this stationary value.

Summary
Rules of differentiation
Power rule: If y = x™, then & = nx"]
dx
Scalar multiple rule: i[kf(x)] — % i[f(x)]
dx dx
n Addition/subtraction rule: i[f(x) tg(x)] = i[f(x.)] + i[g(x)]
dx dax dx
Chain rule: ] X v
dx du dx
Product rule: E—(uv) = u@ + v—d—u
dx dx dx
du_ dv
R g[gj_”dx ® ds
Quotient rule: il 2
Tangents and normals
If the value of % at the point (xl, yl) is m, then:
x
the equation of the tangent is given by y—y, = m(x — )
the equation of the normal is given by y—y = —}-(x —x,)
m
Small increments and approximations 5 3
If 8x and Jy are sufficiently small then i
ox dx
Stationary points

Stationary points (turning points) of a function y = f(x) occur when % =)
x
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Examination questions

Worked example

The figure shows a sector ABC of a circle centre C, radius 2r cm, where angle ACB s 36 radians.
The points D, E, Fand Glie on an arc of a circle centre C, radius rcm. The points Dand G are the

mid-points of CA and CB respectively. Angles DCE and FCG are each 6 radians. The area of the
shaded region is 5cm?.

a By first expressing €in terms of 7, show that the perimeter, P cm, of the shaded region is

given by P = 4r + B (6]
r
b Given that rcan vary, show that the stationary value of P can be written in the form k2,
where kis a constant to be found. [4]
¢ Determine the nature of this stationary value and find the value of 6 for which it occurs. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 O(part) Nov 2011

N

P
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Answers
a Area of sector ABC — (area of sector DCE + area of sector FCG) = 5
1 2 (1 1 )
—(2r)°(80)—| =r?0+ =70 |=5
5 (2r)°(36) 5 d
6r’0 -1’0 =5
5720 =5
1
0= 1—2
P = CE + arc ED + DA + arc AB + BG + arcGF + FC
=r+1M0+7r+(2r)30)+r+10+r
=47 + 80
=4r + 8r X 2,
2
=4r+ s
¢
b P=4r+8"!
i =4-8r2
dr
i Stationary values occur when 3— =0.
r
8
4-—=0
2
r% =P
pimilS
When r = 2, P=4(J§)+i=8J§
J2
Stationary value of Pis 82.
¢ When r =42, t‘)z—l—2=l
(v2) 2
i?i =4 - 8r2
dr
2
i 16173
dr?
J2 dQ—P e ositive
When r= 2 F d’r? (ﬁ)f} p
I
The stationary value is a minimum and occurs when 6 = 5
S
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Exercise 12.11
Exam Exercise
16

1 Find the coordinates of the stationary point on the curve y = x* + " (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q1 Nov 2014

2
2 Given that y = 2—x——2, show that % = (Q—ix? , where kis a constant to be found. [3]
+x x x

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i Nov 2014

1
3 Given that a curve has equation y = —+ 2x , where x> 0, find
x
s B 2]
dx
—, (2]

Hence or otherwise, find
¢ the coordinates and nature of the stationary point on the curve. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i,ii,iti Jun 2014

4 A sector of a circle of radius rcm has an angle 6 radians, where 6 < n. The perimeter of the
sector is 30 cm.

a Show that the area, Acm?, of the sector is given by A = 157 — 72, (3]

b Given that rcan vary, find the maximum area of the sector. [3]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i,ii fun 2014

8
5 a Given that y = l:x: - 5], find ﬂ [2]
Y= \4 dx

b Hence find the approximate change in y as x increases from 12 to 12 + p, where p is small. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3i,ii Nov 2013

2
: . X

6 Find the equation of the normal to the curve y =
X

at the point on the curve where x = 4.

(6]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6 Jun 2013

=2

7 a Find the equation of the tangent to the curve y = x* + 2x? — 3x + 4 at the point where the
curve crosses the y-axis. (4]

b Find the coordinates of the point where the tangent meets the curve again. (3]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Jun 2012

8 The normal to the curve y = x> + 6x? — 34x + 44 at the point P(2, 8) cuts the x-axis at A and
the y-axis at B. Show that the mid-point of the line ABlies on the line 4y =x +9. (8]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6 Nov 2012

Y
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. 648
9 Given that f(x) = x? — T, find the value of x for which f”(x) = 0. [6]
x
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7 Jun 2012
10 xcm
i xcm
45cm r/f,[hﬁnx}
: xcm
60cm

A rectangular sheet of metal measures 60 cm by 45 cm. A scoop is made by cutting out squares,
of side x cm, from two corners of the sheet and folding the remainder as shown.

a Show that the volume, Vem? of the scoop is given by
V = 2700x — 165x2 + 2x3. [2]
b Given that x can vary, find the value of x for which Vhas a stationary value. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q71,ii Nov 2010
11

The diagram shows an empty container in the form of an open triangular prism. The triangular
faces are equilateral with a side of xcm and the length of each rectangular face is ycm. The
container is made from thin sheet metal. When full, the container holds 200+/3 cm3.

i Show that Acm?, the total area of the thin sheet metal used, is given by

V3x? 1600

A= + ;
2 X [5]

ii Given that x and y can vary, find the stationary value of A and determine its nature. [6]

Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q9 Mar 2015
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This section will show you how to:

[ |

|

|

|

: al| — L
use vectors in any form, e.g. (!’ J AB, p, ai+bj
/)

use position vectors and unit vectors
find the magnitude of a vector; add and subtract vectors and multiply vectors by scalars
compose and resolve velocities.



316

Cambridge IGCSE and O Level Additional Mathematics

You should already be familiar with the following vector work:
Quantities that have both magnitude and direction are called vectors.
Quantities that have only magnitude are called scalars.

AB means the displacement from the point A to the point B.

For the diagram, E = [_;J ' B

The ‘magnitude’ of the vector AB means the ‘length’ of the vector AB and is denoted by |4 |.
— —_—
| 4B | is called the modulus of the vector AB.

s a a
Using Pythagoras for the diagram, | 4B | = V[@)? + <3)? = 5.
Two vectors are said to be equal if they are the same length
and are in the same direction.

a —a
The vector —a is the same length as the vector a but is in the opposite direction.

Addition and subtraction of vectors

The vector a + b means the vector a followed by the vector b.
The vector a — b means the vector a followed by the vector -b.
The resultant vector is often shown with a double arrow.

It is drawn from the starting point to the finishing point.

For example, if a = [g} and b= (ﬂ, then a+ b and a — b can be shown on a vector diagram as:

inish

Start

a+b and a — b can also be found as follows:

wibe( 2l (2 (e e aa e =2
|3 R T ) & 1 Sieal 9

Multiplication by a scalar

3 2a
The vector a + a can be written as 2a.
The vectors a and 2a are examples of parallel vectors.
Two vectors are parallel if one vector can be written as a multiple of the other vector.
For example:

~1) and [ 2| are parallel and in the same direction because Sl gl=t)
3 15 15 3

2 -6 : e =60 a3
(_4} and (]2] are parallel and in opposite directions because [12) 3(_4}

Collinear points

IEII? = k;?“ then the points A, B and C are collinear.
(This is because the lines ABand AC must be parallel and the point A lies on both lines.)
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13.1 Further vector notation
The vector AB in the diagram can be written in component form as (g] .
AB can also be written as 4i + 3j, where:

i is a vector of length 1 unit in the positive x-direction

and jis a vector of length 1 unit in the positive y-direction.

Note:
A vector of length 1 unit is called a unit vector.

WORKED EXAMPLE 1 P

a Write Ei in the form ai + bj .

Answers
a PQ =4i-2j
b Using Pythagoras, |F§| = J(4) +(-2) =

b Find |PQ . ' 0

You could be asked to find the unit vector in the direction of a given vector.

The method is outline in the following example.

WORKED EXAMPLE 2

EF = 4i + 3

- . - - - ]
Find the unit vector in the direction of the vector EF.

Answers
First find the length of the vector EF:
EF? = 42 1 32
EF=5
Hence the unit vector in the direction of EF is:

1
= (4i + 3j
5( i+ 3j)

using Pythagoras
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a=-2i+3j, b=4i-j and c¢=-22i+18j.
Find A and g such that Aa + ub = ¢.

Answers
Aa+ pub =c¢
A(=2i + 3j) + p(4i— j) = —22i + 18j

Equating the i’s gives

-2 +4u =-22
-A+2u=-11
Equating the j’s gives
3A-u=18
6A—2u =36
Adding equations (/) and () gives
54 =25
A=5b
Substituting for 4 in equation | | gives
5+ 2 =-11
2u=-6
p=-3
So A=5,u=-3
318 F ; | : ) P
Exercise 13.1 Al | (E l
1 Write each vector in the form ai + bj. ' D
— —— — g , =
a AB b AC ¢ AD
d AE e BE f DE | ' |_ T
g EA h DB i DC I B G S B T

2 Find the magnitude of each of these vectors.
a —2i b 4i+3j € 51-12j d -8i-6j
e 7i+ 24j f 15i-8j g —4i+4j h 5i-10j
3 The vector AB hasa magnitude of 20 units and is parallel to the
vector 4i + 3j.

Find AB.

4 The vector Ei has a magnitude of 39 units and is parallel to the
vector 12i — 5j.

Find PQ.
5 Find the unit vector in the direction of each of these vectors.

a 6i+ 8j b 5i+12j ¢ —4i- 3j d 8i-15j e 3i+3j
6 p=8i-6j,q=-2i+3jandr=10i

Find . .

a 2q b 2p+q 4 §p—8r d Er—p—q.



7 p=9i+12j, q=38i—-3j and r=7i+]j
Find
a|p+q b [p+q+r|.
8 p=7i-2j and q=i+yj.
Find A and g such that Ap + q = 36i - 13j.
9 a=5i-6j,b=-i+2j and ¢=-13i+18j.
Find A and p such that Aa + ub =c.

13.2 Position vectors

The position vector of a point P relative to an origin,
O, means the displacement of the point P from O.

Y

3——ﬁ——7—-f

9 | R ¥

1—'_ |

|

!

|

|

!
0 1 2 3 4 «x
For this diagram, the position vector of Pis

E’e(g) or a”=3i+2j

Now consider two points A and B with position vectors a and b.

| |
T Al ||
a/ P
LT
0| | |

A_é means the position vector of B relative to A.
AB = AO + OB
-—0A + OB

Hence:

ﬁ=3§ -Ea’ or E:b-—a

Chapter 13: Vectors
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WORKED EXAMPLE 4

Relative to an origin O, the position vector of Pis 4i+ 5j and the position vector of
Qis 10i - 3j.

a Find PQ.

The point Rlies on PQ such that PR = i Hé
b Find the position vector of R.

Answers
a PQ = 0Q - 0P 0Q = 10i- 3j and OP = 4i + 5]
= (10i— 3j) — (4i + 5j) collecti’s and j’s
PG = 6i-8j "
3 p
b PR =LP0
4
R
= 1 6i-8)
4
= 1.5i — 2j

OR = OP + PR
= (4i+5j) + (1.51 - 2j)

H OF = 5.5+ 3 Q

WORKED EXAMPLE 5

Relative to an origin O, the position vectors of points A, Band Care -2i+ 5j, 10i — j
and A(2i+ j) respectively. Given that Clies on the line AB, find the value of 4.

Answers
EE = FB’—E&' OB = l(]i—jemdm = —2i
+ 5j
= (10i—j) — (—2i+ 5)) collecti’s and j’s
= 12i - 6
If Clies on the line AB, then AC = k AB.
AC =0C-0A OC =A(2i+j) and OA =-2i + 5j
= A(2i+j) — (—2i + 5j) collecti’s and j's

= (2A+2)i- (5-A)j
kAB = k(12i- 6j)

= 12ki - 6kj

Hence, (24 +2)i—(5—A)j = 12ki — 6kj
Equating the i’s gives: 24 +2 = 12k ~--eoemeereeev 1)
Equating the j’s gives: 55— A = 6k multiply both sides by 2

10~24 =19k =soccoiciic (2)
Using equation (1) and equation (2) gives

24 +2=10-2A
41 =8

A=2




Exercise 13.2

1

Find E, in the form ai + bj, for each of the following.

a A4,7) and B(3, 4) b A(0,6) and B(2,-4)
¢ A(3,-3) and B(6, -2) d A(7,0) and B(-5, 3)
e A(-4,-2) and B(-3, 5) f A(5,—6) and B(-1, -7).

—_ 3 . "
a Ois the origin, Pis the point (1, 5) and PQ = ( 5). Find 0Q.

o

= (<2
Ois the origin, Eis the point (-3, 4) and EF = [ )

: i 7
Find the position vector of F.
¢ Ois the origin, Mis the point (4, -2) and NM = ( 3) :

: e -h
Find the position vector of N.

The vector OA hasa magnitude of 25 units and is parallel to the
vector —3i + 4j.
The vector OB has a magnitude of 26 units and is parallel to the
vector 12i + 5j.

Find:
a OA b OB ¢ AB d |aBl.

Relative to an origin O, the position vector of Ais —7i —7j and the
position vector of Bis 9i + 5j.

The point Clies on ABsuch that AC =3CB.

a Find AB.

b Find the unit vector in the direction of AB.

¢ Find the position vector of C.

Relative to an origin O, the position vector of Pis —2i — 4j and the position
vector of Qis 8i + 20j.

a Find PQ.

b Find | PG |.

¢ Find the unit vector in the direction of :6?2

d Find the position vector of M, the midpoint of PQ.

Relative to an origin O, the position vector of A is 4i — 2 and the position
vector of Bis Al + 2j.

The unit vector in the direction of AB is 0.3i + 0.4 j- Find the value of A.

Relative to an origin O, the position vector of A is (_10) and the

position vectors of Bis [ i(ﬂ
a Find AB.

The points A, Band Clie on a straight line such that AC = 24B.
b Find the position vector of the point C.

Chapter 13: Vectors
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8 Relative to an origin O, the position vector of A is [_; é] and the

position vectors of Bis ﬁ;) ;

a Find:

i | oAl ii |08 | ii | 4B,
The points A, Band Clie on a straight line such that AC = CB.
b Find the position vector of the point C.

9 Relative to an origin O, the position vector of A is 3i — 2 and the position
vector of Bis 15i + 7j.

a Find AB.
The point Clies on ABsuch that AC = % AB.

b Find the position vector of C.

10 Relative to an origin O, the position vector of Ais 6i + 6j and the position
vector of Bis 12i — 2j.

a Find AB.
The point Clies on ABsuch that A_C" = %ﬁ
b Find the position vector of C.

e 11 Relative to an origin O, the position vector of A is [ and the position

vector of Bis [Z}
The points A, Band Care such that BC = 2AB. Find the position vector of C.

12 Relative to an origin O, the position vectors of points A, Band Care
—bi —11j, 23i — 4j and A(i — 3j) respectively.
Given that Clies on the line AB, find the value of A.

13 Relative to an origin O, the position vectors of A, Band Care —2i + 7j,
2i — j and 6i + Aj respectively.
a Find the value of A when AC =17.
b Find the value of A when ABCis a straight line.

¢ Find the value of A when ABCis a right-angle.

14 Relative to an origin O, the position vector of Ais —6i + 4j and the
position vector of Bis 18i + 6j. Clies on the y-axis and OC = OA + A0B.
Find OC.

15 Relative to an origin O, the position vector of Pis 8i + 3j and the position
vector of Qis —12i — 7j. Rlies on the x-axis and OR = OP + p0Q.
Find OR.
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CHALLENGE Q
16 Relative to an origin O, the position vectors of points P, Q and Rare
—6i + 8j, —4i+ 2j and b5i + 5j respectively.

a FiEl’ the nignitudi?f:
i PO ii PR iii OR.
b Show that angle PORis 90°.
¢ IfOP= ?.,O_Q' + uai-:{,, find the value of 4 and the value of L.

13.3 Vector geometry

WORKED EXAMPLE 6

0 ke A

—

=E‘l.and Y=

BxX =2

E&':a,ﬁ=b,3}(=5 OA.

W | e

a Find in terms of a and b:
i BA i BX iii OX v BY
b Given that OP = lﬁ, find OP in terms of A,aandb.

¢ Given that BP = pﬁ, find OP in terms of 4, aand b.
d Find the value of A and the value of y.

Answers
a i B_A.=BX—O_B.=a~b
i
5 5

a+—b

(S e

iii OX = 0B + BX :b+§(a—b)=

(SN ]

o

iv BT =80+ 0F =-b+_0& =2a-b
4 4
b OP =10X
= l(§a+ gb)
5 5]
34 24

=——a+——h
5 5
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¢ OP = OB + BP
= b+ UBY
3
=b+ (—a—b)
“4

=%a+(1—u}b

d Equating the coefficients of a for oP gives:

divide both sides by 3

multiply both sides by 20

Equating the coefficients of b for oP gives:
E =1-u multiply both sides by 5

5
FA=B=8 ... 4oy

Adding equation (1)and equation (2) gives:
6A =5

e
6

Substituting A = % in equation (1) gives u = §

Hence, ;L=% and pt = g

3
WORKED EXAMPLE 7

OA =3a, OB =4b and Mis the midpoint of OB.

OP: PA =4:3and BX = ABP. B
a Find in terms of a and b:

i IB. i MA. M
b Find in terms of A, aand b: &
i BX i MX.
¢ If M, Xand A are collinear, find the value of A. 0 P
Answers
a i AB =AO+OB
=-3a+4b
i MA = MO + OA
=-2b+3a

=3a—2b
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b i BX = ABP
= A(Bo +0oP)

= l(—4b+%b7.’} use m = 3a

= g11—4:?..!)

ii MX = MB +BX use BX = —

7
=2b+ %a —44b collect a's and b’s

a—4Xb

= %a+(2—4}l)b

¢ If M, Xand A are collinear, then MX = kMA .

%&a +(2= 4A)b = k(3a — 2b)

Equating the coefficients of a gives:

3k = divide both sides by 3

Equating the coefficients of b gives:
—2k=2-4A divide both sides by -2
k=24-1-———(2)
Using equation (1) and equation (2) gives:
42

s
2A=1 7

144 -7 =44
104 =7
A=0.7

Exercise 13.3
1 5}-1. =a, a =b. P
Ris the midpoint of OA and OP =30B.
AQ = AAB and RQ = uRP.
a Find @ in terms of A, a and b. 5

b Find O_Q_' in terms of i, a and b.
¢ Find the value of A and the value of . 0 R A

2 E=5a,b_c.=?yaanda§=b. D
E’:mandﬁ:ﬁ.
a Find in terms of a and b,

(o]
‘r”
Oy

=15

E

i
b Find in terms of A, i, aand/orb, i

¢ Find the value of A and the value of p. A ’ B
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3 OP =a, PY = 2b, and 0Q = 3b.
&zlﬁand@’:paﬁ.
a Find OX in terms of A, a and b,
b Find OX in terms of U, aand b,
¢ Find the value of A and the value of p.

4 Ea[ =a, EB. =h.
Bis the midpoint of OD and AC = % OA.
AX = AAD and BX = uBC.
a Find OX in terms of A,aand b.
b Find —O_JE in terms of i, a and b.
¢ Find the value of A and the value of u.

5 Ea[ =a, @ =b.
M is the midpoint of ABand oY = % OA.

B

OX = AOM and BX = uBY.

326 C
a Find in terms of aand b,

e B M
i AB ii OM.
b Find OX in terms of A,aandb.
¢ Find 5{' in terms of [, a and b. 0 Y A
d Find the value of A and the value of .
6 a:a,ﬁzb,ﬁzgﬁandb_?:%m. B
a”mﬁa{)andfi_f”zuﬁ".
a Find OP in terms of A, a and b. ¥
b Find 55 in terms of i, a and b.
¢ Find the value of A and the value of L.
0 Y A
7 OA= a, OB =b and Ois the origin.
a=l_52and51;=#58.. B
a i Find BX in terms of A, aandb.
i Find AY in terms of i, aand b. Y,
b 5BP = 2BX and AY = 4PY. P
i Find OP in terms of A,aand b.
ii Find OP in terms of i, aand b.
0 X A

iii Find the value of A and the value of (.



Chapter 13: Vectors

8 O, A, Band Care four points such that
OA =7a—-"5b, 0B = 2a+5b and OC = —2a +13b.
a Find i AC i AB.
b Use your answers to part a to explain v y Blies on the line AC.

CHALLENGE Q
9 E{ =ia and_ag = b.
OA:AE=1:3 and AB: BC=1:2. C
OB = BD /D
a Fi% in terms_of. a and/or bz_, B
i OE ii OD iii OC. 0 5
b Find, in terms of aand/orb, A
i CE ii CD iii DE.

¢ Use your answers to part b to explain why C, D and E are collinear.
d Find the ratio CD : DE.

13.4 Constant velocity problems
1

If an object moves with a constant velocity, v, where v = (4i — 2j) ms™, <
the velocity can be represented on a diagram as: \‘VK

Velocity is a quantity that has both magnitude and direction.

The magnitude of the velocity is the speed.
If v = (4i — 2j) ms™ then,
speed = 4/(4)® + (-2)

=20

=9 /5ms™.

You should already know the formula for an object moving with constant speed:

distance travelled
time taken

speed =

Similarly, the formula for an object moving with constant velocity is:

displacement

Yo time taken
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Splitting a velocity into its components

The velocity of a particle travelling north-east at 44/2 ms™ can be written in
the form (ai + b]) ms:

a b
cos4h° = —— nd sin45° = ——
4J§ a 1mn 4.\/2_’
a = 42 x cos45° b = 42 x sin45°
a=4 b=4

Hence the velocity vector is (4i + 4j) ms™.

The velocity of a particle travelling on a bearing of 120° at 20ms™
can be written in the form (xi+ yj) ms™:

sin 60° = % and cos60° = -;—0
x = 20 X sin 60° y = 20 X cos 60°
x =103 y=10

Hence the velocity vector is (10J§i - IOj) ms™.

"WORKED EXAMPLE 8

An object travels at a constant velocity from point A to point B.
AB = (32i — 24j) m and the time taken is 4s. Find:
S a the velocity b the speed.

Answers
displacement _ 32i — 24j
time taken 4

a velocity = = (8i— 6j) ms!

b speed = +/(8)° +(=6)* =10 ms™

Consider a boat sailing with velocity (_2) kmh™.

At 12 00 hours the boat is at the point A with position vector ( 12) km relative
to an origin O.

The diagram shows the positions of the boat

at 12 00 hours, 1 pm, 2 pm, 3 pm, 4 pm ... ¥
14 4 ]
The position at 1 pm = +1 = 6 3 O
13) \-2) \11 iy R s T P T
< 2 pm
( 3) 3\ (9 8'.ﬁ'_ﬁ'ﬁﬁ'_“;_;ﬁg'_'_fﬁ____
The position at 2 pm = -'-2[ = ] il N ||
\13} _2) kg 6 ............ "\épm
£ o) \ [ 1 T N O O O 1 N O
2 2 3 12 -
The position at 3 pm = +3[ = } ----- A P, Y N
I8} N2\ T 2 O e
The position at 4 pm = | > |+ 4 3)_(15 Ol 2 46 8101214161820 22%
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Hence the position vector, r, of the boat ¢ hours after 12 00 hours is given by
the expression:

=)

This leads to the general rule:

If an object has initial position a and moves with a constant velocity v, the
position vector r, at time ¢, is given by the formula: r = a + tv.

Exercise 13.4
1 a Displacement = (21i + 54j) m, time taken = 6 seconds. Find the velocity.

b Velocity = (5i — 6j)ms™, time taken = 6 seconds. Find the displacement.

¢ Velocity = (—4i + 4j)kmh™, displacement = (—50i + 50j) km.
Find the time taken.

2 A car travels from a point A with position vector (60i — 40j) km to a point B
with position vector (—50i + 18j) km.
The car travels with constant velocity and takes 5 hours to complete
the journey.
Find the velocity vector.

3 A helicopter flies from a point Pwith position vector (50i + 100j)km to a
point Q.
The helicopter flies with a constant velocity of (30i — 40j) kmh™ and takes
2.5 hours to complete the journey. Find the position vector of the point Q.

4 a A car travels north-east with a speed of 1842 kmh™.
Find the velocity vector of the car.

b A boat sails on a bearing of 030° with a speed of 20kmh™.
Find the velocity vector of the boat.

¢ A plane flies on a bearing of 240° with a speed of 100ms™.
Find the velocity vector of the plane.

5 A particle starts at a point Pwith position vector (-80i + 60j)m relative to

an origin O.

The particle travels with velocity (12i — 16j) ms™.

a Find the speed of the particle.

b Find the position vector of the particle after
i 1second ii 2 seconds iii 3 seconds.

¢ Find the position vector of the particle ¢seconds after leaving P.
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10

11

At 12 00 hours, a ship leaves a point Q with position vector (10i + 38j) km
relative to an origin O. The ship travels with velocity (6i — 8j)kmh™.

a Find the speed of the ship.
b Find the position vector of the ship at 3 pm.
¢ Find the position vector of the ship ¢ hours after leaving Q.

d Find the time when the ship is at the point with position vector
(61i — 30j) km.

At 12 00 hours, a tanker sails from a point Pwith position vector (5i + 12j)
km relative to an origin O. The tanker sails south-east with a speed of
1242 kmh™,

a Find the velocity vector of the tanker.
b Find the position vector of the tanker at
i 14 00 hours ii 1245 hours.
¢ Find the position vector of the tanker ¢ hours after leaving P.

At 12 00 hours, a boat sails from a point P.

The position vector, r km, of the boat relative to an origin O, t hours after
et 10 5

1200is given by r = ( 6]+t 12).

a Write down the position vector of the point P.

b Write down the velocity vector of the boat.

¢ Find the speed of the boat.

d Find the distance of the boat from Pafter 4 hours.

At 15 00 hours, a submarine departs from point A and travels a distance of

120km to a point B.

The position vector, rkm, of the submarine relative to an origin O, ¢ hours
15 + 8¢

20 +6¢ )
a Write down the position vector of the point A.

after 15 00 is given by r =

b Write down the velocity vector of the submarine.

¢ Find the position vector of the point B.

At 12 00 hours two boats, A and B, have position vectors (—10i + 40 j)km
and (70i + 10j) km and are moving with velocities (20i + 10j) kmh™! and
(~10i + 80j) kmh™ respectively.

a Find the position vectors of A and Bat 1500 hours.

b Find the distance between A and B at 1500 hours.

At time ¢ = 0, boat Pleaves the origin and travels with velocity (3i + 4j)kmh-1,

Also at time ¢ = 0, boat Q leaves the point with position vector
(—10i +17j)km and travels with velocity (5i + 2j)kmh~.

a Write down the position vectors of boats A and B after 2 hours.
b Find the distance between boats Pand Qwhen ¢ = 2.
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Summary

Position vectors

AB means the position vector of B relative to A.

—_— —_— —_— —

AB=0B - 0OA or AB =b-a

If an object has initial position a and moves with a constant velocity v,

the position vector r, at time ¢, is given by the formula: r = a + tv.

Velocity
displacement

Velocty = time taken

Examination questions

Worked example

, ; 0). :
(1)] is a unit vector due east and (1) is a unit vector due north.

In this question [

1
At 12:00 a coastguard, at point O, observes a ship with position vector [12) km relative to O.
The ship is moving at a steady speed of 10kmh™ on a bearing of 330°.

p

b Write down, in terms of ¢, the position vector of the ship, relative to O, thours after 12 00.  [2]

a Find the value of p such that [ ) kmh™ represents the velocity of the ship. (2]

¢ Find the time when the ship is due north of O. (2]
d Find the distance of the ship from O at this time. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7i-iv Nov 2012

Answers
X
a cos60° = — d in60° = L
cos 1 an sin 10
x =10 X cos 60° y = 10 X sin 60°

The velocity vector of the ship is [5_5)5) ms™.
Hence, p = 5/3.
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b r=(16),,[3)_( 16-5
112 5v3 ) |12 + 53t

_(16-5
112+ 543t

Ship is due north of O when

16 -5t =0
t =3.2
Time =1512
16— 5x 3.2 0
d Whent=32,r= =
o e ¥ [12+5J§x3.2) [12+]6J§)

Distance of ship from O = 12 + 164/3 = 39.7km to 3 sf.

Exercise 13.5
Exam Exercise
1 Relative to an origin O, the position vectors of the points A and Bare 2i — 3j and 11i + 42j

respectively.
332 a Write down an expression for AB. (2]
The point Clies on ABsuch that AC = % AB.
b Find the length of OC. [4]
— — —
The point D lies on OA such that DC is parallel to OB.
¢ Find the position vector of D. (2]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q8i,ii,iii Jun 2012
4 A X

() > B
b
In the diagram OA =a, OB =b and AP =§A_B’.
a Given that OX = ‘uﬁ”, where u is a constant, express OX in terms of u, aand b. (3]

b Given also that AX = Kﬁi’, where A is a constant, use a vector method to find the value
of xand of A. (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 08i,ii Nov 2011
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3 Relative to an origin O, the position vectors of the points A and Bare i—4j and 7i + 20j

respectively. The point Clies on AB and is such that AC = g AB. Find the position vector of C
and the magnitude of this vector. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Jun 2011

4 The position vectors of the points A and B relative to an origin O are —-2i + 17j and 6i + 2j

respectively.

& —_—

i  Find the vector AB. [1]
—_

ii Find the unit vector in the direction of AB. [2]

enw .. - - - - - ﬁ —* -_’
ili The position vector of the point Crelative to the origin Ois such that OC = OA + mOB,
where mis a constant. Given that Clies on the x-axis, find the vector o_c' [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q5 Mar 2015

5 a The four points O, A, Band Care such that OA = 5a, OB = 15b, OC = 24b - 3a.
Show that Blies on the line AC. [3]

b  Relative to an origin O, the position vector of the point Pis i — 4j and the position vector of
the point Qis 3i + 7j. Find

i [PQ], (2]
ii the unit vector in the direction P_Q’, [1]
ili the position vector of M, the mid-point of PQ. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q7 Jun 2015

12 -18
respectively. All distances are measured in kilometres. A man drives at a constant speed directly
from A to Bin 20 minutes.

6 Relative to an origin O, points A, Band C have position vectors [i}[~lO] and( 6}

i Calculate the speed in km h-! at which the man drives from A to B. [3]

He now drives directly from Bto Cat the same speed.
ii  Find how long it takes him to drive from Bto C. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Nov 2015
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0 ) B

The position vectors of points A and Brelative to an origin O are a and b respectively. The
P —

point Pis such that OP - pOA The point Qis such that OQ =AOB. The lines AQ and BP
intersect at the point R.

i  Express E in terms of 4, aand b.

ii Express BP in terms of U4, aandb.
Je— —_— —_— —

It is given that 3AR = AQ and 8 BR =7BP.

iii Express E)?{' in terms of A, aand b.

iv  Express a{' in terms of i, a and b.

v Hence find the value of i and of A.

8 A

0 c
G

The figure shows points A, Band Cwith position vectors a, b and ¢ respectively, relative
to an origin O. The point Plies on ABsuch that AP:AB =3:4. The point Qlies on OCsuch
that 0Q:QC=2:3.

i Express AP in terms of a and b and hence show that OP = —(a + 3b).
ii Find PQ in terms of a, b and c.
ili  Given that 5PQ = 6BC, find c in terms of aand b.

[1]
(1]

[2]
(2]
(3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q12 Nov 2014

(3]
[3]
(2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q9 Jun 2013
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9 a The vectors p and q are such that p = 11i - 24j and q = 2i + @j.

i Find the value of each of the constants @and Bsuch that p + 2q = (+ B)i - 20j. [3]
ii  Using the values of orand Bfound in part i, find the unit vector in the direction
p+2q. (2]
b A
a
0 C
b B

The points A and B have position vectors a and b with respect to an origin O.
The point C lies on ABand is such that AB: ACis 1 : 4. Find an expression

for OC in terms of a,band A. [3]
¢ The points Sand T have position vectors s and t with respect to an origin O.

The points O, Sand T do not lie in a straight line. Given that the vector 2s + yt is
parallel to the vector (1 + 3)s + 9t where 4 is a positive constant, find the value of 4. [3]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q10 Mar 2016
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Differentiation 2

This section will show you how to:

m differentiate sinx, cosx, tanx, e*and Inx together with constant multiples, sums and composite

functions of these.
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dy
In Chapter 12 you learnt that if y = x?, then — =2x.

This can also be written as: if f(x) = x2, then f '(x) =2x.

Graphing software can be used to show the function f(x) = x5
and its gradient (derived) function f'(x).

14.1 Derivatives of exponential functions

CLASS DISCUSSION .

Graphing software has been used to draw the graphs of y =2% and y=3" together with their
gradient (derived) functions.

— X — 3%
y=2 y=3
| gradient
y function

10+

~_--="" gradient
------- function

Discuss with your classmates what conclusions can be made from these two graphs.
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In Chapter 6 you learnt about the exponential function y = e* where
e =2.718.

This function has the very special property that the gradient function is
identical to the original function. This leads to the rule:

The derivative of ef¥

Consider the function y = ef®).
Let y=e* where u = f(x)
dy du

— = et — =
du = dx ()
d dy d
Using the chain rule: Ei_ = d—i X d_:
=e* x f'(x)
= £/(x) x ef®)

d o f
—|ef® | = f'(x) x f®
L] =16

In particular:

At eaxH;] = g X e®+b
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WORKED EX

Differentiate with respect to x.
& 2 =
a e* b e % ¢ x%¥ d

Answers

a i(ef"‘) = 5 xe¥ =hHe
dx

LV_J \_Y_)'
.liit'f-:::_lll.];;i.r ll,nli'li_\;ili:.:‘ll
b i(e“2'3") =(2x—3) x er 3 = (2x - 3) er 3
dx VSRS R
differentiate original
index Fanetion
d 2.-3x r d =3x =3x d 2
e = M =+ Xie—
c dx(xe J=2 dx(e )+e dx(x)
=x2 x (-3e™¥) + e x 2
= —3x%e7¥ + Oxe~
= x €% (2 - 3x)
d 2x 2x d
P K= = W
A d[e2 ):x dx(e )-e dx(x)

dx\ x x?

x X 2e% — e2x x 1
2

X

_ e )

X2

product rule

quotient rule

WORKED EXAMPLE 2

A curve has equation y = (e?x + e:sx]ﬂ_

d
Find the value of a% when x = 0.

Answers
y= (e2x 4 e3x)5

d
&% = 5(e> + e%)" x (2% + 3¢™)

When x = 0, % = 5(e? +e?)" x (2€° + 3¢?)
X

=5x2tx5
= 400

chain rule
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CLASS DISCUSSION

d
By writing 2 as e™? find an expression for — (2").

dx
Discuss with your classmates whether you can find similar expressions for i( *) and di( Al
x X
Exercise 14.1
1 Differentiate with respect to x.
a e’ b e c 3™
d 2 e 6e 2 f ¥l
; . 1
g evtl h 5x—3e'* I 2+
e X
et e i
H - R = 2 x2
i 2(8-¢*) k 5 1 5(x +e )
2 Differentiate with respect to x.
a xe* b x2%e* c 3xe™
X 2x
e e
d Jx e e — f
x Jx

m g e* +1 h xe2"-egx ; x%* -5
e* —1 2 e*+1

3 Find the equation of the tangent to

= — at x=0
Y e +3

b y=+ve*+1 at x=1nb

¢ y=x2(1+e*) at x=1.

4 A curve has equation y = 5e? — 4x — 3.
The tangent to the curve at the point (0, 2) meets the x-axis at the point A.

Find the coordinates of A.

5 A curve has equation y = xe ™.

a Find, in terms of e, the coordinates of the stationary point on this curve and determine its
nature.

b Find, in terms of e, the equation of the normal to the curve at the point P(1, €).

¢ The normal at Pmeets the x-axis at A and the y-axis at B. Find, in terms of e, the area of
triangle OAB, where Ois the origin.
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14.2 Derivatives of logarithmic functions

Graphing software has been used to draw the
graph of y = In x together with its gradient

(derived) function. 4

The gradient function passes through the

1 1
points (-é-, 2} (1, 1), (2, E) and (5, g) 24\ y=Inx

Discuss with your classmates what conclusions 1+

gradient

you can make about the gradient function. e e IO
T AT 5 55 b g

-1 -

-2 4

-3

From the class discussion you should have concluded that:

341

d 1
=0 et
dx(nx) x

The derivative of Inf(x)

Consider the function y = Inf(x).

Let y=Inu where  u = f(x).
a1 du

B gk
du wu dx (x)

Using the chain rule: W o Oy X gy

dx du dx
=k (%)
U
_'®)
~f(x)

d ()
a[h’l f(x)] = m
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In particular:

d a
—[In(ax + b)] =
dx ax+b
WORKED EXAMPLE 3
Differentiate with respect to x.
a In8x b In(5x-17) ¢ In(2x*+5) d Invx—-10
Answers
& i(lnsx):_ «——inside’ differentiated
dx x <—'inside
!
X
d 5 ‘ inside’ differentated
b == 1n(3x—7)] T - ‘inside’

dx Bx — 7

‘inside’ differentiated

c iI:ln(2x2+5]1=—4—x— ol

dx 2x2+5 -+-——— — ‘Inside’
(e = 1053 (1)
! d _ § x= 2 e —'Insic
d Method 1: a;[lnv'x—w ]— 7510 e
e T
2(x —10)

Method 2: using the rules of logarithms before differentiating.

d

=2 d_[ in(x = 10)]

=1 -—[ln(x—lO)]
%

= lx 1 s — _ SnSiae
2 x-10 = ——"insde’

1

T 9(x - 10)

L i =0 ] = LinGe-105 | e it =

le’ differentated
e’

Ina

differentiated
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WORKED EXAMPLE 4

Differentiate with respect to x. ki

6 A
a Hx®ln2x b 3

Answers
a i(5;“:5 1n2x) = 5a8 % i(ln 2x) +1In2x xi(f)xﬁ) product rule
dx dx dx

= Bxb x £+ In2x x 30x°
2x

= 5x® + 30x° In 2x
d d
i i(.lﬂ_’f) 4 3x X E(lnx)— In x X a(?)x)
dx\ 3x (8x)°

Sxxl—lnxxs
x

quotient rule

3x?

WORKED EXAMPLE 5

A curve has equation y = 3xsinx + z
1
a Show that y = Eln(i!x -1)-1In(x?+1).

b Hence, find the value of A—z when x = 1.

Answers
a = In 2x = use logu l = logﬂx g lOg“‘L‘
x+1 y y

1
=In(2x - 1)2 — In(x* +1) use log, (x)" = m log x

e %ln(?x—l)-— In(x? +1)

d_4d|1 e
= dx[2ln(2x 1)] dx[ln(x +1)]
i d IS e
= h [In(2x - 1)] == [In(x? +1)]

1 2 2x
= —X —_
2 2x—-1 x?+1
1 2x

2 -1 x* +1
_x?+1-2x(2x—1)
T @ -1 (2 +1)
_ —8x?+2x+1
T (2x-1)(x2 +1)

Whenx:],ﬁ=0.
dx
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WORKED EXAMPLE 6

A curve has equation y = log, (5x - 2).
a Show that y = —|[In(5x - 2)|.
“ In 2[ ( )]

d 1
b Hence, find the value of £ when x = 2.
X

Answers
a y=log,(5x-2) use log,a =
_In(5x - 2)
i In2
i [In(5x — 2)]
In2

log a
log b

dy 1 d
£ e b9
e 1B a2l
1 5
= ¢
In2 5x-2
e B
(5x — 2)In2

Whenx=2,ﬂ= = ;
dx 8In2

g Exercise 14.2

1 Differentiate with respect to x.
a Inbx b Inl2x ¢ In(2x +3)

d 2+In(l-x?) e In(3x+1)° f InJx+2
4 3
- 5x)"* 2x + 1 (—) i 5-1
g In(2 - 5x) h 2x+In = i n(2—3x)
j In(Inx) k In (\/J_c + 1)2 | In(x?+Inx)
2 Differentiate with respect to x.
a xlnx b 2x’Inx ¢ (x—1)Inx
d 5xInx? e x’In(Inx) f b %o
X
4 b In(x+) . In(x*-1)
Inx x? 2x + 3
3 A curve has equation y = x? In3x.
: dy d?y :
Find the value of — and —= at the point where x = 2.

dx dx?®
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4 Use the laws of logarithms to help differentiate these expressions with respect to x.

1
a InV3x+1 b 1n(2x—5) c ln[x(x—5)4]
2x + 1 2-x x(x+1)]
o) [ e
. ln(x—lj " ln( x2 ) ! n[ x+2

1 2% + 3 o 2 ] ln[(xﬂ)@x-s)]
& n(:u:—5)(x+1) L (x+3)°*(x-1) : x(x—1)

5 Find :_y for each of the following.

x
a y=logsx Note:

Use change of base of logarithms before
b y=log,x®

differentiating.
c y=log,(bx—1)

., dy ;
6 Find dn for each of the following. oy
a e =4x"-1 Take the natural logarithm of both sides
b e = 5x3 -9 of the equation before differentiating.

c e@=(x+3)(x—4)

7 A curve has equation x = %[e’{s"”) + 1].

Find the value of ;1_)‘ when x = 1.

X

14.3 Derivativesof trigonometric functions

CLASS DISCUSSION

Graphing software has been used to draw the graphs of y=sinx and y = cosx together with
their gradient (derived) functions.

y gradient v
1- ﬁ]l‘l‘(_'lim] 1 ) y=cosx

% ? gradient
function /

of,

mJ_a.-""

-1 14

Discuss with your classmates what conclusions you can make from these two graphs.
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From the class discussion you should have concluded that if x is measured in
d .
—(sinx) = cosx
dx
d .
—(cosx) = —sinx
da

The derivative of tanx can be found using these two results together with the
quotient rule.

d d (sinx '
—(tanx) = — use the quotient rule
X COos x

d .. : d
cosx X — (sinx) — sinx X — (cosx)
dx dx

(cosx)®

COsx X COsx —sinx X (—sin x)

cos?x

2 .2
1n<x in:
_Cos"x+s use cos®x + sinx = 1

cos? x
1 1
— Lise — SecCx
C082 x COsXx
=secZx

d
—(tanx) = sec2 x
dx
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WORKED EXAMPLE 7

Differentiate with respect to x.

3ta
a T7cosx b x*sinx c = d (5-3cosx)®
Answers
d d
a —(7cosx)="7—(cosx
3 (7 c0s%) = 7——(cosx)
= —7sinx
b %(x‘*’ sinx) = x2 X %(sin x) + sin x x %(x*) product rule
= x% cosx + 2xsinx
418 G xxdi(?)tanx)—?)tanxx aci(x)
c —( J = = X quotient rule
dx\ = x?
_xx3sec’x—3tanx x 1
= -
_ 3xsec?x —3tanx
B -
d %[(5 - 3cosx)’ ] = 8(5-8cosx)” x 3sinx chain rule
x

= 24sinx(5 - 3cosx)’

347

Derivatives of sin(ax + b), cos(ax + b) and tan (ax + b)
Consider the function y = sin (ax + b) where x is measured in radians.

Let y=sinu where u = ax+b.
dy du
—— =COSUu — =g
du dx
Using the chain rule: & - 9 , du
dx du dx
=cosuxa

= a cos(ax + b)
d .
— [sin (ax + 8)] = a cos(ax + b)
dx
Similarly, it can be shown that:

%[cos(ax +b)] = —a sin(ax + b)

ad;[tan(ax+ b)] = a sec? (ax + b)
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Note:
It is important to remember that, in calculus, all angles are measured in
radians unless a question tells you otherwise.

WORKED EXAMPLE 8

Differentiate with respect to x.

a 5sin(5— Qx] T—.0 ¢ —/—— d (1+3tan2x)’
3 sin (Qx + —)
Answers
a i[5 si.n(E = 2x) = Bi[sin [E - QxJ]
dx 3 dx )
b1
=5X cos(g— 2x] X (-2)
b1
=-10 ——2 )
cos[3 X
d d d )
b —(xcos3x) = x x —(cos3x) + cos3x X —(x) product rule
dx dx dx

]

x X (=8sin 3x) + cos3x % (1)
= cos3x — 3xsin3x

. 2 sin(?x + g] X -;—x(xg) - x2X f;[sin[?x + g)]

= = |= 5 * quotient rule
dx sin(?x + —‘I) [sin(?x + E)]
‘ 4

sin (2:«: + g) X (2x) — x% X [2 cos [2:«: + %)]

. 2 r
sin (2x+ 4)

9x sin [Qx + E) — 2x%cos (2:: + E)
il 4 4

sin? (2:\: + E)
4

d di[(l +3tan 2::)5] = 5(1+ 3tan 2x)* x 6sec? 2x chain rule
x

C

= 30 sec? 2x (1 + $tan 2x)*

Exercise 14.3
1 Differentiate with respect to x.

a 2+sinx b 2sinx +3cosx C 2cosx —tanx

d 3sin2x e 4tanbx
g tan(3x +2) h sin (:Zx + g)

=h

92 cos 3x — sin 2x

T
9 Iy — _)
cos( X 5

-
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2 Differentiate with respect to x.

a sin’x b 5cos?(3x) ¢ sin®x —2cosx
5 b
d (3-cosx)’ e 2sin’ (Qx + %) f 3 cosx+ 2tan® [E‘x - Z)
3 Differentiate with respect to x.
a xsinx b 2sin2xcos3x ¢ x’tanx
d xtan® (EJ g -
2 cos 3x Ccos X

tan x sinx . sinx

g h —— i
X 2+ cosx 3x —1

: 1 3x sinx + cos x
I == k — {\ —

sin” 2x sin 2x sinx — cos x

4 Differentiate with respect to x.

a efosx¥ b ecm:'),\' c elanx

; 1
d e(smx+cusx) e e*sinx f e‘cos 5.76
g e*(cosx +sinx) h xZewos i In(sinx)
. sin 3x xsinx
j x?In(cosx) k [
e?x—l e~

5 Find the gradient of the tangent to

2 - cos:
a y=2xcos3x when x = = b y=——cc£’—c~when xX=—
3 3tanx
6 a Bywriting secx as , find i(sec x).
cosx dx
: d
b Bywriting cosecx as ——, find — (cosecx).
sin x dx
d
¢ By writing cotx as cF)sx , find —(cotx).
sin x dx
. o O :
7 Find — for each of the following.
dx .
a ¢ =sin3x b e’ =3cos2x Detes
Take the natural logarithm of both sides
of the equation before differentiating,
CHALLENGE Q

8 A curve has equation y = Asinx + B sin 2x.

The curve passes through the point P(g 3] and has a gradient of

32 T

—— when x = — .
4

2
Find the value of A and the value of B.
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CHALLENGE Q

9 A curve has equation y = Asinx + Bcos2x.

The curve has a gradient of 5v/3 when x = % and has a gradient of
6 + 22 when x=%.
Find the value of A and the value of B.

14.4 Further applications of differentiation

You need to be able to answer questions that involve the differentiation of
exponential, logarithmic and trigonometric functions.

WORKED EXAMPLE 9

. . £
A curve has equation y = 3xsinx + i

The curve passes through the point P(g a) ;

a Find the value of a.
b Find the equation of the normal to the curve at P.

m Answers

a Whenx=%,y 3x—>(sm[] %

I DT
=—t—=—
2 b i3

Lo})4
Hence, ¢ = —.

b y=3xsinx+%

d
9= 3xcosx + 3sinx
dx

When x = ’; :’ 3(3‘2—)cos[g]+ssin(-g) =3

Normal: passes through the point [g, %) and gradient = —%
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WORKED EXAMPLE 10

A curve has equation y = x* In x.
Find the approximate increase in y as x increases from e to € + p, where p is small.

Answers
y=x%Inx
d 1
Ei— =x2 x ;— +Inx x 2x product rule
=x+2xInx

When x =e, §2= e+ 2elne
x

= 3e

. WORKED EXAMPLE 11

Variables xand y are connected by the equation y = L .
2x+5
Given that y increases at a rate of 0.1 units per second, find the rate of change of x
when x = 2.
Answers
Inx dy
= and =0.1
) 2%+ 5 dt
d (2x+5)l— 2Inx
L X 3 quotient rule
dx (2x + 5)
_ (2% + 5) — 2xInx
x(2x + 5)°

When x =9 32 _ (4+5)— 4In2
" dx 2(4 + 5)°
_9-4In2
T162

Using the chain rule, g ¥ X dy
dt dy dt
_ 162
T
=2.6014...

Rate of change of xis 2.60 units per second correct to 3 sf.
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WORKED EXAMPLE 12

A curve has equation y = e™*(2sin2x — 3cos2x) for 0 < x < g radians.

Find the xcoordinate of the stationary point on the curve and determine the nature of
this point.

Answers

y = e *(2sin2x — 3 cos 2x)

d

d—y = e™*(4cos 2x + 65sin 2x) — e7* (2sin 2x — 3 cos 2x) product rule
X

~ =e*(7cos2x + 4sin2x)

Stationary points occur when :_y =0.
X

e *(7cos2x + 4sin2x) = 0
7cos2x +4sin2x =0 or e*=0

7 .
tan 2x = =) no solution
2x = 2.0899 There are other values of x for which
= 7 :
x =1.045 tan 2x = —— but they are outside the

4

[
range 0 <x < ; ;

352 il
dﬂy - g - 3
ot = e*(~14sin 2x + 8 cos 2x) — €7 (7 cos 2x + 4 sin 2x)
= e7* (cos 2x — 18 sin 2x)
42
When = 1.045, —2 <0,
dx

Hence the stationary point is 2 maximum point.
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WORKED EXAMPLE 13

10cm 10 cm

P = Q
The diagram shows an isosceles trapezium PQRS with area Acm?,

Angle SPQ = angle POR = 6 radians.
PS = QR =10cm and SR = 16cm.

a Show that A = 160sin6 +100sin @ cos 6.
b Find the value of 8 for which A has a stationary value.
¢ Determine the nature of this stationary value.

Answers

a A=%(a+b)k use A =10 sin @

= %(PQ+SR)X108in9 use PQ =10 cos @+ 16 +10 cos 6 = 16 + 20 cos 6

= %[(16 +20cos ) +16] x 10sin @

= 55in6(32 + 20 cos )
=160sin@ + 100sin 6 cos @

dA : g
b o 160 cos @ + [100sin 8 (~sin8) +100cos? 8] use the product rule on 100 sin € cosd

=160cos@ —100sin? @ + 100 cos® 8 use sin*@=1- 26 cos
=160 cos — 100(1 - cos® ) + 100 cos? 6
= 200 cos? 8 + 160 cos® — 100

Stationary values occur when ;ﬁ =0.

X
200cos? @ +160cos8 — 100 = 0
10cos?@ +8cos—5=10 use the quadratic formula
cos@ = 0.412 or cosf =-1.212
0 = 1.146 radians no solution
2
c M = —400cosOsin@ — 160sin 8
dx?
d2A

When 6 =1.146, =<0,
dx

Hence the stationary value is a maximum value.




Cambridge IGCSE and O Level Additional Mathematics

Exercise 14.4
1 A curve has equation y = 3sin (2;\: + g) ;

: . ; n
Find the equation of the normal to the curve at the point on the curve where x = — .

2 A curve has equation y = x sin 2x for 0 < x < 7 radians.
a Find the equation of the normal to the curve at the point P %, g)
b The normal at Pintersects the x-axis at Q and the y-axis at R.
Find the coordinates of Qand R.

¢ Find the area of triangle OQR where O is the origin.

3 A curve has equation y =e 2 41,
The curve crosses the y-axis at P.
The normal to the curve at Pmeets the x-axis at Q.
Find the coordinates of Q.
4 A curve has equation y = 5 — e,
The curve crosses the x-axis at A and the y-axis at B.
a Find the coordinates of A and B.
b The normal to the curve at Bmeets the x-axis at the point C.
Find the coordinates of C.

H 5 A curve has equation y = xe*.
The tangent to the curve at the point P (1, e) meets the y-axis at the point A.

The normal to the curve at Pmeets the x-axis at the point B.
Find the area of triangle OAB, where O is the origin.

6 Variables xand yare connected by the equation y = sin2x.

: . : : . T T
Find the approximate increase in y as x increases from — to 3 + p, where
pis small.

7 Variables x and y are connected by the equation y = 3 + In(2x — 5)

Find the approximate change in y as x increases from 4 to 4 + p, where

p is small.
1
8 Variables xand y are connected by the equation y = ;1:3 A
_ x
Find the approximate change in y as x increases from 1 to 1+ p, where

pis small.

9 Variables x and y are connected by the equation y = 3 + 2x — be™.

Find the approximate change in y as x increases from In2 to In2 + p,
where p is small.
In(x% - 2)

x2-2

Find the approximate change in yas x increases from /3 to v/3 + p, where
- pis small.

10 A curve has equation y =
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11 Find the coordinates of the stationary points on these curves and determine their nature.
x

a y==xe? b y=x%%* c y=e*-Tx+2
d y=5e*-10x-1 e y=(x2-8)e™* f y=x’Inx
Inx In(x% +1)
= — h B ——]
€ x? J x2+1

12 Find the coordinates of the stationary points on these curves and
determine their nature.

T

a y=4sinx+3cosx for OExSE
b y=6cos§+83ing for 0<x<92n
c y=5sin(2x+£) for _Esx55_n
2 6 6

x

d y= .e for O<x<m
sinx

e y=2sinxcosx+2cosx for O0sx<mn

13 A curve has equation y = Ae’ + Be™>*.
The gradient of the tangent at the point (0, 10) is —12.
a Find the value of A and the value of B.
b Find the coordinates of the turning point on the curve and determine
its nature.
14 A curve has equation y = xInx.
The curve crosses the x-axis at the point A and has a minimum point at B.
Find the coordinates of A and the coordinates of B.
15 A curve has equation y = x%e*.
The curve has a minimum point at Pand a maximum point at Q.
a Find the coordinates of Pand the coordinates of Q.

b The tangent to the curve at the point A (1, €) meets the y-axis at the
point B.

The normal to the curve at the point A (1, €) meets the y-axis at the
point C.

Find the coordinates of B and the coordinates of C.
¢ Find the area of triangle ABC.
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16 The diagram shows a semi-circle with diameter EF of
length 12cm.

Angle GEF = @ radians and the shaded region has an area
of Acm?®.

a Show that A = 360 + 18sin20.

b Given that 6 is increasing at a rate of 0.05 radians per E F

second, find the rate of change of A when 6 = % radians.

CHALLENGE Q

17 The diagram shows an isosceles triangle POR
inscribed in a circle, centre O, radius rcm.
PR = QR and angle ORP = @ radians.
Triangle PQR has an area of Acm®.
a Show that A = r?sin 260 + r?sin 26 cos 26.

b Find the value of 8 for which A has a
stationary value and determine the nature of this
stationary value.

Summary

Exponential functions

d d +b +b d f(x) ’ £
el = o= gy — ax v x| =f X x)
dx (c ) 5 dx [e ] A dx [e ] e
Logarithmic functions

d 1 d a d f'(x)
e == =i b)] = —[1In(t(x))] =

dx () x dx[ nlext )] ax + b dx[ ( (x))] f(x)
Trigonometric functions

dirs. dr.

a(sm x) = CcOsx a[sm (ax + b)] = a cos (ax + b)

%(cosx] = —sinx %[cos(ax + b)] =~ asin(ax+8)

-dd—x(tan x) = sec’x %[tan (ax + b)] = a sec?(ax + b)
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Examination questions

Worked example

The figure shows a sector OAB of a circle, centre O, radius 10cm. Angle AOB = 20 radians where

0<0< g A circle centre C, radius r cm, touches the arc AB at the point D. The lines OA and OB

are tangents to the circle at the points E and Frespectively.

a Write down, in terms of 7, the length of OC.

b Hence show that r = 1050

1+sinf

¢ Given that € can vary, find E when r = %)

’ o s : 5 ; (3 : n
d Given that ris increasing at 2cms™, find the rate at which 6 is increasing when 6 = &

Answers
a 0C=0D-CD
oC=10-r

b Using triangle OCE:
r
oc
r
10 -1
r =10sin@ — rsin @
r+7rsin@ = 10sin @
r(1+sinf) = 10sin 6
_ 10sin@
" 1+sinf

sin@ =

sin@ =

(1]
(2]

(6]
(3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q10(part) Nov 2011

use OC=10—-r

multiply both sides by (10 — r)
collect terms involving r
factorise

divide both sides by (1 + sin 6)
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10sin@ _
- use the quotient rule
1+ sin@
dr _ (1+5sin6)10 cosf — 10sin 6 cosé
de (1 + sin@)*
dr _ 10cos@ T
dé (1 +sinb)’ o
71 T E, 10 _ 10sin @
3 3 1+sinf
30sin@ =10 + 10sin0O
20sin6 =10
sin@ = 1
2
If sinf = l, then cos@ = ﬁ
2 10xf)l
o . . dr 9 20\3
Substituting in equation (1) gives: — = 5 =
de ( 1) 9
b
2
T 1 V3 dr 203
d hen 8 = —, sin@ = —, cosf@ = — and — = ——.
When g si 3 5 an = 5
Using the chain rule: 20 = de X i
dr dt
9
= — X 2
2043
9
1043
33
10

Exercise 14.5
Exam Exercise

1 a Find the equation of the tangent to the curve y = x> —Inx at the point on the curve
where x = 1. (4]

b Show that the tangent bisects the line joining the points (-2, 16) and (12. 2), [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2014
: d
2 Find dy when

X

a yzcos?xsin(—g), [4]
tan x

b y= . [4]
) 1+Inx

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10i,11 Jun 2014
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3 Variables x and y are related by the equation y = 10 — 4sin? x, where 0 < x < =

Given that x is increasing at a rate of 0.2 radians per second, find the corresponding rate of

change of ywhen y = 8. [6]
Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q3 Jun 2013
2
4 Given that y = ] , find
dy cos4x
a ) [3]
dx 1t T
b the approximate change in ywhen x increases from — to 2 + p, where pis small. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2012

5 Variables xand yare such that y = e%* + e™*,

a Find 2. 2]
x
b By using the substitution u = e2*, find the value of ywhen ﬁ =3 [4]
X

¢ Given that x is decreasing at the rate of 0.5 units s, find the corresponding rate of
change of y when x = 1. (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q104,ii,iii Jun 2012

P=(1,In2)
y=In(x+1)-Inx

D

The diagram shows part of the curve y = In(x + 1) — Inx. The tangent to the curve at
the point P(1,In2) meets the x-axis at A and the y-axis at B. The normal to the curve
at Pmeets the x-axis at Cand the y-axis at D.
a Find, in terms of In2, the coordinates of A, B, Cand D. [8]
: Area of triangle BPD 1
b Given that = —, express kin t fln2. 3
Areacfbiange AFG K’ TEronom termsiotin 5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q12(part) Nov 2011

A curve has equation y = 2xsinx + g . The curve passes through the point P[E, a) ;

a Find, in terms of &, the value of a. [1]

b Using your value of a, find the equation of the normal to the curve at P. (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Nov 2010
P
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tan 2
8 i Given that y= r;:x,ﬁnd g_)’ [3]
x
ii Hence find the equation of the normal to the curve y = e at the point
where x = % (3]
Cambridge IGCSE Additional Mathematics 0606 Paper 12 Q6 Mar 2015
2
..I_
9 The point A, where x =0, lies on the curve y = M The normal to the curve at A
meets the x-axis at the point B. =1
i Find the equation of this normal. [7]
il Find the area of the triangle AOB, where Ois the origin. (2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7 Jun 2015

10 Variables x and yare such that y = (x — 3)In(2x2 + 1).

i Find the value of % when x= 2. [4]
= X . ;
ii Hence find the approximate change in y when x changes from 2 to 2.03. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Nov 2015

11 A curve has equation ) =

x2+1
i Find the coordinates of the stationary points on the curve. [5]
" d?y  px® +gx . )
ii Show that — = , where pand g are integers to be found, and determine
dx*  (x*2+1)°
the nature of the stationary points of the curve. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q11 Mar 2016

12

The diagram shows a circle, centre O, radius rcm. The points A and Blie on the circle such that
angle AOB = 20 radians.

i Find, in terms of rand 6, an expression for the length of the chord AB. (1]

ii Given that the perimeter of the shaded region is 20 cm, show that r = — [2]
iii Given that rand 6 can vary, find the value of g% when 0 = E. (4]
iv Given that ris increasing at the rate of 15cms-, find the corresponding rate of
change of @when 6 = % (3]
L Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q11 Jun 2016

A




This section will show you how to:

B useintegration as the reverse process of differentiation

® integrate sums of terms in powers of x, including 1 and
x ax +b

E integrate functions of the form (ax + b)", €, sin(ax+ b), cos(ax + b)
m evaluate definite integrals and apply integration to the evaluation of plane areas.
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T e R e IR e = S

In Chapter 12, you learnt about the process of obtmmng Z) when you know j.
This process was called differentiation. i

You learnt the rule for differentiating power functions: = If y = x", then 31 = nx"l,
X

Note: There are

Applying this rule to functions of the form y = x*+ ¢ you obtain: an infinite number
y= X2 453 of functions
y= 22 +2 d that when
ol e 2x differentiated
45 x2 b az give 2x.
Y

d
In this chapter you will learn about the reverse process of obtaining y when you know d—y
This reverse process is called integration. :

15.1 Differentiation reversed

CLASS DISCUSSION

362 Find g-y- for each of the following functions.
X
1
Y= Zx“ +3
1
y = ;x" -0.8
= %xs +4
y = ~—1ﬁx_2 1.

0

£t o d
Discuss your results with your classmates and try to find a rule for obtaining y if d_y = x".
x

1
x2 =17

Describe your rule in words.

From the class discussion you should have concluded that:

S\ 2% ihen y = x™*1 + ¢, where ¢ is an arbitrary constant and n # -1.

dx n+

If —

It is easier to remember this rule as:

‘increase the power n by 1 to get the new power, then divide by the new power’.
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Find yin terms of x for each of the following.
& _ a4 _ B _1
2 dx bdx_\/; C a2
Answers .
dy . dy 2 dy _ s
=——= -== €C —=—=x
. dx * b dx :c dx
! 1
= 4+1 + = 1 =Fl = x 3+1 +c
ia e S
1 §+1
==—x+c =—x2+¢
5 9 3 =
=—x2+¢ 1
=——+¢
e 2%
=—x>+¢c
WORKED EXAMPLE 2
Find yin terms of x for each of the following.
dy 5 dy 4 dy (x—2)(x+5)
a L=6x-—2+4 b L=8x3-—-9 g 18 MRS B
dx TR dx 8 dx =
Answers
a j_)’ = 6x% — 5x2 + 4x! write in index form ready for integration
x
6s_ 5 .4,
==X ———=x t=x“+Fc
T
=2x3 +5x71 + 2%% + ¢
=o 42024,
x
9 ns E.4 o et : - ,
b o 8x® — i 2x write in index form ready for integration
x
LI xt—Zaxl+ ¢
4 3(-4) 1
= 2x* +%x“—2x+c
sogty 1 _ 2%+ ¢
3x*
g dy _x*+3x-10
dx Jx
3 1 2l
=x2 +3x2 - 10x 2 write in index form ready for integration
1 3 3 1
y= —-g:n:2 +%x2 _119.;.;2 /¢
2 2 3
9 3 3 2
= 3::2 +2x2 —20x2 + ¢
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A curve is such that % = (1-x)(3x - 2) and (2, 8) is a point on the curve.
X

Find the equation of the curve.

Answers
d
2= 1-x)(8x-2) expand brackets
dx
= —3x? + bx — 2
= —3x? + bx! — 2x° write in index form ready for integration

y=—x?’+gx2—2x+c

When x=2,y=38
3=—(2)3+§(2)2—2(2)+c

8=-8+10—-4+¢
c=10

The equation of the curve is y = —x> + %x2 —2x +10.

H Exercise 15.1

1 Find yin terms of x for each of the following.

a ﬂ=12:rc4 b ﬂ=5:!c:8 4 ﬁ=7x3
dx dx dx
a4 b1 ¢ D _ 3
dx  «? dx  2x2 dx  x
2 Find yin terms of x for each of the following.
a ﬂ=7;’c5-|-2:vc‘*+3 b ﬂ=2:!:5’—3;!63+5:lu:
dx dx
dy 3 15 dy 18 6
e T g d ==—+—-2
¢ de .2t x° * dx %10 &7
3 Find yin terms of x for each of the following.
a %=3x(x—2) b %=x2(4x2—3)
dy 2 dy
¢c =—=(x+2 d —=x(x-3)(x+4
™ (x +2x) e S d)e+4)
% dy _x° -3« ¢ dy _ (2x-3)(x—1)
dx Doc® dx x4
dy x®—4x%?+1 " dy (Bx+5)(x—2)
- g e

dx 2x? dx Jx
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4 A curve is such that :—y =3x2 —4x +1.
X

Given that the curve passes through the point (0, 5) find the equation of
the curve.

5 A curve is such that :_y = 6x(x —1).
x

Given that the curve passes through the point (1, -5) find the equation of

the curve.
3
+
6 A curve is such that gy = wx 5 6.
X X
Given that the curve passes through the point (-1, 10), find the equation of
the curve. 9
curve is suc at - 5
Given that the curve passes through the point (9, 14), find the equation of
the curve.
8 A curve is such that ;1_)? = kx? — 2x where k is a constant.
X

Given that the curve passes through the points (1, 6) and (-2, —15) find the
equation of the curve.
2

9 A curve is such that d—z =12x—-12.

dx
The gradient of the curve at the point (2, 9) is 8.

a Express yin terms of x.

b Show that the gradient of the curve is never less than 2.

10 A curve is such that ﬁ = kx — 5 where k is a constant.

dx
The gradient of the normal to the curve at the point (2, 1) is —l.

Find the equation of the curve.

15.2 Indefinite integrals
The special symbol _[ is used to denote integration.

When you need to integrate x2, for example, you write
2 13
x*dx = Fig +¢

J‘x2 dx is called the indefinite integral of x* with respect to x.

It is called ‘indefinite’ because it has infinitely many solutions.

Using this notation the rule for integrating powers of x can be written as:

1 .
jx" dx = 1:x:"‘“ + ¢, where ¢ is a constant and n # —1
n+
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This section provides you with practice at using this new notation together
with the following rules:

jkf(x) dx = kJ.f (x) dx, where £ is a constant

J' [£(x) £ g(x)] dx = _[f(x) dx £ Ig(x) dx

WORKED EXAMPLE 4
4_
Find: a Jx2(10x2—8x+3] dx b J" -
xx
Answers
a jx" (10x* — 8x + 3) dx =J-(10x4——8x5 +3x?%) dx
10x>  8x* 3x°
= -——+—+c
D 4 3
=25 -2 + &% + ¢
i L e
366 bJ‘x 2dx=j¥dx
XX xg
5 _3
= J(xf —2x 2]dx
1 .2 9 .l
= s A B 2
(z}x [_l]x +C
2 2
7 1
= %—x? +dx 2+
=—x5J;+i+f:
7 Jx

Exercise 15.2
1 Find each of the following.

a J‘4x? dx b J.l?x5 dx c j?x‘s dux
4 3 6
d J. ? dx e J. ﬁ dx f -[ m dx
2 Find each of the following.
a j(x+ 2)(x+5)dx b j(x—l)(?x-i—?))dx c j(x—5)2dx
d ‘[(\E-&-S)de e -[x(x—l)ﬁdx f I«%E(x—fl)dx
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3 Find each of the following.

2 _ = 4 _ 2
a _|“” 2 & b jx 8 ax c _[(x+1) i
x2 92x3 3xt
4x2? - 3x x5 +5 3\
d I——d j d f _[[ +~—]d
- X e xs.\f; X ‘\/S’_C xg\/‘; X

15.3 Integration of functions of the form (ax+ b)”"

In Chapter 12 you learnt that:

%[2 )1( o (2 + 5)8] = (2x + 5)’

Hence J‘ (2x + 5)" dx = 5 . (2x +5)* + .

X 8

This leads to the general rule:

(ax+8)" +¢c,n#z-land a# 0

o - 1
I(ax+b) Gy~ a(n +1)

WORKED EXAMPLE 5

Find

a j(?;x—8)5dx b Iﬁdx ¢ I\&éﬂ_—?dx.

Answers

a _[ (8x—8)°dx = (8x—8)"" +¢

3(5 +1)
= -ilg(Sx—S)ﬁ +c

b I(?:E%T)” dx = 8_[(4x+1)‘3c1x

8 —8+41
- 4x+ 17> 4
rrErE

=—(4x+1)F+¢

=+
@x+17  °

c j L 12_[ (2x - 7)'% dx
32:: S

1
= 112 2x-7)2" +¢
2(-‘2; +1

=1242x -7 +¢
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Exercise 15.3
1 Find:

a | (x+2)°dx b | (2x-5)dx ¢ |203x+2)°dx

N . 1
d |3(2-3x)"dx (7x +2)3 dx f (3x —1)° dx

m

: dx h .( 2 de i .de
R ) Ew J\5x+3 J 2(3-2x)*
2 A curve is such that :—J = (4x +1)".
x

Given that the curve passes through the point (0, =1.95) find the equation
of the curve.

3 A curve is such that :—y = 2x + 1.

L
Given that the curve passes through the point (4, 11) find the equation of
the curve.
4 A i h that . SN
curve is such that T
Given that the curve passes through the point (6, 1), find the equation of
the curve.
dy
5 A curve is such that d—} = k(2x — 3)3 where £ is a constant.
2

|
68 The gradient of the normal to the curve at the point (2, 2) is ——.

Find the equation of the curve.
6 A curve is such that g—l = Q(kx - 1)5 where k is a constant.
X

Given that the curve passes through the points (0, 1) and (1, 8) find the
equation of the curve.

15.4 Integration of exponential functions

In Chapter 15, you learnt the following rules for differentiating exponential
functions:

i(ex) = e* i(enxh’a) > aeax+b

dx dx

Since integration is the reverse process of differentiation, the rules for
integrating exponential functions are:

1
Je‘ dx =e* +¢ J-e“"*'b dx = —e®*b 4 ¢
a
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WORKED EXAMPLE 6

Find
a ‘].e?‘dx b Je“?‘ dx c Jea"‘f' dx.

Answers

a Ieﬂ"dx=le2"+c
2
-7 1 —7x
b e*dx=—e"*+¢
-7
=—%e'?"+c

1
c Jea"“5 dx = Eef‘“‘s +c

Exercise 15.4

1 Find.: ) o

a |e’dx b |e%dx ¢ |e? dx

d -e“z*’ dx e [ 4e* dx f [ 2e dx

g -67”4 dx h ‘eﬁ“‘z* dx i | éeﬁ"'*l dx
2 Fin::l: .

a -e" (5-e*)dx b |(e*+1)dx c | (8er+ e“")2 dx

- 2x+4 -53.t_ 2x ‘e4x_26x2
d |° dr e | Z—"ax f (——;—) dx
J e J 2e* J &
3 Find
i e . ) P . x
a [Qe‘ +—1—) dx b | (x*-3e*")dx ¢ —iq—i‘i dx
N \/; o o 12x%e*
4 A curve is such that % = 2e?* 4 77,
X
Given that the curve passes through the point (0, 4), find the equation of
the curve. P
5 A curve is such that al = ke?* + 4x, where kis a constant.
X

At the point (2, 10) the gradient of the curve is 1.
a Find the value of k.
b Find the equation of the curve.

6 A curve is such that d—‘: = 8e™=,
2
: dy
Given that d_} = 2 when x =0 and that the curve passes through the point
x

2
[1, —2) , find the equation of the curve.
e
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7 The point P(g, 5) lies on the curve for which 2 2372,
x

The point Q(1, k) also lies on the curve.
a Find the value of k.

The normals to the curve at the points Pand Q intersect at the point R.
b Find the coordinates of R.

15.5 Integration of sine and cosine functions

In Chapter 14, you learnt how to differentiate sine and cosine functions:
i(sin %) = Cosx _d—[sin (ax + b)] = acos(ax + b)
dx dx
d ) d .
—(cosx) = —sinx —[cos(ax + b)] = —asin(ax + b)
dx dx

Since integration is the reverse process of differentiation, the rules for
integrating sine and cosine functions are:

Jcosx dx =sinx+¢ I[cos(ax+b)] dx=lsin(ax+b)+r
a
Jsinx dx = —cosx + ¢ I[sin(ax +b)] dx = —lcos(ax+ b)+ ¢
a

9 Note:

It is important to remember that the formulae for differentiating and
integrating these trigonometric functions only apply when xis measured
in radians.

WORKED EXAMPLE 7

Find:
a Jsin?xdx b jcosf)xdx c I?)Sin‘g‘dx

Answers

a jsin?xdx=—%cos2x+c
ik e
b JcosBxdngsme+c
c J.Ssinidx=3‘[sinidx
2 2
=3x[—2cos£}+c
2

X
=—-6cos—+¢
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WORKED EXAMPLE 8

Find:
a J (8 cos2x + Hsin 3x)dx b J [x* + 2cos (5x - 1)] dx

Answers

a I(Scos2x+ 5sin3x) dx = Sj cos 2x dx+5j sin3x dx

= 3x[%sin2x)+ 5X(—%6053x]

= —sin?x—§c053x+ ¢

2

b I[x* +2cos(5x —1)] dx = jxﬁ dx + EJ cos(5x —1) dx

x3 +2x[%sin(5x—1)j|+c

Qo= 0=

x3 + %sin(f)x —1)+¢

Exercise 15.5

1 Find
a sindx dx b cos 2x dx c sin % dx
d | 2cos2x dx e | 6sin3x dx f |3cos(2x+1) dx

g |5sin(2-3x)dx h |2cos(2x—7)dx i |4sin(l-5x) dx

2 Find
a | (1-sinx) dx b (\/; - 2cos 3x) dx
c | [3c052x—nsin5?x) dx d J (;—Q—cos%] dx
[ : i x
e (e2" — bsin 2x) dx f — + sin § dx
- L x
3 A curve is such that ﬂ = COSX — sinx.

* L
Given that the curve passes through the point (E ) 3] , find the equation of

the curve,
; dy
4 A curve is such that d_ =1-4cos2x.
x T
Given that the curve passes through the point (:1-, 1) , find the equation of
the curve.
: dy :
5 A curve is such that d_ = 4x — 6sin 2x.
X

Given that the curve passes through the point (0, -2), find the equation of
the curve.
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2 1
6 A curve is such that d—z = 45cos3x + 2sin x.
X2
i dy
Given that d_J = -2 when x = 0 and that the curve passes through the
x

point (m, —1), find the equation of the curve.

1

; d .
7 A curve is such that d—} = kcos3x — 4, where kis a constant.
X

At the point (m, 2) the gradient of the curve is —10.
a Find the value of k.
b Find the equation of the curve.
8 The point [g, 5) lies on the curve for which ﬂ = 4sin (Qx - g)

dx
a Find the equation of the curve.

b Find the equation of the normal to the curve at the point where x =

w|a

d 1
9 The point P(g, ‘%) lies on the curve for which al = 3cos (Sx = g}
- X

The point Q(g, k} also lies on the curve.

a Find the value of k.

T2 . . .
¢ The tangents to the curve at the points Pand Q intersect at the point R.

b Find the coordinates of R.

15.6 Integration of functions of the form = and 1,
x ax+b

In Chapter 14, you learnt the following rules for differentiating logarithmic functions:

i(lnx):—l—,.:»c>0 i[ln(a:m+b)]-—- - , ax+b>0
dx X dx ax+ b

It is important to remember that Inx is only defined for x > 0.

Since integration is the reverse process of differentiation, the rules for integration are:

Jldx=1nx+c,x>0 I : dx=lln(ax+b)+c, ax+b>0
x ax+b a
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WORKED EXAMPLE 9

Find each of these integrals and state the values of x for which the integral is valid.
6 8
a J édx b I dx c I dx
X 2x+5 3—4x

Answers

a Jédx= Sjldx
X x

=5lnx+¢, x>0

b ‘[ g dx=6j . dx
2x+ 5 2x+ 5

= 6[%)111(2:: +5)+¢ valid for 2x+5> 0

=3In(2x+5)+¢, x >—g

c J 8 dx=8J. ! dx
3—4x 3—4x

= 8(%] In(3 —4x)+ ¢ valid for 3 —=4x>0

=-2In(3 - 4x) + ¢, xcg

CLASS DISCUSSION

Nicola is asked to find ‘[x"dx.

She tries to use the formula Ix"dx = x"*1 + ¢ to obtain her answer.

n+
Nicola is also asked to find I (5x + 2) " dx.

She tries to use the formula j (ax+8)"dx = —-1—(ax +5)"" + ¢ to obtain her answer.

a(n+1)

Discuss with your classmates why Nicola’s methods do not work.
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CLASS DISCUSSION

Raju and Sara are asked to find I

2(3x 1)
Raju writes: j Q(Sx = 1) s
= —11 bxi—2)+
6 n(6x—2)+c¢
Sara writes: j
Q(Sx - 1) 2 3x - 1

(o

1
=—In(3x—1)+¢
61(x )+¢

Decide who is correct and discuss the reasons for your decision with your classmates.

Exercise 15.6

2(5x-1) .

e 2
(5 - §] dx

o x

] 2

(Sx — %) dx

» X

" 5xe4x _ 2€x

J 10xe*

dx

Given that the curve passes through the point (1, 3), find the equation of the curve.

1 Find.: . X
a — dx b — dx
- x » x
d —?— dx e . dx
3x o 3.1( + 2
g 7 dx h 3 dx
J 2x -1 2 — 3x
2 Find
- - 2
a (7x+l+g)dx b [1+g) dx
o x » x
g 1 3 - Bx?
d ¥ e dx
o X dx o 2}:4
* Bx + 24x %3 — -JE
—d h d
g o xE # L x‘\/; %
dy _ .
3 A curve is such that i D1 for x> 0.5.
. dy 5
4 A curve is such that — = 2x + — for x> 0.
dx x

Given that the curve passes through the point (e, e?), find the equation of the curve.

dy
5 A curve is such that — =
dx x+e

for x> —e.

Given that the curve passes through the point (e, 2 +In2), find the equation of the curve.
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CHALLENGE Q

6 The point P(1, -2) lies on the curve for which % =3- % .
The point Q(2, k) also lies on the curve.
a Find the value of &.

The tangents to the curve at the points Pand Q intersect at the point R.
b Find the coordinates of R.

15.7 Further indefinite integration

This section uses the concept that integration is the reverse process of
differentiation to help integrate complicated expressions.

If %[F(x)] = f(x), then jf(x) dx = F(x) + ¢

Show that g ( xt+1 ]_ 2(3x-—-3x—1].
Jax — \{(43'*? — 3y
Hence find j L {
e
Answers
x*+1
Let y=
! Ndx -3
1
d (\-‘4x = 3)2:: = (xf +I)[% (4x - 3) 2 (4)]
d_y = dv-3 quotient rule
x =
— _ 2(x*+1)
- Jix — 3 multiply numerator and
F 4x - 3 denominator by +4x — 3
_ 2x(4x—8)-2(x*+1)
(4% — 8)\/4x — 3
_2(4x® -3x — x> -1)
J(4x - 3)°
208l
(4x — 3)°
3.162 3x—1 23x .—3x__
(4x — )-" 2 i 3)3
_ x241 iz
24x — 3
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WORKED EXAMPLE 11

Differentiate xsinx with respect to x.

Hence find Ixcosx dx.

Answers

Let y = xsinx

ﬁ = (x) (cos x) + (sinx)(1) product rule

= XCOSX + Ssinx

Hence I (xcosx + sinx) dx = xsinx
Ixcosx dx + I sinx dx = xsinx
Ixcosx dx = xsinx — -[ sinx dx

chosx dx = xsinx + cosx + ¢

WORKED EXAMPLE 12

Differentiate x*y/2x —1 with respect to x.

%3 —3.\ +5

Hence find I dx.
N
Answers
Let y = x*/2x —1
1
s—y =(=%) I:% X 2% (2x — 1)'5} + 420 =1 % (3x2) product rule
x

3
= g BT

X+ 3x2(2x - 1)

V2x — 1
_ Tx—8x*
a2x—1
I?x —3x2+5dx_ l—=8x dx+Jl
2% —1 V2x —1
= %dx+5!(2x—l)"§da¢
=x3J2x -1+ I(?x——l)z+c
2% =

2
=3 —1+5/2x—1+¢

=(x*+5)J2x—1+¢
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Exercise 15.7

1 a Gi that -LS h thtﬂ=i
ven that y \,Qx_—l’s ow tha dx m

b Hence find B dx.

J J@2x-1)°

. ' 5 i
Differentiate (3x* —1)” with respect to x.

Hence find | x(3x2 1) dx.

w
V] o o

Differentiate xInx with respect to x.

o

Hence find | Inx dx.

d (Inx 1-Inx
4 a Show thatd— = =
X

x x
1
b Hence find J‘( nx) dx.

xS

5 a Given that y = xv/x* — 4, find :—y
x

x2 -2
Jx? -4
3 - P _2_ P
6 a Given that y = 3(x + 1)v/x — 5, show that il oy

(x —3)
b Hence find j NP dx.

d e?x
7 a Find —|xe* — :
w dx( 2)

b Hence find jxe2" dx.

dx.

b Hence find j

d .
8 a Show that —( i ) can be written in the form , and state
dx\1 - cosx cosx — 1
the value of k.
b Hence find J. —2 dx.
cosx — 1
: dy kx
9 a Given that y = (x + 8)/x — 4, show that e = o and state the
value of k. x -
b Hence find j S dx
x—4
; dy kx
10 a Given that y = — , show that — = ————, and state the value of k.
x2 — dx (x2-7)
4
b Hence find _[ % dx.
(x%~7)

11 a Find ii-(2;'.,-3 Inx).

dx

b Hence find J.x2 Inx dx.
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12 a Differentiate xcosx with respect to x.

b Hence find stinx dx.

. ecipics dy
13 a Given that y = e (sin 2x + cos 2x), show that £ - 4e* cos 2x.

X
b Hence find jeg"' cos 2x dx.

CHALLENGE Q

14 a Find di(xzszx =% )

X
hx? —14x+ 3

b H find I—— dx.

€nce m X
15.8 Definite integration
You have learnt about indefinite integrals such as

J.;vc2 dx = lx‘q 4

K

where ¢is an arbitrary constant.
ng dx is called the indefinite integral of x? with respect to .
It is called ‘indefinite’ because it has infinitely many solutions.

318 You can integrate a function between two defined limits.

The integral of the function x* with respect to x between the limits x =1 and
4

x =4 1s written as: j x% dx
|

The method for evaluating this integral is

4 1 4
J x‘*’dxz[—x“-i-ril
1 3 1
=(—1-><43+5J—[l><13+6)
3 3

=21

Note that the ¢’s cancel out, so the process can be simplified to:
4
r xtdx= I:lx%:\
1 3" )
= (l)(éi-:%\—(l)(]sj
3 J X3

=21

4
I x2 dx is called the definite integral of x? with respect to x.
1

It is called ‘definite’ because there is only one solution.
Hence, the evaluation of a definite integral can be written as:

rf(x) dx = [F(x)]’; = F(b) - F(a)
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The following rules for definite integrals may also be used.

b b
J. kf(x) dx = kj f(x) dx, where k is a constant

I: [f(x) * g(x)] dn— J.: f(x)dx J.: g(x) dx

WORKED EXAMPLE 13

2h 5 1
Evaluate: a J z .{,- dx b V3x+1dx ¢ J
0 =

| X

10
e 3
1(3 - 2x)° %

Answers

2,5 2
‘[ = +3dx=-[ (x® +3x72) dx
; al 1

- (3o -s@)- (30 -30")

5 5 i
b j q'?:x-i-ldx:j (8x +1)2 dx
0 0

I 5

o
o) ),
= :%(Sx + l);:r

]

( 3 3
9 9

=[]
=4
I_l e J'_llw(s — 2x)? dx

1(8 - 2x)*
100 bkl
[(—2)(—1)(3 ) ]

5 1
3 b 2:‘]_1

-3

4
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WORKED EXAMPLE 14

Evaluate:

5 x
J. 4e%3 dx b J4 (8cos2x + 5) dx
I 0

Answers
J- 482.\'—3 dx = |:4 2.\'“5]2
2 1
- (2¢) - (27
= %e — g
e
., 2¢? - 2

e

o |

T
b ‘[4(5+3c052x) dx = 5x+§sin2x:|
0

(5
(

]

3] o+ o]

J (0+0)

i
a "“|=|

In Section 15.10 you will learn why the modulus signs are included in the following integration
formulae:

Ildx=ln|x|+c J L dx=lln|ax+b|+c
X ax+b a

Note: Itis normal practice to only include the modulus sign when finding definite integrals.

The next two worked examples show how these formulae are used in definite integrals.

WORKED EXAMPLE 15

Find the value of ‘[ dx.
2x +1
Answers
3 3
I 8 dx = [§1n|2x - 1|] substitute limits
2 2x+1 2 o
= (4ln‘7| )-(4ln|5|) simplify
=4(In7-1Inb)
= 4111Z
5
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WORKED EXAMPLE 16

Find the value of 5
3 2—-3x

Answers

5 9 9 5
P R
‘L 5 9* [_3 In|2 le]s

dx.

substitute limits

= (-31n|-13|) - (-31n|-7|) simplify
=-3In13+3In7
=3(In7-1In13)
= 31111
13
Exercise 15.8
1 Evaluate.
34 o2 4 3
a 7x® dx —dx (5x +2) dx
W] J1 X o1
-5 - o 4 2
d (:Jc2 + 2) dx (53:2 — 3x) dx (2 + —] dx
Jo Jo Ji T
o 1 3952 _ 1 r—2
g (xth——Ede ( at > ]dx (2x —1)(3x — 5) dx
o2 X 1 X o -3

o4
j Jx (x +3) dx
1

2 Evaluate.

a J‘"(Qx +1)° dx
1

2 12
——=d
J.—l (x + 4)° *

3 Evaluate.

ol
a e dx

3
d el 3 dx

g (e + eg")2 dx

4

Ji X
6

j V2x +4 dx
0

! 2
——d
L BGx+5):°

1
(3
et dx

2 (5-x)(2 +x) o

s

0
I 9 dx
-4 V4 — 3x
)
5e2* dx
o0

ol
(e" - 1)2 dx
0

(2 3+ 8e*
Jo  2e*

NG

dx

Jas

_[:J(x 1) dx
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Evaluate.

b, 4
a j sinx dx
0

T
b J.E(S-t- cos 2x) dx
0

b8 bid

d J.: (2cosx —sin2x)dx e J.*1 (2x — sin2x) dx
ol 0
6

5 Evaluate.
¥ 9
J dx
1 3x + 1
=
j 2 dx
9 2x+1

6 Evaluate.

J(+55)
a 9 3x—1

k C

7 Gi h j
iven that . B

8 a Given that

b Hence show that

4x
2x + 3

+ 3
J. dx
a2x+3

4
9
d
€ .[1 e

3
j(g— 1 )dx
t\x 2x+1

2
de= glﬂ?’, find the value of k.

19

C J.Esin(Qx — E] dx
0 6

f j: (sin3x — cos 2x) dx
7

8
3
dx
5 L 2x —1

-9 4
d
d .[.3 3_9ox

1
c I (3+ ! —2x)dx
0 5—2x

A
= 2+ ——, find the value of the constant A.

2x + 3

]
j 23 dx=2—3[nz.
02x+3 3

9 a Find the quotient and remainder when 4x? + 4x is divided by 2x+ 1.

b Hence show that

CHALLENGE Q
10 Find the value of

V4x2 + 4x

dx=2—lln3.
0 2x+1 2

2 6x2 — 8x
T |

dx.
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15.9 Further definite integration

This section uses the concept that integration is the reverse process of
differentiation to help evaluate complicated definite integrals.

WORKED EXAMPLE 17
dy

: 3
Given that Y= JE_+5 . find dx’

x
2 3
Hence evaluate J —— dx.
0 ’ 9 e
(x + :))

Answers
3x

xZ +
i (\/x2 + 5)(3) - (3x) [%( 24 5)";' (2x)]
dx 245

3Jx?+5 — L

y:

:

quotient rule

NETE multiply numerator and denominator
x2+5 by H2+5
_ 3(x® + 5) — 32
] (x2+5)Vx?+ 5
15
(x* + 5)3

WORKED EXAMPLE 18

3 dy
Given that y = xcos2x, find d_} :
X

i} .
Hence evaluate 2xsin 2x dx.
0
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Answers
Let y = xcos 2x

g—y = (x) % (-2sin 2x) +(cos 2x) x (1) product rule
X

= cos2x — 2xsin2x

= s
-Lﬁ (cos 2x — 2xsin 2x) dx = [xcos2x It}

i T
jﬁcoszvc dx — j62xsin2xdx = (% X cosg]—{{)x cos0)
0

0

|:lsi112x]6 - E2;»:5in2:c dx = L
2 0 0 12

jEstin v dx= l:lsin Qx] e
0

9 TR
= [lsinE]—(lsinO] =
2 3 2 12
_B =
4 12
- 3J§ -7
12
Exercise 15.9
dy

1 a Giventhat y=(x+1)y2x -1, find E—
X

b Hence evaluate I
1

— . i

N2w—]

2 a Given that y = xv3x* + 4, find gl
X

H aluate 3% +2 d
ence evalu —— dx.
03x2+4

, find ﬂ
x2+5 dx
2 4x

1(.ac2+5]2

3 a Given that y =

b Hence evaluate J. dx.

. X+ 2 dy
Given that y = ﬁ, find 5

bx + 4

—— dx.
JBx + 4)°

d( x ] cosx + xsinx

4
b Hence evaluate J
[§]

5 a Show that —
dx

cos x cos® x

T
7 CO8X + xsinx
Hence evaluate J —— dx.

9
0 Heos* x

o
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CHALLENGE Q

rS A

1.

b Hence evaluate I xcosx dx.
[}]

6 a Find i(x sinx).
dx

CHALLENGE Q
7 a Find di(;vc2 lnx). b Hence evaluate J 4xInx dx.
x 1
CHALLENGE Q .
8 a Given that y = xsin3x, find ﬂ b Hence evaluate J"xcos 3x dx.
X 1]
15.10 Area under a curve
J}

A(x)

ol «

If you define the area under the curve y = f(x) to the left of xas A(x), then as xincreases then A (x)
also increases.

Now consider a small increase in x, say dx, which results in a small increase, OA, in area.

,

/

A(x)

0 x xl+ Ox

8A = area to the left of (x + 8x) — area to the left of x
A = A(x+8x)— A(x)

Now consider the area 8A which is approximately a rectangle

OA = yox y
SO %
T
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As dx — 0, then S—A d—A-,hence ﬁ= y.
X dx dx -
dA

If — =1y, then A = J.)-' dx.
dx

y

0] a b X

Hence the area of the region bounded by the curve y =f(x), the lines x = a
and x = hand the x-axis is given by the definite integral.

b
Area = J f(x) dx, where f(x) = 0

WORKED EXAMPLE 19

Find the area of the shaded region.

Answers

3
Area = -[ x2dx
9

1]
(-6

= 61 units?
3

WORKED EXAMPLE 20

Find the area of the shaded region.

O 1 3 x




Answers

( 3 1
= 3+‘2e?}—[1+2e2]
\ !

3 1
=2+ 2e2 — 2¢2

=2[1+e(e-1)]

= 7.67 units?

In the examples so far, the required area has been above the x-axis.
If the required area between y = f(x) and the x-axis lies below the x-axis, then

b
J. f(x)dx will be a negative value.

b
Hence, for a region that lies below the x-axis, the area is given as

/3

f(x)dx|.

WORKED EXAMPLE 21 ¥

Find the area of the shaded region.

Answers
J‘u (x? = 3x) dx = [Exs = é—xE:Ia
27
=|9-=-|-(0-0
(-%)-0-0

=-45

Area is 4.5 units?,

The required region could consist of a section above the x-axis and a section
below the x-axis.

If this happens you must evaluate each area separately.

Chapter 15: Integration
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This is illustrated in the following example.

WORKED EXAMPLE 22 y

Find the total area of the shaded regions.

y=2sinx

2n x

Answers
‘.I!
j 2sinx dx = [-2cosx]g
0

= (—2cos ) — (—2cos 0)
=(2)-(-2)
=4

3n 3n

J?Qsinx dx = [-2cos x]}”

= [—2 cos %c] —(—2cosm)

= (0)-(2)

388 —9

Hence, the total area of the shaded regions =4 + 2 = 6 units.

1
In Section 15.8 you were given the formula I —dx = In|x|+c¢.
x

The use of the modus symbols in this formula can be explained by considering

1
the symmetry properties of the graph of y = —.
X

9 3 «x

3 =2 - o i
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. 1 =1 ;
The shaded areas that represent the integrals | —dx and —dx are equal in
magnitude. B Y

-2 3

1 1
However, one of the areas is below the x-axis, which suggests that J. —dx =-] —dx
-3 X 2 X

3
1
Evaluating .[ —dx gives:
2 X

| 3 3
—dx =[lnx], =In3—In2 =In—
2 X 2

-2
This implies that ‘[ ld.x = —]n% = lng.

-3 X

L0 1
If you try using integration to find the value of I —dx you obtain
5 %
=1 9 2
—dx=[Inx]5=In(-2)-In(-3)=In=
-3 X = 3

There is, however, a problem with this calculation in that In x is only defined for x > 0
so In(-2) and In(-3) do not actually exist.

Hence for x < 0, we say that J ld.vc: = In| x| +c.
x

Exercise 15.10
1 Find the area of each shaded region.

a b

y=x*-6x2+9x
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y=2sinx + 3cosx

y=1+sin2x

O ﬁ X 0

ro
e b
1S

2 Find the area of each shaded region.

a b y
y T T y=x-5cos:
y=x(x-2) 3 9 /
/ | :
O\_/? X
C y d
y=X+ 2
~ o
o' 5 2l 0 1 x
3 y=(x+2)(x+1)(x-1)

_2_\3/1 x

Find the total shaded region.

4 Sketch the following curves and find the area of the finite region or
regions bounded by the curves and the x-axis.

a y=x(x+1) b y=(x+2(B-%x) ¢ y=x(x*-4)
d y=x(x-2)(x+4) e y=x(x-1)(x-5) f y=x*(4-%)
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6
5 Find the area enclosed by the curve y = —=, the x-axis and the lines x = 4
and x =0, Vx

6 a Find the area of the region enclosed by the curve y = % , the x-axis and
the lines x =1 and x = 4. %
b The line x = p divides the region in part a into two equal parts.
Find the value of p.

7 a Show that di(xex — e") = xe¥,
x

b Use your result from part a to evaluate the area of the shaded region.

b y=xe
0 2 x
CHALLENGE Q
8 b,
0] 1 iz x
. 4 :
The diagram shows part of the curve y = ——. Given that the shaded

2x~1
region has area 8, find the exact value of k.

CHALLENGE Q
9 a Show that di(xlnx) =1+ Inx.
%

b Use your result from part a to evaluate the area of the shaded region.

y y=Inx
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CHALLENGE Q
10 a Show that E—(x COSX) = COSXx — X sin x.
x
b Use your result from part a to evaluate the area of the shaded region.

Yy
y=xsinx

(0]

2618 [annaas

15.11 Area of regions bounded by a line and a curve

The following example shows a possible method for finding the area enclosed
by a curve and a straight line.

WORKED EXAMPLE 23 y=x
y y=2J%

The curve y = 2Jx intersects the line y = x
at the point (4, 4). Find the area of the shaded
392 region bounded by the curve and

the line.

0 4 X

Answers

Area = area under curve — area of triangle

4
=J zﬁdx—lx4x4
0 2

4 1
J 2x2 dx—8
0

4

I

There is an alternative method for finding the shaded area in the previous
example.
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J)
\ y = f(x) /
0 P 5 &
¥ =g(x)

If two functions f(x) and g(x) intersect at x = ¢and x = b,
then the area, A, enclosed between the two curves is given by:

A= I: f(x) dx — J.: g(x) dx

So for the area enclosed by y = 2v/x and y = x:

y==x

y y=2Jx

0 4 x

using f(x) = 2v/x and g(x) = x
area = J: f(x) dx — J: g(x) dx
= J.:QJ.; dx - J.:x dx
= I:(?JJ_C —~ x) dx

(4 3 3
= i><42—1><42 - i>r<0‘-’—l><02
(3 2 3 2

2
= 2= units?
3

This alternative method is the easiest method to use in this next example.
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WORKED EXAMPLE 24

The curve y =x”—4 intersects the x-axis \
at the points A and B and intersects the A

line y =x—2 at the points Band C.

a Find the coordinates of A, Band C.

b Find the area of the shaded region
bounded by the curve and the line. @

Answers
a Wheny=0, x2—4=0
x =12
A is the point (-2, 0) and Bis the point (2, 0)
For intersection of curve and line:
x?—4=x-2
x*—-x-2=0
(x+1)(x—-2)=0
x=-lorx=2
When x=-1,y=-3
Cis the point (-1, -3)

b Area= I- (x—2)dx - Jl- (x* —4)dx
-1 -1

2 2
:‘[ (x—?—x2+4)dx=-[ (x +2-x%)dx
=1 -1

2
= I:-]—:a:2 + 2x — l:rc3j|
3 14

2
=(2+4—§]—[l—2+1)
3 2 3
= 4.5 units?

" CLASS DISCUSSION _

Discuss with your classmates how you could find the
shaded area, A, enclosed by the curve y = x(8 — x)
the line y =3x and the x-axis.

Can you find more than one method?
Calculate the area using each of your different methods.

Discuss with your classmates which method you preferred.

y=3x

y=x(8-x)

]\

X
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Exercise 15.11 ¥
1 Find the area of the region enclosed by the curve =Ly G0
y =1+ cosx and the line y = 1.
(@) X
2 Find the area of the region bounded by the curve y

y =2+ 3x — x%, the line x = 2 and the line y = 2.

3 Find the area of the region bounded by the curve ¥
y = 3x? + 2, the line y = 14 and the y-axis.

4 Find the area of the shaded region. Y .
y =2sin2x + 3cosx

5 Sketch the following curves and lines and find the area enclosed between
their graphs.

a y=x+1 and y=5

b y=x*-2x+3 and x+y=9
¢ y=+/x and _)r:%x

d y=4x-x* and 2x+y=0

e y=(x-1)(x-5) and y=x-1
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6 Sketch the following pairs of curves and find the area enclosed between
their graphs for x = 0.

a y=xand y=x(2-x)
b y=x* and y=4x-3x?

7 Find the shaded area enclosed by the curve y = 3/x the Y _3
line y =10 — x and the x-axis. N y=3J%
y=10-x
(0] N«
8 The tangent to the curve y = 6x — x? at the point (2, 8) &

2,8
cuts the x-axis at the point P. s3]

a Find the coordinates of P.
b Find the area of the shaded region.

H 9 The curve y = 2x +1 meets the y-axis at the point P.

The tangent at the point Q(12, 5) to this curve meets
the y-axis at the point R.

Find the area of the shaded region PQR.

10 The diagram shows the graphs of y = 2 + cos2x and
y=1+2cos2x for 0 < x < .

=

y =2+ cos2x

Find the area of the shaded region.

y=1+2cos2x

CHALLENGE Q

11 The diagram shows the graphs of y = 3 and y=4 - x.
X

Find the area of the shaded region.




Summary

Integration as the reverse of differentiation

H%[F(x)] = f(x), then ‘[f(x) dx=F(x)+c.

Integration formulae
xtdx'= L:x:”‘+l + ¢,where ¢ is a constant and n # —1
. n+1
I 1
(ax+b)" dx = (ax+b)"" +¢,n#-1and a %0
: a(n+1)
- o 1
e*dx=¢€e*+¢ e®tt dx = —e®™* + ¢
» o a

. 1 )
cosx dx = sinx + ¢ [cos(ax + b)] dx = —sin(ax +b) + ¢
a

r 1
sinx dx = —cosx + ¢ [sin(ax+b)] dx=—zcos(ax+b)+c

l(.’uu::ln:x:-l-r:,;vc>0 1 dx=l1n(a,x+b)+c,ax+b>0
Jox J ax+b a
'1 o ]

~dx =In|d + ¢ dx=lln|ax+b|+c
x a

J ax+b

el

ules for indefinite integration

kf(x) dx = le f(x) dx, where k is a constant

: [£() £ g()] dx = J' H ik J' el

Rules for definite integration

If I f(x) dx = F(x) + ¢, then rf(x) dx = [F(x)]i = F(b) — F(a).
rkf(x) di= krf(x) dx,where £k is a constant

J.: [f (x) £ g(x)] dx = J.: f(x) dx J‘: g(x) dx

Area under a curve
The area, A, bounded by the curve y = f(x), the x-axis and
the lines x = a and x = b is given by the formula

b
A= I f(x) dx if f(x) = 0.

Chapter 15: Integration

a
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Area bounded by the graphs of two functions

If two functions f(x) and g(x) intersectat x =a and x = b, then J
the area, A, enclosed between the two curves is given by the formula: \

b b y=f(x) i

Azj f(x)dx—J g(x) dx. i /

a a \\ i
e

Examination questions

Worked example

0 %

The diagram shows part of a curve such that % = 3x? —6x - 9.
X

Points A and B are stationary points of the curve and lines from A and Bare drawn perpendicular
to the x-axis. Given that the curve passes through the point (0, 30), find

a the equation of the curve, [4]
b the x-coordinates of A and B, [3]
¢ the area of the shaded region. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q12(part) Nov 2012

Answers

ﬂ=3:&c2—6x—9
dx

y=x>=-3x2-9x+¢
Using x =0, y = 30 gives ¢ = 30.

The equation of the curve is y = x* — 3x2 — 9x + 30.

d
b Stationary points occur when =2 -
X
3x% -6x—-9=0
x2=2x-3=0

(x+1)(x—-38)=0
x=—-lorx=3

The x-coordinate of A is —1 and the x-coordinate of Bis 3.
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3
€ Area= I y dx
-1

3
=j (x® — 8x? — 9x + 30) dx

=1

=|:Ei—x3—g—x?+30xil3

4 2 o

(B s 90 D' s 9D
_[—4——(3) = +30(3)] [ ) (-1) — +30( 1)]
=76

Area of shaded region is 76 units®.

Exercise 15.12
Exam Exercise

1 a Given that y = e*, find &2 (2]
b Use your answer to part a fo find |xe* dx. [2]
¢ Hence evaluate ng e* dx. (2]
' Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii,iii Jun 2014

2 A curve is such that 2 . 4x + L g for x> 0. The curve passes through the point [l, é)

dx (x+1) 2 6

a Find the equation of the curve. [4]
b Find the equation of the normal to the curve at the point where x = 1. [4]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q7i,ii Jun 2014
3 a Find I(l = —) dx. (2]
b Hence find the value of the positive constant & for which J [1 - ;ﬁ—) dx = 2. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i,ii Jun 2013

4 The diagram shows part of the curve of y = 9x? — x3, which meets the x-axis at the origin O
and at the point A. The line y —2x + 18 = 0 passes through A and meets the y-axis at the

point B.
NOT TO
SCALE
y
’ y=9x%=x?
0
——3-%x+18=0 A\ «
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a Show that, for x = 0, 9x% — x® < 108. (4]
b Find the area of the shaded region bounded by the curve, the line AB and the y-axis. [6]
Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q11(part) Jun 2012

5 The diagram shows part of the curve y = 2sin3x. The normal to the curve y =2sin3x at the
; T ; :
point where x = 9 meets the y-axis at the point P.

y y = 2sin 3x
N\ P
NOT TO
SCALE
O =n x
9

a Find the coordinates of P. [5]
b Find the area of the shaded region bounded by the curve, the normal and the y-axis. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q11(part) Jun 2012

2
6 Find the exact value of I (5 . )dx , giving your answer in the form In(ae’), where
aand bare integers. ! 4x -3

(5]

Examination style question

7 a Find the value of the constant A such that bx =0 =3+ 4 . [2]
2x — 3 2x — 3
56x—5 7
b Hence show that I a dx =6+ 21115. (5]
3 2% —
Examination style question
8 a Differentiate 4x°In(2x+ 1) with respect to x. (3]
. : 2x dy x+4
b i Given that y= —— , show that =— = —— . [4]
)] \,‘x+2 dx (,‘fx+2 )3
ii Hence find J _5in03 dx. [2]
(\/x +2 )
7
ili Hence evaluate j M—g dx. [2]
2 (\jx +2 )

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q9 Nov 2013
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9 Do not use a calculator in this question.
4x

| shgiEe ] &
ow a dx 4

- xe“"] = pxe*™, where pis an integer to be found. (4]

In2
ii Hence find the exact value of xe** dx, giving your answer in the form
0

aln2 + E, where a, band care integers to be found. [4]
c

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5 Jun 2016

3
10 i Find j [Sx - xi’] dx. [2]
3
The diagram shows part of the curve y = 3x —x2 and the lines y=3x and 2y =27 - 3x.
The curve and the line y=3x meet the x-axis at O and the curve and the line 2y =27 - 3x
meet the x-axis at A.

) B
y=3x 2y =27 — 3x
y=3x- x_
0 A x
ii Find the coordinates of A. [1]
ili Verify that the coordinates of Bare (3, 9). [1]
iv Find the area of the shaded region. [4]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11 fun 2016

, ¥,




Kinematics

This section will show you how to:

m apply differentiation to kinematics problems that involve displacement, velocity and acceleration
of a particle moving in a straight line with variable or constant acceleration, and the use of x-zand
v-igraphs.
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_

You should already know about distance-time graphs and speed—time graphs.
Distance-time graphs can be used to find out how the distance changes with time.

® The gradient of a distance-time graph represents the speed.

distance 4

A horizontal line shows
that the speed is zero. _
The steeper a line
——is, the greater the

speed.
A straight line shows
that the speed is
constant (steady).
@ time

Speed-time graphs can be used to find out how the speed changes with time.
® The gradient of a speed-time graph represents the acceleration.
® The area under a speed-time graph represents the distance travelled.

A line with zero The steeper the line
speed 4 gradient means the is, the greater the
speed is constant.  acceleration.

A line with positive
gradient means the —
speed is increasingT |
(It is accelerating.)

A line with negative
gradient means the
speed is decreasing.
(It is decelerating.)

0 time

Distance and speed are examples of scalar quantities.
(Scalar quantities have magnitude but no direction.)

In this chapter you will learn about displacement, velocity and acceleration.

Displacement, velocity and acceleration are examples of vector quantities.
(Vector quantities have magnitude and direction.)
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16.1 Applications of differentiation in kinematics

Displacement

Consider a particle, P, travelling along a straight line such that its
displacement, s metres, from a fixed point O, ¢ seconds after passing through
O, is given by s = 4t — ¢2.

The graph of sagainst tfor0 <t <5 is:

A

-

4] . _ s=4t—12

_")-
n This can be represented on a motion diagram as:
t=5 t=4 t=3

5 4 -3-2-1 01 2 3 4 55
At time ¢ = 2, the displacement of the particle from Ois 4m.

When ¢ =2 the particle stops instantaneously and reverses its direction of
motion.

At time ¢ = 3, the displacement is 3m and the total distance travelled is
4+ (4-3)=50m.

At time ¢ = 4, the displacement is 0m and the total distance travelled is
4+4=8m.

At time ¢ =5, the displacement is =5 m and the total distance travelled is

4+9=13m.

Velocity and acceleration
If a particle moves in a straight line, with displacement function s(¢), then the

. . F s . 3
rate of change of displacement with respect to time, El_t , is the velocity, v, of
the particle at time ¢



Chapter 16: Kinematics

If the velocity function is u(f), then the rate of change of velocity with respect

. dov . . : ;
to time, a’ is the acceleration, a, of the particle at time .

dv d3s
a@a=—=—
dt de?

CLASS DISCUSSION

— ]
R
&)

Earlier in this chapter you considered this displacement-time graph for the first 5 seconds of the
motion of a particle P. The displacement of the particle, s metres, from a fixed point O, ¢seconds
after passing through O, was given by s = 4¢ — (%,

Working in small groups, complete the following tasks.
1 Find an expression, in terms of ¢, for the velocity, v ms~!, of this particle.
2 Draw the graph of vagainst tfor 0 < ¢t < 5.
3 State the values of ¢ for which vis
a positive b zero € negative.
4 What can you say about the direction of motion of the particle when v is
a positive b zero € negative?
5 Find the acceleration, a ms?, of this particle and interpret your answer.
Now, discuss your conclusions with the whole class.

It is important that you are able to interpret the signs for displacements,
velocities and accelerations.

These interpretations for a particle Prelative to a fixed point O are
summarised in the following tables.
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Signs for displacement s

s<0 =0 s>0

Pis to the left of O Pis at O Pis to the right of O

Signs for velocity v

v<( v=_0 v>0

Pis instantaneously at

Pis moving to the left
rest

Pis moving to the right

Signs for acceleration a

a<0 a=10 a>0

velocity could be
velocity is decreasing | maximum or minimum | velocity is increasing
or constant

n A particle moves in a straight line so that, ¢seconds after passing a fixed point 0, its
displacement, s metres, from Ois given by s = t* — 12¢% + 45t.

Find the velocity when ¢ = 2.

Find the acceleration when ¢ =4,

Find the values of twhen the particle is instantaneously at rest.

Find the distance of the particle from Owhen ¢ =7.

" o n oW

Find the total distance travelled by the particle during the first 7 seconds.

Answers
a s=13—122 + 45¢
U:E:3I2—24I+45
dt

When ¢ = 2,v = 3(2)° —24(2) + 45 = 9
The velocity is 9ms™' when ¢t =2.
b v=3912-241+45
=l oy
dt
When = 4, 2= 6(4)-24 =0

. The acceleration is 0ms™2 when ¢ = 4.
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¢ The particle is at instantaneous rest when v = 0.

312 - 24t +45=0

P -8+15=0
(t-38)(t-5)=0
t=3o0ri=5

The particle is at instantaneous rest when ¢t =3 and ¢ = 5.

d When (=7, s=(7)°-12(7)2+45(7) = 70.
The particle is 70m from Owhen t=7.

e Whent=0,s5=0.
Critical values are when ¢ = 8 and ¢ = 5.
When t =3, s = (3)% - 12(3)2 + 45(3) = 54.
When t =5, s = (5)° — 12(5)2 + 45(5) = 50.

(=0
0 50 54 70

Total distance travelled = 54 + (54 — 50) + (70 — 50) = 78 m.

WORKED EXAMPLE 2

A particle moves in a straight line so that the displacement, s metres, from a fixed
point O, is given by s = In (2¢ + 5), where ¢ is the time in seconds after passing a point
X on the line.

a Find OX

b Find the velocity when ¢ = 10.

¢ Find the distance travelled during the third second.
d Find the acceleration of the particle when ¢ = 2.5.

Answers

a Whent=0,5=In[2(0) +5] =Inb the particle is at X'at time 1 =0
OX=In5=1.61m

b s=1In(2+5)

g2
dt 2t+5
When ¢ =10, U=L=0.08

2(10) + 5
The velocity is 0.08 ms™,
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¢ Since v> 0 for all values of ¢, there is no change in the direction of motion of
the particle.

The third second is from t =2 to ¢ = 3.
Whent=2,s=1n[2(2) + 5] =In9.

When t=3,s=1In[2(3) +5] =In1l.

(=0 t=2 =3

»%

-

r

0 In5 N9 Inll §
Distance travelled during the third second = In11-1n9 = ln% = 0.201 m.
4 e 2(2t +5)
2t:+.5
dv 4
a=§=—2(2£+5)2x2=—-(2£+5)?
When ¢t =2.5,a = - s -0.04

[225)+ 5]

The acceleration is —=0.04ms 2.

WORKED EXAMPLE 3
408

A particle moves in a straight line such that its displacement, s metres, from a fixed
point O on the line at time ¢ seconds is given by s = 20[e* — e™].

a Find value of twhen the particle is instantaneously at rest.
b Find the displacement of the particle from Owhen ¢ = 1.
¢ Find the total distance travelled during the first second of its motion.

Answers
a s=20[e*-e¥]
ds
= 2 = 90[-2¢% + 3¢
v=3 = g0[-ge% + 3e]
v=0when — 2% +3%¢% =0
%e % = 37
el = 2
2
fi= lné
2

It is instantaneously at rest when ¢ = ln% =0.405s.

b Whent=1, s=20[e)-e¥]~171L
Displacement from Ois 1.71 m.
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¢ Whent=0,s5=0. L
Critical value is when ¢ = lnE :

—of 12

When ¢ = In%, s=20 [e mg) e_s['"g]] ~ 2.963.

b

by

£=lx—+—3 — B
t—ln§
E=0

0 1.711 2963 S

Total distance travelled = 2.963 + (2.963 — 1.711) = 4.21 m.

WORKED EXAMPLE 4

A particle travels in a straight line so that, ¢seconds after passing through a fixed

3 s 2 = t
point 0, its velocity v ms™!, is given by v = 5cos [5) .
a Find the value of { when the particle first comes to instantaneous rest.

b
b Find the acceleration of the particle when ¢ = 5

Answers

a The particle is at rest when v = 0.
t
becos|—[=0
5)
t
cos [— =0
2
L3
2
=
It is at instantaneous rest when ¢ = .

b v= 5(:05(1)
2

4 o3

When ¢ = E, a= —Esin[ﬁ) =-1.25
3 2 6
When ¢ = g the acceleration is —1.25ms™2.
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Exercise 16.1

1 A particle, moving in a straight line, passes through a fixed point O. -
J

Its velocity vms™, ¢seconds after passing through 0, is given by v = m

a Find the velocity of the particle as it passes through O.
b Find the value of ¢ when the velocity is 0.125ms™.

¢ Find the acceleration of the particle when ¢ = 1.

2 A particle, moving in a straight line, passes through a fixed point O.

Its velocity v ms™, tseconds after passing through 0, is given by v = 6 — 2¢.
a Find the initial velocity of the particle.
b Find the initial acceleration of the particle.

3 A particle starts from rest and moves in a straight line so that ¢ seconds
after passing through a fixed point O, its velocity v ms™, is given by
v="5(1-e").

a Find the velocity of the particle when ¢ = In 100.
b State the value which vapproaches as ¢t becomes very large.
¢ Find the acceleration of the particle when v = 4.
d Sketch the velocity-time graph for the motion of the particle.
4 A particle moves in a straight line such that its displacement, s metres, from
n a fixed point O on the line at time ¢seconds is given by s = 9[In (3t + 2)].
a Find the value of f when the displacement of the particle from Ois 36 m.
b Find the velocity of the particle when ¢ = 1.
¢ Show that the particle is decelerating for all values of ¢.

5 A particle moves in a straight line so that, ¢ seconds after passing through a
fixed point O, its displacement, s metres, from Ois given by s = In(1+ 2¢) .
a Find the value of ¢t when the velocity of the particle is 0.4ms™.

b Find the distance travelled by the particle during the third second.
¢ Find the acceleration of the particle when ¢ = 1.5.

6 A particle travels in a straight line so that, ¢ seconds after passing through a
t
fixed point O, its velocity vms™, is given by v = SCOS(ZJ.

a Find the value of ¢ when the velocity of the particle first equals 4ms™.

b Find the acceleration of the particle when ¢ = 5.

7 A particle, moving in a straight line, passes through a fixed point O.

Its velocity vms™, ¢ seconds after passing through O, is given by
v = cos 3t + sin 3.

a Find the value of ¢ when the particle is first instantaneously at rest.

b Find the acceleration of the particle when ¢ = 7.
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8 A particle starts from rest and moves in a straight line so that, ¢seconds
after leaving a fixed point O, its displacement, s metres, is given by
s =2-2cos2t.

a Find an expression for the velocity and the acceleration of the particle
in terms of &

b Find the time when the particle first comes to rest and its distance from
O at this instant.
9 A particle moves in a straight line such that its displacement, s metres, from
a fixed point O on the line at time ¢seconds is given by s = 50 [e* - e““] :
a Find the time when the particle is instantaneously at rest.
b Find the displacement of the particle from Owhen ¢ = 2.
¢ Find the total distance travelled during the first 2 seconds of its motion.
10 A particle moves in a straight line so that its displacement from a fixed

point O, is given by s = 2t + 2cos 2t, where tis the time in seconds after the
motion begins.

a Find the initial position of the particle.

b Find an expression for the velocity and the acceleration of the particle
in terms of ¢.

¢ Find the time when the particle first comes to rest and its distance from
O at this instant.

d Find the time when the acceleration of the particle is zero for the first
time and its distance from O at this instant.
11 A particle, moving in a straight line, passes through a fixed point O.

Its velocity vms™, ¢ seconds after passing through O, is given by
v = kcos4t, where kis a positive constant.

a Find the value of ¢t when the particle is first instantaneously at rest.

b Find an expression for the acceleration, a, of the particle ¢seconds after
passing through O.

: 7
¢ Given that the acceleration of the particle is 10ms2when ¢ = % , find
the value of k.
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CHALLENGE Q

12 A particle moves in a straight line such that its displacement, s metres,
from a fixed point O at a time ¢seconds, is given by

s=2t for 0=<¢ <4,

s=8+2In(t—-3) for t>4.

a Find the initial velocity of the particle.

b Find the velocity of the particle when i t=2 iit=6.

¢ Find the acceleration of the particle when i t=2 ii t=6.

d Sketch the displacement-time graph for the motion of the particle.

e Find the distance travelled by the particle in the 8th second.

CHALLENGE Q

13 A particle moves in a straight line so that the displacement, s metres,
from a fixed point O, is given by s = 2¢* — 17¢* + 40t — 2, where tis the
time in seconds after passing a point X on the line.

a Find the distance OX.
212 b Find the value of twhen the particle is first at rest.
¢ Find the values of ¢ for which the velocity is positive.

d Find the values of ¢ for which the velocity is negative.

16.2 Applications of integration in kinematics

In the last section you learnt that when a particle moves in a straight line
where the displacement from a fixed point O on the line is s, then:

ds

v=—

di
2
and a=gg=d—‘s
de de?

Conversely, if a particle moves in a straight line where the acceleration of the
particle is a, then:

v=J‘adt and s=.[vdr

In this section you will solve problems that involve both differentiation
and integration.



The following diagram should help you remember when to differentiate and
when to integrate.
displacement (s) -

velocity (v)

dy: dss

g=—=—

acceleration (a)

de  di®
WORKED EXAMPLE 5

A particle moving in a straight line passes a fixed point O with velocity 8ms™.
Its acceleration a ms™, ¢ seconds after passing through Ois given by a = 2¢ + 1.
a Find the velocity when ¢ = 3.

b Find the displacement from Owhen ¢ = 3.

Answers
a a=2t+1
U=Ia d¢
=I(2:+1)dt
=t*+t+c
Using v =8 when ¢ =0, gives ¢ = 8

v=12+1t+8
When ¢ =3, v=(3)%+(3) +8=20
The particle’s velocity when ¢ =8 is 20ms™".

b v=t*+¢+8
s=‘[v dt
=j(s2+r.+8)dt
=%t3+%t2+8t+c

Using s =0 when ¢ =0, gives ¢ =0

s=lt5+lt2+8t
3 2

When =38, 5= %(3)3 5 %(3)2 +8(3) =375

Its displacement when ¢ =3 is 37.5m.

Chapter 16: Kinematics
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WORKED EXAMPLE 6

A particle, moving in a straight line, passes through a fixed point O.

Its velocity vms™, ¢ seconds after passing through 0, is given by v = 6e® + 2t.
a Find the acceleration of the particle when ¢ = 1.

b Find an expression for the displacement of the particle from O.

¢ Find the total distance travelled by the particle in the first 2 seconds of its motion.

Answers

a v==6e*+92
a= de 18e* + 2
di
When =1, a = 18¢¥") + 2 = 364
Its acceleration when ¢ =1 is 364ms™2.

b v=6e*+2t

5=Ivdt

= J- (6€® + 2¢) dt

=2+ +¢
Using s = 0 when ¢ =0, gives ¢ =—2
The displacement, s metres, is given by s = 2e* +¢* - 2.
¢ Since v > 0 for all values of ¢, there is no change in the direction of motion of
the particle.

Wheni=0,5=0

When (=2, s = 2e3® 4 (2)° =2 = 2¢% + 2

Distance travelled during the first 2 seconds = 2e® + 2 = 809 m.
Alternative method

Since there is no change in direction of motion:

s=-|lvdt

V' Note:

2
= j (6™ + 2t) dt

0 This alternative method can only be
= [263’ + tg]; used when there has been no change

in direction of motion during the

= (2€5 +4) — (2¢° +0)
=2ebf +2
~ 809 m

relevant time interval.




WORKED EXAMPLE 7

A particle starts from rest and moves in a straight line so that, ¢ seconds after leaving a
fixed point O, its velocity, vms™, is given by v = 4 + 8cos 2t.

a Find the range of values of the velocity.

b Find the range of values of the acceleration.

¢ Find the value of ¢ when the particle first comes to instantaneous rest.
d Find the distance travelled during the time interval 0 < < g

Answers

a v=4+8cos2l and -l<cos2t=1
Upn =4+8(-1)=—4 and v, =4+8(1)=12
Hence, 4 = v = 12.

b v=4+8cos2t

ar«g:—lﬁsin% and -1=sin2t=1

Opin =-16(1)=-16  and @, =-16(-1)=16
Hence, =16 = a < 16.

¢ When v=0,4+8cos2t =0

»r:c):v.?t:—l
2

g 28

3

T

t==

3

: T
The particle first comes to rest when ¢ = o

d s=jvd!

.| j (4 + 8cos2) dt

=4t +4sin2f +¢
Using s = 0 when ¢ =0, gives ¢ =0
s=4t+4sin 2t
Particle changes direction when ¢ = g

Whent=Z, s= 4(‘5] ¥ 4sin(31‘-) ~ 7.6529
3 3 3
T m "
When ¢ = > 5 =4(§)+4sm(n)= 2n = 6.2832
_T
‘—5"—‘jt=%
t=0 i
0 6.283 7653 8

Total distance travelled = 7.653 + (7.653 — 6.283) = 9.02m.

Chapter 16: Kinematics
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Exercise 16.2

1

A particle, moving in a straight line, passes through a fixed point O.
Its velocity v ms™, ¢seconds after passing through O, is given by v = 10t — 2.
a Find the velocity of the particle when the acceleration is 6m s

b Find the time taken before the particle returns to O.

(o]

Find the distance travelled by the particle in the 2nd second.
d Find the distance travelled by the particle before it comes to instantaneous rest.

e Find the distance travelled by the particle in the first 12 seconds.

A particle, moving in a straight line, passes through a fixed point O.
32

Its velocity v ms™, ¢seconds after passing through O, is given by v = —(f + 9

a Find the acceleration of the particle when ¢ = 2.
b Find an expression for the displacement of the particle from O.

¢ Find the distance travelled by the particle in the 3rd second.

A particle, moving in a straight line, passes through a fixed point O.

Its velocity v ms™, ¢ seconds after passing through O, is given by v = 4e% + 2t.
a Find the acceleration of the particle when ¢ = 1.

b Find an expression for the displacement of the particle from O.

¢ Find the total distance travelled by the particle in the first 2 seconds of
its motion. Give your answer correct to the nearest metre.

A particle, moving in a straight line, passes through a fixed point O.

Its velocity v ms™, ¢ seconds after passing through O, is given by

v =1+ 2005(1).
3

’ . : 3n ;
Find the displacement of the particle from Owhen ¢t = — and its
acceleration at this instant.

A particle, moving in a straight line, passes through a fixed point O.

Its velocity v ms™, ¢seconds after passing through O, is given by v = 4e + 6e™3,
a Show that the veiocity is never zero.

b Find the acceleration when ¢ = In2.

¢ Find, to the nearest metre, the displacement of the particle from O
when ¢ = 2.
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6 A particle moves in a straight line, so that, ¢ seconds after leaving a fixed
point O, its velocity, v ms™, is given by v = pt* + gt — 12, where pand
g are constants.

When ¢ = 2 the acceleration of the particle is 18 ms™.
When ¢ = 4 the displacement of the particle from Ois 32m.

Find the value of p and the value of ¢.

7 A particle moving in a straight line passes a fixed point O with velocity
10ms™.

Its acceleration @ ms™?, ¢seconds after passing through Ois given
by a = 3 - 2t.

a Find the value of ¢t when the particle is instantaneously at rest.
b Sketch the velocity-time graph for the motion of the particle.

¢ Find the total distance travelled in the first 7 seconds of its motion. Give
your answer correct to 3 sf.

8 A particle moving in a straight line passes a fixed point O with velocity 18ms™.
Its acceleration a ms™, ¢seconds after passing through Ois given by a = 3¢ — 12.

a Find the values of ¢ when the particle is instantaneously at rest.

b Find the distance the particle travels in the 4th second.
¢ Find the total distance travelled in the first 10 seconds of its motion.

9 A particle starts from rest and moves in a straight line so that, ¢seconds
after leaving a fixed point O, its velocity, v ms™, is given by v = 8 + 6 cos 2.
a Find the range of values for the acceleration.

b Find the distance travelled by the particle before it first comes to
instantaneous rest. Give your answer correct to 3 sf.

10 A particle starts from rest at a fixed point O and moves in a straight line
towards a point A. The velocity, v ms~!, of the particle, ¢ seconds after
leaving O, is given by v = 8 — 8¢ ™.

a Find the acceleration of the particle when ¢ =Inb5.

b Given that the particle reaches A when ¢ = 2 find the distance OA.
Give your answer correct to 3 sf.

11 A particle travels in a straight line so that, ¢ seconds after passing through a

fixed point O, its speed, v ms’, is given by v = 2cos( : } -1.

2
a Find the value of ¢t when the particle first comes to instantaneous rest at
the point P.

b Find the total distance travelled from ¢ =0 to ¢ = 27.
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CHALLENGE Q

12 A particle moves in a straight line so that ¢ seconds after passing through a
fixed point O, its acceleration, a ms™?, is given by a = pt + ¢, where pand ¢
are constants.

The particle passes through O with velocity 3ms™ and acceleration -2ms™.
The particle first comes to instantaneous rest when ¢ = 2,

a Find the value of p and the value of ¢.

b Find an expression, in terms of ¢, for the displacement of the particle.

¢ Find the second value of ¢ for which the particle is at instantaneous rest.

d Find the distance travelled during the 4th second.

CHALLENGE Q
13 A particle starts from a point O and moves in a straight line so that its

. : N 5 . T
displacement, scm, from O at time ¢seconds is given by s = 2¢ sm?.

a Find expressions for the velocity, v, and the acceleration, a, of the
particle at time ¢ seconds.
b Show that 18(vt — s) = t*(9a + n%s).

Summary

The relationships between displacement, velocity and acceleration are:

displacement (s)

velocity (v)

acceleration (a)

A particle is at instantaneous rest when v = 0.
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Examination questions

Worked example

A particle travels in a straight line so that, ¢ s after passing through a fixed point O, its velocity,
1

vcms™, is given by v = 4e — 241,
a Find the velocity of the particle as it passes through O. (1]
b Find the distance travelled by the particle in the third second. [4]

¢ Find an expression for the acceleration of the particle and hence find the stationary value of
the velocity. (5]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q11(part) Nov 2012

Answer
a Whent=0, v=4e®% -24(0) = 4.

The velocity of the particle as it passes through Ois 4cms™.

b The third second is from i =2 to t = 3.

v=0 for 2 < ¢ < 3, hence there is no change in direction of motion in this time interval.

3
Distance travelled = J vdi
2

3
= _[ (4e? — 24¢) dt
2

= [2e - 12¢]

= (2€5 - 108) — (2¢* — 48)

= 2¢5 — 2e? — 60
Distance travelled in third second = 638 m.

¢ Acceleration = %(v)

= %(4& — 24¢)
=8e* - 24
Acceleration is (8¢ — 24) cms™.

; dv
Stationary values of v occur when e 0.

8e? —24 =0
e =3
2t =1In3
= lln?;
2

When ¢t = %lnS, v=4e"® -12In3 =12-12In3

Stationary value of velocity is 12(1 — In 3) cms™.
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Exercise 16.3
Exam Exercise

1
vms™
e :
0 5 20 24 s
The velocity-time graph represents the motion of a particle moving in a straight line.
a Find the acceleration during the first 5 seconds. [1]
b Find the length of time for which the particle is travelling with constant velocity. [1]
¢ Find the total distance travelled by the particle. (3]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q2i,i,iii Jun 2013

2 A particle moves in a straight line so that, s after passing through a fixed point 0, its velocity,

o 6 ! y : G
vms™, is given by v = 2t — 11 + 1 Find the acceleration of the particle when it is at
instantaneous rest. b+ (7]

Camibridge IGCSE Additional Mathematics 0606 Paper 21 Q9 Jun 2012

3 A particle moves in a straight line such that its displacement, x m, from a fixed point O at time
ts, is given by x = 3 + sin2¢ , where ¢ = 0.

a Find the velocity of the particle when ¢ = 0. [2]
b Find the value of ¢ when the particle is first at rest. [2]
¢ Find the distance travelled by the particle before it first comes to rest. (2]
d Find the acceleration of the particle when ¢ = —B;E [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q5i-tv Nov 2011

4 A body moves in a straight line so that, ¢s after passing through a fixed point O, its
displacement from O'is s m. The velocity v ms™ is such that v = 5cos4t.

a Write down the velocity of the body as it passes through O. [1]
b Find the value of ¢ when the acceleration of the body is first equal to 10 ms2. [4]
¢ Find the value of swhen ¢t = 5. (4]

Cambridge IGCSE Additional Mathematics 0606 Paper 11 Q%,ii,ii Jun 2011

X 4
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5 A particle Pis projected from the origin O so that it moves in a straight line. At time ¢ seconds
after projection, the velocity of the particle, vms™, is given by v = 2¢2 - 14¢+ 12.

i  Find the time at which P first comes to instantaneous rest. [2]
i Find an expression for the displacement of Pfrom O at time ¢ seconds. [3]
iii Find the acceleration of Pwhen = 3. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q6 fun 2015

6 a A particle Pmoves in a straight line. Starting from rest, P moves with constant
acceleration for 30 seconds after which it moves with constant velocity, kms-1, for
90 seconds. P then moves with constant deceleration until it comes to rest; the
magnitude of the deceleration is twice the magnitude of the initial acceleration.
i Use the information to complete the velocity-time graph. (2]

vms"‘f
kA

0 ' { ;econds

i Given that the particle travels 450 metres while it is accelerating, find the value
of kand the acceleration of the particle. [4]
b Abody Qmoves in a straight line such that, ¢seconds after passing a fixed point, its
acceleration, ams-2, is given by a = 3¢% + 6. When ¢ = 0, the velocity of the body is 5ms-1.
Find the velocity when ¢= 3. [5]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q11 Mar 2015

T A particle is moving in a straight line such that its velocity, v ms-!, ¢ seconds after passing a fixed
point Ois v=e* - 6e2 - 1.

i Find an expression for the displacement, sm, from O of the particle after ¢ seconds. [3]

i Using the substitution u = €%, or otherwise, find the time when the particle is at rest. ~ [3]

iii  Find the acceleration at this time. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 21 Q10 Nov 2015

8 A particle Pis projected from the origin Oso that it moves in a straight line. At time ¢ seconds
after projection, the velocity of the particle, vms-1, is given by v = 9¢% - 63¢ + 90.

i Show that P first comes to instantaneous rest when ¢ = 2. [2]
ii  Find the acceleration of Pwhen ¢= 3.5. (2]
iii  Find an expression for the displacement of Pfrom O at time ¢seconds. [3]
iv Find the distance travelled by P
a in the first 2 seconds, [2]
b in the first 3 seconds. [2]

Cambridge IGCSE Additional Mathematics 0606 Paper 22 Q12 Mar 2016
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Answers
Chapter 1 e -5,-2 f —0.5,7.5 b 3
8.
Exercise 1.1 g 16,24 h -5, 3% 7
1 one-one 2 many-one i o \
1 1—, 5 B

3 one-one 4 one-one 3 1\/

5 one-one 6 one-one 2 a _4%’ _1 9 b ‘_0.8, 0 z:

7 one-one 8 one-many c 56,4 d 075,35 il

Exercise 1.2 e 6.5 f x:g% "0 2 4 X

1 1,234,56and7 3 a-22 b-53 3 a vshape, vertex at (0, 1)

2 a-T=sf(x)=2 c -3,-1,2 d 0,4,6 b v shape, vertex at (0, -3)
b 2=f(x) =17 e 21,3 f -2,-1,0,3 ¢ A shape, vertex at (0, 2)
c-1<f(x)<9 05. 1 h 1.9 d v shape, vertex at (3, 1),

& U ’ y-intercept 4
d {}ls flx) =9 i 0,2,6 e v shape, vertex at (-3, -3),
e 3 < f(x) <8 4 a (-4,0), (3,7, (59 y-intercept 3
f <)<t b (0,0), (1,1), (2,2 4 &=l
? . o ¢ (1,3), (25, 7.5) b 0<g <11
= o
P 3 g0 = 4 f(x) c 3<h( =<5
— Exercise 1.5
5 f(x)=5 6 f(x) =-5 —5 <f(x) <5,0=<g(x) <5,
7 f(x) <10 8 f(x) =3 1 a vshape, vertex at (-1, 0), —5<h(x <3
y-intercept 1
H a v shape, vertex at (-2, 0),

Exercise 1.3 b v shape, vertex at (1.5, 0), y-inte]icept 4

1 9 2 51 3 675 4 1 y-intercept 3 .

b straight line through (-5, 0),

5 67 c v.shape, vertex at (5, 0), 0, 5)

6 a hk b kh y-intercept 5 ¢ -3.1

1 hape, -6, 0),
7 ox=-1 d v hape; vertex at (6,0 a v shape, vertex at (3, -3),

9 e P y-intercept 3
8 x= _gor x =4 e v‘shape, vertex at (5, 0), b -3<f(x) <7

y-intercept 10

9 x= ié f v shape, vertex at (18, 0), % 05,05 i

§ y-intercept 6 8 a vshape, vertex at (—, 0),
10 x=25 . 3

2 al[x[2][-1]0]1]2]|3]|4 y-intercept 4

= y| 7([6(5 ’ 43| 4|5 b straight line through (-2, —-4),

12 x=3orx=4 (5, 10)

13afg bgf cg? df c 0.8,4

Exercise 1.4

1 a —2%,4 b -2,-7

c 08,16 d -23,25



Answers

5 Exercise 1.7
¥
101 1
g.
8-
74
8.
5.
S-
2-
1-.
BRI R AR iy
b -3,3 2 y
6]
4 g
£'(x)=Jx+7-5 L=
_ B RERETUEE AN
f—l(x)=6 Ox 5. 4 2_2‘/ 46
x 4
-4
f_l(x)=3+\!x—1 7
2
f'(x)=(8-x)"+3 3 2
- x+8 _ 2x -7 94 A
£f7(x) = - g (x) = 3 I
71 .
a f'(x)=vx+5-2 b 20 61
51 »
a f'(x)=4++Jx-5 b 294 4 d
31 .
a g'](x)=:t2 b 3.25 s /
2 -
a fl(x) =2(x-2) geiepe b | | ] )
x 01 2 34 5 6 7 8 9 10x
b no solution
0 1 -2,35 4 i ;
1) =0 13 flg s -
2_
f,h 1
ax=>2 b g®=0 Y V. EERE
. f_,(x)=x+k’g_1(x)=x+l4 1
3 5- 7 ]
b13 ¢ «x =8
_4!
aflg bglf
¢ gf” d flg-l

-8 —613,—”;:255-

o
#
s =4
#
o 4
n -

7 a fisa one-one function
b f“‘(x) =y3-x-1

C

2141618 1012%

o 4

\QX

..............

-2
_4-
Y
_8]
~10]
-12] |
5 & f_l(x)=2x+7
x—2

b The curve is symmetrical
about the line y= x

Exercise 1.8

1 6.5 -4

2 a Vshape, vertex at (-0.6, 0),
y-intercept 3

b -0.2,-1

3 a Vshape, vertex at (2.5, 0),
y-intercept 5

b 1,4
4 a-1<f(x<29 bx=>0

§ &
3
b fl(x)=(x+ 3)2+1
- _3x-2
cg (:'c)—?x_1
6 al2sgkx =1
1+x
b g! =
g (x) ~

c02=x=<1

d 1.25
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T a 33

9

bi kh
i h'k! or (kh)™
i 2-VB<fx) <2

i f'@=2-%*-5
domain 2 - V5 <x <2
range -5 < f'(x) <0

ii h?

iii x =-4
ai 2x-22-3%3 i x=2
bi gx=4h"x=0

i
Y4

14+
12

10 o

_9-
. |
ii —3,—5
Chapter 2
Exercise 2.1
1 x=3,y=9%andx=-2,9=4
2 x=-ly=-7and x =4,y=-2

13
14
15
16

17

18
1
20

w

21
22
23
24
25
26

x=-3,y=-4and x=4,y=3
x=lLy=4and x=-2,y=-2
x=05y=05and x=0,y=1
x=-lLy=-3and x=2,y=1
x=15y=4andx=2,y=3
x=3,y=1andx=9,y=7
x=18y=26andx=1y=3
x=—1,y=+2andx=1,y=2
x=lLy=2and x=2,5=1
x=1Ly=2and x =4,y=—-4
x=1,y=~% andxz—%,y=%
x=3,y=landx=1y=3
x=-l,y=-3andx=1y=3
x=0,y=-05and x = -],
y=-1

x=-1,y=2and x=7%,y=—1.4
x=-15,y=-8and x=4,y=3
(-0.2,1.4) and (1,-1)

a x+y=11x=2125

b x=25,y=285and x = 8.5,
y=25

17c¢m and 23cm
6+/5 or 13.4 to 3 sf
(0.5, 0)

5J2 or 7.07 to 3 sf
(2,2)

y=-2x—1

Exercise 2.2

1

a min (2.5, -12.25), axis
crossing points (-1, 0), (6, 0),
(0, -6)

b min (0.5, —20.25), axis

crossing points (-4, 0), (5, 0),
(0, -20)

¢ min (-2, —25), axis crossing
points (-7, 0), (3, 0), (0, —21)

d min (1.5, —30.25), axis
crossing points (=7, 0), (4, 0),
(0, -28)

e min (-2, -3), axis crossing
points (-2 -+/3, 0),
(-2++3,0), 0, 1)

f max (1, 16), axis crossing
points (-3, 0), (5, 0), (0, 15)

(x—4)Y -16
(x—5) -25
(x—25) —6.25
(x—1.5) —2.25
(x+2)° -4

(x +3.5)" —12.25
(x + 4.5)" —20.25
(x+1.5) —2.25
(x-4)7 -1

(x-5) -30
(x-8)F -7
(x-1.5)* +1.75
(x+3) -4
(x+3)°+0

(x+2)° -21
(x+25) —0.25
2(x -2 -5

2(x —3)* —17
$(x—-2)° -7

2(x —0.75)" + 0.875
2(x+1)° -1

f 2(x+1.75)" - 9.125
g 2(x—0.75)" +3.875

2
h S(x—l] +5}l
6 12

m a o0 o o

- o Ao N T & T @ -~

a o o w - m

(1]

9-(x-3)

95 — (x - 5)
2.95 — (x — 1.5)°
d 16— (x - 4)°

o o

(s}



Answers

a 6-(x+1) Exercise 2.3 f
b 12— (x+2)

1 a
y 6-
¢ 16.25 — (x + 2.5)° y=[8x2+5x-2|
o
2
d 9.25-(x +1.5) 5 y=|xt—4x+3| 2
2
7 a 135-2(x+1.5) > 3 2 0 1=
EEEEREL

2
b: 3=tk L) 2 a5-(x+2)

2
¢ I=2le=2) b ~ shaped curve, vertex
d 4i_3[x_2)2 = (-2,5)

12 6

2
8 a 4(x+%] +4.75

b No, since 4.75 > 0 y=[1-4x-x¥
9 a2(x-20°-7 b (2-7) .
10 a -5.25,0.5 b x=05 1
11 a 111—2(x+1§)2 £ 3
8 4 47
1 31 y=|x?*-5x+ 4| b
b x<11- 21
8 1.
12 a 185-2(x - 1.5) J0123405 6%
b (1.5,18.5) d y=12x*+x-3|
¢ N shaped curve, vertex

= (1.5, 18.5) 3-2-101 2 3%
a 13.25 — (x - 2.5)°
b (2.5,13.25), maximum

¢ —7=<f(x)=<13.25

13 a (3,16)

d No, it is not a one-one

function.
e
14 a 2(x-2) -5 b x=2
15 -0.75

y=|(x=T7)(x+1)|

16 a 5—(x-2)

.........

b (2, 5) maximum

¢ One-one function,

f'(x)=2+5-x y=|2x2-11x-6] 5 b k>4
2-101234567% 6 b 6.25
7 b -2,02
d -6,4
5+/33
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g -1-410,-1, -1++10

" 147 <1447
2 72
i =18

8 a (-1,0),(23),(4,5)
b (-2,1),(-1,15),(2 3),

(5, 4.5)
¢ (1,2),(24)

Exercise 2.4

1 ax<-3x>4
bl<x<b
cx=-7,x=3
d 0<x<5
e 0bh<x<4
f -1<x<3
g -1lb<x<b
h —e<x<e
i =3

-T<x<?2

o o

x<-3,x=2

4=x=<5

a O

x<-8x>6

25=x<3

-~

x<-1,x>-08

-6<x<$

o o

x<bhx>7
x<05x=1
-3<x<?2
x<—4,x>1

-05<x<0.56

- © O n

3<x<bh

o o

l<x=<6
05<x<l
d 3<x<b

[g]

m

x<-2,x=3

5

6

a -h<x<3
b0<x<26<x<8
c O0<x<2,4<x<6

—ll¢x<2
3

Exercise 2.5

1

8
9

a two equal roots
b two distinct roots
two distinct roots
no roots

two distinct roots

= o Qo N

two equal roots
g no roots

h two distinct roots

k=-10,k =14
k=Lk=4

Exercise 2.6

1

2
3
4
5

0w 0w ~N o

k=-3, k=5
k=-7k=-3
c=14

k<L k>H

a k==10

b (-2,6),(2, -6)
k>-5
k=075
-1l<m<]1

m=-2 m=—6

Exercise 2.7
1 3<k<4
2 -1<x<0

2
3 a Q(x—l) +£
4

6 -2,-18

7 a a=20,b=-4,(4,20)

b ~ shaped curve, vertex
= (4, 20), y-intercept = (0, 4)

8 k=c+9
9 k<-6,k>10

10a a=-12,b=-4 b —4

11 m<2, m>14
12

y=[(x=2)(x+3)|

bi x+4?*-25

ii 25,—4



Answers

ii d- d2v7 e 5V2 f 6v2
¥ P
/"\\ ) 6 a-l1 b 3 c -1.5 g32 h 42 i 45
3 7 ax=lly=t j 3V10 k 3V7 1 31T
}. 36 13 m2Vil n 5V5 o 3V13
bR p10vZ q 5V3 r 10v30
- 7 3
7/‘9 \ x c x=gy=7 sVE t V3 u2vs
8 a—%orfl b 2 V].O‘\!g w 2V10 x 43
5 y 35
Chapter 3 9 a-jor3 b 1
’ 4 a9V3 b 3V3 ¢ 55
Exercise 3.1 10 a —-Lors b 9
1 a x® b x' c x° 3 d7V3 e 0 f 9V5
d x° e x7? f X Exercise 3.3 g 25 h -3V i 6vT
g«  ha i 15% 1 aloVs b 5v10 i 82 k 102 L 0
i 5x°y% k 16x%° | 6x%y7° c V11 d 5V3 m2V5 n 8V3 o 6V2
2 ax b e 2 a5\G+4V3 5 a2+3V2 b 12
e
4y b 475 +5v3 ¢ -4+5V2 d 9+5V3
$ @ gl b=8 00 c 12V5 +5V3 e3-V3  f 20
4 aa=—b=1 d 2075 +27V3 g1 h —2+4V3
5 x=2y=-1 3 a2+13V7 i 12+5V8 | 7
5
€ x=by=38 b 10 +35V7 k 13 | -4
1 c 2+ (2n—-1\7 m 4 n 17+3V35
7 x1+x2 5 T
4 a V33 b 11++33 0=
Exercise 3.2
b 28-10V3
L Ll . 5 x=5-3V3,y=8+ 442, 6 a9+4\5 2
a3 c 91+40V3 d 5+2V6
1 2=12 - TV2.
¢ 3or2 d —;01“5 3 ,
7 (10 +12V2) cm
9 o b 2 B 6 a 1+2 b 3+2/2
dl e -1 f -3 Exercise 3.4 8 a 293 b a=9,5=10
g4 h 1 a6 b 12 ¢ V30 ¢ p=45,49=2
3 a6 b-1 ¢-7 d 2 e 13 f 575 9 (11 +7v3) cm®
2 el
d-10 e =& §f == 15v6 h 14V35
L i & 10 V2
3 h4& -
& 3 16 L 9z b V2 c2 11aa=4b=2b ¢c=9,d=2
j lor3 k -lor4 aa = f B
Il -0.50r2 * ; V5 Exercise 3.5
g3 h - i =
4 a08 b l5 c—% 7 9 Ia% b¥ c 33
ds i V2 k6 | V5
d B 4B 45
5 a0 b 3 c 04 3 a2y2 b 2V3 ¢ 2V5 3 5
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28, 52 . 32
€ 73 g 'z
L 35 ;48
J 3 5 13
mB_Q 0 73 5++5

1 5 ° 75
3-v3 -2+3V2
3 4 2
r -1+2V7
a-14++vV2 b 3_4\(5
c3—_2ﬂ d 3++5
e -10+5V8 f %_Z
g 4+2Y3  h ~——~——15+310‘J§
i 2—@“1;—@ 4\7 + 45
a7-43 b 5+.;N§
5+ 32 9-9v14
c d ———=
7 5
e 2++5 f——lé}_3 187
-5+ 21 30 + V851
Eromgaas  ff} merpetes
2 7
a V3 b mgﬁs—ﬁ
. 12+ 3
13
(2\’3—\@)cm
(4 -V5) cm
7 -9V3 cm
1+5v2 15 + 14v2
a b =———=
7 2
23 — 47
30

10 6 - 42

Exercise 3.6
6+ V15 V10 + 2v5
a "5 b

7 5
. V85 + 2v15

5

2 al+vV2,3-242
b 2++6,3-v6
c 2+V5,-3V5
d 3+V7,5-2V7
e 3-v2,5+42
100 1
a5 5
¢ no solution db
e 19.5 f 2
g 15 h 22
i 20
4 al b 3 c3
d -3 e 1 f5
g 4 h no solution
i 4 j Oorl j Oor?2

5 a-3orlb 9 c Oor4d
do e 3 f 45

Exercise 3.7
1 2o0r3

2 x=3,y=-05
3 45
4 a=-3,2 b=-18,12

5 6-3V3
6 17V5+1
7 ai45-12V10+8
=53 - 1210
i —3vV5 + 242
b -1+v6
8 7+3V5
13

9 a=-—,b=0,c=1
6

10 p=-27,¢q=23

Chapter 4

Exercise 4.1

1 a 3x* +2x° +3x°

b 9x* +2x* +7x* -2
3x* —4x° -3

6x” + 3x° + 4x° + 5x* — 2x°
+x2 -1

8x* — 4x’ +2x* +3x - 2

3x* +8x* +4x* —8x -2
¢ 3x”+ bx' —8x> +7x* +8x— 20
d 3x° +12x* +13x° + 3x" — 4
e x'—10x° +29x" — 20x + 4
f 27x° - 27x* + 9x - 1

3 a3x+x-7
b 2x° +17x* + 21x — 4

2x° + 5x' — 8x® — x? - 19x

o n

o o

[a]

O+ +x—4

4x* — 4x° — 15x" + 8x + 16
8x* — 8x® —32x" +17x + 32
d 4x' —4x - b5x® +3x - 2

o oD

[a]

Exercise 4.2
1 x% + 2x — 48
xX+x—1

x?—15x+ 25

o o

x?+2x+1

o o

x> +4x-5

x*=9

3x +2x — 1

2x* +3x — 2
3x* — 5x - 10

-~ o

o o

3x? + 4
3 as3x’-4
b 2x*-x+5

a o

c x—4

d x+3



4 a xX*-x"+x-1

b x*+2x+4

Exercise 4.3
2 a?29
b 546
c 12
b=-2-2a
4 a a=0b=-19
b a=2b=38
c a=-12,6=-7
5 -66,18
6 a=1350b0=55
7T ap=1¢=9
8 b0,13

Exercise 4.4
1 b (2x=1)(x+1)(x-1)

2 a (x-2)(x'+4x+5)
b (x+4)(x+2)(x—2)
¢ x(2x+3)(x-6)
d (x=7)(x+1)(x-2)
e (2x+1)(x—3)(x—4)
f (x-2)(x+3)(8x-1)
g (2x—-1)(2x+1)(x—2)
h (2x—=1)(x—3)(x +5)
3 a-51,7 b 1,2,3
c —4, —2,% d 4115
e 2,053 f —4,*%,1
g 2,-1505 h —4,25,3
4 al,-3+7
b —3,—%1-;—\/2?
¢ 2,28
d 1.51,4

5 -05-2+13
6 -5.54,-3, 054

7 b2

8 a x'—4x"-Tx+10
b x*+38x* —18x — 40
¢ x*+x" - 6x

9 a 2’ —11x" +10x+8
b 2x* -7x*+7x-2
c 2x*-9x" - 8x +15

10 »* +x°-7x-3

11 2x° - 9x° + 6x -1

12b2,1tm
Exercise 4.5
1 ab b -1
c 76 d 2
2 ab b 57
c 1l
3 a=4,5b=0
4 a=-6,b=-
5 aa=-8°54=15
b3’~1+\/§f’—1-,jﬁ
2 2
6 aa=-906=2
b5
17 b=2
8 a=6,b6=-3
9 a b=12-2a
ba=50b=2
10 a 5 b -72
11 a a=-8b=-5
b =30
12 32
13b3,_7+\/ﬁ,"7_‘/ﬁ
6 6
14 a 3 b -5

15 a=2,b=-5,¢=7
16 b -3,6

Exercise 4.6

1 b (x—2)(x—4)(3x+4)
2 a=-2,b=25

3 b b —-4ac=-11

4 a-17 b 71

5 (x+1)(x-7)(2x+1)

6 a=7b=-6

7 i a=6,b=2

i (2x—D(Bx®+5x-2)
il (2x -1 Bx - 1D(x+2)

Chapter5
Exercise 5.1

1

a 1,l b ——

a x=12, x=14
c fx)=-1

10
x=-2,x=—

x=0,y=5orx=2,y=3
5

x=4,y=—~2-

Exercise 5.2

1

4<x<8
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[ =]

w

1
T ololew e G garey ¥

i+

1 2 3 4 56 7 8 910¢x
5
x=lorx=-—

x<-1or x>4

2<x<1—
3
x<2o0r x>5

x<-3 or x>z
3

:rc>g Cx2~1—
3 4

1
x=-1or x=—
5

x> —-=
l<x<1
2
3
x<—-1 or x>——
5

-l=sx=s3f -3<x<l
x> — bxé—g
2

3
x=-2 or x=——
d 2

-6=x=0

14 <x<?2

xi—l or x=3
2

b —<x<4
1
c x=-2o0r x=-—
4
8 x:—-‘*rf:-
2
k Tk
9 x<—or x>—
;] 3
10 —éﬂxﬂi
3 3

Exercise 5.3

1 A(-1,0), B(2,0), C(3, 0),
D(0, 6)

2 a Nshaped curve, axis
intercepts (-3, 0), (2, 0),
(4,0), (0, 24)

b "\ shaped curve, axis
intercepts (-2, 0), (-1, 0),
(3,0), (0,6)

¢ ¥\ shaped curve, axis

intercepts

2, 0), [—é o], ©, 0), (0, ~4)

d "\ shaped curve, axis

intercepts

(-2,0),(1,0), (% 0], (0, -6)

3 A(%, UJ, B(0, 14)

4 a N\t shaped curve,

axisintercepts (-2, 0) and
(0, 0) where (0,0) isa
minimum point

b X"\ shaped curve, axis
intercepts
[g, 0) and (0, 0) where
(0, 0) is a minimum point

¢ ¥\ shaped curve, axis
intercepts (-1, 0), (2, 0),
(0,-2) where (-1,0) isa
maximum point

d X\ shaped curve, axis
intercepts (2, 0),

(%, 0), (0, 40) where (2,0)

is a minimum point

b y
20
-1 2 3 o 1 2 3
c ¥
-3 0 3 x
d ¥
-1 0 I 5 x

a "\ shaped curve, axis
intercepts (-3, 0), (0,0),
(3,0

b ¥\ shaped curve, axis
intercepts (-3, 0), (-2,0),
(1,0), (0,-6)

¢ $\ shaped curve, axis

intercepts (-4, 0), [é, 0),
(3,0), (0,12)

d ¥\ shaped curve, axis

intercepts (=3, 0).[—2, 0) ;
(4, 0), (0,-60)



Answers

blue curve axis intercepts:
(-2,0), (-1, 0),[%, o] , (0,2)

red curve axis intercepts:,
(-1,0), (4,0), (0,4)

b (—39 -14)! (_1:0): (Il 6)
9 a=1,6=2and k=-2
10 a=-1,b=1, ¢=2, k=3

Exercise 5.4
1 axs-lor0=sx<2
b x=21
cxsS-ldorlsx<14
2 ax=s2
b x=-2
€ -19sx=<03o0orx=15
3 ax=25
b-l1=sx<lorx=2

C x<08Bor 0.6=x<22

Exercise 5.5

1 a+2,+1 b iﬁ
c +4,+2 d J_rﬁ
e :tﬁ f +3

| 3 2
g iﬁ,i'—é— h *+ g

i -1,2

2 a 10.356,%2.81 b +2.32
c *1.16 d -1.11,142
e 1.26,-0.693 f +1.40

1o B\ \‘ 3 a4,25 b 16
' d

| ©

-ty
ro

1o
o &

O |-
no
[

o

a b lx=x+4

6 al?2 b 0,2
c-1,2 d -2,3
e -1

7 -2
1;:2

9 -4,-3,0,1

Exercise 5.6

1 x=§0rx=2
5
2 x<-3o0rx>4

3 i~<Jc<2
b

4 l~f.::4:~<]

8 a -1,27
a -13
9 X\ shaped curve, axis

- 0), (4,0)

intercepts (0, 0), (E’

(1, 1), (16, 4)

10 N\S shaped curve, axis

1
intercepts (-1, 0) (E 0] o £3,:0);
(0, 6)
11 x<-0.8 or 0.55 <x <225
12 a N/ shaped curve, axis

intercepts (-2, 0), (1, 0),
(4,0, (0, 8)

13 2 x(x—2D(x+93)

b ¥\/ shaped curve, axis
crossing points(-3, 0), (0, 0),
(2,0)

b2
15 a (x+49)2x-1)(x—3)
b NS shaped curve, axis

intercepts(—4, 0), (l, 0),
(8,0), (0,12)

16 a y

b (0, 0), (2, 16), (8, —128)

Chapter 6

Exercise 6.1

1 a lgl000=3
b 1g100 =2
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C
d

1g 1000000 = 6
x=lg?2
x=Iglb
x = 1g 0.06
2 al8 b 248
c 286 d 119
e -1.70 f -2.30
3 a 10° =10000
b 10'=1 c 107

-~ o

x =10

4 a 126000 b 1450

c 145 d 0.501

e 0.0316 f 0.00145

5 a4 b -2
c 05 d %

2

e 1.5 f 25

Exercise 6.2

1 alog,64=3
b log, 32=5
c log, 125=3
d logs 36 =2

Lot

f log, % =—4

e log,

log, b=2

=  m

log, 4=y

log, c=b
2 a2°=4 b
¢ =1 d 3=
e?yﬁézﬁ f
g 2 =1 h

i a=b

c625 d B
e 12 f 3 g 17
h 4 i —41
4 a?2 b 4 c3
d 2 e 5 f 3.5
g25 h-15 i 05
j 05 k é L 05
5 a2 b L cl5b
3
d -2 e —6 f 35
6 a8 b 625
Exercise 6.3
1 alog,15 b log, 6
¢ log, 64 d log, 2
e log, 20 f log7[%]
1
g log, 12 h lg%
i log, 6.4
2 a3 b 2 cl
d1 e 15 f -2
3 a log,36 b logﬁg
4 a 2,27 b -2
a2 b 3 €3
d -1
6 a 5" b u-2
c l+-ud %u—?y
7 al+x b 2-x
c x+2y d 4™
8 a-8 b -55
c 13 d 34
9 a8 b 20
c 14 d 0

Exercise 6.4

1 ab b 75
d 77

2 al2 b 8
d3 e 0.7

3 a28 b 5
d 4 e 3
gh h 20

4 al6 b 4
d V3

5 ab25 b
c—l—,15625 d

125

6 ax=47y=16
b x=20,y=10
c x=4,y=12
d x=40,9y=16
e a=6255b6=25

f x=1.25,y=25
7 blgx=8Ilgy=2

Exercise 6.5

1 a6l13 b 273
d241 e 265
g 690 h 519
j 134 k 0.641

2 b10 c 3.32

3 a0415 b 242

d 163 e 103
4 -0.751,1.38
5 a0,146

b 140 ¢ 232
6 0.683,1.21

a 1.58

b 0.257, 0.829

c 0.631, 1.26

d 0.792, 0.161

S o~
— >
| e

N | Lo

(2]
Lol N

— 3125
125

= 1
512

c 0.861
f 1.66
i 1.15
| 0.262

¢ 246

d 0.683



Answers

8 a232 b 116
¢ 0.631,1.26
d 0.431,1.43
9 a6 b -0.189
10 a 126 b 281

¢ £1.89 d 1281

11 x < M
log,, 2

Exercise 6.6
1 a332 b 318

c 129 d -3.08
2 a L b E
u u
1 3
c — d —
2u 2u
3 a —1- b 1+x
x
c 2x 4+ 2x
4 a4 b 04
s 1
3
6 a 23 b 23
1
7 a Eloggx
b 256
8 al6 9
c 159 d 1.87
9 a1 b 3,9
log,x
1
10 —, 27
a > 2 b5
c L 4 d16 64
256 ’
1
e —,h512 f 25
2
1 1
11 a §log2x b gloggy
¢ x=32,y=2

12 x=6.75,y=13.5

Exercise 6.7
1 a73 b 448 ¢ 1.22
d 0.0498
2 al39 b 0742 c -0.357
d -0.942
3 a5 b 8 cb
d -2
4 a7 b 25 c 6
d 0.05
5§ a425 b 167 ¢ 1.77
d 1.30
6 ailn7 b In3
¢ %(5+1n3) d %(1+3m2)
7 a201 b 0135 c 1100
d 12.5
8 a349 b -215 c 0.262
9 a3+eé b %(1+1n7)
¢ 2In2 d %ln?
e 2In2,In5 f In2, In3
102179 b 0,1.39
¢ —3.69, 4.38
11 a x = —!.;, y= 1
e €
b x=1In0.6, y=1n0.12
12 0.822
13 0,04
14 +/2, %ln5
Exercise 6.8
1 a 409600 b 16.61
2 a 43000 b 2091
3 a 0.0462 b 724
4 a 500 b 82.6
¢ 231
5 a $250000 b 0.112
¢ 6.18

Co Lo
—

b —, A, represents the area

80
of the patch at the start of

the measurements

c 6.72

Exercise 6.10

1

a asymptote: y = —4,

y-intercept: (0, —2)
x-intercept: (In2, 0)

asymptote: y = 6,
y-intercept: (0, 9)

asymptote: y = 2,
y-intercept: (0, 7)

asymptote: y = 6,
y-intercept: (0, 8)

asymptote: y= -1,
y-intercept: (0, 2)
x-intercept: (In3, 0)
asymptote: y= 4,
y-intercept: (0, 2)
x-intercept: (—In2, 0)
asymptote: y= 1,
y-intercept: (0, 5)
asymptote: y= 8,
y-intercept: (0, 10)

i asymptote: y=2,

y-intercept: (0, 1)
x-intercept: (iln 2, O)
asymptote: x = -2,
x-intercept: (-1.5, 0)
y-intercept: (0,In4)
asymptote: x= 2,
x-intercept: [2 :l;, 0)
asymptote: x = 4,

x-intercept: (3.5, 0)
y-intercept: (0,1n8)

asymptote: x=—1,
x-intercept: (—0.5, 0)
y-intercept: (0,2 In2)
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e asymptote: x=2, Exercise 6.12 c 45, 3J5,55;
x-intercept: (2.5, 0) 1 aby-7y+2=0 right-angled
f asymptote: x=1.5, b 0. -0.569 4 5and-5
x-intercept: (1%, 0) 2 x=589=22 5 land3
6 a (64) b (6.5,7)
Exercise 6.11 3 agi(x)= ln(x = 2)
. 4 c (3,8 d (05,15)
1 af'(x)=In(x—4),x>4 b x=1
. 1 e (-4.5,-2.5)
b f (x)=ln(x+2),x>—2 4 al0 b -5 c —
e+l 7 f (3a,b)
c f"‘(x)=1n[ 5 ],x%l 5 a2 b 4.6 7 a=18b=-8
1 1 & M 8 0,45 b (1,1
d f_](x):—ln(x—), x>1 7 g ab® a (0,4.5) (1, 1)
&% 8 1000 9 1
1 -3
e fl(x)= §ln(xT], x>3 8 -—0.569 10 A(-5,2), B(9, 4), C(-3,6)
1 (x—5 9 a70 b 397 ¢ 170
=1 e .
f £f'(x)= 3In[ ), x>5 10 & llogsx Exercise 7.2
3 1 a-2 b -3 c0
-1 Y
g f(x)=In(2-x), x<2 b y=125a gsl L1 48
h f"l(x)z—%ln[5;x], g5 W12 U -» ?; ‘ ‘;
iii y=5 i =10 2 a-—-— b2 c —=
n 2 a fi(x)=e-1 Mmy=s W 3 2

12 a i -
b £(x)=e" +3 & ) d_§ d _i_
c f—l(x)=e0,5x_2 0 .
1 3 a- b ==
d f-l(x)=§(eﬂ.5x_1) 0/1(15 * 3 2
1, 4 (-3,-1
e f“(:c):l[e3 +5] 4 ¢ )
2
: 5ot
f f_'(x)=—(e'°‘2”+1) 5’ 2
3 ii k<-5 ;
b not collinear
3 a f(;”f)>11 | b %logﬂ cx=3%% 71 5
b f'(x)==In(x-1
2 13a p=54¢=2 b x=4 8 1,2
c x>1 d x
9 (11,0)
4 ai bx ii x+In5. Chapter 7
b V5 Exercise 7.1 Exercise 7.3
5 aia i 8 1 a3 b4 <l 1 ay=3-13
b Lo di3 e5 f 95 by:“*lx”
2 =—=x+1
74 h VI3 i 1242 € y=-g*t
6 a (2x+1) g V74 {18 2
b x = In2 2 a2J3,3Jg,JEE; 2 a 2y=5x-11
right-angled b 3x+2y=9
b 2413,10, 4V10 ; not c x+2y=1

right-angled



10 a i

a y=2x-10
b x+2y=-8
¢ 2y=3x-15
d x+4y=0

a 4x -5y =-17
b (0, 3.4)

¢ 3.4 units?

a y=-2

b 3x+4y=2
¢ 5x+7y=-26

a P(l%,o),Q(O,Qé)

3J13

c 1.6%75 units?

a (3,2

b 3y=2x+5
(5,6) b k=8
y=-2x+13
6, 1)

65, 35

d 45 units?

o o 1+ 1]

O

%% +3y =14,

i = l:vc
Y=3
b (4,2)

Exercise 7.4

1

a 27.5 units?

b 22 units?

a 54.5 units®

b 76 units?

a k=-9

b 50 units?

a (-1, 1.5), (2, -4.5)
¢ 22.5 units?

a (4,5), (0,-3)

b 20 units?

6 a (0,-7)
b 60 units?
7 a (75,9
b 38.25 units®
8 a (2,2),4,-2),(0,6)
b 40 units®
9 a (551
b (6,7)

¢ 116 units®

Exercise 7.5

1 a)-:ax2+b,Y=y,X=x"’,
m=a,c=2b

m=a,c=2>b

¢ —JJ*:ax—b,Y:z,X:x,
x X
m=a,c=—b
d x:-b£+a,Y=x,X=£,
y Y

m=-bc=a

e y-J:Ezax+b,Y=y\/;,

X=xm=ac=b

f x’y=bx"+4a,Y =x7,

g E=r:z:vc-t-b,l"=£,
y Y
X=xm=a,c=b

h —x=ax-b,}"=—x,
b y

2 algy=ax+0,Y =lgy X =x,
m=a,c=20b

b Iny=ax-56,Y =Iny, X =x,
m=a,c=-b

c lgy=blgx+lga Y =lgy,
X =lgx,m=b,c=1ga

dlgy=xlgb+lga, Y =lgy,
X=x,m=1gb c=1ga

f

g

h

Answers

Iny=——Inx+=,Y =1Iny,
X=Inx,m=—£,f=—2-

b b
lgx =—-ylga+lgb Y = lgx,

X=ym=-lga, c=1Igb

x* =-by+Ina, Y = x,

X=ym=-bc=Ina

Iny=bx+Ina, Y =Iny,
X=x,m=b,ec=Ina

Exercise 7.6

1

F-

a

b

C

d

y=2x

L %
=—x"+3
) 5"
_y:JE-I—I

1 11

=——x'1+—
=% g

y==-2x2"+7

te2
I
-
"
|
0o | =

i i) i 3
X

i y=(13-2*) i 25
o o By 9 . 8
N y=—x" —x-= n —-—=

4 2 2

e 0.5 =0.5
i y=a =5~

35
2

ii

y= ~-2x" + 16x*

o o0 T o

y =3(2)+25 b 5
y=-2x"+8x
x=25,y=75
e'=x"+1

y=In(x" +1)
lgyzgx—'?

A
y=10"x10%
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3

3 a 0559 b 0960 c 1.47

8 a y=100x? 2 b allow-14 to-16
b 0.64 ¢ allow 13 to 16
9 alny=3lnx-1 3 a2/5 b y=-2x+6
3
b y=> ¢ (3,0),(~1,8)
e
10 a 12.7 4 A=ée'b=e
ba=e",b=-2 5 55
Exercise 7.7 5 3
1 a xvx | 1 |283]520| 8 |11.18
105 [10]15]20]|25 yu/x | 3.40 | 4.13 | 5.07 | 6.20 | 7.47
0.5 3 BBl 8 | 105
. 9 ca=30=04
€= d 3.05
d x=08,y=25 7 125
2 a 8 a 68
1 9 i 2x+3y=14
il 9.01 | 649 | 568 | 529 | 5 3
i y+2=>(-10)
. (B2 d 0.22 ’
4 ke ok iii V65
3 b y:U_gx.,.B 10 x+3y=2
X ' s
11 i 3.5 i (3,5
¢ x=06,y=2048 b 059 .51
iii ¢ ):= 1 iv (0,11
4 b om=50,k=002 i 2x +y iv (0, 11)
c 29.1 Chapter 8
5 b k=3 k=07 Exercise 8.1
6 ba=50b=16 1 a =~ b =X c?_'.'t
18 9
7 ba=18n=05 51 I : on
8 ba=02,6=3 ¢ 4.56 18 12 3
9 ba=-155=18 c 8.61 5_;_ h %‘ i on
10 b a=36,6=-0.1
4n 57
¢ gradient = 3.6, intercept = 0.1 j 4m k 9 L 3
11 b y=elxa™ 5 57 T
m — n — o —
¢ gradient = -0.8, 20 12 6
intercept = 3 2 a 90° b 30° ¢ 15°
‘ s 920° f 144°
Exercise 7.8 4.0 & Jed
26° h 75° i 27°
1 ay=7 b Sx+4y=3l g 126 '
j 162°  k 216 | 540°
c 125
m 315 n 480" o BIO°

d 2.15 e 4.31
4 a 745 b 143.2° ¢ 59°

d 104.9° e 33.2°
5 a
Degrees | 0 45 | 90 | 135 | 180

i T | & |3
Radians | 0 i 5 2 b
Degrees | 225 | 270 | 315 | 360

: 2y 3n 7_“ ¢
Radians ol 3 2n

b
Degrees | 0 | 30 | 60 | 90 | 120

. b8 T T 2n
Radlans 0 6 q —2* —g'
Degrees | 150 | 180 | 210 | 240 | 270

. 51 n | 4m | 3n
Radians ? T —6* —2— -f_Z"
Degrees | 300 | 330 | 360

ans | 57| 11l
Radians 3 6 2n
6 a 0964 b 103 c 0932

d1 e 0.5 fl
7 12.79°
Exercise 8.2
1 a B—thm b 2ncm

2
(d 15% c¢cm d 15m cm
4

2 a96cm b 2cm
3 al25rad b 1.5rad
4 al24cm b 32cm

¢ 3lcm
5 a l0cm b 1.85rad

¢ 38.5cm
6 a 23cm b 18.3cm

¢ 41.3cm




Answers

7 al36cm b 2l.1cm 4 ab543 ¢ 187 Exercise 9.2
¢ 34.7cm 5 i allsidesare equaltotheradii 1 2 y b y
of the circles, which are also 110°
Exercise 8.3 equal oA x x
1 a6 2 p 15 2 o2n X7-60°
Gl g em i S i 582 or 583
¢ 35ncm? d En cm? iv 148 ¢ ¥ d bl
9290°
2 a 104cm? b 4.332cm? 6 i 193 i 79.1 ii575 (\ B _w] .
. 5%
3 alllrad b 1.22rad 7 i Z iii 11.6 y/ >\|2135°
4 a08rad b 40cm? iv 1.08 < Area < 1.11 . ;
5 'r(75—r) " ¥ y
Chapter 9 o 5>\< 3
6 a 9/2cm p. [ 7460 TANAY x
Exercise 9.1 1 ¥
b X -300
9 1 a 2413 b 313
1
C ﬂn cm? 13 3 g ¥ h J
2 c s d 1 T | [x
7 a l24rad b 89.3cm? 13 ol [, C7/\“ e
¢ 12lcm? L 74418 o .=
9
8 alrad b 49.8cm? . .
J28 . V46 ! y -
¢ 17.8cm? 2 a— b —~ 13 ]
5 23 7T
9 a 243cm® b 37.7cm? . 93 i J2 + 23 =3 »x A ,x
¢ 13.4cm? 25 5 B / \\ T
232 - 2./23
10 b 24“-35\/5 € — g 2 a second b fourth ¢ third
11 a ?rad b 18cm? 43 d third e third f first
3 a—— b 43 . .
12 a2 439cm b 240cm 7 g fourth h third i first
¢ 15.5cm d 15.0cm? c 43 d 1 j first
13 34.4cm 7 Exercise 9.3
7 -196/3 I o
14 a 455cm® b 571cm? T 1 2@ —sin40° b cos35
c 80.8(31'[12 d 21.7(:1'[12 1 9 ¢ —tan40° d cos25°
4 a § b 3 Cc -?: :r'[
15 14.6 cm? e tan60° f sin—
) 3 +2 2 5
Exercise 8.4 d % e 7 n n
g —tan— h cos—
1 a 04x" b 19.80r199 g 5B g1 4 6
a — s
¢ 24.95 to 25 4 2 i —tan-;— j sing
J6 -6 + 103
2 a741 b 4220r423 c 5 d - 2 22, V&
3 b 54.6 or 54.5 or 54.55 2 5
¢ 115.25 or 115.3 or 115 ¢ 2-2f 2/3-46 S .
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. . 2 .5 iii amplitude = 2, period il period = 3,
13 12 o (n ) (ﬂ ] m 3n 5m
= —, —,2,—,—2’ X=—, X =, X=—],
5 5 213 | 313 8 '\6"")\2 4 4 4
13 13 5n ) (7n I
J 2 === 2 |, 4
6 a o] b 2 6 o
5 5 (31‘t 2](& _2) 8 a=2,b=1c¢=3
2 6 — — -
¢ _ﬁ d 2 - . ' 9 a=9b=4,c=6
3 iv amplitude = 3, period =4m 10 o 4 _9 p_5
5 12 (0, 3), 2z, ~3)
T a — b —— . ) b3
1% 5 v amplitude = 1, period =7,
4 4 T 3n ) c
i —_— _94 E] _92 ] ?
€75 4 3 (4 ) ( 4 )

v=2% 3 cosbx

5n n 1
) 4 .9 ] |
Exercise 9.4 ( 4 ) ( 4 ) ] |
1 ai amplitude=7, vi amplitude = 4, period = T,
4 _ap0e 1
period = 360°, (0, 7), (0, 3)[% = 5],(n, 3), 0

(180, =7), (360, 7) 3 90,/ | 1\513 \é;o \J 360 *

MO Lo U

ii amplitude = 2, period (:%E B 5]’(2_& 3) -2
= 180°, (45, 2), (185, -2), 2 11 a A=1,B=3C=4
(225, 2), (315, -2) 3 a=2b=4,c=1 b
iii amplitude = 2, period 4 —3 p=9 c=4 Y1 .
48 = 120°, (0, 2), (60, -2), emnrEee T §= 1]+ 35indx
(120, 2), (180, -2), 5 a=3b=2c=3 s\ \r o\
2 ! i ]
(240, 2), (300, -2), 6 ai period=90° x=45° 1 |
(360, 2) x=135° x= 225°, x = 815° ;i '\/go Uéo ‘\j‘m f\fegx
ly ﬁrggé‘f“a‘;; ?g)"e“"d i period = 360°, x= 180° 2| AV
v amplitude = 4, period iiiperiod = 60°, x=30°,
23607, (0, 5), (180, -3) x=90% x=150° x=210° 12 b2
(360, 5) xX= 2700, x=330° 13 b 2
. i m
vi amplitude = 5, period 7 ai period =7 14 b 4
- 180°, (45, 3), (135, -7), _n St b
(225, 3), (315, -7) 8" 8’ 8’ Exercise 9.5
2 a i amplitude =4, period x=7—ﬂ x=% x=1—1£ 1 af(x)=0
n o) (3n 8'° 8" 8 _
= i Vel =f(x)=1
2“;[2) 4):[2 4) xm—ls_n _15_1: bO (x)
ii amplitude = 1, period 8’ 8 c 0=f(x)=<3
_on (0 1)( 1) [2_:1; 1) i period=g, d 0=<f(x)<1
3 il ’ W A . e 0=<f(x)<2
4im 5m 6 9’ 6
-1),| —,1|,| —, -1 < =
(m, 1)[3 J(s ) in_sn __lm fO0<f(x)<2
(2r,1) et gt 6 g 1<f(x)<3
h 0=f(x)=6

i 0=sf(x)=7



Answers

2 c4 3 c2
4 ¢ 3 5 b2
6 b5 7 b2
8 b4

9 1<k<5b

10 a=1,0=4,¢c=2

Exercise 9.6
1 a 175°162.5°
b 41.4° 318.6°
c 63.4° 243.4°
216.9°, 323.1°
125.5°, 305.5°
233.1°, 306.9°
48.6° 131.4°
120°, 240°

Q.

¥ a -

C no solutions
d 1.89, 5.03

e 3.99, 5.44

f 2.15,4.13

g 0.253,2.89
h 3.55, 5.87
26.6° 63.4°
63.4°, 116.6°
81079, 12177
108.4°, 161.6°
18.4°,161.6°
98.3°,171.7°
80.8° 170.8°
20.9° 69.1°
150°,270°

b 95.7° 129.3°
c 225°,815°

w
o W

- M O n

>

F Y
o

- o a n o o

o ©

4

-

g
h

14.0°, 194.0°

126.9°, 306.9°

31.0°, 211.0°

25.7°,115.7°, 205.7°, 295.7°
648, 2.22

0°, 30°, 180°, 210°, 360°

0°, 38.7°, 180°, 218.7°, 360°

70.5°, 90°, 270°, 289,5°

0°, 135°, 180°, 315°, 360°

11.5° 90°, 168.5°, 270°

0°, 45°, 180°, 225°, 360°

30°, 150°, 210°, 330°

31.0°, 149.0°,211.0°, 329.0°

45°, 108.4°, 225°, 288.4°

30°, 150°, 270°

0°, 109.5°, 250.5°, 360°

60°, 180°, 300°

0°, 180°, 199.5°, 340.5°, 360°

19.5°,160.5°, 210°, 330°

19.5°,160.5°, 270°

30°, 150°, 270°

19.5°, 160.5°

10 0.848

Exercise 9.8

1

a
b

€
d

o

[a]

1937, 258.3°
75.5°, 284.5°
210°, 330°
53.1°, 306.9°
0.201, 2.94
0.896, 4.04
1.82, 4.46

d 2.55, 5.70
3 a 25.7° 154.3°
5.8°, 84.2°
¢ 67.5° 157.5°
112.8°, 157.2°
100.5°, 319.5°
73.8°,.151.7°
2.56, 5.70
1.28, 2.00
5 a 60° 120° 240°, 300°
b 56.3° 123.7°, 263.3°, 303.7°
106:32,.253.7°
41.4°,180°, 318.6°
113.6°, 246.4°,
71.6° 153.4°, 251.6°, 333.4°
19.5°, 160.5°
48.2°, 311.8°

o o (g m o o o o o

a 0

(1]

—

18.4°, 30°, 150°, 198.4°
g 60°, 300°
h 23.6° 30°, 150°, 156.4°

Exercise 9.9

5 26

6 a —2+7sin’x
b 2=<f(x)<5

7 a 7—(cosf-2F
b 6, -2

Exercise 9.10
i1 bi 4
ii 60°
2 a 10° 50°
E o=
6 6
3 b 54.7° 125.3° 284.7°, 305.3°
a 164.1°, 344.1°

b 0.898, 1.67, 4.04, 4.81

L4,
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6 c3 Exercise 10.3 3 ai 15120 ii 210
8 b 0902224 1 a 6720 b 360 i Jenld W e
R ¢ 6652800 d 5040 lii 56
bi 190° 2 360 4 a 720 b 240 c 480
i 5 3 15120 d 168
10 a 30°, 150°, 210°, 330° 4 336 5 &l 40320 ‘W 2880
Znal NS b 350
b 60°,180° 23.5° 96.5°, 14350 5 480
9% 5 6 18 6 a 840 b 240 ¢ 80
cC — —
33 7 a 1680 b 840 ¢ 630 7 ai 84
12 i 64.3°154.3 d 330 i 15120
i 90°,194.5°, 345.5° 8 a60 b 300 b 240
iii 5_11, I—%E 9 720 8 a permutation because the
12" Y2 order matters
Exercise 10.4 L .
Chapter 10 1 a5 by €1 bi 55 ii 420 iii 70
Exercise 10.1 d7 e i f 35 9 ai 98 i 20160 iii 720
1 aB5040 b 12 ¢ 840
' 8! ! b 203
d3%6 d6 e 60 2 ger=oer
0 B 10 a i 60480 i 144 i 1680
F20 g 4200 3 2120 b2 c 364
3! i 2 i 49
440 2 a9 b 6! ¢ i 1 bi 2100 ii 420
17! 10! 12}
do @ 55 5 56 Chapter 11
¥ n! b n! 6 700 Exercise 11.1
(n—4)! (n—6)! 1 1,6,15,20,15,6,1
n! n! 7 a 210 b 84 _ _
C =3B d TR 1,7, 21, 35, 35, 21, 7, 1
5015 95 =
8 a 30045015 b 142506 2 a 14+3x+3 +x°
Exercise 10.2 9 (7200 b 1—4x+6x2—4x" +x'
1 a24 b 5040 . ) e
* 10 a 16 b 30 c 16 c p AP+ 6p°¢ +4pg’ + 4
12 b 40320 o
$ o ldl o 11 a 1287 b 756 d 8+12x+6x” +x°
¢ 3628800 _ _ g .
50 12 1709 e x*+5x'y+10x°y" +10x°y°
3 a Eowd 4 o5
bi6 i 6 13 a 462 b 350 T 42
. 5 f oy +12y" + 48y + 64
14 L b 4°f ’ 2
4 a5040 b 576 2 7 K o v,
152952 b 126 c 66 § & ~Babrseed
5 al20 b 72 c¢72 . - .
h 16x" + 32x"y + 24x°y" + 8xy’
d 49 16 2000 o b b 2
6 a l2 b 36 c 24 Exercise 10.5 P x _6x2J‘+]2x}llj —83“"‘
7 a720 b 120 c43 i : 128 - | 8lx' — 432" + 864x” — 768x
8 a600 b 312 + 256
9 988 2 ai 3628800 ii 17280 K o +6x+g+%
bi 150 ii 110 ¥ oo



?) 1 1

| X" —=x+=x" —=x"
2 4 8
3 al6 b 10 c -12
d 8 e 40 f 160
3
5760 h ——
8 2

4 A=2048, B=1280, C=40

5 1+ 14x+ 74x* +216x° +297x"
+162x°

6 a=8
7 a 81+108x+ 54x” +12x° + &'
b 376 + 1685

8 a 1+5x+10x"+10x" +5x* +x°

bi 76+44J3
ii 76 — 4443
¢ 152

9 a 16-32x" +24x' —8x" +x*
b 64

10 90

11 )
4

12 a 32+ 80y + 80y
b 400

13 l
5

14a a=24,0=128
b 80v2

15a y° -3y
b y® -5y + 5y

Exercise 11.2

1 a’Cy 2C %y
b ‘Cy *C, *C,y
¢ °Cy 3Gy Gy

2 a l+4x+6x" +4x" +x'
b 1-5x+10x*—10x" +5x* —x°

¢ 1+ 8x+24x" +32x” + 16x°

3C3
4(:3 464

Cs °Cy °Cs

5

= > 0 1]

o

97 +97x 4+ 9x* + x°
x' +4x%y+ 6x°y +4xy’ + y
32 — 80x + 80x* — 40x* + 10x"

.
a' — 8a’h + 24a°D* - 32ab*

+ 165"

16x" + 96x"y + 216x%y"

+ 216xy" + 81y
ix" B §x“ + Ex:’ —54x+81
16 2 2

2 3 4
X X X X

—st——-—+
2 10 100 2000
B x:'u
100000

x® = 15x" + 90x — 5—@ +
x X

405

3

_28
x:':

O | G

gy B 8y -
4 2 16x
3 1
et
16x 64x
405 b 175000x"
160x" d
-20x" f -5376x"
-9450000x"
-954 204 160 000x*

1+ 10x + 45x°

720x"

1+ 16x +112x*

1 —21x + 189x°

729 + 2916x + 4860x°
19683 — 59049x + 78732x"
256 + 512x + 448x”

1953125 — 3515 625x°
+2812500x"

1048576x" — 13107 200x"y
+73728000x" y*

1+ 12x + 60x* + 160x"
140

10

11

12

Answers

13 39 , 143
al+ ?x +—x +—x
377
b Tt
4
a 1-30x + 405x" — 3240x"
b -4860

a 1+14x+ 84x°

b 47

a 1+7x+21x* +35x°
b 7

-945

21

2

=

n—2

Exercise 11.3

1
2

16
17

19
20

a+4d, a+13d

a 765 b -1310
c 9075 d -2420x
a 35,3185

b 15,-1365

9

ab 26 b 1287
-1875

2985

40

12 450

45

$236

all,-3 b 37
6, 8

-5, -6

1 .
E(Bn+1)
ge
a a=06d
b 10a
a 6-5cos’x

b 901
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Exercise 11.4 5 i Exercise 11.7
1 a not geometric 6 T3 "%g 1 a 64+192x +240x" +160x’
b —4, 16384 7 05,13 b 64
c l.i 8 a -0.75, 128 2 a x"+12x" +60 b 72
4 3 27 . 1 3 an=6 b -5
not geometric b 73~
& i i T 4 a -275 b 38.5
no geomem 9 105 ,
s 2 5 a 64-960x +6000x° b —-640
T 37.5 ; 3 ;
L 6 i 729+ 2916x + 4860x2
2 ar®, ar® 3
10 a —,60 ii 6804
3 -2 o3 10 .
3’ 5 7 i 64+4192x? +240x* + 160x5
4 +16.2 b 85 .
; : 7 ii 1072
5 §,8 11 a 60 8 ai a'+4d’+ 64
25w b 375 +4ab® + b
T 29 c
13 4=50, r = é 2{5
8 -12 5, b n=6
14 == <x< = 924 b
9 22nd 6 - 56 g ae &
10 19 15 84m 10 a 24 b 162
442 6 64 11 f=2
11 2 1020 b 1093% 16 5 3% e g 3 dezn B Ha
3 39 1 12 a a=38,d=-25 b n=25
cominon ratio >
-3¢ ~4166. 3 6
¢ -3280 d -4166.656 s iia-8 BE e d5s0
12 14 4 7
: 11n 1 2
4 h — , S R |
c 4
b 67.232m Exercise 11.6 15aa=Hd=o b0
40, =20
14: 40,2 1 al08 b 166.25 6al b8
15 50 minutes 19 seconds 2 a 195 b 31 2
1g 2010™1 - 10 - 9n) 3 als Chapter 12
27 H
b 364.5. 78 Exercise 12.1
Exercise 11.5 P 1 a4 b 9% ¢ -3«
2 : ? =<3 T 3 3
1 ad45b b = 3 d 6x" e —x* f —-bx™
3 5 a b 84.375,162.5 ] \ )
c10 d -972 Lo g 8.8 ¢ b8
¢ 800 g —X =X | ——X
2 2 5
2 50 5
1 6 a 0.75 b —, n=10 1 -2 g =i i 2
3 _2,950 4 j =x3 k Zx3 | ——x?
5 7 19 3 3 2
! 2
4 QZ 8 a m1 n ?xf ) Eac“‘
5 9 x =-3 or 8, 3rd term = 33 or 88 2 3
a . 5 2
.42 49 42 b -2 1 pov gile Tk
042=—+ + e 5> 4 1 -4 g 2
100 10000 1000000 : s Low o 253



Answers

2 a6x*-5 b 21(3x-1)° f oot
) 2x -1
b 40x' - 6x ¢ -30(1-5x) 3
2 gE -——
€ —ba" 4 d 2[}x~7] 2(3x — 1)z
d 6x—2x~ +2x7° % ) .
e 4(2x+1) ho—
e 24+ x" +—x? (2 - 5x)3
(x—4
| | f 12(x-4) 4 8
- i 4
APy & 2o~ 5 2
2 ]
o h S(Qx # 5) 6 0.75’ _3
g 1+3x . P
3 i 8x(x +2) 7 (3,9
h 5+=x2 j —28.r(l—-2x2)h 8 a=85b=3
1 1 3 k 5(2x-3)(x* - 3x)' :
i gx2 —lx S +lx 2 B2 )[x t), Exercise 12.3
2 2 2 1 g . 2%
. " 5 % L S{X——.,)[Xh‘f‘—) 1 a2x+4
J I5x" +10x k —2x7 +10x~ x" X
- b 12x+ 10
[ 1+2x™  m 18x+6 2 a2 ! ,
Y i = c +2) (4x + 2
n —6x’+6x° o 12x+5 (esd) (x ]Ex )
; d -1 (5x -2
3 a6 b4 -9 B ? *(¢-17 (85 ~2)
9 (2x-1) o 3x-10
- € =
4 (2,5) (2 - 3x) 3x +2
f
5 025 g - 64 2Jx
6 5 (2% ~ 5 Bx® +12x
7 -11,11 o 81 & olxes
8 a4=3b=-4 (+*~2¢) (3-x*) (185* - 3)
5 h :
9 62*2,[)25 f ( l)h 2\{;
5 1 * i 2(3x* +x+5)
10 (1,2—\),(4,4—) 30 : §
6 3 g —m‘ J (4x+9)(x—3]"
11 a (-3,2),(0, 5),(9, 14) 5 k 2(x=1)(x+2)(2x+1)
b 13,-8, 37 h "Gy U 14(x—1)(x - 3)" (2x + 1)°
12 a 12x° +6x -6 ) | 2 9 3 85
a —————
b x<-land x=05 2yx +2 4 49,0 5 -2,0,1.5
13 a 3" +2x-16 b 2 6 12
8 2vbx -1 3
b —-€£x€2 9
< 2x 2
C ——— Exercise 12.4
dy 9 9 9 2—_
14 =506 -9 + (x4 5] >0 Ne =8 11 10
dx 9 9 9 1 a = 3 b 3
oy (. e . (5-x) (x+4)
2Vx® + 2x 7 P 1
. C ] = ]
Exercise 12.2 . 9 _———"(3x +4) _——(3_ 8x)"
8 S 9
1 a Ya+a) 3(3 - 2x)i e XBx=4) . £+1

(5x - 2) (x* - 1]2
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15 X+ 8x+2 9 1 16 1

4 1
T T g 9 yETEsREEEs 13a —cms?! b — cms™
& -1y (x* - 2) TR R T T
2 —4 i
6 -3 14 a -,licms_l b — cms™
3 (0,0), (1,1 7 y=2x-20 12
4 25 8 a y=x+38 Exercise 12.8
9 2 .3 b (1, 6) 1 al0 b 12x+6
—_— x El
5§ a —(/—= 18 :
2% (2x + 1) ¢ y= _%H‘_j_ & g d 320(4x+1)
b 1-x 9 (1,5.25) = b ; f - 5
(1 2x)2 10 a (7, 4) (@x+1):  (x+3):
x(x* + 4) b 12 units® 2 a 12(x-4)(x-2)
S 8x - 6
(x* +2)? 11 b y=-0.4x-06 b =
—5(x—3) 12 216 units® 8
2Jx (x +3)° 13 22.5 units ¢ (x —38)°
6 4 ; ;
Exercise 12.6 2(x* +6x° +3x +2)
7 (3,-2 d T )
1 021 2 0.68 [x - )
8 a (-2 -24),(04,0),(21.6) 3 08 42 -
p 23125 7 N R
n 25’ 29 25 5 25p Ly 102
nt B
Exercise 12.5 T 5 (3x-1)
1 a y=4x-6 180 3 a-3 b -9 c -8
8 a y=—
b y=-x-2 X 4 b -18,18
c —254p, d
¢ y=16x-10 P GeSIEaE s [ x |o]1]2][3]4]s
Exercise 12.7 dy
dy:—lx+3 _ dx R et it R
2 1 0.15 units per second FE
e y=-3x-3 2 0.125 units per second @? =3 il el o I e
1 3 —4 units per second
f y=—x+2— ) 6 x>2
4 4 —0.25 units per second
2 ay= —%x - 4% . 0'? nelisperieeond Exercise 12.9
. g 6 ﬁ units per second 1 a (6,-28) minimum
b y=—-—=x+5b— b (=2.9 .
7 —0.08 units per second (=2, 9) maximum
c y= —1-x o 53 8 0.025cms™! ¢ (-2, 18)maximum,
4 4 1 (2, =14) minimum
9 —cms’!
d y=2x+75
AT 9% d [—22, 1422) maximum,
e y=-0.1x- 38 10 324cm’s™ 3 27
1 (2, —36) minimum
f y:4x—22 11 '—Cl'ﬂ.S_1
117 #0 e (-3, -18) minimum, [1, };f)
3 y=8-6, y==ghty 12 121 cm®s™ maximum 5



14

=

9
=, — | maximum, (4, -18) 3
F5) (.19

minimum

2]
W

(4, 4) minimum
b (=1, 3) minimum

¢ (4, 3) minimum
1
d (—3, —g) minimum,

(35 maxi
3,; maximum

o

(-2, —4) maximum,
(0, 0) minimum

-~

(=4, -13) maximum, 6
(2, -1) minimum

dy 3 .

—— = —————  numerator of

dx (x+1)
dy .

—=is never zero
dx

4 q=3
5 aa=-3b=5 7
b minimum

¢ (-1, 7), maximum

a=2,b=-4

o o

minimum

a a=8,b=-4
b maximum
a=-36,b=4
b (-2, 48)

€ (-2, 48) = maximum, 9
(3, =77) = minimum

d (0.5,-14.5), -37.5

Exercise 12.10
1 ay=8-x
bi P=8x—-x*
i 16

10

11

ci S=x*+(8-x)
i 32

2 b A=1250, x = 50 12

W

288
F= "5
x

A=432, 12cm by 6¢cm by 8 cm
v
4x*
56
3

b=

9=@—2

¥

30-2r,-2

15

225, maximum

h=3—ér(n+2)

6—dr—mr, 4-n

6
440
18 .
,maximum
4+ n
BC =4-p°
243
3
3243 .
———, maximum
h = E,O
r
4oy — 90?1‘[ Cdn+ 10007

3
r r

5

1507, minimum

po 143
oy 2
12410
5
95 — 2
b e
7T

A=875,x="700

r=+v25—h"

53
3
maximum

h=24-2r
512n

13 a r=+20h - h°
c 13l
3
32000

81
Exercise 12.11
1 (2,12
2 k=4

d

T, maximuim

3 a~—5+

2x
¢ (1, 3), minimum

4 b 56.25cm?

5 a 2(1.::—5)
4
b —256p

1
6 \':;x+10

7T a y=-3x+4

b (-2, 10)
9 x=9
10 b x=10

11 ii A =246, minimum

Chapter 13

Exercise 13.1

1 ai-38j b3i-2j c4i-j
d2i e i+3j f —2i+j
g 2 h -3i-2ji —i—j

2 a?2 b 5 c 13
d 10 e 25 f 17
g 442 h 55

3 16i+12j

4 36i-15j

5 a %(3i+4j)

b %(5i+12j)
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7 alb b

8 u=-8 =5
9 p=31i=-2

Exercise 13.2

o

1 a —-i—3j
c 3i+j d
e i+7j f

e (13]
()

3 a —-15i+20j b
¢ 15i+] d
4 a 16i+12j b

¢ 5i+2]
5 a 10i+24j b
c %(5i+12j)d

20
e )

8 ai 29
i 30
iii 38.1

b [22‘5]
=

9 a 12i+9j b
10 a 6i-8j b
11 J

o
12 3

%i — 10j
~12i + 3
—6i — j

» ()

94i +10j
J2%6

%(éﬁ + 3j)
5

96
3i + 8j

b ( 30]
-32

Ti+j

751+ 4j

13 a 22 0r-8 b -9

c 1
14 6j
9
15 —_;Qi
I
16 ai 2J10
i V130
i 3410
7 )
A’:—, = e
cATFHTS

Exercise 13.3
1 a(1-A)a+4ib

3 a A(a+2b)

b ua+(3-3u)b
3
5
4 a (1-2A)a+24b

C A,:é, I'u_':

(S11

6 4
d A=, u=—
7 2 7
6 a EAa+§lb
) 5

9
c l—ﬁ, =
31 31
7 ai Aa-b
ii —a+ub
! 3
bi f—xla+7}lb
D 2
| 3
ii —a+—ub
4 4'u
5 4
i A==, u=—
8 # 5

8 ai -9a+18b
ii —ba+10b

b Rf:??{‘é,so ABand AC

5
are parallel and A lies on

both lines
9 ai 4a
ii 2b
iii —2a+3b
bi 6a-3b
i 2a-b
i 4a—2b

b —(j & SE, so CEand CD are
parallel and Clies on both

lines

d1:2

Exercise 13.4
1 a (3.5i+9j)ms!
b (80i—36j)m
¢ 12.5 hours
2 (-22i+11.6j)k mh
3 125 km
4 a (18i+18j)kmh™!
b (10i +10v3j)kmh™
¢ (-504/3i - 50j) ms"
5 a 20ms’
bi (-68i+44j)m
i (-56i+28j)m



Answers

10

11

i (—44i +12j)m
_(-80 12
C r—( GOJ-H[-IGJ

b (28i+14j) km

c r=(@)+(3)

d 2030

a (12i-12j)kmh!

bi (29 -12j)km
i (14i+3j) km

¢ [5]( 12]

12 -12

(10i + 6j) km

(5i+12j)km h-!

13kmh™!

52
(151 + 20j) km
(8i+ 6j)km h-!

¢ (111i +92j) km
(
(

Qa 0 o o

50i + 70j) km,
40i + 100j) km

b 31.6 km
a (6i+8j)km, 21jkm
b 14.3km

Exercise 13.5

1

a i+ 45j
b 13

(5i+12j)km |, 13km
i 8i—15j i
iii —53i

1 .. p
E(SI—]EJ])

1
—(2i +11j
5 as5/5 b 5\/3(214- b))

c 2i+1.5j
i 51kmh™!
ii 40 minutes

i Ab—a
ii ua—b

iii g=a|+lz'tb
3 3

1 7
iv—-b+—pua
Vgt Tgh

2
i =- a-—b+—c
PQ 4 5

iii ¢ = E(Qh— 5a)
ai a=2p8=13
1
i Lsi— 4
u5(| i
b OC=(1-A)a+b
c u=3

Chapter 14
Exercise 14.1

1

a 7e” b 3e™

¢ 15e™ d —Be

]

e —3e? f 8e*!
2 36
2 x"+1 h 5 —e

i —3e j —4e2"

a xe” +e"
b 2x%e®™ + 2xe™

C —3xe™ +3e™"

o

e.\‘
2Jx

L 10x(1+c”2)

h 2x62x
e"(x2+2xe‘+2x+5)
2
(e"+1)
3 abx+8y=10
b 5x—-6y+15In5=10

C y=3ex+2x—2e-1
o a1
3

1 §
5 a (-1.——),mm1mum
e

1
by-e=-——(@x-1
¥ 2e(x )

é (2e2 +1)?
4e

Exercise 14.2

1 a 4 b =
x x
é 2 d 22x
2x+ 3 x =1
e g f L
3x +1 2x + 4
20 1
h 2-—
g bx -2 x
. 3 ; 1
i J
3x-2 x In x
K 1 I 2x% +1
' (\/;+1)J; :4:(3&'2 + lnx)
2 al+Ilnx b 2x+4xInx
C 1—1+1nx d 10+ 5Inx”
x
e +2xIn(Inx)
nx
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1-In2x 4

§ —— — Exercise 14.3 l —2
* *(In#) (sinx — cosx)’
1 a cosx _ o
2 _ 2In(2x +1) b o . 4 a —sinxe™
xg (2x+1) xs G bln‘x b _Ssin5xecmr‘:x
i ¢ —2sinx —sec’x
. ¢ sec’ xe™
3¢ 2e+9)-2(¢ - 1)in(s'=1) 4 Goost -
(2x+3)’ (" -1) « ooy d (cosx—sinx)e
e e*(sinx+ cosx)
3 2+4+4In6, 3+2Inb6 f —6sin3x — 2 cos2x i i |
4 a 3 g 3sec’(3x +2) f 56"(2cos§x~sin§x)
6x + 2 ~ i
9 h 2cos(2x+§) g 2e"cosx
b e h xe“* (2 - xsinx)
- 7l
i —6sin| 3x—— ;
5(x=1) [x 5) i cotx
¢ 9 .
x(x - 5) 2 a 3sin’xcosx i x[2In(cosx)— xtanx]
d -3 b —30cos3xsin3x K SCOS?’x?—?sian
x—1
(Ze+1)(=-1) ¢ 2sinxcosx + 2sinx ¢ ) .
x—4 | XCosx +sinx — xsinx
= d 4(3 - cosx) sinx &
x(2-x)
¢ x +4x+2 e 1‘25in2{2x+%)cos(2x+%] 5 a -2
x(x+1)(x+2) _ \ b 32-8
. f —12sinxcos x 6
g 8B 2 8 B e iy B 6 a tanxsecx
(x—5)(x +1)(2x +38) i o L ey
b —cotx cosec x
-3x-1 3 a xcosx+sinx .
h ¢ —cosec’ x
(x+3)(x-1) b —6sin 2xsin3x
; —x> +6x—3 + 4 cos 2x cos 3x 7 a 3cot3x
i
x(x—1)(x+1)(2x - 3) ¢ x'sec’ x +2xtanx b —-2tan2x
K s 8 A=3B=-H
5 a 1 d Exmn‘(i)secz(iJ
x In3 2 2 2 9 A=4,B=-3
B (%
x In2 Fan 9 Exercise 14.4
c _ 5 e 15tan3xsec3x 1 4x-24y=n
keer=~ 1) 1ok f secx+ xtanxsecx 2 a2x+2y=nm
Bx s Tt
6 a 53 e x — b Q|=,0], R[0.=
4x° — 1 g xsec xj3 tan x Q(? ) [ 2]
X
15x* — 2 n .9
b e o 1+ 2cosx C ¥ units
2
. 9% — 1 (2 + cosx) | 3 Q1,0
(x+3)(x—4) i (8x —1)cosx — 3sinx (1 )
=Y 4 a A|—Inb5,0|, B(0,4
7 02 (336 ]) 9 ( )
j —6cot2x cosec’ 2x b C(-8,0)

k 3 cosec 2x — 6xcot2x

5 le(?e2 4 1)
cosec 2x 2



6

10

11 a

12

13

14

15

16

17

2p 1

[1-}
MN|w W

1

1 4
23 p
(—2, —2e']] minimum

b (-—1, e"'z) maximum,
(0, 0) minimum

[a]

(In7,9-71n7) minimum

o

0, 4) minimum

m

(
( 9 —~4e? )minimum
(4, “') maximum

f ( IJminimum

‘\/E, % J maximum

-

(— e-1, e"') maximum,

(0, 0) minimum,
(\fe -1, e_') maximum
a (0.927, 5) maximum

b (1.85,10) maximum

o]

(0, 5) maximum,
(% —5] minimum

(E’ 3.10) minimum
[511 S\ng 5.
—, ——— | minimum

o

(4]

6 2

a A=2,B=8

o

(iln 4, 8) minimum

A(1,0), B(e™, —e™)

a P(0,0),0(-2, 4e”)

b B(0, -2¢), c(o, e+ 5%)
1 1

c §[Se + a;]

b 2.7 cm? per second

n

E maximum

Exercise 14.5

1

8]

w

10

11

12

a y=2x-1
eoszeos( )
a —cos2xcos| —
3 3
X
— 2sin 2x si (—J
81N £Xx Sin 3

(sec®x) (1+Inx) — l(tzm x)
x

b
(1+Inx)

-0.8
2x cos 4x + 4x* sin4x
cos® 4x

1+2In2,0 ),

1
B0, =+In2 |,
9 “)

(
(

C(l ~%In2,0 )
(0,-2+1n2)

b k= (In2)

b 23’——6—“—2:

dy _ 2xsec®2x — tan2x
dx x?

I‘[‘

T 2 T
. y_;__?)?(n—%(x_g)

1 1
i y+In3=—x ii —(In3)?
y+In ln3x i 2(113)

i —g +In9 ii 0.0393

i (-1,-0.5), (1, 0.5)

i p=2, ¢=-6, (-1,-0.5)
minimum, (1, 0.5) maximum
i 2rsin@ iii —-17.8

iv —-0.842

Answers

Chapter 15
Exercise 15.1
12

1 a y=—x"+¢
y 53‘7

b y=5x9+c

C “zx4+r

Y 4 ¢

d y:—%+c
x

=—-—14

ey S ¢

f y=6Jx+¢

5
y=x7+2%+3x+c

b y=—-"—7—4+"" 4
YRR T
1 1 x?
C ="'—',,,-+—"+—"+C
% x 2
d y=—%——ﬁ—2x+c
x x
3 ay=x"-3% +¢

d y=x—+x——6xz+c
4 3
3
e y=—+—+¢
[ U
f ——g+ 2 +ie
Y x 2 X
% 1
e+ e et
&) 8 * x
'_‘-
h y:ﬁxﬁ_%—%\f‘w

5
y=x"-2"+x+5
y=2x"-3x* -4
y=x2——q+3

X 9 ;
y=8sf_—4x+§x +8

~N o s
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9 1 10 56.“ e’
8 )‘=?x3—x‘+5 C E(SX“"Q) +c e 2 - 5 +c
9 a y=2"—6x"+8x+1 g o 5.y .
10 y=2x"-5x+1 5( — )+ f S —9et —de™+¢
3 4
Exercise 15.2 € ﬁ(7’c+2)3+f 3 a2 +2Jx+c
X 6 2 5 1, 3e!
1 a g b: 2% %@ f Z(3x—1)2+¢ b =k -
= = (3x-1) o3
€ ==t d —i+r 19Jx +1 + et 1
52 @ g x ¢ c E+§+C
e 6.\/;+(- f _i+€ h _—4—2"‘6 4 y:e?-r_ex+4
xx 5(5x + 3)
I . 5 ak=-7
2 a g+—2—+10x+|‘? i —74(3_23:)3-}(: b y:v?-e?-x+2x2_5
2« (4x +1) § y=da" ¥R
R S T 7 a6-c
3 2 z
x g 3 4e”—e—2 24e—4e -21
¢ = -5x"+2Bx+c (2x +1 b ;
& T 3 J'=—%—)—+2 [ 2e-2 4e—4 ]
B8 ;
d & v e rinte § g b5-00w Exercise 15.5
4 =] 2
H e x__%c_+x_+r 1 a —lcos4x+c
4 3 2 5 y=(2x-3)" +1 4
: 1
3 4 T
7 9 x
5 c -3cos§+c
3 ax+—+c Exercise 15.4 .
% 4 o d sin2x+¢
2 ' e
bx_+£q+r 1. @ g TE b g o F e —2cos3x+¢
4 X g o 3
1 1 1 ¢ 22 +¢ d S ity f =sin(2x+1)+c¢
¢ ————g-o5t¢ 2 2
3x 3x° 9x 4
i 2 (2-8x)+¢
e 4e’ +c¢ f + —cos(2—9x
d 2x* —6x +¢ e g T £3
i g g h sin(2x-7)+¢
952 9 g +¢ h - +c
e ———F5+¢ 7 .
5] 3 esx_1 [ gCOS(l — 5x) +c
% i 5 +¢
f ﬁ—g—i{i+r 2 a x+cosx+c
2 x 4x .oe” of 3
i RS 3 i b —[xa—sin?)x]+c
Exercise 15.3 i 3
2x
1 a L(x+2)"'+r. b 4 TET FEte c %sin2x+§ncos~5§+c
10 geEx e‘lx .
1 5 C R +6x+¢ d —-l——gsini;i+c
b E(Qx—B) +c L 3oy



e %(eg" + 56052x)+ ¢

f 4\/;—20)5%'!'6
y=sinx + cosx + 2
y=x~25in2x+3—g

y=2x"+3cos2x -5
y=5cos3x — 2sinx + 4
a k=6
b y=2sin3x-4x+2+4n
a y=5—2cos[2xwg]
1 r(

b y=——x+—+5-3

Jmrghtgti-ds
a k=2

b (3?1—2’3)
6

Exercise 15.6

1

a 8ln x+¢

b 5In x+¢

1
¢ —Inx+¢
2
5
d —Inx+
3 nx+c
1
e gln(3x+2)+c
f —lln(l—B )+
3 x)+ ¢
7
g Eln(2x—l)+r:
h —%ln(?—?)xhc
i lln(Erx~I)+c
2
2
a %+x+21nx+c
b x—i+4lnx+c

X

c 25x—~9——301nx+c
X

d x+Inx+¢

3 yz%ln(?x—l}+3

y=x2+5Inx-5

£

y=1+In(x+e)

6 a 1-2In2
b (2In2,2In2-3)

Exercise 15.7
x+Db
J2x -1
2 a 30x(3x° - 1)

b %(Bx“’ - 1)5 +c

1 b

+c

3 a lnx+1
b xInx—-x+¢

4 b ——l-—ln—x+r

ro
—
o=
=
|
3]
-

VRO N |

(x+1)vJx=5+¢

7 a 2xe™

10

11

12

13

14

b

Answers

2% + 6x% Inx

1 1 .
—x*lnx——x*+¢
3 9
cosx — xsinx

sinx — xcosx + ¢
]' 2x =
Ze (sin2x + cos2x) + ¢

5x° — 14x
J2x -7
(x2 + 3)\!2x -7

Exercise 15.8

1

a
d

g

127 b 1.5 c 24
15 e 105 f 75

5 52 ; =
— h — i 7b.
2% " @ 7
%64 k 325 | sl
94 3

9
63 b 18< c 124

0.5 e 025 f 8

-)(f:-4 -1] 1
26" d g(é*l)
5(e*-1)
2e
é(e‘“’+4e—3)
i(36" + 8¢’ + 6e” — 17)
12
9.0 2 29
2 et 2
, 3 5
i v A
9 ot
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NG 3
€ — d - =
. 4 V3 2
-8 1
f —(3-
¢ 16 5(3-+2)
4
5 a gln‘i‘ b =Inll
¢ —Inb d —Eln3
2
e —glnE f 211’1g
3 2
> i |
2+—In— In9-10
6 a 3n5 b In
=4
¢ D i
2 3
k=5H
A=-6
9 a quotient=2x+1,
remainder = -1
10 2—21113
4
Exercise 15.9
3x 1
1 a b 5=
J2x -1 3
6x° + 4
Ta e b 4
V3x® +4
2x
3 a - 7 b =
(x2+5)£ 9
2 i 3x+2 : b 9
2J(3x + 4)
s p ™2
20
6 a sinx+xcosx+c
1
b —(n-2
2(“ )
7 a x+2xlnx+¢
b 1+é’
8 a sin3x+3xcos3x
1
b —(n-2
18( )

Exercise 15.10

1 5.16i bli’.l
4 2

c 6 d 1+e—g
€
e 5 ¢ 2+ n
4
2 a 1l
3 52
Tt
b 542 -5—-—
2 72
5
41In—
C n2
d In5
3 gl
12
4 a l b 20E
6 6
1
c 8 d 49—
3
3 1
e 32— f 21—
4
12
6 a9 b 16
7 b l+é?

1
k=—(e*+1
8 2(6 )

9 b 5Inb-4
10 b n-1

Exercise 15.11

1 2
2 3l
3
3 16
s 5-2
4
5 al02 b 202
3 6
d 36 e 202
6
6 al b é
3 4
34 5
8(2,0]b 425
g X
15

1-

10 =
11 ﬁ—ﬁlnﬁ
2

Exercise 15.12

2

b le"'2

1 a 2xe” ¢ 26.8
2 a y=2"- +1
x+1
b 8x+34y=93
3 a x+§+c b k=2

X

4 b 628 units?
5 a (0,1.85) b 0.292 units?
6 In(25e%)
7 a A=4
3
8 a % L 19In@x+1)
2x +1
bil ke il =
Jx+2 3
9 i —dxe**
. 15
il 4In2 - —
T8
10 i %x2~%x5+c
il (9,0) iv 16.2
Chapter 16
Exercise 16.1
1 al25ms?! b6
¢ 24ms™>
a 6ms™! b 10ms™
a495ms! b b
¢ 1ms™2
d
v
P R BT S e L R R S
t
1 . -1
b 54ms

4 a 5(64—2)



Answers

7 5
5 a2 hln(-g)m COE£<§andt>4 ¢ t=6: d %m
¢ —-0.25ms™2
4 d §<x<4 i3 a v—Ecosﬂ—‘r-t-%m-ﬂ:—z
6 a ?“ b -1.90ms 3 2 2 d
2n%t . mt
7 a =2 b —3ms2 Exercise 16.2 a=- sm?+
4 1 a 16ms’! b 15 seconds 4n it
8 a v=4sin2t, a=8cos2t c g COSEoT
T C li)gm d 166£m 3 3
bt=—,s=4 3 3
2’ 1 Exercise 16.3
e 189—m
9 at=-n2 b 0.899m > i tasz o b5 cdld
2 2 a-lms? b s=— 11
c 241m t+2 2 E
¢ 1.6m
10 a 2m away f (@] ; 2
m away from 3 a2(4ez+1]m 3 a2 b ] c 1
b v=2-4sin2t, a =-8cos2 b s Bl d 4 :
m
c,:%,pgh@ ¢ 111m 4 a5 b 5 ¢l
5 i t=1
d _7‘ = L 4 (gi"f'GJ 1m5_2 2
I"Z’s_§ 8 "3 i 5:-“—7:’%121
5 b 29%5ms> ¢ 109m
11 a z:% . 97 iii -2
6,9=-6 6 ai
b a=—-4ksi
a ksin4¢ 7 ai=5 i
¢ k=h k
b
12 a 2ms’! v
bi 2mS_] 101
2
ii = ms
3
ci Oms? " 5 t
g 2 g 0 120135
i —— ms
9 i k=30, a=1
d c 62.5m
$ b 50ms-!
8 ait=2,{=6 b 55m 1
T L) -2 _ 4 _
9 a-12=¢4¢=<12 b 574m .1
i —In3
10 a 0.64ms? b 121m 2
iii 10
11 a t=2—n
] : 3 8 i o0
2w
e glném b 4J?_)+?]m iii Sts—%t2+901
1 iva 78
13 a 2m 12 2 p=—,¢g=-2
b 2 b 88.5
1 9
bs=—¢-+3%
12
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Index

absolute value see modulus combinations 232-7
acceleration 405, 412-13, 418 order and 232-3
signs for 405-6 rule for finding 233
addition common difference 252
of polynomials 71-2 common ratio 257
of vectors 316 completing the square method 25, 29-30
addition/subtraction rule, for differentiation 277, composite functions 5-7
310 conjugate surds 60
amplitude 196, 198-9 convergent series 263
angles cosecant function (cosec) 216-17
between 0° and 90° 187-90 cosine function (cos) 187, 192
general definition 190-1 amplitude 196, 199
negative 190, 220 derivative of 345-50
positive 190, 220 graphs of 195-6, 199-200, 202
approximations 291-3, 310 integration of 370-2
arcs 174 period 196, 199
length 174-6 sign of 192-3, 220
areas cotangent function (cot) 216-17
bounded by graphs of two functions 393, 398 cubic equations 78-82
rectilinear figures 148-51 cubic inequalities 102-3
regions bounded by line and curve 392-6 cubic polynomials 71, 78-82, 98-101
H sector 177-80 curve
under curves 385-92, 397 area of region bounded by line 392-6
arithmetic progressions 252-7 area under 385-92, 397
common difference 252 intersection of line and 42-4
formula for nth term 252
notation 252 definite integrals 378-85, 397
sum 253-5 degree, of polynomial 71
arithmetic series 253-5, 267-9 degrees 171
arrangements 226-9 converting from radians to 172
rule for 226 converting to radians from 172
denominator, rationalising 60-3
base 50 derivatives 276
change of 124-6 of cos (ax+ b) 347
binomial 244 of ¢!V 338-9
binomial expansions 249-51, 269 of exponential functions 337-40, 350-6
binomial theorem 249-51, 269 first 298
boxing in method 149, 150 of In f(x) 341-2
of logarithmic functions 341-5, 350-6
Cartesian plane 190 second 298-9
chain rule 280-2, 310 and stationary points 302-3
change of base rule 124-6 of sin (ax+ b) 347
chords 174 of tan (ax+ b) 347
gradients of 275-6, 291 of trigonometric functions 345-56
circular measure 170-80 see also differentiation

collinear points 316



differentiation 274-311, 336-56
addition/subtraction rule 277, 310
applications in kinematics of 404-12
approximations 291-3, 310
chain rule 280-2, 310
first derivative 298
from first principles 276
notation 276
power rule 276-80, 310
product rule 282-4, 310
quotient rule 285-7, 310
rates of change 294-8

connected 295
reversed, integration as 362-5, 372, 375, 397
scalar multiple rule 277, 810
second derivatives 298-9
and stationary points 302-3
see also derivatives; stationary points

discriminant 39-40

displacement 316, 404, 412-13, 418
signs for 405-6

distance 403

distance-time graphs 403

dividend 73

division
of polynomials 73-5
of surds 58

division law 118

divisor 73

domain 3, 12

e 126, 338
elimination method 24
equations
cubic 78-82
involving indices sez exponential equations
involving surds 63-6
logarithmic 120-1
modulus 90-4
quadratic see quadratic equations roots 39
of type |ax + b| = [cx + d| 904
‘equivalent to’ symbol 90
exponential equations
practical applications 128-9
solving 51-4, 122-3
exponential functions 111-35
derivatives of 337-40, 350-6
graphs of 129-32
integration of 368-70
inverse of 133-4
exponents see indices

factor theorem 75-8, 86
factorial notation 225
factorisation method 25
factors, of polynomials 75-86
Ferris wheel 195
fractions, rationalising denominator 60-3
functions 1-18
composite 5-7
definition 3
domain 3, 12
exponential see exponential functions
gradient 275-80
inverse 12-15
of exponential functions 133—4
graphs of 15-18
of logarithmic functions 133—4
logarithmic seelogarithmic functions
modulus 7-9
periodic 196
range 3,12
trigonometric see trigonometric functions

geometric progressions 257-62
common ratio 257
formula for nth term 257
notation 257
sum 259-60
geometric series 262-9, 270
condition for convergence 263, 270
infinite 262-7
geometry, of vectors 323-7
gradient
curve 275-6
line 139, 275
parallel lines 139, 143-5
perpendicular lines 139, 143-5
gradient function 275-80
graphs 89-106
of cubic polynomials and their moduli 98-101
of exponential functions 129-32
of functions and inverses 15-18
of logarithmic functions 129-32
in solving cubic inequalities 102-3
in solving equations of type
|ax + b| = |cx= d| 91, 92
in solving modulus inequalities 94-8
straight-lines see straight-line graphs
of trigonometric functions/ratios 195-205
of y=acos bx+ ¢ 196, 199
of y=asin bx+ ¢ 196, 199
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of y= asin x 197

of y= atan bx+ ¢ 196, 199

of y=cos x 195-6

of y=e* 129

of y=ke™+a 130-2

of y=kln ax +b 130-2

of y=sin bx 197-8

of y=sin x 195-6

of y=sin x+c 198

of y=tan x 196

of y = [£(«)|
where f(x) is linear 10-12
where f(x) is quadratic 34-7
where f(x) is trigonometric function 205-7

image set see range
indefinite integrals 365-7, 375-8, 397
indices 49-54
rules of 50, 67
simplifying expressions involving 50-1
solving equations involving 51-4, 122-3
inequalities
cubic 102-3
linear 37
modulus 94-8
quadratic 37-9
inflexion, points of 301-2
instantaneous rest 406, 418
integration 361-98
applications in kinematics of 412-18
area of regions bounded by line and curve
392-6
area under curve 385-92, 397
areas bounded by graphs of two functions 393,
398
of cosine functions 370-2
definite 378-85, 397
as differentiation reversed 362-5, 372, 375, 397
of exponential functions 368-70
formulae for 397

of functions of form i 372-5, 380-1

S
+ b)
of functions of form & 372-5, 380, 388-9

of functions of form (ax+ b)" 367-8
indefinite 365-7, 375-8, 397

of powers of x 365

of sine functions 370-2

symbol for 365

inverse functions 12-15
of exponential functions 133—4
graphs of 15-18
of logarithmic functions 133-4

kinematics 402-18
applications of differentiation in 404-12
applications of integration in 412-18

laws of logarithms 118-19, 134
length
arc 174-6
line 139
problems involving 140-3
linear inequalities 37
linear polynomials 71
line(s)
equations of straight 139, 145-8
gradient 139, 275
intersection of curve and 42-4
length 139
mid-point 139
parallel 139, 143-5
perpendicular 1389, 143-5
problems involving length and midpoint 140-3
see also straight-line graphs
logarithmic equations, solving 120-1
logarithmic functions 111-35
change of base of 124-6
derivatives of 341-5, 350-6
graphs of 129-32
inverse of 1334
laws/rules of logarithms 118-19, 134
natural logarithms 126-7, 135
product rule for 135
to base 10 112-15
to base @ 115-17

many-one mappings 2
mappings 2
many-one 2
one-many 2
one-one 2
maximum points 28-33, 300
first derivative test for 300, 311
practical problems 305-10
second derivative test for 302, 311
mid-point of line 139
problems involving 140-3



minimum points 28-33, 300

first derivative test for 300, 311

practical problems 305-10

second derivative test for 303, 311
modulus

of number 7-9

of vector 316
modulus equations 90—4
modulus inequalities 948
motion diagrams 404
multiplication

of polynomials 71-2

of surds 57-8

of vector by scalar 316
multiplication law 118

natural logarithms 126-7, 135
non-linear equations
converting from linear form to 155-8
converting to linear form 151-4
finding relationships from data 159-64
normals 287-91
equations of 288, 310

one-many mappings 2
one-one mappings 2
order
and combinations 232-3
and permutations 229-30

parabola 28

intersection of line and 42—4
Pascal’s triangle 244-8
period 196, 199
periodic functions 196
permutations 229-32

notation 229

order and 229-30

rule for finding 229
points of inflexion 301-2
polynomials 70-86

addition 71-2

cubic 71, 78-82, 98-101

definition 71

degree 71

division 73-5

factor theorem 75-8, 86

factors of 75-86

linear 71

multiplication 71-2
quadratic 71
quartic 71
remainder theorem 82-6
subtraction 71-2
position vectors 319-23, 331
power law 118
power rule 276-80, 310
powers see indices
product rule
for differentiation 282-4, 310
for logarithms 135
progressions 252
arithmetic see arithmetic progressions
geometric see geometric progressions
rule for all 254

quadrants 190-1

quadratic equations 25, 28-37, 39-41, 103-6
completing the square method 25, 29-30
condition for real roots 42, 45
and corresponding curves 45
factorisation method 25
graphs of y = |f(x)| where f(x) is quadratic 34-7
maximum values 28-33
minimum values 28-33
more complex 103-6
quadratic formula method 25
roots of 39-41

quadratic formula 39

quadratic formula method 25

quadratic inequalities 37-9

quadratic polynomials 71

quartic polynomials 71

quotient 73

quotient rule 285-7, 310

radians 171
converting from degrees to 172
converting to degrees from 172
range 3, 12
rates of change 294-8
connected 295
rectilinear figures, areas 148-51
remainder theorem 82--6
rest, instantaneous 406, 418
roots
of equations 39
of quadratic equations 39-41
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scalar multiple rule, for differentiation 277, 310
scalars 316, 403
secant function (sec) 216-17
sectors 174
area 177-80
segments 174
series 243-70
arithmetic 253-5, 267-9
convergent 263
definition 253
geometric see geometric series
infinite 262
see also progressions
shoestring/shoelace method 149
simultaneous equations 23-4, 25-7
elimination method 24
one linear and one non-linear 25-7
substitution method 24
sine function (sin) 187, 192
amplitude 196, 198-9
derivative of 345-50
equivalent trigonometric expressions for 215
graphs of 195-9, 201-2
integration of 370-2
period 196, 199
sign of 192-3, 220
small increments 291-3, 310
speed 403
constant 327
see also velocity
speed-time graphs 403
stationary points (turning points) 28, 300-4, 310
of inflexion 301-2
second derivatives and 302-3
see also maximum points; minimum points
stepping stone game 248
straight-line graphs 138-65
areas of rectilinear figures 148-51
converting from linear form to non-linear
equation 155-8
converting from non-linear equation
to linear form 151-4
equations of straight lines 139, 145-8
finding relationships from data 159-64
see also line(s)
substitution method 24
subtraction
of polynomials 71-2
of vectors 316

surds 55-67
conjugate 60
division 58
multiplication 57-8
rationalising denominator of fraction 60-3
rules of 67
simplification 57-60
solving equations involving 63-6

tangent function (tan) 187, 192
derivative of 346-50
graphs of 196, 199
period 196, 199
sign of 192-3, 220
tangents 45, 287-91
equations of 288, 310
tetrahedral numbers 245
translation 198-9
trigonometric equations 208-13, 216-17
trigonometric functions/ratios 187
derivatives of 345-56
of general angles 192-4
graphs of 195-205
graphs of y = |f(x)| where f(x) is trigonometric
function 205-7
signs of 192-3, 220
sketching 200-2
see also cosecant function; cosine
functior;; cotangent
function; secant function;
sine function; tangent
function
trigonometric identities 214-15, 218-19, 220
trigonometry 186-220
equivalent trigonometric expressions 215
see also angles; trigonometric
equations; trigonometric
functions/ratios;
trigonometric identities
turning points see stationary points

vectors 315-31
addition 316
component form 317
constant velocity problems 327-30
definition 316, 403
equal 316
geometry 323-7
i, j notation 317



magnitude 316

modulus 316
multiplication by scalar 316
notation 316, 317-19
position 319-23, 331
subtraction 316

unit 317

velocity 327, 331, 404-5, 412-13, 418
constant, problems 327-301-30
signs for 405-6
splitting into components 328-9
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