d !.

P’.

g " | | -

EW§ LABUS AN
TICS O

< ‘t. - "‘
Edltton )

For
Cambridge O Level and Cambridge IGCSE Mathematics




LR

copyright page

II

OXFORD

UMEARITY PARES



PREFACE

think! Mathematics is a series of texthooks specially designed to provide students
valuable learning experiences by engaging their minds and hearts as they learn
mathematics.

‘The features of this textbook series reflect the important shifts towards the
development of 21" century competencies and a greater appreciation of mathematics,
as articulated in the Singapore mathematics curriculum and other international
curricula. Every chapter begins with a Chapter Opener and an Introductory Problem
to motivate the development of the key concepts in the topic. The Chapter Opener
gives a coherent overview of the big ideas that will frame the study of the topic,
while the Introductory Problem positions problem solving at the heart of learning
mathematics. Two key considerations guide the development of every chapter

seeing mathematics as a tool and as a discipline. Opportunities to engage in
Investigation, Class Discussion, Thinking Time, Journal Writing and Performance
Tasks are woven throughout the textbook to enhance students’ learning experiences.
Stories, songs, videos and puzzles serve to arouse interest and pique curiosity.
Real-life examples serve to influence students to appreciate the beauty and usefulness

of mathematics in their surroundings.

Underpinning the writing of this textbook series is the belief that all students

can learn and appreciate mathematics. Worked Examples are carefully selected,
questions in the Reflection section prompt students to reflect on their learning, and
problems are of varying difficulty levels to ensure a high baseline of mastery, and to
stretch students with special interest in mathematics. The use of ICT helps students
to visualise and manipulate mathematical objects with ease, hence promoting
interactivity.

We hope you will enjoy the subject as we embark on this exciting journey together
to develop important mathematical dispositions that will certainly see you through
beyond the examinations, to appreciate mathematics as an important tool in life, and
as a discipline of the mind.
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KEY FEATURES

Chapter Opener /,

gives students an overview of
the topic. It includes rationales
for learning the chapter to arouse

students’ inferest and big ideas that

connect the concepts within the
chapter or with other chapters.

Introductory Problem

provides students with a more specific
motivation to learn the topic, using a
problem that helps develop a concept,
or an application problem that students
will revisit after they have gained
necessary knowledge from the chapter.

Worked Example

shows students how to present their working clearly when solving
related problems. In more challenging worked pl

Learning Outcomes
help students to be aware
of what they are about

to study so as to monitor

their progress.

revisits relevant prerequisites
at the beginning of the chapter
or at appropriate junctures so
that students are ready to learn
new knowledge built on their
existing schema.

Pélya's

Problem Solving Model is used o help students learn how to

address a problem.

Practise Now

consists of questions that help students achieve mastery
of procedural skills. Puzzles are sometimes used for
consolidation to make practice motivating and fun.

Similar and Further Questions

follow after Practise Now to help teachers select
appropriate questions for students’ self-practice.
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Exercise

three levels of difficulty - Basic, \
[ntermediane and Advanced.

Questions at the Basic level are usually
short-answer items to test basic concepts
and skills. The Intermediate level contains
more structured questions, while the
Advanced level involves applications and
higher order thinking skills.

are mathematics problems
with more than one correct
problems expose students
to real-world problems.
Performance Task i —
consists of mini-projects designed to | -'7::;“:-:::.’::':.-..." et _‘l‘:::.?-:;t,'::"
develop research and presentation skills of M“‘W-m”"""-‘v...,.__ =
students, through writing a report and/or e U
giving an oral presentation. |
!
|
|
Introductory Problem Revisited
revisits an application-based Introductory Problem
later in the chapter. This is absent if the Introductory
Problem leads directly to the development of a concept. Looking Back
— complements the Chapter Opener and helps
{ students internalise the big ideas that they have
! === lcarnt in the chapter.
| o S
| e .
i ez *‘m""ﬂhom S

|
| S,
! oy "m@-.m“ Vo b iy
| » _‘."“"‘!-m“__“_‘ s T, o)
.‘.~:¢—. ".*-""':l-.
e e “"‘“"‘muz::,h*"“"nm
R
Summary
compounds the key concepts taught
in the chapter in a succinct manner.
Questions are included to help students |
reflect on their learning. \
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Guided investigation provides students the relevant learming experiences to explore and discover important mathematical concepts.

It usually takes the Concrete-Pictorial-Abstract (C-P-A) approach to help stodents construct their knowledge meaningfully. The
connections between concrete experiences (manipulative or examples), different pictorial representations and symbolic representations are
explicitly made. Some investigations may also involve the use of Information and Communication Technology (ICT).

2a
-3

Questions are provided to engage students in discussion, with the teacher acting as the facilitator. Class discussions provide students the
relevant learning experiences to think and reqson mathematically, enhance their oral communication skills, and learn new concepts and skills.

™

Key questions are included at appropriate junctures to provide students the relevant learming experiences to think critically on their own
before sharing their thoughts with their classmates. Mathematical fallacies are sometimes induded to check and test students’ understanding.

Journal writing provides opportunities for students to reflect on their learning and to commiunicate mathematically in writing. [t can also be
used as a formative assessment for the teacher to provide feedback for their students.

Stu:k-ntuan:lsmll, required to reflect on what they have learnt at the end of each section so as to monitor and regulate their own learning.
The reflection questions provided can be generic prompts or specific to the topics in the section or chapter, to check if students have

MARGINAL NOTES

Big ldea

This provides additional details
of the big idea mentioned in the |
main text.

| “This includes information that

may be of interest to students.

This guides students to scarch
the Internet for valuable

information or interesting online
games for their independent and

self-directed learning,

Rescall
Unlike the key feature “Recap” in
the main text, this contains just-
in-time recall of prerequisite
mowledge that students have
already learnt.

| This guides students to think

about different methods used o
solve a problem.

This contains purzles,
fascinating facts and interesting
stories about mathematics as
enrichment for students.

This contains important

information that students
should kmow.

This gnides students on how to
approach a problem in Worked

moeT
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CHAPTER 1

Algebraic Fractions and Formulae

& v .4
Sy .‘} sy
WY ”

UMMM Y Vs Sl N T

Do you still recall the first mathematical formula you learnt in primary school? It might have been the
formula for finding the area of a rectangle:

Area of rectangle = length x breadth

As you have seen over the years, a formula is a concise way of expressing the relationship between two or
more variables, often expressing a rule that allows us to compute the value of a missing variable when given
the values of the other variables. In other words, we can use a formula to express the equation of a function
so that we can determine the value of a variable that we are interested in. For example, when we are given
the length and breadth of a rectangle, we can find the area of the rectangle. Likewise, given the area of the
rectangle and the length of one of its sides, we can find the length of the other side by performing some
manipulation.

In this chapter, we are going to learn how we can manipulate, or rewrite, a given formula into a different but
equivalent form so that we can use the equivalent formula to predict or determine the value of the missing
variables in different situations.

Learning Outcomes

What will we learn in this chapter?

« How to simplify algebraic fractions by addition, subtraction,
multiplication and division

« How to express algebraic fractions with linear or quadratic
denominators into a single fraction

« How to change the subject of a formula

et >




Introduct ry

Problem

The focal length, fcm, of lenses used in digital cameras to focus an image on the sensing plate is engineered to
fo]]uwﬂ'lefunnula} = %{+%,whereucmandvcmareﬂ]euhjmdimnceandﬂlehnagedistalxeﬁ'omﬂmoentm
of the lens respectively.

(i} Given that f=20and u = 1000, find the value of v by substituting the values of fand u into the formula.

L 2 .
20 1500

10 1200

4 30

7 160
Table 1.1

Table 1.1 shows different pairs of values of fand u.
How can you find all the corresponding values of v efficiently?

In Book 1, we learnt about numerical fractions of the form £ , where aand b are integers, and b # 0. Examples

b
2

of numerical fractions are g s % and ~8

In this section, we will learn about algebraic fractions of the form i; , where A and/or B are algebraic expressions,

2
and B # (. Examples of algebraic fractions are 2F, . 16 X and 3f

5" 4h+k’ (2x+1)(3x-1) -1

The rules for performing operations on algebraic fractions are the same as those for numerical fractions. One
important rule is that the value of a fraction remains unchanged if both its numerator and denominator are
multiplied or divided by the same number or expression, i.e.

AxC A A=C P
=—BXCME=_B+C »where B, C# 0. 0 l".mymlre..:a].lwlryﬂwmmiiﬁun
of B, C = 0 is important? |

e e

Ax(C A _C A A

MNote that ch EXF E ®1 E
wmd ATC_A C_A_ _A
B=C B C B’ B
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Simplifying algebraic fractions

Simplify each of the following.
{a) 31}'3 231'![1:+}']1
91"]'1 63’:}‘1(1__'_ y}-l
*Solution - o
; ivision of
{a) Bxy"' y and y* by 3
Rl ==
/?' ﬂyf 3x :
1 T— Division of x P
Division of 3 - : |
and 9 by 3 In (a), = =_¥x><xx.rle=? . |
Loz 1 ,
B (x+y) _ 4x
o) SrEadl . _ _Ar
15?.1[.’)'{Jc+y]'1 9y (x+y)
Simplify each of the following.
8x’y Elx‘[x—y]!'
@ 2y C e
xy 27¢*y(x—y)

Explain what is wrong with his working.

Simplifying algebraic fractions by factorisation

il Simplify each of the following. I IR
Example Rtk
a’ +dab’ 3t i =3x 1,
(a) “3ah (b) = c) —— because we have to divide both
2 e -2t =3 the numerator (not just 4ab%)
2 . and the denominator by a:
Solution (a* 4 4ab*)za
R ;1 1 extract the common factor -
a +4ab /{IH““’ ] 3ab-a
{a) - a from the numerator and e e e o e i
3ab }fﬁ divide the numerator and the . o e
a+4b denominator by a alas4b*):a _ ala+ab’) |
= b 3absa iﬁb
it 3} extract the common factor f from the denominator and
(b) -2 Ht-2) divide the numerator and the denominator by ¢
1
=3
t—2

Algebraic Fractions and Formule
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1

x*=3x  x[x—~7) extract the common factor x from the numerator and the
() 3Ix—9  3x—7) common factor 3 from the denominator, and divide the
¥ i numerator and the denominator by (x - 3)
3
B Y Simplify each of the following.
Sirnilar and W +T7hk 15p ' —4z
Further Questions @ 5 ®) op—sp © 4z-16

Exercise 1A
Cueestions  2{a}-{f)

Simplifying algebraic fractions by factorisation

Simplify each of the following.
2m’ —4m x'=3xy—dy’ a’—ac+ab—be
(@) m—4 (b) 35’ —12xy (c) 2ab+ac—2be—c*
"Solution the i 2o £ h
1 1 extract the common factor 2m from the
(a) il - e 2k ) numerator and factorise the denominator
m'—4  (m+2)pm7) using @ — " = (a + b){a — b)
=
m+2
Pozey—ay (2 7) factorise the numerator using the
b) = fxy iy e (x+y) multiplication frame and extract the
3x" —12xy -l‘r't'fm common factor 3x from the denominator
_x+y
T
a* —ac+ab—bc o ala—c)+bla—c)  factorise the numerator and the
() Zab+ac—2bc—c  al(Zb+c)—c(2b+c) denominator by grouping
_ (a~T)a+b)
(2b+oare)
_ a+tb
T 2b+c
L. Simplfy each o the following
Similar and @) I —9y ) P —7pq+129" © =3y +2xz—6yz
L e vi-9 5p°—2ipg xy—2xz—3y +6yz

[Exercise 1A
= 4 R
Quetions -4, 2. Sunp]ﬂ}y#
" —

For the following algebraic fractions, are there any values that the variables cannot take on?
28x*(x+y)
63xy° (x+y)"

« Worked Example 1(b):

OXFORD

UMAEARITY FAREE
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2
« Worked Example 2(c): "31‘_3’:

¥3
« Worked Example 3(a): ?""l—“i’"
-

Hint: What do we mean when we say that the denominator cannot be zero?

Multiplication and division of algebraic fractions

The procedure for the multiplication and division of algebraic fractions is similar to that of the multiplication and
division of numerical fractions, except that we now have to consider the variables.

1.3 1x%3
In Book 1, we learnt that ZXS T

In general, when we multiply % by g , we have:

a,c _axc_ac
e e FE-'
iy Timgg e il Fry
another fraction is the same as
_— 2 4 2 5 2x5 miultiplying the first fraction
Likewise, we learnt that 375 = 3%7 " 3xa- by the reciprocal of the second
M | C fraction. The reciprocal of
In general, when 1.-«'1'3v|:11'|l1|:LE—EJ b}rE,\w:have: a fraction is obtained by
interchanging the numerator
and the denominator of the
a_c _ nxi _ ﬂxdl=£ fraction, e.g. the reciprocal of
bd B¢ bxc b fn'-‘:

Multiplying and dividing algebraic fractions

Waorked

Example Simplify each of the following. . .
() 2L, ®) ExPI. Pr o 218, B
c ea'h g g 2q x+y  Sx+5y
h (h-1)’ (2x-3) _ 4
@ e 2Rt © = e
*Solution

Ay e 2
@ T eas, ~ 3ac

2 : 1 21 1

oy B2l P _E Y. M

9 g 29 4, g g
_2
q'r

Algebraic Fractions and Formulse o rRD CHAPTER 1 5
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1 1
© dx—16 8  Alx—4) w 5(x+7¥) extract the common factor 4 from 4x - 16

Xty _'5x+5}' s A and the common factor 5 from 5x + Sy
_ 5{x—4)
2
) h x{ﬁ—lf _ h KUI—U‘T factorise h* - Zh + 1 using
K —2h+1" Zh+1 (b1 Zh+1 a - 2ab + W= (a - b}
1
_ hih—1)
2h+1
(2x-3F¥ & _2x 3y Fa PP . - )
(e) ; xg e ra 33 24) extract the common factor 3 from 9 - 6x
1 a
(2x stm
a{?.x 3) al3-2x) Recall a - b=—{b-a).
3 or ——3 L 3-2x=—(2x-3).
m 1. Simplify each of the following.
2 35 4 Can we let (2x - 3 =—(3 - 2x)*
S (a) xS ) Lox=Ee 2
Further Questions 5c  Ba Sql 12p  apyq
Exercise 1A .
Questions 4fa)-{d), (© x—6 3 (d) i —ﬁ.l‘l+9xf':—2
&la)- Sx+5y Ty+Tx W =2h h-3
2. Simplify m et

H+m m+n

1. What do | have to take note of when I simplify an algebraic fraction?
2. For any algebraic fraction to be valid, what condition do | have to check?

Exercise n -
. Simplify each of the following. . Simplify each of the following. _
@ 4x* b) l6a'h’ @) xy+3y ®) Ba+4b =-
12x° 2a’lt’ 4x+12 bc+2ac
23g°r 3’ g a®+2ab c* n:
© o @ o (© @ .
gr's 18m'np 6a ' —cd =
_15ac’ 16xy°z (e) {m—ny (f) ——5Pg— n‘
(© 75a’b'c ® 6dxytz’ m’ —mn 15p—10pg ::
o : CHAPTER 1 OXFORD Algebraic Fractions and Formulae



Advanced Intermediate

Exercise n

:ﬂ S | I _By—
. Simplify each of the following. (i) % (j) &
:: - 2a+h B 2+ 2ed—154° 2a" +ab-3b 297 =17y +21
4a’ b 4¢* +20cd (k) Jx—3y m a —ab—ac+bc
:u © Ja—6 ) ' +6x—7 ax—ay—x+y a*+ab—ac—be
¢ Tia-e x-x a’ +am—an—mn
:: (e) L e (f) km+8k (m) @’ +am-+an+mn
K —7k+12 m*+ 4m—32
:: . 6. Simplify each of the following.
Simplify each of the following, sa_act_ o 6d 3f* 8f°
:: {ﬂ) I-E:] 54; {h} 3{(4‘;] i_ij {a} EXEXW {b:] {J_fjx lﬁds . 27d
:: e > £-_:4 +z () 2y3+4yxﬁ4x (d) 35 + 3¢ XHPS
©) RI? +4a2_48& (d) 68'5-:;‘ +3c2i3d x sx 10y dpr g Ta
1 e+d) (@ =7, 219w ® 6x’y  12x-24y
5. Simplify each of the following. 5w’ 27w loy—8x"  4xp”
:: 9x(a—b) 7a’(a—3b)" W —h—6 K c-d 1
a) ———— bh) ————— B —w— %7 (h} — z H
@ e (a-by ® S ab(a—0) h :94 W +2h c —2ch+31:! ad+d
- s X i . m-4 _m . 2 | 3z-z
-::l (© % (d) H & amezma O 2o
a nlc+ ? 2_
a , . {k} (ﬂ1_4b1]+ﬂ' +2ab ﬂ} ¥ 4}'+4x 2}'14-4
' () yp—2y-15 (f) B—2m—m ab 2—-6y 3y -12
ﬂ ¥ =3y-10 2mt—3m—2 ==
(® 9x* — (h) 35’ +5xy—2y° e Simplifyw.
:': & y*—2xy—3x" 4x +7xy-2y" xoy-EmerE

@ Addition and subtraction of algebraic fractions

A. Simplification of linear expressions with fractional coefficients (Recap)

In Book 1, we learnt how to simplify linear expressions with fractional coefficients. For example,

x, 2x—5 _ 7x  3(2x-5)

3 5 TR T convert to equivalent fractions: LCM of 3 and 7 is 21 Big Idea
Equivalence
7x+32x—-5 ) - .
o Fx232x-5) combine into a single fraction Equivalent fractions have the
21 same value, e.g. to convert £
Tx+6x—15 . into an equivalent fraction
= ————  Distributive Law
21 ) with a denominator of 21, we
multiply both the numerator
_ 13x-15 . and denominator by 7. |
21
- —
Algebraic Fractions and Formulee OXFORD CHAPFTER 1 ?- A
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In this section, we will learn how to add and subtract algebraic fractions.

B. Addition and subtraction of algebraic fractions

Adding and subtracting algebraic fractions

S Express each of the following as a fraction in its simplest form.
Example
(a) 2,3 (b) 3 2 (© 2 3k
5 3a 5a 2b—4¢  3b-6c h—2k 2k-h

*Solution

2:::3 10°.. 9

(a) ;+; = E+E convert to equivalent fractions: LCM of 3a¢ and 5a is 15a
s 2 combine into a single fraction
== C e single fractic
15a
2
15a
We can wml:-23£ as%abul
2+2a |
(b) 3 ., 2 _ 3 z 2 extract the common factor 2 from 2b - 4¢
2b—4c 3b—-6c  2(b—2c) 3(b—2c)  and the common factor 3 from 3b - 6¢
_ 9 i 4 convert to equivalent fractions:
6(b—2c) " 6(b—2c) LCM of2(b - 2c) and 3(b - 2c) is 6(b - 2¢)
= 6(Z+;c) combine into a single fraction
_ 13
6(b—2c
2h 3k 2h 3k
(<)

h—2k 2k-h h-2k —(h—2K) 3 i
_ 2h 3k —h-20) ~ B2k I
h—2k~ h—-2k

2Rk ibimeintoa single fraction

h—2k

1. Express each of the following as a fraction in its simplest form.

6, 3 4 7 h 3h
@ S2*ga TV © 3 3% 32
2.  Express each of the following as a fraction in its simplest form.
2m+3n m-n 3p  _5p—24 5x 7y
@ 3m 6n ®) 4p—4q 3p-3q © 4x—3y 6y—8x

Adding and subtracting more complicated algebraic fractions

:Y(::::::z Express each of the following as a fraction in its simplest form.
3 1 S5y 2
@ x+5+x—3 ®) y'-4 y-2

UNVEARITY PAELE
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Practise Now &

Similar and

Further Questions

Exerdise 1B

Ouestions  Haj-(h),
Sa)Hfl.
&la)-(d). &

“Solution
(@) 3 . 1 3x-3) | x+3 convert to equivalent fractions:
x+5 x—3  (x+5)[x-3) (x+5)(x-3) LCMof x+ 5and x - 3 is (x + 5)(x - 3)
—3)+x+45
- Ax—3tx+5 combine into a single fraction
(x+5)x—3)
o xSz Distributive Law
(x+5)(x—3)
_ dx—4
(x+5)(x—3)
(b) 5y 2 4 2 factorise the denominator * - 4 using
y -4 y-2 [J.-+ 2}[];—2) y=2 a-=(a+ba-b)
2y 2(y+2) convert to equivalent fractions: LCM of

_[y+z)[y—2) (r+2)(y-2) (+2)y-2)andy-2is(y+2)y-2)
= ﬁ% combine into a single fraction
Sy—21y—4
(r+2)(y=2)
3y-4
(r+2)(y-2)

Distributive Law

Express each of the following as a fraction in its simplest form.

2 3 2 ¥

@ =S ® Ty
11 2z 4 7

e) Z+5 z-5 7_25 () w+5 w +Bw+15

Adding and subtracting algebraic fractions with common factors in the
denominator and numerator

(a) Al was asked to simplify 20 2)__1_

-4 x-2

He said that to convert to like fractions, the LCM of the denominators was x - 2.

3{x+2) 1

-4 x-27

(b) Vasi said that the LCM can also be taken as x* - 4. Show that Vasi’s method is also
Correct.

Do you agree? Explain why and thus simplify

{a) The fraction EE:T-'-? can be further simplified, before finding the LCM of the

denominators to convert to like fractions. Since 3(f+2} _ 3x+2)
-4 (x+2)(x-2)

I agree with Ali that the LCM is x - 2.

Algebraic Fractions and Formule OXFORD CHAPTER 1 9
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IHx+2) 1 Hx+2) 1 factorise the denominator x* — 4 using
x'—4 x-2 (x+2)x-2) x-2 @-FP=(a+b)a-b)
__ 3x47) _1
feAT)(x-2) x-2
—— 1
x—2 x-2
_ 2
x—2
(b Hx+2) 1 _ 3x+6 x+2
xT—d  x—=2 4 (x+2)(x-2)
_ 3x+6—(x+2)
x -4
_ 3x+6-x-2
x*—4
_ 2x+4
x -4 ) )
extract the common factor 2 from the numerator
2(x+2) ct th factor 2 from th
= ix+2 5 and factorise the denominator using
(x+20x=2) = p_ by b
_ 2
x—2
Practise Mow 7 ) o 2x+3), 1 m
= Yasir was asked to simplify _il—'_-l}-l-m' If each fraction iz not first
Sirnilar . . . simplified, we have to factorise
Further Questions He said that to convert to like fractions, the LCM of the the expeesion obtained after
Exercise 18 denominators was x* - 9. T e et
Do you agree? Explain why and thus simplify 2{I+3)+ !

-9 x+37

When adding and subtracting algebraic fractions, what must | do to the expressions in the numerators and/or
denominators before finding the LCM of the denominators to combine them into a single fraction?

@ Solving equations involving algebraic fractions

After learning how to perform the four operations (addition, subtraction, multiplication and division) on algebraic
fractions in Sections 1.2 and 1.3, we shall learn how to solve equations involving algebraic fractions.

UKYEARITY FAREE
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Worked
Example

a—2 a-1
—+_ _—
8 (a) 5 3
& 4

(b)

1

"Solution
(a) Method 1:
a-2 a-1
5 3
Ha-2) sa-1)
15 15
3a-2)+5(a-1)
15
3a 6+5a 5
15
Ba-11 _
15
Ba - 11=15

Ba =26

=1

1
1
1

1

=31
4=

Method 2:
a-2  a-1
— =1
5 3

a-2)+5(a-1)=15
Ja-6+5a-5=15
Ba-11=15
da=26
a—i-l-
4

(b) Method 1:
[:]
2h—5
6(b-3)-42b-5)=0

4
-0
b—3

6b - 18 -8b+20=0
2h+2=0

2bh=-2

b=1

Solving equations involving algebraic fractions
Solve each of the following equations.

convert fractions on LHS to equivalent fractions

combine fractions on LHS into a single fraction

multiply both sides by 15

multiply both sides by the LCM of 5 and 3, ie. 15

{2) Which method do you
Whye

prefer?

multiply both sides by the LCM of 2b
i.e (2b - 5)(b - 3)

Sand b

3,
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Method 2:
2;:5 E:J -0 P
We learnt how to solve this in
_6 __ 4 Book 1 |
k-5 b-3 ’
6(b -3)=4(2b-5) multiply both sides by the LCM of 2b - 5and b - 3,
ie (2b-5)b- 3)
6b - 18 =8b 20 {b) Whi e
6b - 8b= 20+ 18 prefes? Why?
2p=-2 1z it passible to apply
b1 Method 2 to {2)? Why?
Practise Now 8 Solve each of the following equations.
-3 2a-1 3 5
@ TFeT - ® 3 %7 "

Express each of the following as a fraction in its . Solve each of the following equations.

simplest form. a _3 L
7 3 1 s @ 23375 ®) 72 =3
@ a5 ® %% © -2 o @ ->-2_
1 1 f—4h 2f—5h c+3 c+2 d+4 d-2
(c) 3¢ 3d (d) 3k 8k (e) 5_10 =3 (f) i+£_g_
o o, 3 737 eh 7h 14k
x=3y3x=9y ® 1722 7
(| P31 2p+l
2z 6z 3z

Express each of the following as a fraction in its

4. [Express each of the following as a fraction in its

simplest form.

LRl R ]

12

UHATARITY FARER

: 5 . 4 c—1 1
5|mp1;5tﬁ1;m. : ; (a) 2{:;—&}'3(&—::] () 3c—7 l4-6c
(a) =+— b)) ——— arf u+l  u+l
a4a+42 2.&2 EJ+.13 (<) 0f—5d 6f-3d (d) 2u—8 12-3u
5 —— iz == — h+k | 3h+k
© G5%32d+3 ] f+5 f-1 () E':-:_T—E 0 ptq+3-;—+3ﬁ'
11 2 3 2
© 7" 6—sh ® T3t (g ﬁjxlﬁ —3le3
® ;3 —po W) Py 3 %
4m*—1 2m+1 n=2 (n-2) (h) L . .-
dy—2z z—-2y 3dIz—aby
e CHAPTER 1 OXFORD Algebraic Fractions and Formulae
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Exercise B

5. [Express each of the following as a fraction in its
simplest form.

—t
o Express 3x2 Y asa fraction in its simplest form.

x

(a) _3a_, d4a
da—5 da-—l o Albert and Joyce were both asked to simplify
5 2b
{b) » bh-2 b
2b+1 (2b41) b —5bt6 B3
(© h+5 3 Both students were able to factorise &* - 5b + 6 to
W —6h h-6 get (b - 2)(b - 3).
1 2 3 —
(d) mYm—a m=3 Albert simplified ﬁ before converting to
a+y -4yt x-3y like fractions, whereas Joyce converted to like
(e) x—y L ¥y x+y fractions directly.
) 1 2 18 Who do vou think will be able to simplify
- +
2z—3 3-2z 9y-—4z7* ﬁ +% in a fewer number of steps?
6. Express each of the following as a fraction in its Explain why
simplest form.
2 3
. . Za+7 .
:: a+3]+ﬂ:+4ﬂé'3 10, leenmatm is the end result of the sum
b'—5b—6 b-6 L of two algebraic fractions, F and 5 = .
1 2P Q a +3a+2
(<) 2p3 —&p—10 s p=5 write down possible expressions for P, Q and K.
X 1 3x
d }
@ K43y +2y x+2y i+l ]
@ Giventhat X — 2 find the value of 2.
7. Solve each of the following equations. 2 3 x
5 3 x
(a) 2- x+2 IE
7x—4 x-1 _ 3x-1 T+x
®) =5+ 5 10
x+l 1 1
© S i*3i-5x) 4
x+l 4 3
(d) 2x—1 4x—2 6x—3 !
3 5 1
© 33t %2 !
e
Algebraic Fractions and Formulae RﬁnFHQFFErE CHAPTER 1 13 ::
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Manipulating algebraic formulae

(15,

A. Changing subject of formula

e

From the Introductory Problem, we realised that we can find the value of v by substituting f = 20 and w = 1000 into

the formula L = 1
f u

=204 (to 3 s£)

+% , and then manipulate the equation to isolate v on the left-hand side in order to find the value

However, if we want to find the values of v for different pairs of values of fand u, it becomes very troublesome to

keep manipulating the equation as such.
Instead, it will be easier to make v the subject of the formula:

1 1. 1
Futy
1 1 1
v f u
_uf
fu
__fu
"TuT

We can then obtain v directly by substituting the values of fand u into the above formula.

Changing the subject of formula
(i) Make [ the subject of the formula P = 2I + 2b.
(ii) Hence, calculate the value of [ when P = 132 and b = 30.

I Changing the subject of a

formula is very similar to using
*Solution inverses of operations to solve
(i) P=21+2b . e st ber
P-2b=21+2b-32b subtract 2b from both sides to the following rules:
isolate the term containing [ « adding and subtracting are
P_2h=12] inverses of one another;
P-2b 2 = . - . inverses of ane other;
—3 -3 divide by 2 on both sides + when using e st
P—2b perform the zame operation
== on both sides of the formula.
o OXFORD Algebraic Fractions and Formulae
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(ii) When =132, b =30,
_132-2(30)
2z
_132-60
2

72
2
=36

1

Practise Now 9 1. (i) Make a the subject of the formula v = u + atf.

Samilar and (ii) Hence, find the value of @ when t = 4, u = 10and v = 5.
Further Questions
Exercise 1C 2. 'The simple interest $] payable on an investment is given by [FTIRES
Questions 1a)-{d). PRT .
Sal-id) I'=——, where $F is the principal, R% is the interest rate | Functions and Models
100 The simple interest formula is
on the investment per annum and T"is the number of years  an example of how an algebraic
. - equation, which expresses the
that the investment is held. e sonshin | di X
i T ; - variables, can model a real-world
(i) Make T the subject of the formula | 100 e e
(ii) Hence, find the number of years that an initial the farmula can be rewritten in
different but equivalent equations

investment of $50 000 must be held in abank that pays L e riohles as the
simple interest at a rate of 2% per annum to earn an subject. This allows for easy

interest of $4000. predictions of various values in
different situations. |

1. Why do we need to change the subject of a formula?
2. What is the difference between a formula and an equation?

Changing the subject of formula involving algebraic fraction

to make x the subject.

Worked

Example (i) Rearrange the formula y = =X

3+ 2x
10 (i) Hence, calculate the value of x when y = - 2.

*Solution
- 2-x
(i) Y=%rox To change the subject of a
27— inhv by formula involving algebraic
(3+2x) my=(3+2x)x X, muitiph |?}3+ = fractions, e.g. to x, we necd to
3+2x on both sides _ )
Wi+ 2 =2 -x manipulate the equation such
_ istributive Law that all the terms with x are
Iyt+t2xy=2-x Distributive Law on the LHS. Then. factari
W+2xy+x=2-x+x add x to both sides the expression on the LHS if
Ip+2xy+x=2 s
Yy dy+day+x=2-3 subtract 3y from of the equation such that x is
¥ W ¥ both sides isolated on the LHS.
Ixy+x=2-3y
x(2y+1)=2-3y extract the common factor x on the LHS
Algebraic Fractions and Formulae OXFORD CHAPTER 1 : o
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x[2y+1}_ 2-3y

2y41 2y+1 divide by 2y + 1 on both sides

e 2-3y
2y+l
(ii) Wheny=-2,
. 2-3(-2)
2(-2)+1
246
—a+1
= o
3
Practize Mow 10 . 2x+5 .
1. (i) Rearrange the formulay = to make x the subject.
Similar and 3x—=7
Further Questions (ii) Hence, find the value of x when y = 3.

Exercise 1C hfl

Questions  2{a)-{d), 2. (i) Henrmng?ﬂ'iefanmﬂap—a+¥ to make k the subject.
Tia)-{d).8

(ii) Hence, find the value of k whena=1,b= -2, p=3and x = 9.

Changing the subject of formula involving cube root

It is given that Jax+b = k.

(i) Expressxintermsofa, band k.

(ii) Hence, calculate the value of x whena =4, b=3and k= -1.
(iii) For x to be defined, a # t. State the value of £.

(i) ax+b-=k
ax+ b=k take the cube on both sides

ax+bh-b=k subtract b from both sides
ax

=k
ax K-
i a

e O

divide by a on both sides

(ii) Whena=4,b=3,k=-1,

(iii) For x to be defined, a # 0.
Si=0

16 CHAPTER 1 OXFORD Algebraic Fractions and Formulae
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Practise HNow M

1. Itisgiven that 3y =+ b —4ax .
Similar and (i) Expressxintermsofa, band y.
Exerc . (ii) Hence, find the value of x whena= -5, b= 4and y=2.
Questions 3{a)-{d), (iii)} For x to be defined, a # t. State the value of .
Ha)-{d). ba?
012 2. (i) Rﬂa.rra.ngep—.a+¥ to make x the subject.
(ii) Hence, find the values of x whena=-1,b=2, k=1land p=>5.

a (iii) Given that 3k{p - a) < 0, suggest a possible value of b such that x is defined.

B. Finding the value of an unknown in a formula

Finding the value of an unknown in a formula without changing the subject of the

Worked
formula

Example ) JT
Given that y = el
12 (a) calculate

(i) thevalue of ywhenx=1,
(ii) the value of x when y =2,

(b) explain if it is possible to have a value of y if x =

*Solution
(a) (i) Whenx=1, (ii) Wheny=12,
[ e ,_ [ 8
Yy 3+l
61 4—5:'11 take the square on both sides
=+l 4(3x+ 1) = 64
_ 8 3x+1=16
4 Ix=15
=186 x=5
=4

1 64 . 1 [:T%
(b) Ifx —3,1‘1‘+] Ua.ndﬁmﬂheundffmed.lfx-::’—g,H+It:u:mdm < .

Hence, no real solutions can be obtained for y.
.~ it is not possible to find a value of y.

1. Giventhaty= E.where:r; k, find

(a) thevalue of y when x =5,
(b) the value of x when y= 4,
(c) thevalue of k.

Algebraic Fractions and Formuolse OXFORD CHAFTER 1 l ?
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sb+16

2. Given thata= 2b—23

, find the value of b when a = 3.

3. Given that Lt A Z,
=y
(a) find the value of x when y = 4and z = 2,

(b) explain if it is possible to have a value of z if x = y.

Introduct ry
Problem

Revisited

Now that you have gained some understanding of how to change the subject of a formula, can you solve the
Introductory Problem? Discuss with your classmates.

1. 'Whatshould | do to change the subject of a formula?
2. 'What have I learnt in this section or chapter that I am still unclear of?

@ 1 cach of the following cases, make the letterinthe  (d) A= 3(a+b)h [b]
brackets the subject of the formula.
(a) ax+by=k I¥l . In each of the following cases, make the letter in the
(b) PV =nkT ]| brackets the subject of the formula.
() 5b-2d=3c |d] (@) ¢hk-m [h]
() R=mia+g lal (b) b=+D+dac (D]
vl
. In each of the following cases, make the letter in the (€) P= " vl
brackets the subject of the formula. g
a (d) A=—xnr ]|
(@ - =b+c [al =60
Ip . Given that+ ax* —b = c, find the values of x when
(b) 5q-r=— Ipl -3 h— -
3 a=2,b=7and¢="5.
(@ *te sk Ikl

]_8 CHAFTER 1 OXFORD Algebraic Fractions and Formulae
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Advanced

Intermediate
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Exercise

Given that a*(b + ¢) = 2b - ¢, find
(a) thevaluesofawhenb=7andc=2,
(b) the value of cwhenag=4and b=-1.

Hearrange each of the following formulae to make
the letter in the brackets the subject.

(@) F= %cuz Icl

(b) A=2m+mrl 1

1

(c) s= :..rr+-2af2 [x]

(@ $=Z[2a+(n-1)d] [d]
Hearrange each of the following formulae to make

the letter in the brackets the subject.
1

(a) m+2 =k [h]
(b) z- @ l2]
(© & -p+ Ipl
7 q
1 1
@ o+p -1 [b]

Given that V' = nr1h+% nr,
(i) make h the subject of the formula,
(ii) find the value of h when V= 1000 and r=7.

Hearrange each of the following formulae to make
the letter in the brackets the subject.

(a) V——‘;r{r‘

It

11.

12.

13.

The time taken, T seconds, for a pendulum to
complete one oscillation is given by the formula

T'=2m % , where [ m is the length of the

pendulum and g is taken to be 10 m 52,

(i) Expresslintermsof Tand g

(ii) Hence, find the length of the pendulum if it
takes 12 seconds to complete 20 oscillations.

The amount of energy, E joules (]), stored in an
object with a mass of m kg is given by the formula
E= mgh+;rrw’, where h m is the height of the
object above the ground, v m s is the velocity of
the object and g is taken to be 10 m 52

(i) Given that v = 0, rearrange the formula
E= mgh +% mv’ to make v the subject.

(ii) Hence, find the velocity of an object with a
mass of 0.5 kg, if it is 2 m above the ground
and has 100 | of energy.

i — y’j

Ll
Given that [ = 3n, where p # k, find

(a) thevalueofpwhenm=5n=7x=4and
y=-12,

(b} the value of n whenm =14, p=9,x=2and
¥=3

(c) thevalues of ywhenm =5,n=4, p=15and
x=42,

(d) the value of k.

(b) v =u*+ 2as [u]
(€ y=(x-pF+q [x] 14. Giventhat A = %J‘Uzh+% nr’, find
(d)y t= m4f_7- [z] (a) thevalue of A when m=3.142, h = 15 and
r=17,
the value of h when m=3.142, A = 15 400 and
10. Given thata = ﬁ,ﬂ.ﬂd3b+f}'ﬂ. ®)
b—c r=14.
(i) express bintermsofaand c,
(ii) find the value of bwhena=2and c=5.
(iii) For b to be defined, a* # £. State the value of .
>
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Exercise

@ Given thaty = 3x+va+b",
(i) find
(a) thevalueof ywhena=13,b=15andx= 338,
(b) the value of a when b=13,x=85and y = 35,
(c) the values of b whena =23, x=15.6and y = 56.
(ii) explain if it is possible to have a value of y if a + &* < 0.

By the time you complete this chapter, we will have covered all the foundational skills of algebraic manipulation:
from writing algebraic expressions to solving algebraic equations; from working with simple linear algebraic
expressions to working with expressions containing more complex algebraic fractions. An important idea that lies at
the heart of many of the techniques — equivalence: the idea that there is some form of “sameness” even though the
expressions may look different.

In Book 1, we learnt that two expressions are equivalent if the value of both expressions is the same for any value we
substitute into the variables, e.g.

a(b + ¢) = ab + ac, for any values of a, b, and c.
In Book 2, we encountered special algebraic identities such as

(a+bP=a*+ 2ab+ b

Besides equivalent expressions, we also learnt about equivalent equations where the solution set is the same. For
instance, in Book 1, we learnt how to solve 5x + 4 = 2x - 8 and we see that this equation has the same solution as
3x = 12, which is an equivalent equation obtained by performing a series of operations that preserved the equality
on both sides of the equation.
In Book 2, we explored how we can solve two linear simultaneous equations in two variables. In particular, we
are able to solve simultaneous linear equations by means of elimination and substitution, which gives us the same
solution set even though we have rewritten the equations in a different form. Furthermore, we learnt how we can
work with inequalities by writing equivalent inequalities that have the same solution set.
Finally, in this chapter, we have learnt how we can work with algebraic fractions by writing equivalent algebraic
fractions obtained by multiplying or dividing both the numerator and denominator by the same non-zero number.
'This technique is based on the idea of equivalent fractions, something that you have already learnt and are familiar
with since primary school! So, if there is one golden rule in algebraic manipulation, it will be this: check that the
expressions or equations are equivalent, that is, they have the same value when evaluated for the variables, or that
they have the same solution set.

A CHAPIER ] OXFORD Algebraic Fractions and Formulae
¢ 20 DXEORD

nannnn



Summary

1. Equivalent fractions
"The value of a fraction remains unchanged if both its numerator and denominator are multiplied or
divided by the same non-zero number or expression,

2 a axc a a+c

Le. E = m and; —E.whereb,cat().
3 15

Anexamplelsﬁ =20

« Give two other examples of equivalent fractions.

2. Simplifying algebraic fractions
To simplify an algebraic fraction, we divide its numerator and its denominator by the highest common factor.

I
g
h.g. 37] - 3
a+4ab _ wla+4b)
3ab  3ab
_a+4b
==k
T 2¢° a+3a’b’
« Simplify (a) e (b) =

3. Multiplying and dividing algebraic fractions
(a) When we multiply % by % , we have:

a_c _ axc
5%d " bxd
= ac
P h
where b, d = 0.
R 7 ad’
. Simplify () "Tbx%. () 3o %52
(b) Whenwedivide% by-;—.wehave:
a,c_a.d
b d b c
axd
bxc
_ ad
be’
where b, ¢, d # ).
St Sb® _25a (a+b)’ _(c-d)
« Simplify (a) B (b) ) +(a+b)3 :
>
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Summary

4. Adding and subtracting algebraic fractions
To combine two fractions, both fractions must have the same denominator. We find the LCM of the
denominators and express each fraction as an equivalent fraction with the LCM as a denominator.

For example:
I e e L S
x+1 x-2 (x+1)x—2)
_ Zay—dy—xy—y
(x+1){x—2)
__ Xy—3y
(x+1)(x—2)

5. Changing the subject of a formula

To make a variable the subject of a formula, we need to ensure that all terms involving the variable are isolated

on one side of the equation. In the final expression, the subject is the only term with that variable and has a

coefficient of 1.

For example:

To express a in terms of u, v and s given that +* = u* + 2as,

V= + 2as
Zas=+-u®
vou

25

a=

22 CHAPTER 1 OXFORD Algebraic Fradions and Formulae
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CHAPTER 2

Quadratic Equations and Graphs

Predicting the trajectory of an object has always been a fascinating challenge for mankind in the
development of machinery. To develop ‘flying machines’ such as rockets, it is important to understand how
objects move through the air under the pull of gravity. What is the path of a falling object, a cannonball or a
water-propelled rocket?

‘The motion of an object under the pull of gravity can be
modelled by quadratic functions. In this chapter, we will explore
how the ideas of equivalence and diagrams can be used to solve
quadratic equations.

Learning OQutcomes

What will we learn in this chapter?

« How to solve quadratic equations by factorisation

« What quadratic functions and the properties of their graphs are

« How to draw graphs of quadratic functions

« How to sketch the graphs of quadratic equations of the form
y=(x-h)x-k),y=-(x-h)(x-k),y=(x-pP+qandy=-(x-p)+gq

« Why quadratic equations and quadratic functions have useful applications
in mathematics and in real-world contexts

OXFORD >
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Introduct ry
Problem

1. Ifaand bare real numbers such that ab = 0, what can we say about a or b?
2. Ifxand y are real numbers such that xy = 6, can we say that x = 6 or y = 62

In this chapter, we will learn how to apply the solution of Question 1 in the Introductory Problem to solve
quadratic equations. In addition, we will learn about quadratic functions and their graphs, and how to apply them in
mathematics and in real-world contexts.

Solving quadratic equations by factorisation

A. Solving linear equations (Recap)

In Book 1, we learnt how to solve linear equations in one variable by isolafing the unknown on one side of the
equation. For example,

2e+1=4
2x=4-1 subtract 1 from both sides of the equation For alachra, we can |

=3 numerical answers as imyproper
53 ) fractions or mixed numbers.
x= divide both sides of the equation by 2 But for non-numerical terms
such as —gy. we usually write
5 the fractional coefficient as an
3 ¥y-7=3 improper fraction.

—g ¥y=3+7 add 7 to both sides of the equation
=10
Sy =10x(-3) multiply both sides of the equation by -3

=-30
30

5

=6

2m
w “ # 9 | " . Linear equations

Solve the following linear equations. If your classmate does not obtain the correct answer, explain to him or her

what he or she has done wrong.
(a) 3x+2=5 (b) 4y-3=7 (© %r-8=6 (d) —%y-9=-3

divide both sides of the equation by 5

i 24 CHAPFTER: pB¥FORD Udratic Eguations and CGraphs
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B. Solving quadratic equations

How can we solve a quadratic equation such as x* - 3x = 0 or x(x - 3) = 02 How can we isolale the unknown x on

one side of the equation?
“To do this, we need to learn about the Zero Product Principle.

In arithmetic, we have learnt that the product of any number and zero is equal to zero. For example,
2x0=10;
O0x8=10;
3x0=10;
0x(-7)=0
0x0=0.
What about the converse, shown in Intreductory Problem Question 17 If @ and b are real numbers such that ab = 0,
what can we say about @ or b?
If two numbers, a and b, are non-zero, their product, ab, can never be zero. So, if the
product of two real numbers is 0, one (or both) of the two numbers must be 0 because
onlyax0=0,0xb=0and0x0=0.
‘Therefore, if ab = 0, then a = 0 or b = 0 (or both equal to 0).
Similarly, in algebra, if two factors of an algebraic expression, P and Q, are such that
PQ =0, then P =0 or Q= 0 (or both equal to 0).

We shall use this principle to solve quadratic equations of the form ax* + bx + ¢ = 0, where a, b and ¢ are constants
anda # 0.

Solving quadratic equations of the form ax® + bx = 0 (where b 0)
Solve the following quadratic equations.
(@) x(x-3)=0 (b) 4x*+6x=0

*Solution
first second
factor factor
N
(a) x(x-3)=0
x=0 or x—-3=0 ifab=0,thena=0orb=0

eginf@),
ifx=0,LHS=0(0-3)

x=3 :
=°'

(b) Method 1: ifx=3,LH5=3(-3)
4%+ 6x=0 =5

=RHS.
2x(2x +3) =0 factorise by extracting common factor 2x Note that the answer is x=0
2¢=0 or 2x+3=0 ifab=0,thena=0orb=0 or3(nofx=0and3)because

3 xcannot be 0 and 3 at the same
x=0 or Xt time. '
Quadratic Equations and Graphs ox p CHAFTER2 25 : o
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Method 2:
4+ 6x =10
2 +3x=0 divide both sides of equation by common
factor 2
x(2x+3) =0 factorise by extracting common factor x
x=0 or 2x+3=0ifab=0thena=0orb=20
oo 3
2

Solve the following quadratic equations.
(a) x(x-2)=0 (b) 4xix+1)=0
() 3%+ 18x=0 (d) —%f+5x—u

w , ? = Mathematical fallacy
1 - ‘m &
The following shows a wrong solution for Worked Example 1(b).

A +6x =10
2x+3=0

divide hoth sides of equation by common factor 2x

=

Discuss why the solution is wrong.

Worked
Example

Solve the following quadratic equations.
@ (Bx+7Nx-4)=0

| For Method 2, we cannot divide

bath sides of the equation by the
common factor ¥ becanse ¥ can

Problem-solving Tip

Far (d), it may be casier to
remaove the fractional coefficient
of the equation by 3.

Solving quadratic equations of the form ax® + bx + ¢ = 0 (where b= 0 and ¢ = 0)

Big Idea
Equivalence

2 (b) 2p*+7p-15=0 We learnt in Book 1 that to
G — 12n+4=10 solve a linear equation, we
(© " convert the equation to another
equivalent equation, until the
"Solution unknown is isolated. Recall that
_ equivalent equations have the
@ (x+7)x 4)=0 | B Tl T Tt
3x+7=0 or x-4=0 ifab=0,then to a quadratic equation, eg in
a=0orb=0 {b). With each manipulation, the
Ix=-7 or =4 equations are squivalent and will
Iead to the same solution. We
x= 4 can show this by substituting in
3 the solution of y into any of the
intermediate equations. |
b)) 2y+7y-15=0
(2Zy -3}y +5)=0 factorise using multiplication frame x|y +5
2y 3—{; or y+5=0 ifab=0,thena=00rb=0 2y | 207 {410y
y=3 or y=-5
3] -3yi-15
o CHAFTER? pY¥FoRD (sdraiic Equations and CGraphs
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(c) 9 - 12n+4=0
(3n)*-2(3n)(2)+2*=0 express LHS as o — 2ab + PP,

wherea=3nand b=2

(3n-2=0 apply a* — 2ab + b* = (a — by
3n-2=0 if k* =0, then k=0
,o2
3

Practise Now 2

K

1. Solve the following quadratic equations.

(a) (x+5)x-7)=0 M) (3y+2)(y-5)=0
(d) % Z 5z244-0
(f) 3 +30k+48=0

(c) w*+8w+16=0
(e) 4k?
2. (i)
(ii)
3.0 (i)
(ii)

20h+25=0

Solve the equation 3x° - 10x + 8= 0.
Hence, solve the equation 3(y + 1)

Hence, find the other solution of the equation.

10(y+1)+8=0.

All the ic equations in

Waorked Examples 1 and 2(a)
and 2{b) have two solutions.

Why does the quadratic
equation in Waorked Example

For CQuestion 1{d), it may be
casier to remove the fractional
bath sides of the equation by 2.

If x = -2 is a solution of the equation x* + px + 8 = 0, find the value of p.

Solving quadratic equations of the form ax® + ¢ = 0 (where c 2 0)

{a) Solve 25 -9 =10
(b) Explain why 25x* + 9 = 0 has no real solutions.

(a) Method 1:

Big ldea
25c-9=0 Motations
(52 -3 =0 The notation + is used to denote
(5x+3)(5x-3)=0 applya® ¥ =(a+b)a-b) +"-mﬂm§'“m’l"§dﬂ
5x+3=0 or 5x-3=0 ifab=0,then MANNET, £§- =< MEANs 42 ar
a=0orb=0 —;
3 J
x= . or x=F
3
==
5
Method 2 (a) For Mcthod 2, since
379 3¢_9
252 - 9=0 {§}=Emd{—5} -
252 =9 then = =% implimx::bg.
9
=5
x=a| 2
5 (a) Which method do you
_,3 prefer? Why?
5
(b) 25x°+9=0
250 = -9
Since x* = 0 for all real values of x, then 25x* = 0.
Thus 25x° can never be equal to —9.
- 25x* +9 = 0 has no real solutions.
Ouadratic Eguations and Graphs CHAPTER 2 o
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1. Solve each of the following equations.

Similar and (a) 9x*-4=0 (b) 100y -25=0

Further Questions
Emreie 20 () 36nF=1 (@ gm 1-0

CQuestions
Hal, b 2. Explain why 16x* + 49 = 0 has no real solutions.

Solving quadratic equations of the form ax*+ bx+ ¢ =d

E::::E Solve each of the following equations.
(@) x(x+1)=6 (®) (2y-1)(y-4)=9
4 "Solution
@ ey —
*+x=6 From the Introductory
x*+x-6=0 subtract 6 from both sides of the Problem Question 2, we realise
equation that if ab = &, it does not mean

@ =60or b= 6 becanse we can
havea=2andb=3,0ra=12

mdb:%.ﬁmlhm ather

(x+3)(x-2)=0 factorise using multiplication frame
x+3=0 or x-2=0 ifab=0,thena=00or

b=0
x=_3 ar =2 possible values for @ and b if
ab =67
Theretore, x(x + 1) = 6 does nat
(B) (Zy—-1)y-4)=9 meanx=6orx+ | = 6.
2y -9y +4=9

2y =9y -5=0 subtract 9 from both sides of the equation
(Zy+1)(y - 5) =0 factorise using multiplication frame

y+1=0 or y¥-5=0

y= % or ¥y=5

m Solve each of the following equations.
Similarand (a) x(x+6)=-5 (b) 9p(1-y)=2
Exercise 2A. (c) (3t+5)(t-2)=-6 d) 2v+1)7= —;(P +2)
Questions  S{a)-{f),

15al, (b

24

w 5 , ; Mathematical fallacy: 2 = 12

Suppose x=y
Then xO=xy multiply by x
- yP=xy-9 subtract * from both sides of the equation
(x+yMx-y)=Wx-y) factorise
xty=y divide both sides of the equation by x - y
Since x = y, then Zy=y
2=1 divide both sides of the equation by y

What is wrong in the above steps?

28 CHAPTER 2 OXFORD Ouadratic Equalions and CGraphs

U YEARITY PAREE

LR



C. Applications of quadratic equations in mathematical problems
and in real-world contexts

Worked
Example

5

Worked
Example

6

Finding two numbers given their sum
Two consecutive positive odd numbers are such that the sum of their squares is 130. Find the
two numbers.
*Solution
Let the smaller number be x.
Then the next consecutive odd number is x + 2.
2+ (x+2F=130
K+t +4dx+4=130
X+ 4dx - 126=0
X+2x-63=0
(x-THx+9=0
x-7=0 or x+9=0
x=7 or x = -9 (rejected since x = 0)
Whenx=7,x+2=7+12
=9
. the two consecutive positive odd numbers are 7 and 9.

1. Two consecutive positive even numbers are such that
the sum of their squares is 164. Find the two numbers.

Problem-solving Ti

2. 'The difference between two positive numbers is 5and the 2. There is no need 1o use two
square of their sum is 169. Find the two numbers. e I
the equation using one
variable.
Finding dimensions of rectangular garden
The perimeter of a rectangular garden is 50 m and its area is 150 m®. Calculate the length and
the breadth of the garden.

"Solution
Let the length of the rectangular garden be x m.

Then the breadth of the rectangular garden is(Eu_zsz m= (25 - x) m.
%25 - x) = 150
25x - x° =150
x - 25¢+ 150 =0
{x - 10)(x - 15) =0
x-10=0 or x-15=0
x=10 or x=15
When x = 10, breadth of garden = 25 - 10
=15m
When x = 15, breadth of garden =25 - 15 Problem-solving Tip
=10m ‘The length of a rectangle usually

refiers to the bonger side.

. the length of garden is 15 m and the breadth of garden is 10 m.
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The perimeter of a rectangle is 20 cm and its area is 24 cm®. Find the length and the breadth

Simnilar and

of the rectangle.

Further Questions
Exercise 2A

1.

What do I already know about the factorisation of quadratic expressions that could help solve quadratic
equations?
What have I learnt in this section that I am still unclear of?

Solve each of the following equations.

(@ ala-91=0 (b) Bb+7)=0
{c) 55+25c=0 (d)y 11d-d=0
(e) -4k 16h=10 (f) 3k-81kF=0

(® ——;:[21+3}—{! (h) i;yﬂ ay-0

Solve each of the following equations.
(a) (m-4)(m-9)=0 (b) (n-3)(n+5)=0

() (p+Nip+2)=0 (d) (7g-6)4g-5)=0
(&) (55+3)2-s)=0 (f) (-2t-5)(8t-5 =0

Solve each of the following equations.
(@) $+10s+21=0 (b} £-16i+63=0
() 3P +4%u+60=0 (d) 6w -29w+20=0

(e) %x‘+2:r 9-0 () 9P+2ly-18=0

(g) n?
@) 257 +70p+49-0 () 54~ 5q+1-0

lem+64=0 (h) E+12k+36=0

Solve each of the following equations.

(a) @ 16=0 (b) 4B - 100=0
{c) 121-&=0 (d) 25d1—‘—]l—u

1 1.3
{E} 9 - 6d=0 “’] E—E}' ]

Solve each of the following equations.
(a) kiZk+5)=3

(b) 2mi{m -5)=>5m- 18

(c) (n-2)n+4)=27

@ (p-Dip-6)-126

(e) 37 -5(r+1)=7r+58

() (3s+1)s-4)=-5(5-1)

The sum of a whole number and twice the square of
the number is 10. Find the number.

If four times a whole number is subtracted from
three times the square of the number, the result 15
is obtained. Find the number.

Two consecutive positive numbers are such that the
sum of their squares is 113. Find the two numbers.

The difference between two positive numbers is 7
and the square of their sum is 289. Find the two
numbers.

The difference between two numbers is 9 and the
product of the numbers is 162. Find the two
numbers.
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Exercise

11.

12.

13.

14.

15.

16.

17.

18.

19.

Advanced Intermediate

Solve the equation 7x’ + 21x* = 0. 20. 'The figure shows an ancient coin which was once
used in China. The coin is in the shape of a circle of |
Solve each of the following equations. radius 3 cm with a square of sides x cm removed
(@ 7f+f*=60 (b) 15=8h*-2h from its centre. The area of each face of the coin is
2

© 1e-Uxi3_0 (4 2-35y-9757-0 RO, =

2 4 4 Y Ba
(i) Solve the equation 6x* - x - 15 =0. / . xcm \w‘
(ii) Hence, solve the equation (X *F—H

6(y -3 - (y-3) - 15=0. “\— /

4 d 2 e __/

(a)._Solve 9 25 9 (i) Forman equation in x and show that it reduces ‘
(b) Explain why 2 +Z - 0 has no real solutions. to2m - x*=0. ‘
9 25 (ii) Solve the equation 2w - x* = 0.

Solve each of the following equations. (iii) Find the perimeter of the square.

@ 3@29-3)g-9=6 21. Nadia walks at an average speed of (x + 2) km/h

(b) 1 (t+2)2t - 6) = S for (x - 3) hours and cycles at an average speed of
4 2 (3x + 5) km/h for x hours. She covers a total

distance of 74 km.

(i) Form an equation in x and show that it reduces
to 4x* + 4x - 80 = 0.

(ii) Solve the equation 4x* + 4x - 80 = 0.

(iii) Find the time taken for her entire journey.

‘The perimeter of a rectangular campsite is 64 m and
its area is 207 m®. Find the length and the breadth
of the campsite.

A rectangular field, 70 m long and 50 m wide, is
surrounded by a concrete path of uniform width.
Given that the area of the path is 1024 m?, find the
width of the path.

e Solve the equation 9x’y* - 12xy + 4 = 0, expressing
y in terms of x.

@ (i) Ifx=5isasolution of the equation
- gx+ 10 =0, find the value of g.
(ii) Hence, find the other solution of the equation.

‘The length of a side and the corresponding height
of a triangle are (x + 3) cm and (2x - 5) cm
respectively. Given that the area of the triangle is
20 cm?, find the value of x.

= @ Solve the equation x - (2x - 3)* = -6(x* + x - 2).
A piece of wire 44 cm long is cut into two parts.
Each part is bent to form a square. Given that

the total area of the two squares is 65 cm’, find the
perimeter of each square.

e When (x + 1)* is divided by x - 2, the quotient is 16
and the remainder is x - 3. Find the possible values
of x.
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Quadratic functions and graphs

In Books 1 and 2, we learnt about

« linear expressions (of the form ax + b), e.g. 2x + 1;

« linear equations (of the formax+ b=0),eg 2x+ 1 =0;

« linear functions (of the form y =ax + b), e.g. y = 2x + 1.

In Chapter 1 and Section 2.1 of Book 3, we have learnt about

« quadratic expressions (of the form ax® + bx + ¢), e.g. 2x* - x - 6

« quadratic equations (of the form ax® + bx + c=0),eg. 2 - x - 6 =0.

In this section, we will learn about quadratic functions (of the form y = ax®* + bx + ¢).

A. Quadratic functions

Investigation Relationship between area of square and its length

Go to wwwsl-education.com/tmsoupp3/pg32 or scan the QR code on the right and open the geometry
template ‘Area of Square’

“

Area of Square, A = z*

Coordinates of P - (2,4)

r-oooedinate of P « leagth, 1. of square

y-ooondinate of P = area, A, of square

To vrage traees of P, elick at View then Rofeesh Views ar press Cral-F

i [x=0] [x=1] [x=2]
: (=3

Ifm pont to agust kength, x. o square
‘. 1 L] 10 2 " L " » hy " @

o

Fig. 2.1
In the template, the x-coordinate of the point P represents the length, x units, of a square while the y-coordinate of
P represents its area, A units®. Hence, P will trace out the graph of A = x.
Click on each of the buttons "Set x = 0 ‘Set x = 1’ etc. to obtain the graph of A = x* and answer the following
questions.
1. For each value of x, how many corresponding values of A are there? Is A = x the equation of a function?
2. What do you notice about the shape of the graph? Is it linear or non-linear? Explain your answer.

—ip
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In Book 2, we learnt that a function is a relationship between two variables x and y such that every specified input x
produces cxactly one output y.

From the Investigation on page 32, we have observed that for every value of x, there is exactly one corresponding
value of A, so A = 7 is the equation of a function. Since »* is a quadratic expression, A = x* is the equation of a
quadratic function.

In Book 2, we also learnt that graphs of linear functions are straight lines. From the Investigation on page 32, we
have observed that the graphs of quadratic functions are non-linear. In fact, the graphs of quadratic functions belong
to a family of curves called parabolas.

B. Graphs of quadratic functions

Graphs of y = x? and y = -+

1. Usinga graphing software, draw each of the following graphs.
(a) y=x (b) y=-x
2. Study the graphs and answer each of the following questions.
(a) Both graphs pass through a particular point on the coordinate axes.
‘What are the coordinates of this point?
(b) State the lowest or highest point of each graph.
(c) Both graphs are symmetrical about one of the axes. Name the axis.
Hence, state the equation of the line of symmetry of the graphs.
(d) Which point on the graph does the line of symmetry pass through?

From the above Investigation, we observe that:

¥ ¥
4 line of symmetry Jh‘__.. maximum point
& x
y=x
> y=-
¥~ minimum point %o fine of symmetry
(a) (b)
Fig. 2.2
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NESREEIlS Al Graphs of quadratic functions y = ax® + bx + ¢

Go to www.sl-education.com/tmsoupp3/pg34 or scan the (R code on the right and open the geometry m
template “Graphs of Quadratic Functions’.

Graph of fix)
—ax +bx+c
=x"-3x+1

Fig. 2.3
Part 1: Effect of value of a
Adjust the value of band of ¢ to 0.
1. Increase the value of a. What do you notice about the shape of the graph?
2. Decrease the value of a but ensure that it is positive. What do you notice about the shape of the graph?
3. Decrease the value of a until it becomes negative. What do you notice about the shape of the graph?
4. How does the value of a affect the shape of the graph? What happens when a is positive and when a is negative?

Part 2: Effect of value of ¢

Adjust the value of @ and of b to 1.

5. Increase the value of . What do you notice about the position of the graph?

6. Decrease the value of c. What do you notice about the position of the graph?

7. How does the value of ¢ affect the position of the graph?

Part 3: Quadratic graphs

8. Change the values of a, b and ¢ to obtain each of the quadratic graphs in Table 2.1. Complete the table. The first
one has been done for you.
Mote: An x-intercept refers to the x-coordinate of a point of intersection of a graph with the x-axis.

y=x-4x+3 1 HOPE“;S (2,-1) x=2 1,3 3
y=-x-2x+3
y=x-4x+4

y=-4x+12x-9

=2 +2x+1

p=-3+x-4

Table 2.1
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From the Investigation on page 34, we observe that:

Yy y
A line of 2 A maximum point
g symmetry y-intercept o

y=axX + bx+c, y=a+bx+g
wherea > 0 wherea <0
x-interepts
‘; x 5 x
y-intercept * ¥\ minimum point b S line of symmetry
@ (b)
Fig.2.4
Finding coordinates of points given sketch of curve
Worked »  Inthe figure, the curve y = x* + 3x - 10 cuts the x-axis at two points A and B, and the y-axis at
Example the point C. Calculate the coordinates of A, Band C.
7 y
A
y=2+3x-10
» X

AUéB

*Solution
Wheny=0,2+3x-10=0
(x-2)(x+5)=0
x-2=0 or x+5=0
x=2 or =-5
.~ the coordinates of A and B are (-5, 0) and (2, 0) respectively.
When x= 0,y =0*+3(0) - 10
=10
.. the coordinates of C are (0, -10).

UNEREITY PAEES
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In the figure, the curve y = -2x* + x + 6 cuts the x-axis ¥
'y

Similar and at two points A and B, and the y-axis at the point C.
Further Quetions Find the coordinates of A, B and . 1
Exercise 2B 1“.
Questions 1,4 |,-“ \
III II|I
Al | B -
[ '|I ek
y=-2+x+6

Drawing the graph of y = ax® + bx + ¢, wherea =0
oo ‘The variables x and y are connected by the equation y = x* + 2x + 2. Some values of x and the

E I
PURIES corresponding values of y are given in the table.

8 s[2][afef1]2]3
pl2]1]2]s5]w]17

(a) Calculate the value of p.
(b) On a sheet of graph paper, using a scale of 2 cm to represent 1 unit on the x-axis and
1 cm to represent 2 units on the y-axis, draw the graph of y =2+ 2x + 2 for 3 =x=3.
(c) Use your graph in part (b) to find
(i) thewvalue of y whenx=2.3,
(ii) the values of x when y =3,
(iii) the minimum value of y and the value of x at which this occurs.
(d) State the equation of the line of syrnmetry of the graph.

"Solution
(a) Whenx=-3,y=(302+2(-3)+2
=5
Sp=5
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(b)
FEHE Hp HH
‘ pyEaE . . m
T T e e 2]
Y61 5 EEE] ] ] /f !
B EEEEEEEEEE v um
‘ | 4 87488
14 ' fodie |
= R HHF
ptH A H o
--------------- R AR
............................ L A e S——— —— )('
: EEEEE Ry
, r R mEEE ..//: H
! i mmwn i
........... - 6——--~---/; ! 5
\\, I peasaas i | F
B G Eaat sansasanmaients fp- ¢ Sunss muats tassunay
...... ST 4t 2}‘19.. —
@} O o | 5
L it 1 1 1 1 <o
T T 0 | T T T ks
L3 =D =1 1 3
() (i) Whenx=23,y=118 Recall
SR R @ ettt
5 ofa ic function
Minimum value of y occurs when x = -1 is a vertical line that passes
(d) 'The equation of the line of symmetry of the graph is x = ~1. through the turning point. I

Practise Now 8 'The variables x and y are connected by the equation y = 2x* - 8x + 11. Some values of x and
the corresponding values of y are given in the table.

1L 1] 20 58 |45
210n|s5|3[q|nj2
(a) Find the value of q.

(b) On asheet of graph paper, using a scale of 2 cm to represent 1 unit on the x-axisand 1 cm
to represent 1 unit on the y-axis, draw the graph of y =2x* - 8x + 11 for -1 =x =5.
(c) Use your graph in part (b) to find
(i) the value of y when x= 1.5,
(ii) the values of x when y =8,
(iii) the minimum value of y and the value of x at which this occurs.
(d) State the equation of the line of symmetry of the graph.
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Practi

LR

Drawing the graph of y = ax® + bx + ¢, wherea < 0
'The variables x and y are connected by the equation y = 7 + 5x - 2x%. Some values of x
and the corresponding values of y are given in the table.

1] 2

B 3[2[]0 [
0 9|

, 3/4]5s
y |26 | o] 7

4| =5 |18

(a) Onasheet of graph paper, using a scale of 2 cm to
represent 1 unit on the x-axis and 1 cm to represent

After plotting the points and

2 units on the y-axis, draw the graph of y = 7 + 5x - 2x° before drawing the curve,
for 3=x=5. we realise that (1, 10) is not
the turning point because
(b) Use your graph in part (a) to find the plotted points are not
(i) the coordinates of the turning point, symmetrical about the line
(ii) the equation of the line of symmetry of the graph. f:;)' :‘m&: m&g g
lie on the same holhml line).

*Solution

(@) E&

(~1,0)and (3.5,0)
—=1+35

2
=125
ant_!y-cnudin&ofmming

point

=7+ 5(1.25) - 2(1.25)°

i f H { =10.125

AAAAAA e iisassiiiTisiasasaiisl: Based on the scale used, we

(b) (i) The coordinates of the turning point are (1.25, 10.2). y-coordinate of the turning
(ii) 'The equation of the line of symmetry of the graph is P L2
x=1.25.

se Now 9

'The variables x and y are connected by the equation y = 5 - 3x - 2x°. Some values of x and the
corresponding values of y are given in the table.

& 3| 2|-1|/0|1]2

¥l -4/ 3| 6| 5| 0]|-9

(a) On asheet of graph paper, using a scale of 2 cm to represent 1 unit on the x-axis and 1 cm
to represent 1 unit on the y-axis, draw the graph of y =5 - 3x - 2 for -3 =x=2.

(b) Use your graph in part (a) to find
(i) the coordinates of the turning point,
(ii) the equation of the line of symmetry of the graph.
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C. Applications of quadratic functions in real-world contexts

Many real-world objects and phenomena can be modelled using quadratic functions.
For example, do you know that the path of a basketball as it travels through the air
follows the shape of a quadratic curve? There are many ways to model the path of the
basketball by superimposing a coordinate system. In Fig. 2.5, we can see that the path
of the basketball can be modelled by superimposing a coordinate system, with x being
the time in seconds after the ball was released and y being the height of ball in metres

above the point of release.

0 0.5 1 1.5 Z |25 3
0.012 | 0.357 | 0.552 | 0.597 | 0.492 | 0.237 | -0.168
T TTT¥TT | D i = =
I | |
il 4i o =
v '.
A I = L&A |
A I H
N
E:
I ) O O N OO O 0 T T I l
Fig. 2.5

Big ldea
Functions and Models
Functions express the
Hence, we can use them

‘The best-fit curve that describes the position of the ball at any time x is the graph of a quadratic function as shown
in Fig. 2.6. Displaying the coordinates and the best-fit curve on a graphing software as shown in Fig. 2.6, we model

the equation of the path of the basketball as y = -0.3x* + 0.84x + 0.012.

.............

| / W W ]
e e e ey e T g

Fig. 2.6

Similarly, for other applications, we can collect data about the variables of interest and use a function to model the

behaviour of these variables.
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Modelling of real-world scenario using quadratic function and its graph

Ken kicks a soccer ball into the air such that the height, Big ldea

h metres, of the ball from the ground can be modelled by -

h=27x - 6x°, where x is the horizontal distance travelled by ;:m‘ s ml.l-:::m. .

the ball in metres. quadratic function is used to

(a) On asheet of graph paper, using a scale of 2 cm to represent model the movement of the ball.
1 m on the x-axis and 1 cm to represent 5 m on the (i) What are the characteristics

h-axis, draw the graph of h = 27x - 6x* for 0 =< x = 5. of the phenomenon here?
(b) Use your graph in part (a) to find (@) w"yl “.y?;‘m;

used
to model this phenomenon? I

(i) the maximum height of the ball above the ground,
(ii) the horizontal distance travelled by the ball before it
hits the ground.

*Solution

‘B

...........................

Sessy (311
o e

0

point
I I = x-coordinate of midpoint of
X T (0,0) and (4.5, 0)
| _0+45
2
=225
and of turning

point = 27(2.25) - 6(2.25

S
4
o

o

Lo+

(b) (i) Maximum height of ball = 30.5m
(ii) Horizontal distance travelled by the ball before it hits the ground = 4.5 m

15
Practise Now 10

1. A stone is thrown vertically upwards from the top of a cliff. Its height, & metres, above
ground level, can be modelled by /1 = 28 + 42x - 12x%, where x metres is the horizontal
distance travelled by the stone.

(a) Assuming that the height of the thrower is negligible, find the height of the cliff.
(b) On a sheet of graph paper, using a scale of 2 cm to represent 1 m on the x-axis and

mO»=

1 cm to represent 5 m on the h-axis, draw the graph of h = 28 + 42x - 12x* for
0=x=45.
CHAVIER2 O XFORD Quadratic Equations and Graphs
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(c) Useyour graph in part (b) to find
(i) the maximum height of the stone above ground level and the corresponding
horizontal distance travelled,
(if) the horizontal distance travelled before the stone hits the ground.

2. 'The cross section of a farmland can be modelled by the
eql:t.nl:iun y=_ | + 0.45x — 0.025x%, where x and y are the The shane of realworld
horizontal distance from the farmhouse and the height of the objects may look like a parabala,
farmland above sea level respectively, measured in metres.  but they are not. For example,
(i) Ona sheet of graph paper, using a scale of 1 cm to Lﬂ '“‘Tﬂ’”ﬂm ﬂ'l:]l."

represent 2 m on the x-axis and 4 cm to represent 1 m  Arch, in USA, is not a parabola,

on the y-axis, draw the graph of y = 1 + 0.45x — 0.025x2 :f"f“m)‘-

for 0 = x = 20. -
(ii) Explain the meaning of the constant term 1 in the oy
equation. =g I

(iii) Find the greatest height of the farmland above sea level
and the corresponding distance from the farmhouse.

Modelling of real-world scenario using quadratic function

The height, y metres, of an object projected directly upwards from ground level can be
maodelled by y = 45¢ - 562, where t is the time in seconds after it leaves the ground.

(i) Calculate the height of the object 5 seconds after it leaves the ground.

(i} After how many seconds will the object strike the ground again?

(i) When t =5,y =45(5) - 5(5%) w
=100 ‘The height. y metres. of the

< height of object 5 seconds after it leaves the ground ohject can be modelled by
= 100 m y =45t - 5 only when y = 0
" becanse the ground is level.
(i) When y=0,45t-5F¢=0 What would a negative y-value
SH9 -1 =0 mean?

5t=0 or 9-t=0
t=0 or =9
<. the object will strike the ground again after 9 seconds.

1. 'The height, ¥ metres, of a model rocket launched directly upwards from level ground can
be modelled by p = 96¢ - 48, where ¢ is the time in seconds after it leaves the ground.
(i) Find the height of the rocket 12 seconds after it leaves the ground.
(ii) After how many seconds will the rocket strike the ground again?

2. An athlete throws a javelin across a field. The height, i metres, of the javelin above

ground level, can be modelled by h = —3—15 (x* - 65x - 204), where x is the horizontal

distance from the point it was thrown in metres.

(i) What does the value of b at x = 0 mean?

(ii) Did the athlete achieve a new personal best, given that his record is a horizontal
distance of 70 m?

(iii) Find the maximum height that the javelin reached while in the air.

UMFAEREITY PAREE
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What do | already know about linear functions from Book 2 that could help me learn quadratic functions in
this section?

What are the similarities and differences between real-world applications of quadratic equations in Section 2.1C

and quadratic functions in Section 2.2C?

What have | learnt in this section or chapter that | am still unclear of?

Exercise

In the figure, the curve y = x* + 7x + 6 cuts the
X-axis at two points A and B, and the y-axis at the
point C. Calculate the coordinates of A, Band C.

A

‘The variables x and y are connected by the equation
y=x" + 2x - 8. Some values of x and the
corresponding values of y are given in the table.

B 5| 4| -3[2[]1
¥ 7| a5 8[9]0

2
SR o

(a) Find the value of @ and of b.

(b) On a sheet of graph paper, using a scale of
2 cm to represent 1 unit on the x-axis and 1 cm
to represent 1 unit on the y-axis, draw the
graphof y =2 +2x - 8for -5 =x=3.

(c) Use your graph in part (b) to find

(i) the values of x when y =3,

(ii) the minimum value of y.

State the equation of the line of symmetry of

the graph.

(d)

4.

‘ 'The variables x and y are connected by the equation

y=2 - 3x - 2x*. Some values of x and the
corresponding values of y are given in the table.

B <[ 3] 2[a]o0
y 18 p o0

(a) Find the value of p and of g.

(b) On asheet of graph paper, using a scale of
2 cm to represent 1 unit on the x-axisand 1 cm
to represent 1 unit on the y-axis, draw the
graphofy=2 - 3x - 2xfor 4 =x=2.

(c) Use your graph in part (b) to find
(i) the coordinates of the turning point,
(ii) the equation of the line of symmetry of

the graph.

2 |
3|2 q[-12

'The diagram shows the curve y = -x* - x + 20.

(i) The curve cuts the x-axis at two points A and
B, and the y-axis at the point C. Find the
coordinates of A, Band C.

(ii) 'The point [)(3, h) lies on the curve. Find the
value of h.

CHAVTER 2 OXFORD
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5.

Exercise E

'The variables x and y are connected by the equation
¥ =10 - x - x*. Some values of x and the
corresponding values of y are given in the table.

x -4/-3 -2/ -1 0|1 2|3
y -2 4 8 100 10 8 4| -2

{a) On asheet of graph paper, using a scale of

2 cm to represent 1 unit on the x-axisand 1 cm
to represent 1 unit on the y-axis, draw the
graphof y= 10 - x - x* for -4 =x= 3.

Use your graph in part (a) to find

(i) the coordinates of the turning point,

(ii)

(b}

the equation of the line of symmetry of
the graph.

Draw the line y = 1.6 on your graph in
part (a).

Hence, solve the equation 10 - x - x* = L6.

() (i)

(i)

©

(i) Use your graph in part (ii) to find the length of
the side of the triangle and its corresponding
height that will result in its maximum area.

A hawk drops its prey from a certain height above

the ground. The height, h metres, of the prey can

be modelled by k = 20 - 4¢ - 3, where ¢ is the time

in seconds after it is dropped by the hawk.

(i) Atwhat height above the ground does the
hawk drop its prey?

(ii) After how many seconds will the prey fall onto
the ground?

The variables x and y are connected by the equation
y=x" - 2x. Some values of x and the corresponding
values of y are given in the table.

2 1| 0 1 23| 4
8130 1| 0| 3| 8

6. If astore prices each book at S, (64 - 8x) books
will be sold. (a) On asheet of graph paper, using a scale of
(i) The total amount of money earned from the 2 cm to represent 1 unit on each axis, draw the
sale of the books is $y. Express y in terms of x. graphof y=3* - 2xfor - 2=x =4
(ii) On a sheet of graph paper, using a scale of (b) Use your graph in part (a) to find
2 cm to represent $1 on the x-axis and 1 cm to (i) thevalues of x when y=1,
represent $10 on the y-axis, draw the graph of (ii}) the minimum value of y.
ylorD=x=4§ (c) State the equation of the line of symmetry of
(iii) Use your graph in part (ii) to find the amount the graph.
at which the store should price each book such (d) By drawing an appropriate line in your graph
that the total amount earned is at a maximum. in part (a), solve the equation x* - 2x=x.
7. 'The length of a side and the corresponding height The value of an asset can be modelled by
of a triangle are {x + 2) cm and (7 - x) cm y = 2x* — 4x + 7, where y is the value of the asset
respectively. in thousands of dollars and x is the time in years.
(i) 'Write down a formula for the area, A, of the (i) ©On asheet of graph paper, using a scale of
triangle in terms of x, and show that 5 cm to represent 1 year on the x-axisand 1 cm
A=T+ EJE. S to represent $1000 on the y-axis, draw the
22 graphof y=2x 4x+ 7for0=x=<3.
(ii) On a sheet of graph paper, using a scale of (ii) Use your graph in part (i) to find the
1 cm to represent 1 cm on the x-axisand 1 cm minimum value of the asset and the time at
to represent 1 cm® on the A-axis, draw the which it occurs,
graphof 4 = ?+§x—%x3 ford=x=8 >
Quadratic Equations and Graphs CHAPTER 2 A
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Exercise

@ The path of a pirate ship adventure ride at a theme
park follows the shape of a parabola. The ship swings
back and forth, accelerating to the base and then
upwards. The height of a rider above ground level,

h m, can be modelled by the equation

h=12%

12x + 30, where x is the horizontal

distance of the nder from where the nde begins.

(i) Onasheet of graph paper, using a scale of
2 cm to represent 1 m on the x-axis and 4 cm
to represent 10 m on the h-axis, draw the graph

of h= 1.2

12x+ 30 for 0 = x = 10.

(i) Find the height of the object 2.5 seconds after it
leaves the ground.

(i) After how many seconds will the object strike the
ground again?

(iii} 1.5 seconds after the object has been projected, a
second object is also projected directly upwards
from the ground. Given that the equations of
muotion of the two objects are the same, what is the
distance between the two objects one second after
the second object has been projected?

(ii) Explain the meaning of the constant term 30 @ The height, i metres, of a ball projected directly

in the equation.

upwards from the ground can be modelled by

(iif) When a rider is 19.2 m above ground level, h =56t - 7%, where f is the time in seconds after it
water is splashed on him. Find the horizontal leaves the ground.
distance a rider travels between the two splashes. (i) Find the height of the ball 3.5 seconds after
it leaves the ground.

e The height, ¥ metres, of an object projected directly
upwards from the ground can be modelled by
y =171 - 5¢, where t is the time in seconds after

it leaves the ground.

(23

(i) After how many seconds will the ball strike the
ground again?

(iif) When will the ball be 49 m above the ground?
Briefly explain why there are two possible answers.

Sketching graphs of quadratic functions

A. Graphs of quadratic equation expressed in
the general form y = ax? + bx + c (Recap)

In Section 2.2, we have learnt how to draw (Le. plot) the graphs of quadratic functions of the form y = ax® + bx + ¢,
where a, b and ¢ are constants and a # (0. Fig. 2.7 summarises some of their characteristics.

We have also learnt that the minimum point and the maximum point are called furning points.

e

A s

N

) ¥
y-intercept

(a)

-}lf—/ o
ik

=~ minimum point

Fig. 2.7

¥ ¥ ) )
A E‘f,]ine of symmetry y-intercept 4 :x/, maximum point
o ", .
y=ax*+bx+c, S d y=ax+bx+c,
where a =0 wherea <0
1 X-integcepts

.._\

—
(b)

line of symmetry

44

moew
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Let us learn how to sketch graphs of quadratic functions which are expressed in the factorised form y = {x - h){x - k)
or y= —(x - h)(x - k), and in the completed-square form y = (x - pi* + g or y = —(x - p)* + g, where the coefficient of
x*is either 1 or -1.

Table 2.2 shows some similarities and differences between drawing (ie. plotting) and sketching a graph.

Draw on graph paper Draw on plain paper (or foolscap paper) 1f we do not “: ﬂ::}':"”“
Use a pencil to draw Use a pencil to draw m::dm?m g Ib}«:hc
Use a scale for the axes A scale for the axes prevents distortion of the non-uniform scale from 1 to 3,
curve. Fig. 2.8 shows a good sketch of the curve. ond fogem 3 0 5, g the - axie
¥
4 y=x -6x+5

f

\

0 35
44
Fig. 2.8
Need to plot about 7 or more Only need to plot the critical points which the
points at equally-spaced curve passes through:
intervals in order to draw the « the point where the curve cuts the y-axis
curve passing through these « the points where the curve cuts the x-axis
points (if any)

| = the turning point.
Can read the coordinates of any = Cannot read the coordinates of any un-plotted
un-plotted points on the drawn = points on the curve
curve to a certain degree of
ACCUracy

Table 2.2

Before we can sketch the graphs of quadratic functions of the form y = +(x - h)(x - k) and y = £(x - p)* + g, we need
to study some of their characteristics, such as the relationships between the x-intercepts or the coordinates of the
turning point, and the constants kt and &, or p and .

UMFAEREITY FARRE
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B. Graphs of quadratic equations expressed in
factorised form y = H(x - h)(x - k)

Characteristics of graphs of y = £(x - h)(x - k)

1. Use a graphing software to plot the graphs of the form y = (x - h)(x - k) or y = ~(x - h)(x - k) shown in Table 2.3.
Copy and complete the table. The first row has been done for you. Note that the values for ki and k are
interchangeable, ie. for the first row, you can also write h = 5and k= -1.

y=(x+Dx-5 | -1 | 5 -1,5 _12+5 -2 x=2 Minimum, (2, -9)
y=(x-2)(x-6)
y=(x+7)x+3)
y==(x-4)(x+10)
¥=x(8 - x)
y= —[x +%){r— 9)
Table 2.3

2. (a) What is the relationship between the x-intercepts and the values of h and k?
(b} What is the relationship between the equation of the line of symmetry and the x-intercepts?
(c) What is the relationship between the equation of the line of symmetry and the x- or y-coordinate of the
turning point?
(d) Given the x-coordinate of the turning point, how do you find its y-coordinate?
3. Without using any graphing software, copy and complete Table 2.4 below; using what you have learnt in
Question 2.

y=(x—1)(x-9)

y=(x+2)x-7)

y=(3-x)x+4)

_ 5
y= -:r{x+ 3]

Table 2.4
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From the Investigation on page 46, we observe that:

Worked
Example

12

Sketching the graph of y = (x - h)(x - k)
Sketch the graph of y = (x - 1){x - 5).

"Solution
Find y-intercept:
Whenx=0,y=(x-1)(x-5)
=(0-1)0->5)
=5 y-intercept
Find x-intercept(s):
Method 1:
Comparing y= (x - 1){x - 5) and
y={(x-hx-k),h=1land k=5.
. x-intercepts are 1 and 5.

Method 2:
When y=0, (x - 1)}{x-5) =0
x-1=0 or x-5=0
x=1 or x=5
Find turning point:
x-coordinate of turning poin =]—;5
=3
y-coordinate of turning point = (3 - 1)(3 - 5)
=(2)(-2)
=4

x-intercepts

average of x-intercepts

==

Expressing y = ax” + bx + ¢

in its equivalent form
¥=+{x~ h)x k) (when it is
possible to do so) can help us
find the x-intercepts and the

of its graph casily. |

(i) Use a scale to draw the axes.
(ii) Label anly the critical
values (Le. x-intercepts,

dotted line if it helps you to
draw the curve for x = 5.

Ouadratic Eguations and Graphs
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Sketch:

hibhiiedl  Sketch the graph of each of the following functions.

Similar and (a) y=(x-2)x-6)
Further Questions —
—~ b) y=ix+4)x+7)
Questions Hal—{fL {I:] y=-r(-’f- 5}
-6 (d) y=(3 -x)(x+8)

C. Graphs of quadratic equations expressed in
completed-square form y = +(x - p)* + g

estigation

Characteristics of graphs of y=%{x - pf* + g

1. Use a graphing software to plot the graphs of the form y = (x - p)*+ gory = —(x - p)*+ g in Table 2.5.
‘Then copy and complete the table. The first row has been done for you. Unlike the previous Investigation where
the values for h and k are interchangeable, the values of p and g are not interchangeable here. Why?

y=(x+10+5 -1 | 5 | Minimum,(-1,5) x=-1 0
y=(x-ay j
y=(x+8P-9 !
PR |
y=-x ?]+1 .
[ 5) ‘
——[I+§)
y=-x-6 |
Table 2.5

moew
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2. (a) Whatis the relationship between the coordinates of the turning point and the values of p and g7

(b) What is the relationship between the equation of the line of symmetry and the x- or y-coordinate of the
turning point?

(c) When will the curve just touch the x-axis (i.e. there is only one x-intercept)? Explain.
Hint: Look at the value of p or g; and the coordinates of the turning point.

(d) Ifthe coefficient of x* is positive, when will the curve cut the x-axis at two points, or not at all?
Hint: Look at the value of p or g; and the coordinates of the turning point.

(e) If the coefficient of x* is negative, when will the curve cut the x-axis at two points, or not at all?
Hint: Look at the value of p or g; and the coordinates of the turning point.

(f) Given the equation of the curve, how do you find the x-intercepts?

(g) Given the x-coordinate of the turning point, how do you find its y-coordinate?

3. Without using any graphing software, copy and complete Table 2.6 using what you have deduced in Question 2.

y=(x=7+2
B
y=x¥-=

y=-(x+14)+16

Table 2.6

From the above Investigation, we observe that:

form
y=2%(x- p)’+ q can help us find
the coordinates of the turning
point of its graph easily.

Quadratic Equations and Graphs OXFORD CHAPTER2 49 A

UMYERETY PAESE



Sketching the graph of y= (x - p)* + g
Sketch the graph of y = (x - 1) - 4.
Indicate clearly the coordinates of the points where the graph

crosses the axes and the minimum point on the curve.

g

Problem-solving Tip

Find y-intercept: Step 1: Find the y-intercept.

Whenx=0,y=(x- 1) -4 Step 2 Find the x-intercepts.
—O-1)7-4 Step 3: Find the coordinates of
==3 y-intercept one of the two methods.

For Method 2, since the

Find x-intercept(s): [perfect square

Wheny=0, (x-1*-4=0 (x— 1)* =0 for all real

3 values of x, then
(x-1)y=4 y=(x-1F-4=—4 50,
x-1=%2 if we let (x - 1 =0, we
x=1+7 will find the coordinates
1 or 3 x-intercepts wht':muhuddnyun
Find turning point: Step 4: mﬂ]-iwl
Method 1: {i) Use ascale to draw the axes.
- — ] — 2 — (ii) Label anly the critical

Comparing y=(x - 1)’ ~dandy=(x - p)P + g, p=1and vaboms i, i,

g=-4 y-imtercept and the

- coordinates of minimum point = (1, -4) coordinates of the turning

puint) on the axes.

Method 2: (iii) Mark cut the critical points

Let(x-1P=0.Thenx-1=0,ie x=1. ngﬂhm

CUrvie passing

When (x - 1)*=0,y=(x- 1) - 4=-4. throagh the critical painte.

.~ coordinates of minimum point = (1, —4) The curve should look

symmetrical about the line

Sketch: of symmetry x = L.

¥ (%) Label the equation of the
y={x-1P-4
[ [ (¥i) Label the coordinates of the
critical points in the sketch,
as stated in the question.

1. Sketch the graph of y = (x - 2)* - 9.
Indicate clearly the coordinates of the points where the
graph crosses the axes and the minimum point on the curve.

2. Sketch the graph of y = (x + 5+ 1. find the coardinates of the
Indicate clearly the coordinates of the points where the maximum point?

B} . Hint: Since (x+ 1P =0,

graph crosses the axes and the maximum point on the curve. then —(x+ Lt = 0.

P
A
o
E
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Sketching the graph of y = -(x+ p) + g
':uﬂceld (i) Expressy= -x* - 6x - 11 in the form y = —{x + pP + g.
e (ii) Hence, sketch the graph of y = 3~ 6x - 11.

14 "Solution

(i) y= - 6x-11
=z +6x)-11
= {F+ar+F-3)-11
= [(x+3PF-9]-11
= (x+3F+9-11

= (x+3P-2
(if} Find y-intercept:

Method 1: Method 2:
Whenx=0, Whenx=10,
y=-x-6x-11 y=—(x+3¢-2

==11 =-(0+3)pP-2

= =11
Find x-intercept(s):
Wheny=0,-(x+3)*-2=0 mm@mm
e+ 3p=-2 solutions means that the curve
Since (x + 3)* = 0, there are no real solutions. ¥=-x"—ir - 11 does not cut
the x-axis.

Find turning point:
Method 1:
Comparingy = -{x+3)*-2Zandy=(x-pV+ g
p=-3and g=-2.
- coordinates of maximum point = (-3, -2)
Method 2:

Let{x+3)=0.Thenx+3=0,ie x=-3.
When (x+ 3P =0,y=-(x+3PF-2=0-2=-2
.. coordinates of maximum point = (-3, -2}

Sketch:

¥ A quadratic curve that does

o B the point (0, ~11) on the y-axis
/ } in the line of symmetry to get
f ' \ the third paint (-6, —11). Sketch
Iu' I'I the curve passing throogh these
| three paints. There is no need
"*""'.’""]'1'""' to write down the coordinates
| \ of the critical points since the
question did not ask for them.
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1. (i) Expressy=-x*+4x-6intheformy=-(x-p)l+4q.

(ii) Hence, sketch the graphof y = -x* + 4x - 6.

2. (i) Expressy=x"'+x+lintheformy=(x+p) +gq.
(ii) Hence, sketch the graphofy =2+ x+ 1.

3. (i) Expressy=-x"-6x - Qintheformy=-(x+p)F+4q.
(i) Hence, sketch the graph of y = —x* — 6 - Y.

We have learnt how to sketch the graphs of quadratic functions in the following forms:
() y=zlx-h)x-k) (b) y=+lx-p)P+q

1. Consider the graph of y = (x - 1)* - 4 in Worked Example 13.
(i) How many times does this graph cut the x-axis?
(ii) Can we express ¥ = (x - 1)* - 4 in the form of y = +(x - h)(x - k)? If yes, show how it is done.
2. Consider the graph of the quadratic function y = (x — 3){x — 3).
(i) Isy=(x-3)(x— 3)in the form of y = £(x - h)(x - k) or y = £(x - p)*+ g or both? Explain.
(ii) How many times does the graph of y = (x — 3)(x — 3) cut the x-axis?
(iii) Sketch the graph of y = (x — 3)(x — 3).
3. Consider the graph of y = -x* - 6x - 11 in Worked Example 14.
(i) How many times does this graph cut the x-axis?
(ii) Can we express y = -x* - 6x — 11 in the form of y = £(x - h){x - k)? Explain.
4. To sketch a gquadratic function with the equation y = x* + bx + ¢, how do we decide whether we should express
it in the factorised form, y = (x - h)(x - k), or in the completed-square form, y = (x - p)*+ g%

From the above Thinking Time, we observe that some quadratic functions cannot be expressed in the factorised
Sform, y=%(x - h)(x - k), because they do not cut the x-axis at all.
In general, all quadratic functions can be expressed in the completed-square form, y = £{x - pP + q.
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W # ¥ '” . Matching quadratic graphs with the corresponding functions

Match the graphs with their respective functions and justify your answers. If your classmate does not obtain the
correct answer, explain to him or her what he or she has done wrongly.

A:y=—(x+1)x+6) B:y=(x+1)(x+6) Cy=ix-1)x+6) D:y=-(x-1)(x-6)

Ey=x-7xt+6 P:y=-x-5x+6 G:y=x-5x-6 H:y=-x"+5x+6
Ly=x+4x+6 Jy=-x+4x-6 Kiy=x'+2x+1 L:y=-(x-1)
¥ Y Y ¥

1. What have | previously learnt about the characteristics of the graphs of quadratic functions of the form
¥ = x*+ bx + c? How can this help me sketch the graphs of quadratic functions of the form y = +{x - h){x - k)

and y = (x - p)*+ g?
2.  'What have [ learnt in this section that I am still unclear of#
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Exercise

. Sketch the graph of each of the following functions.

(@ y=(x+1)x+3)
(€©) y=(x+1)(x-5)
(e) y=03-x)(x+2)

(b) y=(x-2)(x+4)
(d) y=-(x-1)(x+6)
() y=2-x(4-x

. Sketch the graph of each of the following

functions. Indicate clearly the coordinates of the
maximum or the minimum point and the equation
of the line of symmetry.
@ y-x-4

() y=(x-3)*-2

() y=-(x+2)+3

(b) y=-x+6
(d y=(x+1)-3
() y--(x-47+5

(i) Factorise x* +‘—::x y

(ii) Hence, sketch the graph of y = x* +7ix ;

Sketch the graph of y = (2 - x).

(i) Factorise x* + x - 6 completely.
(ii) Hence, sketch the graphof y= X" + x - 6.

Sketch the graph of y = x* - 4x + 3.

(a) (i) Expressy=-x*-7x - 15inthe form
y=-(x+p)P+gq.
(ii) Hence, sketch the graph of
y=-x-7x-15.
(b) (i) Expressy=x*- 3x+4inthe form

y=(x-pP+q.

(ii) Hence, sketch the graph of y = x* - 3x + 4.

9

(a) (i) Expressy=-x*- 10x - 25 in the form
y=-Ax+py+q.
(ii) Hence, sketch the graph of
y=-x* - 10x - 25.
(b) (i) Expressy=x*- 8x+ 16 in the form
y=(x-pF+q.

(ii) Hence, sketch the graph of y = x* - 8x + 16.

(a) (i) Expressy=-x*+6x - 6inthe form
y=-(x-pli+q

(ii) Hence, sketch the graph of
y=-x1+6x-6.

Express y = x* - 8x + 5 in the form

y=(x-pF+gq.

(b) (i)

(if) Hence, sketch the graphof y = x* - 8x + 5.

@ 'The graph of y = (x - h)* + k has a minimum point

13
at (—2 = Z)
(i) State the value of h and of k.
(ii) Hence, sketch the graph of y = (x - h)* + k,

indicating the coordinates of the point of
intersection of the graph with the y-axis.
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In this chapter, we have learnt to solve a special group of non-linear equations. More specifically, we applied the
Zero Product Principle to solve quadratic equations which can be easily factorised into the product of two linear
factors. Quadratic functions have several real-world applications. For example, the path of a basketball can be
modelled by a quadratic function. Besides solving quadratic equations algebraically, we have also observed the
connections between the graphs and equations of quadratic functions and used graphs to obtain an approximate
solution to the equation. Graphs, or mathematical diagrams in general, provide a visual representation of
mathematical ideas so that connections can be seen more clearly.

L T A A R R R

Summary 0

1. Zero Product Principle
If P and Q are factors of an algebraic expression such that PQ = 0,then P=00or Q=0.
« Show how you can use this principle to help you solve the following quadratic equations:
(@) 4x*-9x=0 (b) 4-9-=0
(c) 4 -12x+9=0 (d) 42+5x-9=0

2. 'The general form of the equation of a quadratic function is y = ax* + bx + ¢, where a, b and c are constants and

a#0.
Yy y , -
A line of symmetry ek 3 4 : _ maximum poin
i 3 by ¥ mtercsp:t P ’
; y=ax+bx+c, AL y=ax +bx+c
] wherea == 0 wherea << 0
integtepts /&nte cepts
a1 '
x .
o’ o
/' . :
y-intercept " minimum point W tine of symmetry
a=0 a<0

« For a > 0, the graph of y = ax* + bx + c opens upwards indefinitely and has a minimum point.

« For a < 0, the graph of y = ax® + bx + ¢ opens downwards indefinitely and has a maximum point.

« 'The smaller the absolute value of a, the wider the graph of y = ax® + bx + c opens.

« 'The line of symmetry of the graph of y = ax’ + bx + ¢ is a vertical line that passes through its turning point.
« 'The graph of y = ax* + bx + ¢ may have 0, 1 or 2 x-intercept(s) but it has only 1 y-intercept.

v

Y >
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Summary

3. Graphs of quadratic functions of the form y = £(x - h)(x - k)
« 'The x-intercepts are h and k.

« 'The equation of the line of symmetry is x = hsz ;
« 'The x-coordinate of the turning point is }!;k
. y -
maximum
line of point
symmetry x
y-intercept — SR
x ¥ P line of
h k _minimum symmetry
= point
y=(x-h){x-k) y=~(x-h){x-k)

4. Graphs of quadratic functions of the form y = =(x - p)*+ ¢q
« 'The coordinates of the turning point are (p, q).
« 'The equation of the line of symmetry is x = p.

y

x=pis y
4—— the line of
x-intercepts Symmetry

(p, q) is the
maximum
point

y-intercept
x y-intercept

q 2 {p, q) is the \-x=pis
minimum the line of
point symmetry

y=(x-pr+q y=-(x-pF+q
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CHAPTER 3

Quadratic and Fractional Equations

Ancient babylonian tablets, similar to the one in the picture,
provide us with fascinating insights into the lives and
knowledge of people who lived thousands of years ago.
‘Thousands of mathematics problems found on tablets dated
around 1600 BC denote a range of numeric and advanced

On one of these tablets is an interesting problem, translated as
“I take away the side from the area of a square to get 8707
‘Written in algebraic notation, this would be expressed as a
quadratic equation x* - x = 870. Can you solve this?

‘The general method to solve any quadratic equation was finally
developed after 3000 years, in the 16* century. Everyone
thought that the problem of solving quadratic equation was
thus laid to rest. 'Then, in September 2019, Loh Po-Shen, a
rediscovered a technique used by the ancient Babylonians that
made the solving of quadratic equations much easier!
standard general solution to any quadratic equation.

Learning Outcomes
What will we learn in this chapter?

« How to solve quadratic equations in one variable by
- completing the square for equations of the form x* + bx + ¢ =0
- use of formula
- graphical method

« How to solve fractional equations that can be reduced to quadratic equations
« How to formulate a quadratic equation in one variable to solve problems

« Why quadratic equations and quadratic functions have useful applications in
mathematics and real-world contexts

uToR >



In Chapter 2, we have learnt how to solve a quadratic equation by factorising the corresponding quadratic

If P and () are factors of an algebraic expression such that PQ = 0, then P =

Solve the following quadratic equations:
(a) X+4x+3=0
(b) x**+4x-3=0

OorJ=10.

In the Introductory Problem, you could use factorisation to solve part (a), but not part (b). Let us now learn how to

solve quadratic equations that cannot be solved by the factorisation method.

Solving quadratic equations by completing
the square

A. Solving quadratic equations by factorisation (Recap)

L
Recall that a quadratic equation is of the form

ax® + bx + ¢ = 0, where a, b and c are real numbers and a # 0.

We have also learnt how to solve a quadratic equation by factorisation, which we will recap below.

Solving quadratic equation by factorisation
Solve the equation x* - 5x - 6=0.

1 *Solution

£_5x-6=0
(x-6)x+1)=0 factorise using multiplication frame
x=6=0 or x+1=0  Zero Product Principle
x=6 or x=-1
Solve each of the following equations.
Similar and (a) **-7x-8=0
Further Questions (b) 2)*+3y-20=0

Exercise 3A
Questions a}-{d)

Big ldea
Equivalence
Rocall that two equations are
equivalent if they have the same
solution(s), eg. & - 5x - 6=10
and (x - 6){x+ 1) =0
Converting an equation into
a sequence of appropriate

equivalent equations is the basis
of solving an equation. |
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B. Solving quadratic equations of the form (x + rf? = s

L)

The quadratic equation in Worked Example 1 can be solved using factorisation. But we have seen from the
Introductory Problem that some quadratic equations, e.g. 2 + 4x - 3 = 0}, cannot be solved this way. Such quadratic
equations can be expressed in the form (x + r)* = 5, where r and s are real numbers (which will be covered later in
this chapter).

Let us first see how an equation of the form (x + r)* = s can be solved easily by taking the square roots on both sides
of the equation to obtain the solutions, as shown in Worked Example 2.

Solving quadratic equation of the form (x + r)*=s

Idea
Worked Solve the equation (x + 3)* = 14. Big
Example Notations
. . “The notation + is used to
2 Solution represent +' or =" in a concise
(x+3P=14 smanner. For example, 2214
x+3= 414 take square roots on both sides means +/14 or ~/T4; and
x= _3LJH —H-im means —34+/14 ar
0742 or -674(to3sf) - _J

Solve each of the following equations.

Similar and (a) (x+ 7P =100
Further Questions 2 _
Eromie 3 (b) (Zy-5F=11
Questions Ha)-{h)

C. Perfect squares

We encountered the algebraic expression (x + 3)* in Worked Example 2. What do you call such an expression?

We learnt about perfect squares in Book 2.

For example, the numbers 9 and 16 are perfect squares because they can be expressed as the square of an integer:
9=3"and 16 = 4~

Algebraic expressions like @, ¥, (a + b)* and (a - b)* are also perfect squares becanse they are the squares of the
expressions a, b, (a + b) and (a - b) respectively.

‘They can also be represented as squares pictorially. For example, in Fig. 3.1(a), &°, ¥, and (a + b)* can be represented

as squares.
da b x 3
= - - LN 3
a at ab X P 3x
a+h x+3
bt ab » 33 Ix 3
B e E—
a+b x+3
(a) (b)
Fig. 3.1

Similarly, the expression (x + 3)*in Worked Example 2 is a perfect square and it can be represented pictorially as
shown in Fig. 3.1(h).
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D. Completing the square

We learnt in the previous section that (x + 3)* = x* + 6x + 9 is a perfect square.

But is 2 + 6x also a perfect square?

By viewing it pictorially in Fig. 3.2(a), we realise that x* + 6x is not a perfect square.

However, we can make x* + 6x into a perfect square by adding 3* = 9 to the expression x* + fo.
This makes it x* + 6 + 9 = (x + 3)" as shown in Fig_ 3.2(b).

X 3 X 3
- .
x e 3x x x 3x
x+3 x+3
3t 3x 3* 3x 3
-
x+3 x+3
(a) (b)
Fig.3.2 Big Idea
This process is called completing the square because we add the number 32 = 9 to E_qumlﬂu't
complete x° + 6x into a square. It is very important to note that x* + 6x = (x + 3)% m'::f*si];:f}:ﬁ::ﬁ““u
values Xlx+ FX +
What number do we add to a quadratic expression of the form x* + bx to make it N herehme oy 6 i ok
into a perfect square? Let us investigate. equivalent to (x+ 3 and we
cannot write the two expressions
as being equal. |

nf==1ale]y! Completing the square for quadratic expressions of the form 2 + bx

To make a quadratic expression of the form »* + bx into a perfect square (x + r)*, we have to add a number, ¢, to

x° + bx to complete the square.
In this Investigation, we will find a relationship between f and b, and between r and b.

Complete Table 3.1. The first one has been done for you.

(@) X+ fix

x e 3% L
43 » 3 3 (x+3) 3

x+3

UEEEARITY PARER
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(<) 2+ 10x

(d) 2+ 12x

xth

B

‘What is the relationship between t and b?
‘What is the relationship between r and b?

Based on your answer to Question 1, what number must you add to x* + 18x to complete the square?
Based on your answer to Question 2, what is the completed square (x + r)* after completing the square for

© + 18x*

Ouadraiic and Fractional Equations
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From the Investigation on pages 60 and 61, we observe the following;

I
Since x* + bx#(x+%] » how do we express ¥ + by in terms of a perfect square?
Worked Example 3 will show you how this is done.

Completing the square for quadratic expressions of the form x* + bx

E:::E:i Express each of the following expressions in the form (x + r)* + u.
£ (a) * +10x (b) « - 5x
3 "Solution
10} | (10}’
(a) »*+ 10x = x’+lux+(3] —[E] (2) The coefficient of x is 10,
* We divide this by 2 and get 5.
=(a? +_]D§t_j_1_$’} -5 Soweadd 5 to x*+ 10x.
=|{x+(5j’—25 a + 2ab + b = (a + B)* e
= To make them equal, we
have to subtract 5% like this:
: -r"S'-Iz 51 o =27+ 10x + 5 - 5%
(b) x - 5x=|x" —5x+ I—) —(—2 How do you explain that
the twao expressions above
{5\ 25 a* - 2ab + (-bP = (a- by, are cqual?
= ,Z_ ry where b — [+ (b) The coefficient of x is —5.

Practise Now 3 Express each of the following expressions in the form (x + r)* + u.

Similar and (a) 2+ 12x (b) - Tx
F—— () £+ Léx (d) f_gx
Questions 3(a)-h)

Completing the square for quadratic expressions of the form x* + bx + ¢

Express
(a) »*+ 2x+ 3 in the form (x + rP + u;

4 (b) -« +7x - 5inthe form —(x+ r)* + w.

Worked
Example

P
A
o
E

*Solution
(@) d+2x+3=C+2x 1) -1*+3

() Leave the constant term 3

=lxH1f+2 alone and complete the
®) C+7x-5=-(2-7x) -5 <ounelli s
2 2 7\ (b} Group the first two terms
=—|x —T7x+ —[—1) -5 and factorise out —1 so that
the cocfficient of 2 in the
- H 49 20 brackets is now positive.
= —|x + 1 4 Then complete the square
for ° - 7 just like in
_ _[ _3)2+£ Worked Example 3.
2 4

UKYEARITY FAREE
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Samitar and (a) ¥+ 14x+5 (b) ¥*+7x-12
Further Questions
Exercise 3A () ¥ 9x+3 (d) x’—-gx—:;

Questions 4(a)-{h)

(a) x¥*+6x-2 (b) xX*+9x-35

© -P-7x+5 @ —xz—-;x—l

E. Solving quadratic equations by completing the square

1. Express each of the following expressions in the form (x + r)* + u.

2. Express each of the following expressions in the form —(x + r)* + u.

After learning how to complete the square for a quadratic expression, we can now solve quadratic equations by

completing the square.

Solving quadratic equation by completing the square

*Solution
Method 1:
X+4x-3=0
(F*+4x+2%)-22-3=0 add 2* -2*=0to LHS
(x+2)-7=0 complete the square
(x+2)P=7
x+2=47 take square roots on both sides
x= —Ziﬁ
=065 or -4.65(to2dp.)
Method 2:
X+4x-3=0
X+d4x=3 add 3 to both sides
P+4x+22=3+2 add 2° to both sides
(x+2y=7 complete the square
x+2=4/7 take square roots on both sides
x=-247

=065 or —4.65(to2d.p.)

Practise Now 5 1.

Solve each of the following equations, giving your answers

Solve the equation x* + 4x - 3 = 0, giving your answer correct to 2 decimal places.

Big Idea

Equivalence

In Method 1, why can we add
2~ 2 1ox+ 4x - 37 Are the
two expressions x’+ 4x - 3 and
(x + 4x + 2%) - 2° - 3 equivalent?
Explain.

In Method 2, why can we add
2" to both sides of the equation?
Are the two equations, X'+ 4x =3
and @ +4x+22=3+2%,
equivalent? Explain.

Why?

|Whichm:ﬂmddoywpnﬁu? I
IPromthuolm‘nmd

2 +4x - 3 =0, we can infer that
C+ax-3

N E )
=(x+2-47)(x+2447).

Similar and correct to 2 decimal places.
S B Hence although we cannot
EI (::51::5 (@ x*+6x-4=0 factorise equations such as
Questions S} 6, (b) ¥+7y+5=0 « + 4x - 3 using a multiplication
7la)-(d). 8 () Z2-z-1=0 frame, all quadratic expressions
can be expressed as a product of
2. Solve the equation (x + 4)(x - 3) = 15. two linear factors as shown in the
above example.
Quadratic and Fractional Equati CHAPTER 3 A
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The first quadratic equation in the Introductory Problem, x* + 4x + 3 = 0, can be solved by factorisation but not the
second one, x* + dx - 3=10.

We solved the second equation by completing the square in Worked Example 5.

1. Do you think the first equation can also be solved by completing the square? If yes, show how this can be done.
2. Doyou prefer to solve the first equation by factorisation or by completing the square? Why?

3. How do you solve the quadratic equation 2x* + 8x - 6 = 0, where the coefficient of »* is not equal to 17

R e
Exercise

. Solve each of the following equations. 5. Solve each of the following equations by completing
(a) x*+7x-18=0 (b) 22 +5x-7=10 the square, giving your answers correct to 2 decimal
{c) 59 -28y+15=0 (d) 4 -49=0 places.
{a) #®+2x-5=0 (b) - 12y+9=0
. Solve each of the following equations, giving your () # 52-5-0 (@ P+ 1 p-3-0
answers correct to 2 decimal places where necessary. 6 2 4
(a) (x+1¥=9 (b) (2y+1/=16 (&) q’—Eq+4g =0 (f) F+06r-1=0
() (5h-4) =81 @ (737 =
S . "
(€ (m+3F-11 () (2n-3)7=23 6. [11} Express x* + 17x - 30 in the form (x + a)* + b.
1 1 (ii) Hence solve the equation »* + 17x - 30 =0,
(8 (5-wpk=7 (h) {E—f] =10 giving your answers correct to one decimal
place.
. Express each of the following expressions in the
form (x+ i + . 7. Solve each of the following equations.
(a) %+ 20x b} - 15x (a) ala+4)=3a+1 (b) (b+1)=7b
2 5= d) did-4)=2(d+7
© xz+%x ) x’—%x (€ (c-2Wc+3)=c  (d) did-4)=2(d+7)
(e) x*+02x (f) =*-1l4x e Given the equation 3* - ay - 6 =0, wherea isa
(g) —x - 1l0x (h) —x'+1lx constant, find the solutions for y in terms of a.

4. Express each of the following expressions in the
form (x+ r)* + w.

(a) = 6x+1 (b) ©+3x- 2
(0 ©+9x 18 (@ x’—%x+?
(&) +10x-2 (f) —x’+lax—lz3

(8 - 9x 2025  (h) —x!—§x+3

UEAEARITY FAREE
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From Section 3.1, you may have realised that solving a quadratic equation by completing the square can be quite

tedious.

In this section, we will learn how to generalise this method into a general formula that can be used to solve all

quadratic equations.

£L+a4x-3=0

X+4x=3 add 3 to both sides

X +4x+22=3+2* add 2?to both sides

(x+2)>=7 complete the square

x+2= 27 take square roots on both sides

x= —Z:t\ﬁ

=065 or —4.65(to2d.p.)

ax+bx+c=0
x +%x+—§ = divide throughout by a
L PR subtract * from both sides
a a a
v b BY o e fBY by ;
x +_ax+(z) __a+(z) add[g} to both sides
G R
(JHE) -—;+—az- complete the square
_ b*—4ac
e
x+i- b*—4ac take square roots on both
2a 4q°  sides
_Ab-4ac
= e -
x=_bi\/b’—4ac
2a 2a

In general:

Quadratic and Fractional Equations
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Solving quadratic equation using formula
Solve the equation 3x* - 4x - 5=10.

6 *Solution

3xt-4x-5=0

e —b+b* —dac

2a

)k () —4(3)(-5)

2(3] a=3b=-4,c=-5

Waorked
Example

_ 4276
6

=212 or —-0.78 (to 3 sf)

Practise Now & Solve each of the following equations.

(a) 2 +3x-7=0 (b) 5x¥+Bx+1=0
() 3*-5-x=0 (d) 1-x*-7x=0
(e) (x-1P=4x-5 (f) (x+3)x-11=8x-7

w ¥ ’ . Number of real solutions to quadratic equations
o &

Solve the following equations using the quadratic formula.
(@) 3 +5x-4=0
(b) 4x* - 12x+9=0
(c) 22 +5x+8=0
1. Can you solve the equation in part {c)? Why not?
What do you notice about the sign of the number which you have to take the square root of?
2.  'We say that the equation in part (c) has no real solutions.
State the number of real solutions each of the three equations above have.
3. Can you solve the equation in part (b), i.e. 4x° - 12x + 9 = 0, by factorisation?
Which method do you prefer? Why?

From the above Class Discussion, we observe that a quadratic equation can have two, one or no real solutions.
We also learnt that the quadratic formula can be used to solve all quadratic equations even if they have no real
solutions. In other words, we can still solve such equations but their solutions are not real.
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‘We have learnt 3 methods to solve a quadratic equation thus far:

(a) factorisation;

(b) completing the square;

() quadratic formula.

1. Which method cannot be used to solve all quadratic equations?

2. Ifa quadratic equation can be solved by all 3 methods, which method do you prefer? Why?

3. Ifa quadratic equation cannot be solved using the method in Question 1, which of the two remaining methods
do you prefer? Why?

Solving fractional equations reducible to

quadratic equations

In Chapter 1, we learnt about algebraic fractions of the form % » where A and/or B are algebraic expressions, and B = 0.

. . . 2 7h
Examples of algebraic fractions are <132 and m )
Equations that contain one or more algebraic fractions are known as fractional equations. We have learnt how to
[ 4

solve fractional equations such as B b3 = 0.

We will now learn how to solve fractional equations that can be reduced to quadratic equations, such as
2 _sy-land —+2L o3

x+2 x+2 5—x ’

Solving fractional equation reducible to quadratic equation
Waorked

. 2
Example Solve the equation <13 S5x-1.

— =5x-1 .
x+2 Equivalence

. . i ‘There is no known procedure
L ®¥(x+2)=0Bx-1Dx(x+2) I.j;ujril;]} both sides bry to sobve a fractional equation
*+Z e+ 2 directly, so expressing itasa
2=(5x-1)lx+2) quadratic equation (when it is
=5 +9x-2 possible to do so) can help us
O=52+9¢ 4 solve it. Thus we sec the value
of expressing an equation in a
5x%+9x-4=0 if h=k, thenk=h mutquf“htmhnm
e I|| 2 us in finding the salutions.
e bt b —dac l
2a
G497 —
_ 95 —45)(H) a=5b=9c=-4
2(3)
_ 94161
10

=0369 or -2.17(to3sf)
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Solve each of the following equations.

1 2q _
(3)7,*2?‘3 (b) r—l()&]
6 3
(c) ;*__“.—x+3 (d) t,)___yf3y— 1

it Solving more complicated fractional equation reducible to quadratic equation
or

Example Solve the equation x_iz +;‘T"; =2.
*Solution
Tt )X D69 =2x x4 D6 e s tesionsoly ol

35-x)+ (x- 1)(x+2)=2(-x+3x+10)
15-3x+(F+x-2)= -2+ 6x+20
¥ -2x+13=-2+6x+20

3 -8x-7=0
—b i\} b*—4ac
e
2a
_ —(-8)2(-8)" -4(3)-7) a=3,b=-8,c=-7
2(3)
8i\/l48

6
=336 or -0.694(to3sf)

Practise Now 8 Solve each of the following equations.

Similar and 1 2
ﬁlﬂﬂ'qifﬁlrs (a) x—%“'ﬁ =5
; St @ =Lty
y=3 y-2
3 1
@ el o
n-2 (n-2)
6 3t
@ ot !
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Advanced

Intermediate

dUuddddiiddddodudoddgduaud

Exercise m

. Solve each of the following equations. [
(a) £+4x+1=0 (b) 3 +6x-1=0
{c) 3I-5x-17=0 (d) 3 -7x+9=0

() 2+2x*-7x=0 (f) 1ox-5x"-2=10

Find the value(s) of x that satisfy the equation
x(x—3) 3
(x+1) 5

7. Solve each of the following equations.
. Solve each of the following equations. (a) % - 5_1 () iﬁ - [_xT'H
(@) £+5x=21 (b) 10 12x=15 1_21 . :+ .
:.:; &xi—faﬂe :;1: 4 +1l= a;r @ 4575 =2 @ - =9
€ 9-5x=-3x 16x - 61 = 1 1 3 7 x+l _1
S B VL i s
i i 5
. thesead:ufmefullmﬂngequaxm?. () = -2 1 . W) %_’_ x -1
@ 2241 (B) x+2 -9 (x-2) (x—1)
X x
(<) I_H_x (d) 3x ]__9 o Solve each of the following equations.
5—x 3x+5 1 3 3
—+—= 4+ = -0
(€) 2c+1=2%1 (0 =X —ax+1 @ e atan
x—=5 x+4 1 3
® g3, !
xt—9 3—x
4. Solve each of the following equations. © 3 . x4l
(a] x{x+1)=1 x—3 x'—5x+6
(b) 3x+1Mx-1)=7x (d 4 2= 2—'“'2-
(€ (x-1F-2¢=0 x1 2" 4365
(d) x(x-5)=7-2x
(e) (5x-9)(x-1) x(x- 2)=0
(f) (4x-3P+(dx+3p*=25
5. Solve each of the following equations.
(a) x-1 _ Bx
x+l 1-x
(b) (x—2)(x—3)_2
(x—1)x+2) 3
Ouadratic and Fractional Equations ORD CHAFPTER 3 T
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@ Solving quadratic equations by graphical method

In Sections 3.1 and 3.2, we have learnt how to solve quadratic equations by completing the square and using the
quadratic formula. We can also solve them using a graphical method.

Consider the quadratic equation 2x* - 5x - 6 = 0.

To solve it, we can plot the graph of the corresponding quadratic function y = 2x* - 5x - 6 on graph paper (we will
do this in Worked Example 9 later; the sketch in Fig. 3.3 will help you visualise the process).

¥
A
y=2¢ - 5x- 6
y=0 /
L
2 m
x []'l[Erc.Ept X ]ntﬁr{:ept
Ly
}' lrltErL'fpt
Fig, 3.3

To solve 2x¢* - 5x — 6 = ) means we want the y-valoes of y = 2x* - 5x - 6 to be equal to zero.

Since the equation of the x-axis is y = 0, this means that the y-values of y = 2x* - 5x - 6

are equal to zero when the graph of y = 2%* - 5x - 6 cuts the x-axis. w

Therefore, the solutions of 22* - 5x - 6 = 0 will be the x-coordinates of the points of The solutions of an equation are
intersection of the graph of y = 2x® - 5x - 6 and the x-axis. We have learnt in Chapter 2 also called its roots.

that these x-coordinates are called the x-infercepts (similar to what the y-intercept is).
Waorked Example 9 shows you how to do this.

Solving quadratic equation by graphical method
‘The variables x and y are connected by the equation = 2x* -~ 5x - 6.
(i) Complete the table for y= 2% - 5x - 6.

ti—z—1|u 1[2]3] 4
y | | |

(ii) Drawthe graphof y=2¢" - 5x-6for 2= x =4,
(iii) Hence, solve the equation 2x* - 5x - 6= (.

) B8N 2| -1/0 12|34
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(iii) From the graph, x = -09 or 3.4.

x| 2/ -1/ 01

1. 'The variables x and y are connected by the equation
y=2-4x- 1
(i) Complete the table for y = 2x* - 4x - 1.

B

|

4|

|

7

(ii) Draw the graphofy=2x" -4x - 1for 2=x=4

(iii) Hence, solve the equation 2x* - 4x - 1 = 0.
2. Bydrawing the graph of y = 7 - 4x - 3x° for -3 = x = 2, solve the equation

7 - 4x - 3x* = 0 graphically.

OXFORD CHAVPTER3
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Solving quadratic equation by graphical method
'The variables x and y are connected by the equation y = x* - 4x + 4.
(i) Complete the table for y = x* - 4x + 4.

3[4]s

1] 0
A i

(ii) Drawthegraphofy=x*-4x+4for -1 =x=5.
(iii) Hence, solve the equation x* - 4x+4 = 0.

1 2

*Solution
@ 1|01 3 5
9ol4|l1|of[1]4a]lo
(ii) — BEE
'y A |
10+
X

% R Ilfwesdvcf-uu:oby
factorising the left-hand side, I
(iii) From the graph, x = 2. e coun e e ;

1. 'The variables x and y are connected by the equation y = x* - 6x+ 9.
Similar and (i) Complete the table for y=x* - fx + 9.

Further Questions I_10‘12134
[ [ [ [ |

Exerdise 3C
Questions 3,6,7

(ii) Drawthegraphofy=x*-6x+9for -1 =x=6.
(iii) Hence, solve the equation x* - 6x+ 9 = 0.

2. By drawing the graph of y = 8x - x* - 16 for 0 = x = 8, solve the equation
8x - x* - 16 = 0 graphically.

5|6

Draw the graphof y =2 + 4x + 3for 2 =x = 4.
1. (a) State the number of points of intersection between the graph and the x-axis.
(b) How many real solutions are there to the equation 2x* + 4x + 3 = 07 Explain.

2. We have learnt that a quadratic equation can have two, one or no real solutions (see Class Discussion on page 66).
How do you interpret the number of real solutions of a quadratic equation graphically?

MmO e
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We have learnt four methods to solve a quadratic equation:

(a) factorisation,

(c) gquadratic formula, (d) graphical method.

(b) completing the square,

Write down the advantages and disadvantages of using each method.
When solving a quadratic equation, how would you choose which method to use?

Exercise

. The variables x and y are connected by the equation
y=2x'-5x+ 1L
(i) Complete the table for y = 2x* - 5x + 1.
B -1 0 1|2|3|4
o | | |
(ii) Draw the graph of y = 2x* - 5x + 1 for
l=x=4

(iii) Hence, solve the equation 2x* - 5x+ 1 =10,

. ‘The variables x and y are connected by the equation
¥=T7-5x-3x
(i) Complete the table for y = 7 - 5x - 3x%

x3521t}l§2

. .
(ii) Draw the graphof y =7 - 5x - 3x" for
I=x=2
(iii) Hence, solve the equation 7 - 5x - 32° = 0.

. The variables x and y are connected by the equation
y=x'+bx+9
(i} Complete the table for y = 2 + x + 9.

m | | [ [ | |

(ii) Draw the graphof y = x* + 6x + 9 for
S=x=10

(iii) Hence, solve the equation x* + 6x + 9= (.

5] 4] 3] 2] 1] 0

(i) Draw the graph of y = 32" + 4x - 5 for
I=x=2
(ii) Hence, solve the equation 3x* +4x - 5=0
graphically.

By drawing the graph of y = 5 - Zx - x* for
4 = x = 2, solve the equation 5 - Zx - x* =0

graphically.

(i) Draw the graphof y = 4x* + 12x + 9 for
d=x=2
(ii) Hence, solve the equation 4x* + 12x+9=0

graphically.

By drawing the graph of y = 10x - 25 - x* for I
0= x = 10, solve the equation 10x - 25 - x* =0
graphically.

Ouadratic and Fraclional Equations
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Applications of quadratic equations and
functions in real-world contexts

Some problems in the real world can be solved by formulating a quadratic equation and solving it, as shown in
Worked Examples 11 and 12 below.
Others can be modelled using a quadratic function, as shown in Worked Example 13.

Solving problems in real-world contexts using quadratic equation

The owner of a piece of land wishes to build a fence along its perimeter. On a map with a
scale of 1 : 2000, the piece of land is in the shape of a right-angled triangle with sides of length
11 xcm, (x +6) cmand (2x + 5) cm.

(Zx+5)cm__—
=i xcm

-

(x+6)cm

(i) Write down an equation to represent this information and show that it simplifies to
¢+ Bx - 11=0.

(ii) Solve the equation 2x* + 8x - 11 =10,

(iii) Explain why one of the solutions in part (ii) must be rejected as the length of one side of
the triangle.

(iv) Hence, find the actual length, in metres, of the fence needed.

(i) (Zx+5F=x"+(x+6)* Pythagoras’ Theorem
4y + x+ 25=x"+x"+ 12x+ 36
25’ + Bx - 11 = 0 (shown)
—b++ B —dar
2a
&+ r 1
= -H_ : 4['2}( ”} a=2,b=8,¢c=-11
2(2)
_ 844152
4

(i) x=

=108 or -508 (to3sf)
(iii) The sides of the triangle must be more than 0 cm, hence x > 0 and -5.08 must be

rejected.
(iv) Perimeter of triangle = x + (x + 6) + (2x + 5)
=dx+11
_ | —B+4152
4 ———— 1+ 11
4
=15.329 cm (to 55.£) ving
To . bt
Actual length of fence needed = 15.329 cm = 2000 dtmm]ﬂfx“‘m
= 30658 cm with a degree of accuracy higher
=307 m(to 3 sf) than 3 sf.
T i CHAPTER 3 Cuadratic 2nd Fracional Equali
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m ‘The diagram shows a structure in the shape of a triangular prism.

Further Questions

Exerdise 3D
Questions 1.5

Worked
Example

12

'The base, triangle ABC, has dimensions as shown.
Itis given that AB is longer than BC.
(i) The perimeter of triangle ABCis 17 m.
Write down an expression, in terms of x,
for the length of AB.
(ii) Hence, formulate an equation in x and show that
it simplifies to 2x* - 18x + 17 = 0.
(iii) Solve the equation 2x* - 18x+ 17 =0,
giving both answers correct to 3 decimal places.
(iv) Why do we need to reject one answer in part (iii)?
(v) Given that the height of the structure is 7 m, find the volume of the structure.

Solving problems in real-world contexts using fractional equation reducible to

quadratic equation

A family travels 315 km from Bandhi to Karachi. The average speed of a car is

18 km/h more than the speed of a coach. Let the average speed of the coach be x km/h.

(i) Write down an expression, in terms of x, for the number of hours the family would take
to reach Karachi if they chose to travel by car.

If they chose to travel by car instead of by coach, they would reach Karachi 1 hour and

15 minutes earlier.

(ii) Write down an equation to represent this information and show that it simplifies to
x*+ 18x - 4536 = 0.

(iii) Solve the equation x* + 18x - 4536 = 0, giving both your answers correct to 3 decimal
places.

(iv) Find the time taken by the family to travel by car, giving your answer correct to the
nearest minute.

"Solution
We will use Pélya’s Problem Solving Model to guide us in solving this problem.

Stage 1: Understand the problem
What information is given and what information is not given?
« What is given:
- Distance between Bandhi and Karachi
- Difference in average speeds of car and coach
- Difference in time taken to travel by car and by coach
« What is not given:
- Average speed of car and of coach
- T'ime taken to travel by car and by coach
What are we supposed to find?
« Time taken to travel by car
What assumptions do we have to make?
For such questions, we have to assume:
« Distance travelled by car = distance travelled by coach = distance between Bandhi and
Karachi

Quadratic and Fractional Equations OXFORD CHAPTER 3

mO >



Stage 2: Think of a plan
What do we know about the relationship between speed, distance and time that could help us

formulate an equation?
Stage 3: Carry out the plan
(i) Speed of car = (x + 18) km/h
- . . _ distance
lime taken if travelling by car =
315
x+l18

(ii) Time taken if travelling by coach = 3—;(5 h

h . 1x60+15 h = 5 Since the times taken are in
1 h 15 min &0 Il hours, there is a need to convert
315 315 5 1 h 15 min to hours.
T x  x+18 4
315 315 5 multiply both sides by LCM of the

- {x +18)
~ “ %318 dx(x+1

1260(x + 18) - 1260x = 5x{x + 18)
22 6RO = 5x* + 90x

Sxt+ 90x - 22680 =0
x* + 18x - 4536 = 0 (shown)

—b - b —4dac

(x+18) = . : .
) koix+1 4 three denominators: 4x(x + 18)

(fii) x = %a
_ ' 2_ ca
_ TIBYIS 4ONAS36) | g oo asse
2(1)
184418 468
2
=58949 or -76.949 (to3dp.)
I . . 315
(iv) Time taken if travelling by car —+ 18
315 .
8949118 (since speed x = 0)
=40936h(to 5s5f)
= 4.0936 = 60 min

= 246 min (to nearest minute)

Stage 4: Look back

How can we check that the answer is correct besides verifying the calculations in the above
working step by step?

Can we substitute x = 58.949 into 3—:1_5 to find the travel time by coach in hours, and then

calculate the difference in time taken to travel by car and by coach, in hours, to see if we
obtain 1.25 hours (i.e. 1 h 15 min)?

UM REARITY PAREE
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Practise Now 12 Bernard drove 600 km from City P to City (). The average speed of his return journey was
Shmidar and 7 km/h faster and the time taken was 15 minutes less.
Further Questions (i) Ifhe drove at an average speed of x km/h on his journey from City P to City Q. write
E“""_’e"“z“_n down an equation to represent this information and show that it simplifies to
X'+ 7x - 16 800 = 0.
(ii} Solve the equation x* + 7x - 16 800 = 0, giving both your answers correct to 2 decimal
places.
(iii) Find the time taken for the return journey, in hours and minutes, giving your answer
correct to the nearest minute.

Modelling problems in real-world contexts by quadratic function

Imran threw a ball into the air. The path of the ball could be modelled by the equation
h=-f+4t+1,

where i, in seconds, is the time from the moment the ball was thrown, and h, in metres, is

the height of the ball above the ground. Find the difference in height between the ball at its

highest point and the point from which it was thrown.

Whent=0h=-£+4t+1

=1 h-intercept A sketch s useful to visualise
h=-f+4t+1 that the difference in height
between the ball at its highest
— (-4 +1 point and the point from
=—(fF-4t+2°-22)+ 1 which it was thrown, is equal
_ o the difference between the
(f-2F+4+1 h-coordinate of the maximum
=-lt-20+5 point and the h-i e
. h-coordinate of maximum point = 5 5-1=4.
. difference in height =5 -1 h
=4m 5
1
t
0 2

Practise Now 13 1. Vasi participates in an obstacle course. He has to jump off a platform to ring a bell that is

Similar and 3 metres above the ground. The path of his jump can be modelled by the equation
Further Questions y==x'+2x+ 0.5,
I:]ﬁ :':r“ where x, in metres, is the horizontal distance from the edge of the platform, and y,
in metres, is the distance from his feet to the ground. Given that Vasi is 1.6 m tall,
determine if he will be able to reach the bell if the platform is 1 metre away from the bell.
Cuadratic and Fractional Equations OXFORD  CHAPIERS 7 g
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2. 'The profit, $F million, of a manufacturing company in its first 10 years of operation
can be modelled by the equation P = 2 - 0.1(x - 3)*, where x is the number of years of
operation. The table shows some values of x and the corresponding values of P.

x 0

P 11 16| 19 2

1 | 2 | 3| 4|
19

5 6 | 7 8 | 9 10
L& 1.1 0.4 0.5 16| -29

(i) Usinga scale of 1 cm to represent 1 year, draw a horizontal x-axis for 0 = x = 10.
Using a scale of 2 cm to represent $1 million, draw a vertical P-axis for -4 = P = 3.
On your axes, plot the points given in the table and join them with a smooth curve.
(ii) Use your graph to find the value of x when the profit of the company is zero.

] e

Exercise m

The perimeter of a rectangular poster is 112 cm and . Rice from Brand A costs $x per kilogram. A food
its breadth is x cm.

(i)

(i)

Write down an expression, in terms of x, for
the length of the rectangular poster.

The area of the poster is 597 cm®. Write down
an equation to represent this information and
show that it simplifies to x* - 56x + 597 = 0.

(iii) Solve the equation x* - 56x + 597 = 0, giving

both answers correct to 2 decimal places.

(iv) Identical posters are to be pasted along a wall

4 m in length. Find the maximum number of
posters that can be pasted in one row on the
wall, without any overlaps.

There are 2 printers in a library. Printer A prints
6l pages every x minutes.

(i)

(ii)

Write down an expression, in terms of x, for

the number of pages printed by Printer A in

1 minute.

Printer B takes 2 minutes longer than Printer A .
to print 60 pages. Write down an expression, in
terms of x, for the number of pages printed by
Printer B in 1 minute.

When both printers are in use, they are able to print
a total of 144 pages in 1 minute.
(iii) Write down an equation in x to represent this

information and show that it simplifies to
6+ Fx-5=0.

(iv) Solve the equation 6x® + 7x - 5= (L

()

Hence, find the time taken by Printer B to
print 144 pages.

catering company spent $600 on rice in January.

(i) Write down an expression, in terms of x, for
the amount of rice that this food catering
company ordered in January.

In February, the food catering company decides to

buy rice from Brand B, which costs $0.40 less per

kilogram.

(ii) Given that the company still spent $600 on rice
in Febroary, write down an expression, in
terms of x, for the amount of rice ordered in
February.

(i) If the difference in the amount of rice ordered
is 45 kg, write down an equation to represent
this information and show that it simplifies to
15x% - 6x - BD = 0.

(iv) Hence, find the price of each kilogram of rice
from Brand B.

An object is launched from a platform. The path of
the object can be modelled by the equation
h=-f+5t+10,
where ¢, in seconds, is the time from the launch and
h, in metres, is the height of the object from the
ground. Find the difference in height between the
object at its highest point and at the point from
which it was thrown.
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Advanced Intermediate

Exercise

5. A model of a commemorative structure in the shape 7. Sara travels 700 km by coach from Islamabad to

R i g IR I IR IR IR IR igt

of a square-based pyramid has a scale of 1 : 100
The diagram shows one of the lateral faces of the
model, where AP =(x+ 5)cm and BC = 2x cm.

(x+5) cm\\\

[ N

P
B 2xcm C

(i) Write down an expression, in terms of x, for
the total surface area of the model.

{ii) Given that the total surface area of the model
is 50 cm?, formulate an equation in x and show
that it reduces to 4x* + 10x - 25 = (.

(iii) Solve the equation 4x* + 10x - 25=10.

{iv) Explain why one of the solutions in part (iii)
must be rejected as the length of BC.

(v) Find the actual floor area, in m?, that the
commemorative structure occupies.

Waseem and Yasir started a 10-km hike at 8 a.m.
They started walking at the same speed of x km/h.
After 2 km, Waseem increased his speed by 1 km/h
and walked the remaining distance at a constant
speed of (x + 1) km/h. Yasir maintained his speed
of x km/h throughout the hike.

(i) Write down an expression, in terms of x, for

the time taken by Waseem to complete the hike.

(ii) Waseem completed the hike 30 minutes earlier
than Yasir. Write down an equation to
represent this information and show that it
simplifies to 2* + x - 16=10.

(iii) Solve the equation x* + x — 16 = 0. Explain why
one of the solutions must be rejected.

{iv) Hence, find the time when Waseem finished
the hike.

Bahawalnagar to visit her grandparents. She returns

to Islamabad by car at an average speed which is

30 kmy/h greater than that of a coach.

(i} Ifthe average speed of the car is x km/h and
the time taken for the whole journey is
2i) hours, formulate an equation in x and show
that it reduces to x* — 100x + 1050 = 0.

(ii} Solve the equation x* - 100x + 1050 = 0, giving
both your answers correct to 2 decimal places.

(iii) Find the time taken for the return journey.

A tank, when full, contains 1500 litres of water.

Pump A can fill the tank with water at a rate of

x litres per minute.

(i) Write down an expression, in terms of x, for
the number of minutes taken by Pump A to fill
the tank completely.

Pump B can fill the tank with water at a rate of

(x + 50) litres per minute.

(ii) Write down an expression, in terms of x, for
the number of minutes taken by Pump B to fill
the tank completely.

(iii) Pump A takes 30 seconds longer than
Pump B to fill the tank completely. Write down
an equation to represent this information and
show that it simplifies to x* + 50x - 150 000 = 0.

(iv) Solve the equation x* + 50x - 150 000 =0,
giving both your answers correct to 2 decimal
places.

(v) Find the time taken for Pump B to fill the tank
completely, giving your answer in minutes and
seconds, correct to the nearest second.

\'4
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- Intermediate Advanced

Exercise m

Two weeks before Nadia went to New York fora
holiday, she exchanged 5$2000 into US dollars
(U58) at XYZ Money Exchange at a rate of

USE1 = S

(i) ‘Write down an expression, in terms of x, for the
amount of US$ she received from XYZ Money
Exchange.

One week before her holiday, she exchanged another

S$1000 into USS$ at ABC Money Exchange at a rate

of US51 = 5%(x + 0.05).

(if) Write down an expression, in terms of x, for
the amount of US$ she received from
ABC Money Exchange.

(iii) If Nadia received a total of US$2180 from the
two money changers, formulate an equation
in x and show that it reduces to
218x% - 289.1x - 10=10.

(iv) Solve the equation 218x* - 289.1x - 10 =0,
giving both your answers correct to 4 decimal
places.

(v) Find the exchange rate between 5% and US$
offered by ABC Money Exchange.

@ During a test flight, an aircraft flies from Sandy

Land to White City and back to Sandy Land. The
distance between Sandy Land and White City is

450 km and the total time taken for the whaole
journey is 5 hours and 30 minutes. Given that there
is a constant wind blowing from Sandy Land to
White City and that the speed of the aircraft in still
air is 165 km/h, find the speed of the wind. State the
assumptions you have made to solve this problem.
Hint: Let the speed of the wind be x km/h.

@ In a carnival game, participants throw a balloon

filled with water from the top of a platform onto a
sandpit. Points are allocated based on the horizontal
distance from the foot of the platform to where the
balloon lands.

Cheryl throws a balloon. During the flight, its
height above ground level, y cm, is represented by
the equation y = 200 + 7x — 627, where x is the
horizontal distance, in metres, from the foot of

the platform. The table shows some values of x and
the corresponding values of y.

]
200

(i) Usinga scale of 1 cm to represent 1 m, draw a
horizontal x-axis for 0 = x=7.

RNEE
167|132 85 | 26

1
201

2
190

Using a scale of 2 cm to represent 50 cm, draw
a vertical y-axis for 0 = y = 250.

On your axes, plot the points given in the table
and join them with a smooth curve.

(ii) Use your graph to find
{a) the maximum height the balloon reaches,
(b) the horizontal distance from the foot of

the platform to the balloon when it is
51} cm abowve the ground.

(iii) Given that the flight of the balloon above
ground level can only be modelled by the
equation y = 200 + 7x - 6" for 0 = x =, state
the value of . Explain your answer.
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In this chapter, we extended our knowledge of quadratic equations by learning how to solve quadratic equations
whose corresponding quadratic expressions cannot be easily factorised. The key is to change the quadratic equation
into an equivalent form whose solution can be more easily obtained. For example, in the Introductory Problem,
the quadratic expression in the equation x* + 4x - 3 = 0 cannot be easily factorised into two linear factors. However,
the equation is equivalent to (x + 2)* = 7, which can be solved easily by taking square roots. The same concept
applies to solving fractional equations.

Although there is no known procedure to solve a fractional equation directly, if the fractional equation can

be rewritten in terms of an equivalent quadratic equation, we would be able to solve it! We see that the "trick™

of changing the form of an equation into another, which is easier to solve, allows us to solve a great variety of
equations. This is the foundation of many of our solution methods for solving equations.

Furthermore, the idea of equivalence also enables us to express quadratic functions in different ways, so as to obtain
different information that we can use to help us sketch the graph of the function. The ability to change the equation
of a function to its other equivalent forms is an important skill that will enable us to solve other kinds of equations
and perhaps, rediscover ancient methods of solving such equations!

N O O O A N R )

Summary

w2 2
1. Tocomplete the square for x* + hc.weaddmenmnher(g}{ , 50 that the completed squa.reis[x+%} .
L

bY [bY
Therefc-re,f+hx=f+hx+(5] _{E]

2. A guadratic equation of the form ax® + bx + ¢ = 0 can be solved by
(a) factorisation,
(b) completing the square,
(c) using the formula x = =
(d) using a graphical method.
«  Which of the above methods cannot be used to solve all quadratic equations?
« Which of the above methods do you prefer? Explain.

b4+ b* —4dac
2a
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3. Equations that contain one or more algebraic fractions are known as fractional equations.
“To solve a fractional equation that can be reduced to a quadratic equation:
«  Multiply both sides of the equation by the LCM of the denominators.
«  Reduce the equation to a quadratic equation.
«  Solve the quadratic equation, usually by factorisation or using the quadratic formula.
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CHAPTER 4

Indices, Surds, Exponential Growth
and Decay, and Standard Form
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« According to the United Nations, the world population reached 8 000 000 000 in mid-November 2022.
‘The world population is projected to exceed 9 700 000 000 by 2050.

« 'The distance travelled by light in a year, also known as a light year, is exactly 9 460 730 472 580 800 metres.
‘The nearest known star (other than the Sun), Proxima Centauri, is about 4.2 light years away!

« 'The Bohr radius of a hydrogen atom is estimated to be about 0.000 000 000 053 m.

it
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"These numbers remind us of both the vastness and tininess present in this universe. However, writing and
working with such big and small numbers can be very tedious. With the invention of index notation to
represent these numbers, we can now use and work with these extreme numbers in a more concise yet precise
manner. In this chapter, we will learn how to apply the index notation to express these extreme numbers using
standard form, as well as to solve problems involving exponential growth and decay.

Learning Outcomes
What will we learn in this chapter?

What the five Laws of Indices are

How to apply the five Laws of Indices

How to state and use the definitions of zero, negative and rational indices

si ify expressi i i
How to simplify expressions involving surds

How to use conjugate surds to rationalise the denominator of an
expression containing a surd

How to represent very large or very small numbers using standard form

Why indices, exponential growth and decay, and standard form have
useful applications in real life

itod A >



Joyce
. -

Will Joyce or Bernard donate more money in total by the end of the month?

In this chapter, we will learn more about indices and how to operate them.

We have learnt how to represent 5 x 5 x 5 x 5 as 5* (read as ‘5 to the power of 4'), Big idca
where 5 is called the base and 4 is called the index (plural: indices). 5* is called the Notatians
index notation (or index form) of 5x 5x 5 x 5. ‘The index notation is used to
represent a number multiplied
5+ «— index by itself n times in a precise and
‘ CONCISE manmer.

base F
Write 3 x 3 x 3 x 3 x 3 x 3 x 3 x 3 in index notation: Numbers with a base of '5' are

called powers of 5. Examples of
powers of 5 are 5!, 5%, 5*and 5%

In the Introductory Problem, to find the amount Bernard donated on the 31+ day

of the month, we need to find the value of 2 multiplied by itself 30 times.

'This is very tedious to write using the multiplication notation. Instead, the index notation 2* could be used.
In addition, although Bernard’s donation may seem to start off as a small amount, 2*° cents is actually equal to
1073 741 824 cents or about $10.7 million. This shows how ‘powerful’ the index 30 is!

Laws of Indices

In this section, we will learn five Laws of Indices to help us perform some operations on numbers written in index
notations.
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A. Law 1 of Indices

Discovering Law 1 of Indices

- 0n

Copy and complete the following.

1. 72x7'=@xnx(N )
———

2 factors n factors

googolplex.
has one googol (or 10™) zeros.

i i
ORE IEWIPIReT page can
6 factors print 30 000 digits, we will
=788 need at least 10™ newspaper
72 pages to print out all the zeros
of a googolplex. But this is not
=1 (T possible because this is greater
2. (-6 x (-6~ | I |x | S | posiebecaue thiss
) factors which i stimated to coatain
about 10™ atoms!
= (~6) x (~6) x .. x (~6) 1f you think a googolplex isa
- — : very large number, search the
factors Internet for ‘Graham's number’,
=(-6)® which is so much larger than the
googolplex that a new notation
= (-6)*' 88 has to be used to represent it.

3. @xa‘=(@@xaxa)x( )
3factors ([ factors
—axax..xa
(OB I
I factors
=a§
=a"§

4. a"xa*=(axaxax..xaxa)x(@xax..xaxa)
m factors ;actors
—axax..xa
[ —
(m + ) factors
:a-’

From the above Investigation, we observe the following:

| In order to apply Law I, the

bases of the two factors (i.c. a~
and a*) must be the same.

Indices, Surds, Exponential Growth and Decay, and Standard Form OXFORD CHAPIER4M 85
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Applying Law 1 of Indices
Simplify each of the following, leaving your answer in index notation where appropriate.

(a) x5 (b) (-2¥x(-2) (c) &b x2bct
1 "Solution
(a) 5% x5*=5F1" Law 1 of Indices
=57 ‘#\ :
(b) (-2)x(-2)=(-2p"" Law 1 of Indices (b} You can also leave your
— (-2 answer as 2* instead of (-2)°.
Why? On the other hand. is
(-2)" = -2% Explain.
(c) 6 x 2bct = 12071 \5 4 Law 1 of Indices (<} Since mlllllplﬂhﬂll is
_ lzb‘f’ commutative, we can
rearrange the arder of the
factors:
Simplify each of the following, leaving your answer in index f"f’;ﬂs S
notation where appropriate. ShmeREEAEeH
(a) =7 (b) (-3F=(-3) Big ldea
(c) a"xaf (d) Zuy* = 3% Notations

In Worked Example Lic), bt
means bx o, e the index 4 is
for ¢ anly. If we want the index 4
for both b and ¢, then we have to
write it as (be)* (see Law 4 later
for maore details). Understanding

the convention of such notations

helps us interpret what is given
correctly. |

B. Law 2 of Indices

IEal=CIals sl Discovering Law 2 of Indices

Copy and complete the following.

7 factors
———
_ S5 EHGH5KS

1. 5+5

———
factors

=5
=5
5 factors
(-0} ='[—1u]x(—m]x{—m)x[—lu]x(—lu]'

10y

5

factors
= (-10)
= (-10)°-
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9 factors

_aXa¥XxaxXxaxaxaxaxaxa

3. Ifa=0,thena® = at

factors

m factors

axaxax..xaxa

axax..xXaxa
e —

factors

4. Ifa=0and m > n, then a™ =+ a* =

=adXdax..xa
e

(m ) factors

=g
5. What will happen to the result in Question 3 or 4 if a = 0¥
6.  What will happen to the result in Question 4 if m < n?

From the above Investigation, we observe the following:

Law 2 of Indices:

a"sa"=a= " or %ﬂ' -

where base a is a real number such that a = 0, and
indices m and n are positive integers such that m = n.

Applying Law 2 of Indices

fa) =7 (b) (-5)°=(-5)
“Solution
(a) F=T=7"" Law 2 of Indices
_]'5
(b) (-5)=(-5)=(-5)""! Law 2 of Indices
_{ 5}5
126°%*
(c) 12b°%c* = abict = b
=2b-4*-*  Law 2 of Indices
=2Fc

I In order to apply Law 2, the

bases of the dividend and divisor
(ie. a= and o respectively) nmst
be the same.

Simplify each of the following, leaving your answer in index notation where appropriate.

(€) 126 = gbd

(b) You can also leave your
answer as —5" instead of

(-5F". Why? On the other
hand, is (-5} = -5 Explain.

Big Idea
Notations

We can interpret 126 + 6b'c

as 120" = (6bc?), e 12BC |
Gb'c

Indices, Sunds, Exponential CGrowih and Decay, and Sandard Form
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- 0n

Simplify each of the following, leaving your answer in index notation where appropriate.

Simillar and (@ y=9¢ (b) (-4y=(-4)
© a*+a @ 5
9x7y

C. Law 3 of Indices

Discovering Law 3 of Indices
Copy and complete the following.
L (ZP=2x2 (2% means we evaluate 2° first,
=250 Law 1 of Indices and then we square it.
=250

2. [(=9)P=(-9) x (-9)* x (-9)*
=(~9) '8 88 Law 1 of Indices
=(-9)4

3 (@) =a"xa"xX...xXa"

——
n factors

[ factors

SISt Law 1 of Indices
Y

From the above Investigation, we observe the following:

Applying Laws 1 to 3 of Indices

g::::li Simplify each of the following, leaving your answer in index notation where appropriate.
(@) (5% (b) [(-h)]* (© (7P x (72« ()
3 *Solution
(a) (5%)°=5%* Law 3 of Indices
=57
(b) [(~h)]*=(~h)""* Law 3 of Indices
=(-h)* (L)Yunmnblﬂwm

© PPx @Yy e i

=TT T? Law 3 of Indices

o Laws 1 & 2 of Indices

Irulices, Surds, Exponential Growth and Decay, and Standard Form
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Practise Now 3 1. Simplify each of the following, leaving your answer in index notation where appropriate.

Similar and (a) (6°)* (b) (K%)°
Further Questions (3,)‘ x(3.)v
Exerdise 4A X 3 S N SR WY AN
Comstions A4 B0 (© [(-4¥PxI(-4rF (d) (3,),
7iaa.8
2. Given that 2® x ()" = (x")* = x"°, find the value of n.

D. Law 4 of Indices

Discovering Law 4 of Indices
Copy and complete the following.
L 2x7=2x2x2)x () 2. (3Px(4P=(3Ix(-3)x(  Ix(C )
3 factors ) factors 2 factors factors
=@x7)x@x7Nx@x ) =13 Xl xIE3)x (0]
3faétors 2faEtors
=< » =1E3)x(0
3. a'xbr=(axax..xa)x(bxbx...xb)
n factors gactors
=(axb)x{axb)x...x(axb)
factors
=(axb)
From the above Investigation, we observe the following:
: How is Law 4 of Indices I
_aw ¢ different from Law 12
I In order to apply Law 4, the
indices of the two factors (i.c.
a" and b*) must be the sane.
Another useful version of Law 4 of Indices can be written as (a x b)" = a" x b* or Big Ides
(ab)® = a"b" (see Worked Example 4 parts (b) and (c)).
Notations
(aby=a*x b*butabr =a x b~.
ing the conventions
of such notations helps us
interpret what is given correctly.
Indices, Surds, Exponential Growth and Decay, and Standard Form OXFORD CHAPIER4 89 : o
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Applying Laws 1 to 4 of Indices

::;::i Simplify each of the following, leaving your answer in index notation where appropriate.
2y A
®|—3x
4 BCESS () (20 @ W)
(3x5")
*Solution
(a) P»xT=(2x7) Law 4 of Indices
=14*
(b) (=2h)° = (-2 () Law 4 of Indices
= =32p"0 Law 3 of Indices

[1}'1}’ x[—sxly]‘ Xy (=) Yt

(<) {313 '}1 o) Law 4, then Law 3, of Indices
¥
H]I”}'m
=5 Law 1 of Indices
9xy
= Gyt Law 2 of Indices

Practise Now 4 Simplify each of the following, leaving your answer in index notation where appropriate.

{a) 37 =& (b) (58
) (n'k !‘x;—sfaki ]’
() (-2c4F°F (d) 7
(sh’k)

Discovering Law 5 of Indices

Copy andcumg]ete the following.
l. 8#=5= %
3 factors

g —
_ BxXBx8
= x
e
factors

=B 8,3

i —
3 factors

- [1]
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(-12}*
7

2. (C12)=(-7)=

4 factors
_ _(12) x(12) x (-12) % (-12)
B _E_E B
B factors
—-12) (-12) (-12)_(-12
e
4fa['tor3

=

n factors

axax..Xa
bxbx. . xXb
[

- factors

_a a.  _a

a8 B8
'I__"_-‘

3. Ifb#0,thena"=b" =

From the above Investigation, we observe the following:

| How is Law 5 of Indices
different from Law 27 |

I In order toapply Law 5, the

indices of the dividend and
divizor (ie. #* and b® respectively)
al" a myust be the same.
Another useful version of Law 5 of Indices can be written as[—b] = > (see Worked
Example 5 parts (b) and (c)).
Applying Laws 1 to 5 of Indices
g::s:: Simplify each of the following, leaving your answer in index notation where appropriate.
4
2\ -3p* ) 27p’
(a) 10%=3F (b) [—] (<) [ ] *
5 b e ) T
*Solution
i 10" i
(a) 10F=2F= = Law 5 of Indices
= 5¢
Indices, Surds, E:punmlia] Cirowlh amad Isz.and Stanadard Form OXFORD CHAPFTER 4 91 .: T
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L

zipt 3

© (%]4 g 3

A Th

16

—_—
qll BJPJ-

Law 5 of Indices

Problem-solving Tip

(c) (-3)* = 3" Why?

Law 5, then Law 3, of
Indices

=3-3ph1-3gl6-12 | aws 1 & 2 of Indices

- 3pg’

(a) 21°=7

PP
© [4] q

2
dx
3
X

Simplify each of the following, leaving your answer in index notation where appropriate.

o (]

(d) [

S 64
- x!l

How do | know when and which Laws of Indices to apply? (For example, to apply Law 1 of Indices, the bases of
the two factors must be the same.)
What have I learnt in this section that | am still unclear of?

4A

Exercise

Simplify each of the following, leaving your answer . Simplify each of the following, leaving your answer

in index notation where appropriate.
(a) 22x27 (b) (-4 x(-4F
(c) x'xx’ (@) (3y)=(8y)

Simplify each of the following, leaving your answer
in index notation where appropriate.

(@) 55 M) (7" (-7
{c) 6" =x° (d) {-15")=5¢
(a) Express 3x3 in the form 3.

3
2#x2?
(b} Write —— asa sin wer of 2.
5 po

in index notation where appropriate.

(a) (%) (b) (K7
() =9 (d) 3" (5%
(e) (2K (f) (-3x%7)

Simplify each of the following, leaving your answer
in index notation where appropriate.
(@ 147:7° (b) () 3>

o] wf)

o) o)
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Advanced Intermediate

Exercise

6. Simplify each of the following. 10. Simplify each of the following.
{a) HkoxH"E (b) (-m'n®) x dm"'n” 252 all .
(© 1pgx2pg® (A Hk =k @ [T]"(F] ®) [dl (_d
{e) 15m*n" = 3m*n (F) (-1025) = (-2xp) ER 3
o (545 @ (355
N . f f 2h
7. Simplify each of the following.
(@) (@) xd (b) (B x (b')° = :
(© (F=(c) (d) (3= (2dy pempeTcadh ole Bleging, »
(&) @FF=(N () (@P+ (2R @ N ) ey ()
(10m) o (20°)  (30)
8. Given that x* x (x*)* = (-x°F = ¥, find the value 28
of n. (22°) 4x’y' x8x'y
& ———~— @ — ==y
(¥ () (4x7y)

9. Simplify each of the following, |
(a) (ab?)® = (2a*b) (b) & x (-50) 30" oot
ra g .
() (BeSF)R = (2P (d) lﬁg""’l? { zxahl}i e Given that in]l -[‘—9;]— u ] ﬁm:napalr |
of simultaneous equations in a am:'l b and hence
find the value of a and of b.

(@ Zero and negative indices

A. Zero indices

JUbdduddaiuuy

In Section 4.2, we have learnt about the five Laws of Indices, which apply when the indices are positive integers.
But can an index be zero? For example, what does 3" mean?

t !’* F I VESa=EIalslill  Making sense of the zero index

We know that 3* means 3 multiplied by itself 4 times. But 3 has to be interpreted in
another way because it does not make sense to multiply 3 by itself O times. (i 39 by

B - divide 81 (ie. o
1. Complete Table 4.1 (refer to the Problem-solving Tip). btain 27 (i.e. )2

indexiorm | Valne - b e
divide 27 (ie. 3) by, to

«  What number must you

"
3 81 D=3 obtain the value of 37
3 27 } 3 « By continuing this pattern,
32 what number must you
- J=3 divide 3' by, to obtain the
3 value of 3%
3 23
Table 4.1 >
Indices, Surds, Exponential Growth and Decay, and Standard Form OXFORD CHAPTER A4 93 : o
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2. Complete Table 4.3

-2y 16
(-2)
(2) = g +(-2)
_Ip TN
:—z:‘ P
2 26D
Table 4.2

3. Does the above pattern work for 0%, (", 07, 0' and 0" Explain your answer.
4. Complete the following:

n factors

axXxax¥axX. . _®Xaxa
Ifa#0thena*+a* = - .
axaxax.. xaxa

factors
=1

Buta®+ a"=a* Law 2 of Indices
="
Therefore, if a # 0, then a® =

'The definition of a°, where n is a positive integer, is a multiplied by itself n times. This does not make sense when
1 = (0. Therefore, we have to define ". The above Investigation leads us to the following definition:

Definition 1:
a'=1

where base a is a real number such that a = 0.

Applying definition of zero index

:""‘”ke'ld Ewaluate each of the following without using a calculator.
A {a) 38 (b) 2«
6 (€ (2x)0 (d) 7"x(-7)+ 16"

"Solution
(@) 38~ 1 ®) 20-2x1 _
_2 ‘What is the difference

« between 257 and (2x)°

(c) (2x)"=1 (d) -7"x({-7)"+ 18" « between -7 and (-7)%
—-1x1+1 Explain. |
==]+1
=0

Practise Now & 1. Evaluate each of the following without using a calculator.

Similar and (a) 2022¢ (b) (-8)*
Further Questions (<) 3};- id) [:3}")“

Exercise 4B
Questions a}-{fl, 2.  Find the value of each of the following without using a calculator.

2al-{d) (a) 3"x3F =3 (b) 3*+3°

A CHAPTER 4 OXFORD Indlices, Sards, Expuomential Grow th and Dexcay, and Standard Form
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B. Negative indices

Can an index be negative? For example, what does 3 mean?

Making sense of negative indices

Now that we know 3° = 1, let us find out what 3-" and 3-* are equal to.
1. Continuing the same pattern in the Investigation on page 93, complete Table 4.3.

3 9

3 3 } o2

3 e

31 )3

32 23
Table 4.3

2. Continuing the same pattern in the Investigation on page 94, complete Table 4.4.

g
Y
(2 (2
(2" §+ (2
(2 )2

Table 4.4

3. What do you think 0 is equal to? Explain your answer.
4. Complete the following:

at=a =

axXaxXaxXaxaxaxa
1
axaxa
1

=)
a

Buta*+a” = a*-
= ﬂ_l
Therefore, a® =

The definition of a”, where n is a positive integer, is a multiplied by itself n times. This does not make sense when
# is negative. Therefore, we have to define a*, where n is a positive integer. The above Investigation leads us to the
following definition:

Definition 2:
as=

where base a is a real number such that a # 0, and n is a positive integer.
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Applying definition of negative indices
Evaluate each of the following without using a calculator.

@ 4 ® (7 @ (3
*Solution
(@ 4"-41,
_ 1
6
1
=
(b) =)
wed
7

—

pre- i
-

meent (-1

o)

—
W
Ul
S—
-

]
-
Py
3

Law 5 of Indices

I}

=

x
wl v, v,

(9]
<l

1.  Evaluate each of the following without using a calculator.
(a) 67 (b) (-8)"

o ardf

2. Simplify (2d)° = (de*) .

C. Extension of Laws of Indices to zero and negative indices

In Section 4.2, we have learnt that all the five Laws of Indices apply when the indices are positive integers.

With the definitions of zero and negative indices, we can now extend all the five Laws of Indices to include all integer
indices.
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T*
Copy and complete the following,
1. Ifbasesaand b are real numbers, and indices s and #n are integers, then
Law 1 of Indices: a™xa" = ifa=0 Since zero and negative indices
S P . anly apply for base @ = 0, we
Law 2 of Indices: a™ = a" = ifa=0 have 1o b carefisl abont the
Law 3 of Indices:  (a™)" = if conditions under which the
) . five laws apply.
Law 4 of Indices: a"x b= ifa,b+0
Law 5 of Indices: a"= b= if

2. Notice that some conditions for the bases a and b are now different.
(i) Why is it necessary for a # 0 in Law 17
(ii) Why is it necessary for a, b # 0in Law 47
3. (i) Whathappens if m = n in Law 2?7
(ii) What happens if m <" nin Law 27
(iii) Why is it no longer necessary for s = n in Law 27
(iv) What happens if s = 0in Law 27

From the above Thinking Time, we observe that the five Laws of Indices can apply to all integer indices only if the
bases are not equal to 0.

Applying Laws of Indices involving integer indices

gg:eli Simplify each of the following, leaving your answer in positive index form where appropriate.
g @) a’xa'=a? (b) 8b%C = (2bc)
8 "Solution
(a) a’xa*=ai=g” '+ Laws 1 & 2 of Indices
= Ti4s3
—a
=1 Definition 1
i
(b) 8b%2 = (2W%) = ff;,.,:j Law 3 of Indices
=b5-52-2 Law 2 of Indices
—_ EJ Ill,_-D
= b—lu Definitions 1 & 2

practse Now 8 I

v (@) a'xasa (b) [1;,;} (0 18¢%=3(g
Exerdise 48

Practise Now 8 Simplify each of the following, leaving your answer in positive index form.

2. Simplify 6k = 22— hx h!—%_

Indices, Surds, Exponential CGrowdh amd Decay, and Standard Farm OXFORD CHAFTER 4 97

mo =T



Rational indices

So far, we have only learnt about indices that are integers. But can an index be a
non-integer rational number?

1
For example, what does 3* mean?
Let’s first learn about the »™ root of a number.

A. Positive nt" root

In Book 1, we learnt about the square root and the cube root of a number.
For example, since 3 = 3 x 3 = 9, then the positive square root of 9 is4/9 = 3;
and since 3 = 3 x 3 x 3 = 27, then the cube root of 27 is 327 = 3.

We can extend the same idea to 3* = 3 3 3 % 3 3 3 = 81 by defining the positive 4" root
of 81 to be 481 = 3.

In general,

An expression that involves the radical sign 4 is called a radical expression.

Finding positive n root
Wl Evaluate each of the following without using a calculator.
Example
243
9 (a) ¥625 (b) =T
*Solution

{a) ¥a25 = -&"5:(5:-(5)-:5 prime factorisation
=5

(b) ) _gaxIxixIxd rime factorisation
‘:32 'ﬂzxzxezxz P

53333
2 222 2

E.
2

Iﬂ.r::inllmllb:rmh:

ﬂpmdhﬂthmiwhu

a and b are integers such that

b=0. |
Big Idea

HNotations

Since 3* = 9and (-3 =9,

there are two square roots of 9:
3 and -3. However, we use the

notation+f to represent the
paositive square root so that

t&mhmmﬁp@imﬁ:Sl
ﬂI'Id—J' =-3

Practise Now 9

Evaluate each of the following without using a calculator.

Similar and (a) 4256 b) 1024
64 o
Exercise 4B — d) §—
© 413 @ {729
.
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B. Rational indices

We can now link the n™ root to indices that are non-integer rational numbers.

Making sense of rational indices

Copy and complete the following.
] 1
1. Whatis5* equal to? 2. Whatis 3? equal to?
1 s (3 1 2
l..etp=5".'lhenp’=() Letp=3".'ﬂ!enp‘=()
£
=55 Law3 of Indices =3%"  Law3 of Indices
:5‘ :3'
=5 =3
~p=5 sp=/gm
ie. 5';= "There are two values of p. We choose the positive

1
value because we want y = a* to be a function, i.e.
for every value of x, there should be exactly one

value of y.
Hence, p=J§
1
e -1

‘The definition of a*, where nisa positlive integer, is @ multiplied by itself n times. This does not make sense when n is
not an integer. So we have to define a*, where n is a positive integer.
"The above Investigation leads us to the following definition:

works for any positive integer 2.
However, note that if n is odd,
the base a can be negative.

For example, if n = 3, then
(-8 =Y=8 =2 Butifn=2,

then (~9)} =9 is not a real I
number.
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Applying definition of rational indices

Worked Rewrite each of the following in the radical form and hence evaluate the result without using
Example
a calculator.
] 1
10 {a) 16+ (b) (-27)*
*Solution
1
(a) 16° =16
={2x2%2%2
=12
]
(b) (—27) 3= 1 : Definition 2

(=27p
1

Definition 3 m
o =27 = :
Ia=0, a* is not defined if n

_ ! : -
Cxx) B

el Rewrite each of the following in the radical form and hence evaluate the result without using
Similar and a calculator.

Exercise 48 : (a) 36 | (b) 625+

{c) 2435 (d) (—muu]';

Discovering a result involving rational indices

Copy and complete the following.
2
What is 5* equal to?
2 .l 2 L
(a) 5*=5 (b) 5°=5
1 142
= (5%) Law 3 of Indices _ [5_] Law 3 of Indices

-%= - (¥

From the above Investigation, we observe the following:

ot =da or (da)"
where base a is a real number such that a = 0,
and m and n are positive integers.
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Applying result involving rational indices
2
(a) Evaluate 125° without using a calculator.

(b) Simplify ;,i—", expressing your answer in index form.

Ll =P e
STHUTION

(a) Method 1: Method 2: o
2 3 1 il T
1257 = (J125) 125° = §f125° ‘The denominator of the index s
=52 =m always the root. You can think
_ of it as “helow the ground”
= - f25%25%25
=25
" T — {a) Which method do you
Nl s |
e

Practise Now T 1. Evaluate each of the following without using a calculator.
2 3
Similar and {a} [T el {h} 325
4
(c) 100% (d) 4 +27°

2. Simplify each of the following, expressing your answer in index form.

(@ Ja (b) E"l_

C. Extension of Laws of Indices to rational indices

L]

In Section 4.3, we have learnt that the five Laws of Indices apply to all integer indices.
With the definition of rational indices, the five Laws of Indices can be extended to include all rational indices.

Copy and complete the following:
1. Ifbasesa and b are real numbers, and indices m and n are rational numbers, then w
Law 1 of Indices: a®x a" = ifa=0 Although a*, where nis a
Law 2 of Indices: a®+ a" = ifa=0 positive integer, applies anly for
base a = 0, zero and negative
Law 3 of Indices:  (a™)" = if] indices apply only for base a = 0.
Law 4 of Indices: a"x b = ifa,b>0 o i e
any rational indices (including
Law5 of Indices: @< br=  if ekt and negative ndices), we
need to combine both sets of
2. Motice that some conditions for the bases a and b are now different. conditions together, i.c. base
(i) Why is it necessary for a > 0in Law 17 =
(ii) Why is it necessary for a, b == 0 in Law 47 >
—
Indices, Sunds, Exponential Growth and Decay, and Standand Form OXFORD CHAPTER 4 A
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3. What happens if you are not careful about the conditions of the bases?
'The following shows a ridiculous proof that concludes that 1 = - 1.
Explain what is wrong with the proof.
1=41

=J-)x(-1)
o PO
- ()

= (_1); x2
=(-1)

=1

Applying Laws of Indices involving rational indices

g::::;: Simplify each of the following, expressing your answer in positive index form.

12 @ YmxIm’ (b) (Pq)—:"‘(P:‘?;) (©) (%-s“,) ;

*Solution
1 3
(a) Imxdm® = m* xm* Definition 3
1 3
=m* ! Law 1 of Indices
13
= m?
2 (31 22 32
(b) (pq)’ +(p‘q3) = p'q* =piq’ Law 4, then Law 3, of Indices
=pq Law 2 of Indices
= ]5 Definitions 1 & 2
Pﬁ
!
1] 5
(c) (32f5 ] = L + Definition 2
¥ 32x" )
ylS
1 S8 5
= + Law5 of Indices
32x")
()
(")
= T
(s2x")
ylss Problem-solving Tip
] Law 3 of Indices (c) 32=2x2x2x2x2=2"
22x3
y!
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1. Simplify each of the following, expressing your answer in positive index form.

i . {a) [mzjg xm'_; (b} im +-i";

Exercise 48 Lol 5 3

Questions 9,15(a)-{f), € (m)> (d) [W]
TAa)-(d) bk

(e) 0 (250 (p’q ]

3
2. Without using a calculator, evaluate [%) § (ive your answer as a fraction.

D. Equations involving indices

To solve an equation such as x* = 100, we take the square root on both sides to obtain w
x=+10. In*= 100 and y* = 64, the

Similarly, to solve the equation 3* = 64, we take the cube root on both sides to obtain unknown is the base; while in
2== 32, the unknown is the

y=4. index.
But how do we find the value of x when given the equation 2* = 327
Solving equations involving indices
o Solve each of the following equations.
Example 1
{a) 2#=32 b) 3= Q) =27

Problem-solving Tip
(a) 22=32 Canvert both sides to the same
25— 75 base and observe that if a= = a=,
. then x = n, provided a = -1,
Sx=5
Oorl.
® -
9
1
F
=3t Definition 2
y==2
(c) 9= =27
(32}:= 33
=3 Law 3 of Indices
2z=13
L3
s 3

1. Solve each of the following equations.

(@ =125 (b) ?:% () 8-16

2. Given that 92 x 3* = 1, write down the value of k.

Indices, Sunds, Exponential Growih and Decay, and Sandard Form OXFORD CHAPTER 4 1[}3
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How do | know when an index can be zero, negative or rational? (For example, for an index to be zero, base
a+0.)
How do I know when I can apply the five Laws of Indices if the indices can be zero, negative or rational?
What have I learnt in this section that I am still unclear of?

cvercise L

Evaluate each of the following without using a

calculator. y

2
@ 17 ® (-3
(c) 4a° (d) -8b°
(e) (72ca) (f) 7(e)°

Find the value of each of the following without
using a calculator.
(a) 2°x2¢

(c) (-8)"-8

(b) ?x7=7
(d) 3*+3°-3

Evaluate each of the following without usinga
calculator.
(@ 2° (b) (-3)"

off  wf

Evaluate each of the following without using a
calculator.
@ (7274

© @9+ (g) '

(b) 5°-57

3 2
(@ (Z) x 3+ 2015°

Evaluate each of the following without using a
calculator.

‘ Rewrite each of the following in the radical form

and hence evaluate the result without usinga

calculator.
(@) 812 ®) (=27);

© 32° @) (=343)°

Evaluate each of the following without using a

calculator.
2 5
(a) 216° (b) 8°
(€) 16 (d) (—1000):

3 3
(e) 81¢—9 (f) 625°7 + 1005

Simplify each of the following, expressing your
answer in index form.

@ ¥a ®) (5)
© & @ 31'5
2 1
(e) ge—‘ () (ﬁ
Without using a calculator, evaluate (%) %

Give your answer as a decimal.

(@) J196 (b) <125 . Solve each of the following equations.
1 16 1
<) J— d) J— . ot
(c) = (d) Jm (a) 11°=1331 (b) 2 o
(c) =243 (d) 10¢°=0.01
Indices, Sunds, Exponential Growth and Decay, and Standand Form
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Advanced Intermediate

Exercise m

) 15. Simplify each of the following, expressing your
. (@) Giventhat )1 — 4 find k

answer in positive index form.

3 2 - T | 2
{b) leeﬂmﬂtf-leﬁ" = 2" find n. (a) i‘lal x-ﬁ"-a (b) !:-"KEJ1+.‘;I s
{c) Findpif p*=4. 1 1 3 1 e
pup {‘:} e S 1 {d} (m’ﬂ ln)s
12. Simplify each of the following, expressing your 3 1
= arr = 1 43 xlxiﬂ +
answer in positive index form. (e [psq E ] (f) [ — ]
@ () (b) 5f°=3f+ texy

(e} (3c)" = ()"
16. Simplify each of the following, expressing your

13. Simplify each of the following, expressing your answer in positive index form. . .
answer in positive index form where appropriate. (a) (a 2&3}; X(a‘i: J; (b) [c ’di] x[c;d _i) |
(a) 5a®x3a +a? (b) -24b°= (367
(l:} {48 :.fjﬁ} {d:l [sg lh l]! ® { 'rl:EJh 1)1 {C} [ ;_f : {d} ,E th ;'
Be” f [ . % 25
2y 3 wen ¢ [ : e )
(E} (IJkI} J.x [%} {f} M . .
("" "} (e} (4;"1:}1 +2h'k 2
14. Simplify each of the following. () [m“n L] +432m'n *

(a) 3Jaa’+a’xa

2a 4
@ Simplify each of the following, expressing your

6
(b) (5p) - 10px7p* + e answers in positive index form.
@ x;y'.rzs 3x x;yzz:ﬁ 4
1’3}' |23 ¥ Sy _12_‘

® xjj-"z?j_ xtyz® =
x5y |\ Xy

dUdUddoiududduiuiudd

ab® &'d B
(© 2x8-2
b ed o
n 3
@ (a+b)" |{.r:+£:l]”I
bt abc
 —_
Indices, Sunds, Exponential Growth and Decay, and Slandard Form OXFORD CHAFTER 4 1[}5 A
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An irrational number that comprises the square root or the cube root is called a surd. I
P q 3J2 means 3x+/2 whichis

For example, V2 and ¥5 are surds, but /9 =3and I8 =2 are not surds. Why? different from ¥Z (cube root
Other examples of surds include 3J2-42 and “f 3 Py I

In this section, we will learn three Laws of Surds and what we call conjugate surds to simplify expressions involving
surds and the four operations.

A. Laws of surds

IsJa+b =Ja+ b?l1saxb =Jax b ? Let us investigate.

e

¢

&4 Vel als a8  Simplifying surds

1. Are the following statements true? (You can use a calculator to evaluate them.)

(a) V1649 -16+/9? M) J16-9-y16-492
9 9
(©) J16x9=y16x/972  (d) JE:R?

1
In Section 4.4, we have learnt that a* = ¥/a, wherea = 0 and nisa positive integer.
1
In other words,/a = a*, wherea = 0. Recall

2. Forstatements in Question 1 that are true, express them in the general form and Laws of Indices

prove them. For example, is Vaxb = JaxJb? L"‘:"_x"'=(‘."’)'
Hint: Use Laws 4 and 5 of Indices. Take note of the conditions of aand b. Law 5: % = (%) I

3. Simplify Vaxya.

From the proofs in the above Investigation, we conclude that the following two Laws of Surds are true under

certain conditions for @ and b:
I « Law 3 is a special case of Law |

pu

whena=b.
oJarb =a+b
'=a or Ja=b =a-b
S
A CHAVIERY OXFOR Indices, Sards, Exponential Growth and Decay, and Standard Form
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Simplifying surds
Simplify each of the following without using a calculator.
(a) J2x8 {b) T' 226 () J1s
“Solution
+ 216
(@) V2xy8 ) == (© 18
=+ 2x8 Law 1 of Surds T —-,"9):2
=16 - Law 2 of Surds =9xy2 Law 1 of Surds
-4 -3 =32
=6

Simplify each of the following without using a calculator.

Simillar and
Further Questions @ J27x43 (b) % (0 J1z (d) %

Exercise 4C
Questions {a)-{d)

&

Let us consider the following ‘proof’ that 1 = -1.
——
1=41
= (1)x(-1)
= -li-_]

- Mathematical fallacy: 1= -17

What is wrong with the above "proof’?

B. Adding and subtracting surds

Adding surds
Worked _— . )
Example Simplify 324450 without using a calculator. 32 +50 + (32450 |
15 324450 =16x2+4/25%2 m—
=J16x2+f25%4/2  Law 1 of Surds In general,
= af2+52 + plasqfa = (prghfa
= Qﬁ similar to "4x + 5x = 9x * pla-gfa=(p-gWa |
Indices, Surds, Exponential Growth and Decay, and Standard § CHAPTER 4 A
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Simplify each of the following without using a calculator.

Simitar and (a) V7544108 (b) J80-y20
Further

Questions
Exercise 4C (c) Jﬂhfﬁ—s/ 216

Questions 2(a}-{)

C. Multiplying surds

Multiplying surds
Simplify (3+5J5)(4 -ﬁ) without using a calculator.

16 *Solution
= ¥
ol
A

Worked
Example

12-3J2+2002-10 since 52 x 2 = 5x 2= 10, Law 3 of Surds

241742

Simplify each of the following without using a calculator.
“lerpP=re 2y ey

P— @ G+23)63) ) (4-33)

Further Questions
m‘cw (© (3+245)(3-243) @ (3We+ay2)

-y =P -2aysy

D. Conjugate surds

:/y\’ . Productof two irrational numbers
< [ SeTA e

From parts (a), (b) and (d) in Practise Now 16, we observe that the product of two irrational numbers is also an
irrational number, e.g. (7+2J3)(S-sf§)= 29+3/3.
But in part (c), the product of two irrational numbers is a rational number: (3+ZJ§)(3-ZJ§)= -11.

1. What patterns do you observe about the two irrational numbers in part (c)? Discuss why the product is a
rational number.

2. Use the patterns in Question 1 to find a pair of irrational numbers whose product is a rational number.

What irrational number can you multiplyﬁ by, in order to obtain a rational number?

o

In general, if p, q and a are rational numbers, and a > 0, then:

UMPEARITY PAEEE

mO>w
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1. Use the algebraic identity (x + y)(x - y) = x* - y* to simplify (p+gva)(p-gv/a).
What will you get if you substitute p = 0 and g = 1 in Question 1?

Is {qJ_a + p)[qq'r_a-p) also a rational number? Show your working.
What will you get if you substitute p = 0 and g = 1 in Question 3?

What do you think the conjugate surd of pv/a+gy/b is? Why?

moE W

E. Rationalising the denominator

raw

A fraction with a surd in its denominator can be simplified by making the

242 Big ldea
denominator rational. For example, T T T {-JE xJ— 2, Law 3 .
Equivalence
o G . -
of Surds) and 2 is approximately 1.41, then T =—3 —ldl=2 I'he process of T =5 arcequivalent
] ﬁ z expressions becanse they have
multiplyin == is known as rationalising the demnominator. the same vahue.
plying —= by " g

. N Y £
Can vou explain why we do not multiply T by instead?
2 :ﬂ 3

' To rationalise the denominator, we multiply the surd in
the denominator by its conjugate surd.

Rationalising the denominator
Simplify each of the following by rationalising the denominator.

3] 7
(a) (b)
:‘E 2443
. Hor —_—
Problem-solving Tip
6 6 5 e ) . — -
(a) x multiplying by 1 will not change its value | Tao rationalise the denominator,
5 3 T use the product of conjugate
ENG - = ) surds.
== 4 5x4/5 =5, Law 3 of Surds
6
= =af5
=5
7 7 243

2++/3 and 2-+/3 are conjugate surds

) Zaf 3 zw’ixz NE

= @ use (x+y)x-y)=x" -
z _{ﬁ] We rationalise the denominator

B ]4_?J_3 to make an expression loak
a3 simpler. Do the answers show
is?
- 14-743 this? _J

Indices, Surds, Exponential Growth and Decay, and Standard Form OXFORD CHAFPTER A4 1(}9
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1. Simplify each of the following by rationalising the denominator.
12

22 3 5 7
— = —_— d
= 3 ) 4445 © e s 1303 i
. 2 6 . .
2. Express {4—J_6} —3—_..],; in the form a+by6 , where a and b are integers.

3. Given that v h+kv'5

h and of k.

where frand k are rational numbers, find the value of

- 1
(-v3)

Rational and irrational roots of quadratic equations

Consider the quadratic equation ax® + bx + ¢ = 0, where a, b and ¢ are rational numbers.
1. Salve the following equations by factorisation where possible.

(a) 22+3x-2=0 (b) ¥®*+2x-1=0
If the values of the roots are not exact, leave your answers in surd form.
2. (i) Which of the above quadratic equations can be solved by factorisation? w
Are its roots rational or irrational? mwufiaqu:d;l’::dcm
(ii) Does the other quadratic equation have rational or irrational roots? o e
ugate surds,
b+ -2 are mmllrmlmnpgau
(ii)) The formula for the general solution is x= —— "~ " \When are the with some exceptions.
2a Clan you explain why this is s0?
roots rational and when are they irrational?

3. Ifthe roots are irrational, why must they be conjugate surds?
Explain this using the formula for the general solution.

Similar and
Further Questions
Exercise 4C

Cuestion 14

Problem involving surds
Worked ~  Atriangle is such that its area is {3 —w.l"i]'cm1 and the length of its base is {J_Z - 1)cm_ Without

Example
using a calculator, find its height in the form {a+bﬁ} cm, where a and b are integers.

18

"Solution
Let the height of the triangle be k cm.

Area of triangle = —;l: # base x height
3-42 - %x[ﬁ 1)xh

6-22 = (VZ-1)xh

1 l 0 CHAFTERd p¥FoORD Inalices, Surds, Exponential CGirowth and Decay, and Standand Form
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=
|
o
|
5

=8
Ll 18]
jﬁn
®
vy
k

2+

_e2+6-2/2xJ2-22
(W2) -r

6 246-4-242

2-1
- 24442

~. the height of the triangle is [2+4+/2)cm.

Practise Now 18

1. A rectangle is such that its area is ['? —-4"3) cm® and its length is {5+q"_3} cm. Without
Similar and - .

. using a calculator, find the breadth of the rectangle in the form {u+&ﬁ}cm, where
Exerdse 4C a and b are rational numbers.

Questions 10, 2. A cuboid has a square base. The length of each side of the base is [2.+ﬁ:| cm and the
volume of the cuboid is [15+6-,1"3] cmy’. Find the height of the cuboid in the form

{P+Q\‘G} cm, where p and g are integers.

Exercise

. Simplify each of the following without using . Simplify each of the following without using
a calculator. a calculator.
(@) V2xy/32 ) _“j_‘” @ {s+ﬁ}{ez—3~ﬁ] ®) (3+246) 1
' © (3/11-4) @ (#3-37)
(c) V&3 (d) % @ (9-2J5)(9+245)

0 (27+3/5)(2d7-345)

. Simplify each of the following without using

calenilatne, . Simplify each of the following by rationalising
(@) J112+428 (b) 1804125 ﬂ"fdei'gmiﬂatﬂf-
10 1
(© VBNTENT @ ~TI-V5+/a w5 ® 7%
J245 -2 7 9
(&) v2a0-y12xy45 () - (<) 343 (d) B—d¢
5 4
) 32 s 2743

Indices, Sunds, Exponential Growth and Decay, and Standard Form OXFORD CHAFTER 4 1 ]_ 1
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- Intermediate Advanced
i

5. Simplify each of the following by rationalising 10. The area of a rectangle is 246 cm? If its breadth is
e (3-v/6) cm, findits length in the form (a+m6) cm,
3 (b) 8 4 where a and b are integers.

@) .?.:,‘5+H

2J5+3 245-3
11. A right circular cylinder has a volume of

' 6. Without using a calculator, express each of (6+2¢3)m cm? and a base radins of (14++/3) cm.
the following in its simplest surd form.
S e Find its height in the form [a+ﬁq’i}cm, where a
(a) 3 ‘Ir_ {b) 4 _E — and b are integers.
AT O TR
2( 4 +J§ i[ 3 4128 ] elfa—Tandb lt—a.upressmlts.ﬂmplest
| A REIWE
surd form,
L . — () b, (i) b
| 7. Simplify each of the following by rationalising b

the denominator.

a) 13 - Given that \||a+ ——— ,wherea, b
Woea) o 7o

and ¢ are rational numbers. ﬁnd a possible set of

values for a, band c.

C
0 Waseem solved a qundmtic qulatiﬂl'l with rational

78 coefficients and found that the roots are 2 —ﬁ

3
8 E - - in the fi bJ3,
Express (9-V/3) m in the form a+5/3 and 1++/3 . Explain why his answer is wrong,

where a and b are integers.

9. Giventhath=3+J2, eXpress s in the form

h-
p+q~.|"_ , where p and g are mtegers.

@ Exponential growth and decay

Exponential growth and decay have several applications in real life. One of which is compound interest, which we
learnt in Book 2. In this section, we shall apply what we have learnt so far in this chapter to solve problems involving
exponential growth and decay.

— P

A CHAFTER4 oY EFORD Inalices, Surds, Exponential CGrowth and Decay, and Standard Form
« 112

HHHHHHHH R



Solving problem involving exponential growth
The population of a small town increases by 4% each year. If the population in 2023 was 500,
what will the population be in 2030, correct to the nearest whole number?

Since the population increases by 4% each year, the population in each year is 104% = 1.04
times of that in the preceding year.

After 7 years,

population in 2030 = 500 x 1.047

= 658 (to the nearest whole number)

Practise Now 19 The value of a house increases by 3.5% each year. What will its value be after 10 years if its
Sl sl current value is $100 000#

Further Questions
Exerdise 40
Ouestions 1,3,4,6

Solving problem involving exponential decay
Each year, the mass of a radicactive substance decreases by 30%. Its current mass is 30 g Find
its mass after 5 years.

20 *Solution

Since the mass decreases by 30% each year, the mass in each year is 70% = 0.7 times of that in
the preceding year.

Worked
Example

After 5 years,
mass = 30 x 0.7°
=5MMglto3sf)

el R LV A car was purchased for $20 000. Every year, it depreciates in value by 7.5%. Find its value
Pr— after 6 years.

Further Questions
Exercise 40
Questions 2,5,7,8

Exercise m

The number of bacteria in a petri dish doubles 3. Initially, the population of a species of insectsina
every hour. If the initial number of bacteria is 50, colony is 1000. It increases by 1% daily.
how many bacteria are there after 6 hours? (i) Write down a formula for the population, F,
after d days.
. The number of tourists who visited a particular (ii) What is the population after 30 days?

attraction in 2018 was 22 000. Each year, the
number declines by 12%. Find the number of
tourists in 2030.

\'4
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- Intermediate .ﬁ..dvanced

4

4. 'The value of a painting, $F, n years after 2020 is e
given by P = 2000 x 1.1°
(i) What was the initial value of the painting?
(ii) Find the value of the painting in 2030.

5. Yasir bought a car. After ¢ years, its value, $P, is
given by P = 25 000 x 0.86".
(i) How much did Yasir pay for the car?
(ii) Find the percentage decrease in the value of the
car each year.

o A company was founded on 1 January 2022, After o
t years, its number of workers, N, is given by

N=30x1.2.
(i) State the initial number of workers that the
company started with.

(ii) How many workers are there after 3 years?
(iif) In which year will there be 100 workers in the

company?

(47

Standard form

In a particular experiment, the mass of a

radicactive sample is halved every 1.5 hours. After

6 hours from the start of the experiment, it had a

mass of 300 grams.

(i) Find the initial mass of the radioactive sample.

(ii} Calculate the mass of the radicactive sample
24 hours after the start of the experiment.

(iii) Yasir intends to end the experiment once the
mass of the radicactive sample is 75 grams.
Determine the duration of the experiment.

In a particular study, the population of a town

is observed to follow a cycle every 2 years - in the
first vear, its population increases by 10%, and in
the second year, its population decreases by

10%. If the current population is 50 000, what is the
population after 4() years, correct to the nearest
whole number?

‘The world population, estimated to be about 8 000 000 000 in mid-November 2022, Big ldea

can be written as 8 x 10%.

Notations
The Bohr radius of a hydrogen atom is 0.000 000 000 053 m, which can be written as Standard form can be used
53w 10" m. to express very big and very
) small numbers in a precise and
Both 8 x 10°and 5.3 x 107" are examples of numbers expressed in standard form A —

(or scientific notation).

1 14 CHAPTER 4 Rﬁﬁ.g-ﬁ.g
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A. Standard form

wolg ’ . Exploring standard form

Table 4.5 shows some examples of measurements which involve very large or very small numbers.

Ordinary notation Standard form
(i) Pakistan’s population in August 2023 241 500 000 2415x 107
(ii) Distance between Earth and the Sun 149 600 000 km 1.496 x 10° km
(iii) Mass of a dust particle 0.000 000 000 753 kg 753 x 10" kg
(iv) Mass of an oxygen atom 0.000 000 000 000 000 000 000 000 026 56 kg 2.656 x 10-* kg
{v) Speed of light 300 000 000 m/s 3x100 m/s
(vi) Wavelength of violet light 0.000 038 cm 38x10°  cm
(vii) Mass of a water molecule 0.000 000 000 000 000 000 000 0299 g 299x10 g
Table 4.5
1. ‘The examples in (i)-(ii) involve very large numbers. What do you observe about the powers of 10 in each
standard form?
2. 'The examples in (iii)-(iv) involve very small numbers. What do you observe about the powers of 10 in each
standard form?

3. Complete the last column for (v)-(vii) in Table 4.5.

"Table 4.6 shows numbers expressed in standard form and numbers not expressed in standard form. (Some of the
pairs of values are not meant to be equal.)

Standard form  Not standard form

(i) 45x10 45 x 10°

(i) 2.06x10* 0.206 x 107

(iii) 1.0 x 10" 10 x 10"

(iv) 7x 10 70 x 10!

(v) 371x10* 3.71 x 1042
Table 4.6

4. For anumber in the form A x 10" to be considered a standard form, what can you say about A and n? Explain.

From the above Class Discussion, we observe the following:

A number is said to be expressed in standard form
‘when it is written as A x 10°, where 1 = A < 10 and n is an integer.

Indiex, Surds, Exponential Growth and Decay, and Standard Form OXFORD CHAPTER4 l 15
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Expressing numbers in standard form
Express each of the following numbers in standard form.

{a) 149 600 000 (b} 0.000 038
*Solution
(a) 149 600 000 = 1.496 = 100 000 000 (a) Observe that
= 1.496 x 10° 149 600 (0D = 1496 = 10*
(b) 0.000 038 = 3.8 = 0.000 01 shift decimal point by
8 places to the left
=38x :
100 D00 (b) Obscrve that
=38 x 10
=33K% RN §
1 shift decimal paint by
=38x10°% 5 places to the right
m 1. Express each of the following numbers in standard form.
Similar and (a) 5300 000 (b) 600 000 000
Further Questions {c) 0.000048 (d) 0.000000 000 167
Exercise 4
Questions z)-{d), 2. Express each of the following in ordinary notation.
2a)-{d) (a) 1.325x 10° (b} 44x=10°

B. Sl prefixes

Have you seen an external hard disk with a capacity of 512 gigabytes? Have you used a micrometer screw gauge in
the science laboratory?

Giiga and micro are called 51 prefixes (Sl stands for International System of Units). They are commonly used in our
daily lives to denote certain powers of 10

Table 4.7 lists some of the commaon prefixes and their symbols used for very large and very small numbers.

10 trillion tera- T 1 OO0 OO0 000 D00
10° billion |  piga- G 1 OO0 OO0 000
10% | million | mega- M 1000000
¢ thousand | kilo- k 1000
1
- illi- 0.001 = ——
10 thousandth milli m To00
1
-6 illi icro- -
10 millionth micro B 0.000 001 ;
1
A S . , —
10 billionth nano n 0,000 000 001 T 000 00 506
1
12 - . _
10 trillionth pico P 0.000 000 000 001 = S0

Table 4.7

L]
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512 gigabytes is actually 512 x 10° bytes or 512 billion bytes. How many bytes are there in 64 megabytes?
A micrometer screw gauge can measure up to an accuracy of 10 micrometres, which is 10 = 10" metres or

10 millionth metres. How many metres are there in 2.4 nanometres?
Fig. 4.1 shows a range of 51 prefixes used in our daily lives.

100 The height of a man is about 165 m.
10 Do you know that ene billion is
not always 107 ar one thousand
B million? In the long scale’ used
10 in most Furopean countries
r - , o (including the LK)
T '_Ihs_headleut’a pin is about 2 = 10~* m or 2 mm (millimetre) ofthe 19% and 208
i diameter. centuries, one billion means 10
10+ k‘; The typical dust mite is about 0.4 x 10-* m or 0.4 mm long. or ane million million. In 1974,
the UK switched to the short
105 scale, used in the USA. In the
‘short scale, one billion is 10° or
» i & . . one thousand million. Search
1075 A red blood cell is about 6 x 10 mor 6 pm (micrometre) wide. the In e
scales” to find out maore. |
107
10
- a S ‘The width of a strand of DNA is about 2.4 % 107" m or Search the Internet for ‘powers
2.4 nm (nancemetre). of 10 to view a video starting
y . from a picnic in Chicago to our
1g-t0 @ gl:f d.:.;l_?eler nﬂal hydrogen atom is about - and
NES m or 0.1 nm. then back to the picnic to within
Fig. 4.1 a proton at 107" metres.

Expressing 51 prefixes in daily lives in standard form
For each of the following, give your answer in standard form.
{a) A steam power plant has a capacity of 250 megawatts. Given that 1 megawatt = 10° watts,
22 express this capacity in watts.
(b) The average lifespan of a certain molecule is 0.5 nanoseconds. Given that
1 nanosecond = 10" seconds, express this time in seconds.

Worked
Example

“Solution
(a) 250 megawatts = 250 = 10° watts
= 2.5« 1(F x 10F watts
=2.5x 107" * watts
= 2.5 x 10° watts
(b) 0.5 nanoseconds = 0.5 = 10-% seconds
=5x 10" x 10-* seconds
=5 10" " seconds Law 1 of Indices
=5x 107" seconds

For each of the following, give your answer in standard form.
i (a) An external hard drive has a capacity of 4.0 terabytes. Given that 1 terabyte = 10" bytes,

express this capacity in bytes.
(b) The diameter of a human hair is 25.4 micrometres. Given that
1 micrometre = 10-° metres, express this diameter in metres.

Law 1 of Indices

Further Questions
Exercise 4E
OQuestions  3-6

{c) A rain gauge measures rainfall over a period of time. The average annual rainfall in
Pakistan is 494 mm. Express this measurement in metres.
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<
—

Does a thumbdrive with a capacity of 1 gigabyte (1 GB) have exactly 1 billion bytes of storage space? Search the
Internet to find out how many bytes 1 GB is actually equal to. Why is it not possible for the manufacturer to produce
a thumbdrive with exactly 1 billion bytes?

Hint: How does the number 2 in 2*° play a part here?

Search the Internet to find out why computer storage systems always come in the form of 128 MB, 256 MB, 512 MB
and so on. Present your findings to your class.

Using calculator to apply orders of operation in standard form
Ewvaluate each of the following, giving your answer in standard form, correct to 3 significant
figures.
(a) (135 107 + 4.5 10°") = (2.37 = 10F)
2.58%10 *—4.19x10 °
(b)

3.17x10°
*Solution m
(a) Sequence of calculator keys: The buttons on calculators vary
[T 15T o ls) kel
(+]4] . [5]x10]Of1])]

(x]2] ]3]7]xiw]a]_)
(1.35 = 10P + 4.5 x 10-") = (2.37 x 10¢) = 32 005 665
= 3.200 5665 x 107
=320 % 10°F (to 3 5f)
(b) Sequence of calculator keys:

(5]2] . [s[s]xwfOl3]_Ja] J1fofxio=[O4[n]
(3] 1 1]7] 1] 2] -

258%10 *—4.19x10 *

3171 = 0.000 006 817 03

= 681703 x 10*
= 682x 10" (ko 3sf)

Calculate each of the following, giving your answer in standard form, correct to 3 significant

figures.
(a) (1.14x 10°) x (4.56 x 104) (b) (4.2 10 x (2.6 x 10°7)
. . 3.5%10°
() (2.4 =107 = (6x 10%) (d) W
(e) 1.14 = 10F + 456 = 1(¥ (f) 26x10F-4x10
23710 *+325x10 ¢ 6.3x10°
(&) (h) 15%10°—3x10"

41107
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Applying standard form in real-world contexts
The approximate mass of the moon is 7 x 10" tonnes while the mass of the Earth is
approximately & x 10" tonnes. Calculate the number of times that the Earth is as heavy as the

moon, giving your answer correct to the nearest 1000.
| The short form of tonne is &

"Solution
Number of times the Earth is as heavy as the moon

_ax1o™ 1t=1000kg
T 10" Do you need to use this
6 conversion rate in Worked
=7 X 10¢ Example 247 Explain. |

= &6 000 (to the nearest 1000)

Practise Now 24

Similtar and a size of 640 kilobytes. Assuming that 1 MB = 10° bytes and 1 kB = 10° bytes, how many
Further Questions t thi rd store?

pes photographs can this memory card store
Ouestions 13-15

A Secure Digital (5D) memory card has a capacity of 512 megabytes. Each photograph has

1. How do | convert a number from ordinary notation to standard form and vice versa?
2. 'What have I learnt in this section or chapter that | am still unclear of?

o |
Exercise

. Express each of the following numbers in standard . Microwaves are a form of electromagnetic radiation

form. with frequencies between 300 000 000 Hz and
(a) 85300 (b) 52 700 000 300 GHz. Giving your answer in standard form,
(c) 0.00023 (d) 0.000 000 0904 eXpress

(i) 300000 D00 Hz in MHz,
(ii) 300 GHz in MHz.
(1 MHz = 10* Hz and 1 GHz = 10° Hz)

Express each of the following in ordinary notation.
(a) 9.6 x10° (b) 4x 1P
(c) 2.8=10+* (d) 1x=10°

5. (i) A nitrogen atom has an atomic radins of

dddddiduy

A male African elephant can weigh as heavy as
7000 kilograms. Express this weight in grams,
giving your answer in standard form.

a picometres (pm), where a = 70 and
1 pm = 10-"* m. Express this radius in metres.
Give your answer in standard form.

> |
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- Intermediate Advanced

4

| 7.

10.

(ii) An oxygen atom has an atomic radius of
b nanometres (nm), where b = 0.074 and
1 nm = 10-* m. Express this radius in metres.
Give your answer in standard form.

(iii) Express a: b as a ratio of two integers in its
simplest form.

The mean distance from the Earth to the Sun is

¢ gigametres (Gm), where ¢ = 150 and 1 Gm = 107 m.
The mean distance from Pluto to the Sun is

d terametres (Tm), where d = 5.91 and

1 Tm = 10" m. Express d as a percentage of c.

(iive your answer in standard form.

Calculate each of the following, giving your answer
in standard form, correct to 3 significant figures.
(a) (234 % 10°) x (7.12 % 10-%)
(b) (5.1 % 10-%) x (2.76 x 10-%)
() (13.4%10% = (4 x 10°)
=10
d
(@ 9x10*
(e) 254 10°P+3.11 = 10¢
(F) 3.1x10° - 6x 10°
437x%10 *+2.16x10 °
® EPSUN
(h)

24x10™
72x10 *—3.5x%10 *

Calculate each of the following, giving your answer
in standard form, correct to 3 significant figures.
{a) (135x10% (b) 6(3.4x 107

(<) -J'ulxlu" (d) Jozerxivf

(© 2310 *x4.7x10° ) 8x10°+25x10°
2x10° 2x10 *—3.4x=10°

Given that P = 7.5 x 1P and () = 5.25 x 10", express
each of the following in standard form.
(a) 2Px40Q by Q-F

Given that x = 2 x 10 and y = 7 x 107%, evaluate
x + 8y, giving your answer in standard form.

12

13.

14.

Given that M = 3.2 x 10F and N = 5.0 x 107, find
the value of each of the following, giving your
answer in standard form.

(@) MN ) 3

Given that R = % , find the value of R when

M=6x10 E=45= 10°fFand I = 4 x 10", Give your
answer in standard form.

Light travels at a speed of 300 000 D00 m/s.

(i) Express this speed in standard form.

{ii) Given that the mean distance from the Sun to
Jupiter is 778.5 million kilometres, find the
time taken, in minutes and seconds, for light
to travel from the Sun to Jupiter.

On a journey from Planet P to Venus, a rocket is
travelling at a constant speed. During this journey,
the rocket travels past Planet () in 4 days. The
distance from Planet P to Planet ( is 4.8 = 10F km.
(i) Find the distance travelled by the rocket in

12 days. Give your answer in standard form.
(ii) Given that the distance between Flanet P and

Venus is 4.8 x 107 km, find the time taken, in

days, for the journey.

The table shows the approximate population of the
world in the past centuries.

1549 4.20 % 108

1649 | 545x 10°
1749 | 7.28x 10°
1849 | 1L17x10°

Find

(i) the increase in population from 1549 to 1649,

(i) the number of times that the population in
1849 is as large as that in 1649,

(i) the number of times that the population of
China in 2020 is as large as that of the world in
1749, given that the population of China in
year 2020 was approximately 1.44 billion,
where 1 billion = 10°.

nnrnRnnAnAnn AN nan
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Mathematical notations have come a long way since the ancient days of using tally marks to represent numbers (one

tally to represent one unit). In this chapter, we learnt more about index notations and their purposes of expressing
very big and very small numbers in standard form. Knowing how to use these notations appropriately helps us
communicate mathematical results in a precise and concise manner. The invention of the index notation has enabled
us to express measurements of different units in relation to the magnitude (size) of the measurements. This makes it
easier for us to work with numbers in many real-world contexts, especially in the sciences.

Operations involving surds have a rich and interesting historical background. Although surds can now be easily
computed using a calculator, doing so by hand helps us to better appreciate the development of mathematical ideas.
More importantly, working with surds allows us to see the structure of the roots of quadratic equations.

For example, when solving quadratic equations such as x* - x - 1 = 0, we obtain the following solutions expressed

in surd notation:

1445 o 1-/5

2 2

This surd notation gives us more information about the structure of the roots than its decimal representation. In
fact, we see that the solutions of a quadratic equation are of the form

A+B
T C

X

or more precisely,

_=b ++ B —dac

= —
for any quadratic equation ax® + bx + c=0.

Therefore, while we can now determine these values using calculators, the use of surds provides insights into the
relationship between the roots and the form of the equation. Moreover, leaving the answer in surd form will also
give an exact answer.

O A N O R A R T

Summary

1. Theindex notation of @ x a X a %... % a x a, where a is a real number and # is a positive integer, is a™
L —

n factors
2. Zero indices
We define a® = 1, where base a is a real number such that a = (.
« What happens if a = 02

3. Negative indices
Wedeﬁ.lwa‘=l",wherehaseuisarealnmnbersuchﬂ1ma?U.andnisapmiti\reinteger_
i
» What happens ifa = 02

v
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Summary.

4.

Rational indices

1
We define a* = ¥/, where base a is a real number such that @ = 0, and n is a positive integer.

In addition, a* = ¢/a" = (d';).. where base a is a real number such that a = 0, and m and » are positive integers.

« What happens ifa < 0?

Laws of Indices

If bases a and b are real numbers, and indices m and n are rational numbers, then
Law 1 of Indices: a"xa"=a"'", ifa>0

Law 2 of Indices: a“=a"=a~" ifa>0

Law 3 of Indices: (a™)" = a™, ifa>0

Law 4 of Indices: axb=(axb) ifa,b>0

Law 5 of Indices: a‘+b'=(g), ifa,b>0
« What happens if indices m and n are integers? Will all the Laws of Indices work if the bases a and b are
negative or zero?

An irrational number comprising the square root or the cube root is called a surd.

Laws of Surds
Ifa,b>0,then Law l:m =J;xﬁ

a_Ja
LawZ:J;':U—b'
Special Case: law3:\/-ax\/;=‘[a_’ -a or(\f;)zexl?ra

Conjugate surds
« The product of conjugate surds, p+ g/ a and p -qJ; , is a rational number.
Special Case: The conjugate surd of y/a is itself or ~Ja.
« To rationalise the denominator, we multiply the surd in the denominator by its conjugate surd.

Standard form
A number is said to be expressed in standard form when it is written as A x 107, where | = A <~ [0 and
n is an integer.

J
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CHAPTER 5

Coordinate Geometry

'The Cartesian coordinate system specifies the location of any point on

a plane using an ordered pair of numbers (x; y), also known as coordinates.

‘The invention of the Cartesian coordinate system by René Descartes was said

to be one of the greatest mathematical achievements. His invention made it
possible to relate geometrical objects such as points, lines, curves and shapes,

to algebraic expressions and equations. This “marriage” between algebra and geometry is a classic
example of how mathematicians have developed new and powerful ideas by connecting different
concepts in mathematics. In this chapter, we will begin to relate some of the geometrical objects to
algebraic expressions and equations through the seemingly simple notation of the coordinate system.

Learning OQutcomes

What will we learn in this chapter?

How to find the length and the midpoint of a line segment given
the coordinates of its endpoints

How to find the gradient of a straight line given the coordinates of
two points on it, or given that it is parallel or perpendicular toa

given line

How to interpret and find the equation of a straight line graph in
the formy=mx + ¢

How to solve geometry problems involving the use of coordinates

OXFORD >
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Introduct ry
Problem

Joyce was given the following problem to solve:
Given that x + y =5, ﬁndﬂmmhﬂmmnuulneofm_
Joyce tried to solve this problem algebraically but could not do so. Ali looked at the problem for a few minutes and
sail:l,“']'kﬂfsagemne‘h’icproblﬂnﬂ)dﬂmanmis% 27
Can you figure out how Ali solved the problem?

In this chapter, we will be using some tools of the coordinate system to solve this problem. Let us turn our attention
to one of the simplest geometric objects — a straight line.

(51)

A. Cartesian coordinates (Recap)

Length of a line segment

In Book 2, we learnt that a rectangular or Cartesian plane consists of two number et For Fun ﬁ@

lines intersecting at right angles at the point (), known as the origin. The horizontal René Descartes, a French i
and vertical axes are called the x-axis and the y-axis respectively. philosopher in the early 17
century, invented the coordinate
¥ system. His use of (x, y) as
4 ardered pairs enhanced the
inter-relationship between
Plx.y) geometrical curves and algebraic
al -_----_---_-}{ qulims.l—lcmsahuﬂ:eﬁ:st
Y - X al person to coin the dictum, “1
0 = = b x think, therefore T am?”
Fig. 5.1

Each point P in the plane is located by an ordered pair (x, ¥). We say that P has coordinates (x, y).
@

Let us explore how we can determine the length of a line segment in a Cartesian plane.
1. (a) Consider the line segment formed by joining the points (1, 1) and (7, 1). The length of this line segment is
& units. Why?
(b) How do you find the length of a horizontal line segment?
2. (a) Consider the vertical line segment formed by joining the points (1, 1) and (1, 9). Find the length of this
line segment.
(b) How do you find the length of a vertical line segment?

" Determining the length of a line segment in a Cartesian plane

— F
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3. Now, consider the line segment formed by joining the points A(1, 1) and B(7, 9). How is this line segment
different from the previous two line segments? How can we find the length of this line segment AB? Discuss

your answer with your classmates.

For the points A(1, 1) and B(7, 9], let us look at the diagram in Fig. 5.2.

¥
10 B(7,9)
H ]
6 _vertical change
4 ' | =8 units
. 5
All 1) e——— CI(?:-]J
T T L
O 2 12 6 8 10
l-\_",_nl
horizontal change
= H units
Fig. 5.2

MABC is formed by drawing AC parallel to the x-axis and BC parallel to the y-axis.
The coordinates of the point C are given by (7, 1).

Hence, AC=7 - 1 = 6 units

and BC=9-1=8units.

Using Pythagoras’ Theorem,
AB = AC* + B

=6+ &

= 100 units®
AB =100

= 10 units

I Recall that a line segment is part

of a line with two endpaints.
A line has no endpoints so it
does not have a definite length.

Howeves, a line segment has two
endpoints and so it has length.

I B is vertical, ie.

x-coordinate of C = x-coordinate
of B.
ACis horizontal, Le.

y-coordinate of © = y-coordinate
of A.

Big Idea
Diagrams
The coordinate system helps us
to visualise algebraic squations
in terms of graphs and to relate
goometric objects in terms
of algebraic expressions and
equations. This offers us a more
powerful tool to solve problems
than algebra or geometry alone. |

Consider any two points P and () with coordinates (x, y ) and (x,, y,) respectively. By completing the right-angled

APQR, we have the coordinates of R as (x,, y).
Hence, PR=x, - x and QR =y, - y.

Using Pythagoras’ Theorem, ,it
PQF = PIE + QR?
Yy proseemeneees AN
~ (5, + O, 9P * e
LN
x} xl rg
}-' hoe e cmnmmannamnakay .HI,
iy e
O II x! il
Fig. 5.3
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In general, the length of any line segment PQ, where the coordinates of the points Pand (3 are (x, y,) and (x,, »,)
respectively, is

hinking
ime

Instead of writing the length of line segment PQas \[(x,—x, ) +(y,~ y, )\, can we also write it as
'j(xl —x_,_}l+|:j"] _yz]zr

h‘![xl_xlf"'[}'l_}ﬁ }1 =J(x|_xz)l +[P|—J’1]z?53qﬂﬁi“]’“‘1'm-

Finding the length of a line segment
Given that the coordinates of the points A and B are (-4, 1) and (6, —5) respectively, find the
length of the line segment AB.

*Solution
Length of line segment AB =J(xl—xl }2"'{?'2 _J'IJI
= J[6—(—4)] +(-5-1)°

=4/ 100+ 36

=136

= 11.7 units (to 3 s.£)

Practise Now 1 Find the length of the line segment joining each of the following pairs of points.
Similar and (a) C(6,2)and D{3, -2)
Further Questions (b} M(-1,5)and N{6, —4)

W (o) p(2,7) and Q(8,7)

Using the length to determine the coordinates of a point on the line

Given that the coordinates of the points A and B are (-3, 2) and (1, —6) respectively, find the
coordinates of the point C that lies on the y-axis such that AC = BC. Hence, find the area of
2 MACO, where O is the origin.

Waorked
Example

"
A
G
E
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*Solution
Let the coordinates of C be (0, k).

AC?J(xz—led—(yz—}',)z

~lo-(-3) +(k-2y

=J(0+3) +(k-2)

=y9+(k—2)" units
BC=(x,—x ) +(y:— 0 )

~y(0-1) +[k-(-6)]

=J1+(k+6)" units
Since AC = BC,

Jo+(k=2) =y1+(k+6)

2 2
["9+(k—2)2] = [\’l+(k+6)z] square both sides
9+(k-2V=1+(k+6)
9+ K -dk+4=1+K+12k+36
kK- 4k+13=kK + 12k + 37
—16k =24
24
T
3 Problem-solving Tip
T2 It is helpful to draw a diagram
1 to visualise the relative positions
==ls of the points A and Cin relation
to 0. Then we can find the base
- the coordinates of C are (0.—1%). and height of AACO casily.
1 . y
Area of AACO = - xbase X height A
2 A(-3,2)
1 2D
= —ixOCXAD
N\
s R | 1)
= 5)(15)(3
9 1 1 | > x
4 3 2 .'\ 0
1 2
= 2— units” T
4 \ C(O.—l—l)
2
24
Coordmale Geometry OXFORD

CHAPTERS
wo I

UMAVEREITY PARSS

me >



Practise Now 2 Given that the coordinates of the points C and D are (4, —1) and (-2, 7) respectively, find
Simillar and (a) the coordinates of the point E that lies on the y-axis such that CE = DE,

Further Quesstions (b) the coordinates of the point F that lies on the x-axis such that CF = DF.

Exercice 5A
Cueestions 2-8

Hence, find the area of AQEF, where () is the origin.

Using the length to show that a triangle is right-angled
A triangle has vertices A0, —5), B(-2, 1) and (10, 5). Show that AABC is a right-angled
triangle and identify the right angle.

3 .

AR = (-2-0P+[1-(-5)P Check that the sum of the
= (-2 +&° squares of the two shorter sides
—44136 is equal to the square of the
longest side.
= 40 units*
BCE=[10-(-2)P*+(3-1)?
- 1284+ 4
=144 + 16
= 160 units"
ACT = (10 - 0P + [5 - (-5)*
= 107 + 10°
= 100 + 100
= 200 units? Problem-solving Tip
Since AB* + B(* =40 + 160 a right-angled triangle is always
— 200 oppasite the right angle (largest

= A7,
the triangle is a right-angled triangle with Z ABC =90° converse of Pythagoras’ Theorem

Bl 1. A triangle has vertices D(6, 1), E(2, 3) and F(—1, —3). Show that ADEF is a right-angled
Similar and triangle and identify the right angle.

w‘;‘m 2. A triangle has vertices P(-3, 1), ({6, 3) and R(1, 8). Determine if APQR is a right-angled

Questions 9-11 triangle.

1. What do [ already know about the Cartesian plane that could help me find the length of a line segment?
2. What have I learnt in this section that | am still unclear of?

UM REARITY PAREY
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Advanced

Intermediate
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Exercise

. Find the length of the line segment joining each of 6.

the following pairs of points.
(a) A(2,3)and B(9,7)

(b) C(3,6)and D(-5,9)

(c) E(-1,4)and K8, -3)
(d) G(-10,2)and H(-4, -7)

If the distance between the points A(p, 0) and
B(0, p) is 10 units, find the possible values of p.

Given that the coordinates of the points P and Q are

(=2, 6) and (9, 3) respectively, find

(a) the coordinates of the point R that lies on the
y-axis such that PR = QR,

(b) the coordinates of the point § that lies on the
x-axis such that PS= QS.

A line segment has two endpoints M(3, 7) and
N(11, -6). Find the coordinates of the point W that
lies on the y-axis such that W is equidistant from
M and from N.

Hint: The term ‘equidistant’ means ‘same distance’

The vertices of AABC are A(—4, -2), B(8, -2) and 7.
(2, 6).

f
v

(s, -2)

(i) Find the perimeter and the area of AABC.
(ii) Hence, find the length of the perpendicular
from A to BC.

'The diagram shows AABC with vertices A(-2, 1),
B(1, 1) and C(3, 4).

3 o
| C(3.4)

b
\

T
o
T
-
==
ENSH 5N
o+
w
e

(i) Find the area of AABC.

(ii) Find the length of AC, giving your answer
correct to 2 decimal places.

(iii) Given that ABCD is a parallelogram, find the
coordinates of D.

(iv) Given that K is the point (£, 4) and the area of
ABCK is 12 units?, find the possible values of £.

'The diagram shows AABC with vertices A(-1, 1),
B(-1,-2)and (3, -1).

V
A

I

(i) Find the lengths of AB, BC and AC.

(ii) Find the area of AABC.

'The coordinates of a point E are (3, k) and the area
of ABCE is 14 units®.

(iii) Find the possible values of k. >

Coordinate Geotnetry
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Exercise

. 8. 'The distance between the points (1, 2t} and (1 - £, 1}  10. By showing that the points P(3, 4), (X3, 1) and
is+/11— 9t units. Find the possible values of ¢ R(8, 4) are the vertices of a right-angled triangle,

find the length of the perpendicular from P to QR.

9. (i) Show that the points A(-1,2), B(5, 2) and
()2, 5) are the vertices of an isosceles triangle. o The vertices of APQR are P(1, 3), (X5, 4) and

(ii) Find the area of AABC.

(5, 15). Find the length of the perpendicular from

Qto PR

(@ Gradient of a straight line

A. Calculation of gradient of a straight line (Recap)

Let us look at another attribute of a straight line

gradient. In Book 2, we learnt that the gradient of a straight line

is the ratio of the vertical change to the horizontal change.

¥
F Y

e ———
horizontal
change

Fig. 5.4

Mow let us examine how the gradient of a straight line can be computed on a Cartesian plane.
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w ’ P\ ’ . Finding the gradient of a straight line
N -

1. In Fig. 5.5(a) and (b), A and B are two points on each line.
j’u ! x'ik'

5 FEEH
\

Tt B S (RS R
PESIREEERV AT EHEEH

5 i i

-t

]

S By 6N S I = :\\ EEE
Eahraunsmmns FEERCH
A ! :
| ! >x 3 »x
[(JEEEEEEEEE TaRR" 0 ! ’,e\ 3
A
(a) (b)
Fig.5.5

For each of the two lines shown in Fig. 5.5:

(i) Find the vertical change from point A to point B.
(ii) Find the horizontal change from point A to point B.
(iii) Find the gradient of the line segment AB.

Sl Cradient = vertical change
Hint: Gradient e e pr e

(iv) Choose two other points C and D that lie on the line and calculate the gradient of the line segment CD.
Compare your answers with those obtained in part (iii).
What do you notice? Explain your answer.

2. Givenany two points A(x,, y,) and B(x,, y,), how would you find the gradient of the line passing through A and B?
Hint:

s >
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3. Using your answer in Question 2, find the gradient of the line passing through each of the following pairs of

points.
(a) (-1,4)and(3,7) (b) (-4,-3)and (2,-11)
(c) (6,3)and(-4,3) (d) (2, -1)and (2, 8)

Compare your answers with those obtained by your classmates.

From the above Class Discussion, we observe that if A {11. y1} and B{xz. y!] are
two points on a line, then

~ [hinking
Ime

hlsteadafwﬁﬁngﬂlegﬂdientquBasil;:,canwalmmiteitas %?
2T T

Yo~h _ NV, .
Is xz_Erphm].reranswer.

XN =

wechoat
Investigation

Gradient of a straight line

1. Using a suitable geometry software, draw a line segment with the endpoints as A(-2, 1) and B(0, 5).

2. Find the gradient of the line segment AB and record it in Table 5.1. Describe the gradient of the line segment AB
using one of the following terms: positive, negative, zero or undefined.

3. Write down the value of y, - y, and of x, - x, in Table 5.1.

4. Copyand complete Table 5.1.

{a)  A(-2,1)and B(0, 5) positive 5-1=) |o0-¢-2)=]

(b) | C(7,5) and D4, B)
(c} | E(-2, 6) and F(-4, 3)
(d) | Gl1,-2)and H(2, -3)

(e) 1(1,1)and J(3,1)
(f) | Ki(—4,3)and L(-4, &)

Table 5.1

moew
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5. (a) Wheny, -y, >0andx, - x, <0, what do you notice about the sign of the gradient?
(b) Wheny, -y, < 0andx, - x, > 0, what do you notice about the sign of the gradient?
() When the signs ofy, - , and x, - x, are the same, what do you notice about the sign of the gradient?
(d) When y, - y, = 0, what do you notice about the gradient of the line?
(e) When x, - x, = 0, what do you notice about the gradient of the line?

From the above Investigation, we observe that

value of x increases

(x, > x, orx, - x, > 0)
- a

Coordinale Geometry OXFORD CHAPIERS A
133 ;

UMAEREITY PARSS



Finding gradient given two points

Find the gradient of the line passing through each of the following pairs of points.
{a) A(2,3)and B(7, 5)

4 (b) F(-2,8)and Q{1,-1)

Worked
Example

*Solution
(a) Gradientof AB- 22—21 let (x,, ,) = (2,3) and (x,, ) = (7, 5)

Alternatively,
Gradient of AB - 21°22

-5 Daoes it matter which points we
2 assign as (x, y,) and (x. ;I |
= g Why?

(b) Gradientof PQ= 22" et (x,y)=(-2,8) and (x,y) = (1, 1)

Practise Now 4 Find the gradient of the line passing through each of the following pairs of points.
Similar and (a) C(3.1)and Dis, 3)

e (b) Hi(5, -7) and K(0, -2)

Exercise 5B

FUSERTEWEY () M(-4,1)and N(16,1)

g

Using the gradient to determine the coordinates of a point on the line
If the gradient of the line joining the points (k, 5) and (2, k) is -2, find the value of k.

*Solution
Gradient of line, 22— — 2
X, -x
k-5 : :
Tk -2 let {.r__. }'__} = (k, 5) and {.rl. }'1} =(2. k)
k-5--202_K
k-5=—4+2k
-1-k
k=1
o é 134 CHAPTER 5 Rﬁfm?ﬂig Coordinate CGeometry
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Practise Now 5 1. If the gradient of the line joining the points (4, —9) and (-3, k) is -3, find the value of h.
Similar and 2. 'The points A(m, -18), B(2, -9) and C(4, m) are collinear, i.e. they lie on a straight line.
Further Questions Find the possible values of m.

IS
Exercise

‘ Find the gradient of the line passing through each 5. 'The gradient of the line joining the points (9, @) and

Exercise 5B
Questions 3-8

B tie Kl Mrwing PRI Of POl (2a, 1) is 2, where a # 0. Find the possible values |
(a) A(0,0)and B(-2,1) a
(b) C(2,-3)and (1,7) e
(c) E(-2,4)and F(-5,8)
(d) G(-4,7)and H(1, -8) 6. 'The points P, Q and R have coordinates (6, -11),
(e) I1(-2,-5)and (2, 6) (k, —9) and (2k, —3) respectively. If the gradient of
(F) K(-7,9)and L(6,9) PQ is equal to the gradient of PR, find the value of
k.
. ‘The points A(0, 1), B(7, 1), C{6, 0), D(0, 5) and l
E(6, 4) are shown in the diagram. 7. 'The points P(2, -3), Q(3, -2) and R(8, z) are ’
collinear, i.e. they lie on a straight line. Find the l
value of z. |
E(6,4) 8. 'lhe line joining the points A(2, f) and B(7, 2> + 7)

has a gradient of 2. Find the possible values of t.

o 'The coordinates of the vertices of a square ABCD
B(7,1) are A(0, 6), B(2, 1), €7, 3) and D(5, 8).

15
A(Q' l). T N;(’*f.b) 5% (i) Find the gradient of all 4 sides of ABCD.
v '1 '2 17. .'1 :_; ’8 '7 (ii) What do you observe about the gradients of
the opposite sides of a square?

Find the gradient of each of the line segments AB,
AE, DCand DE. ,

3. [Ifthe gradient of the line joining the points (-3, -7)
and (4, p) is _?3, , find the value of p.
4. 'lhe coordinates of A and B are (3k, 8) and (k, -3) |

respectively. Given that the gradient of the line
segment AB is 3, find the value of k.

Coordinate Geometry OXFORD CHAPTERS l 35
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53 Equation of a straight line

A. Equation of a straight line (Recap)

Let us now consider how the Cartesian coordinate system can express geometric objects as algebraic equations and
expressions. We need to first recall some ideas we learnt in Book 2, and then use these ideas to solve problems set in
the Cartesian coordinate system.

UMEARITY PAREE
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B. Equation of a straight line y = mx + ¢

In Book 2, we learnt that the equation of a straight line is in the form y = mx + ¢, where the constant m is the
gradient of the line and the constant ¢ is the y-intercept.

! P(x,3)

A Aw0.0

o

Fig. 5.7
In Fig 5.7, the straight line passes through the points A(0, ¢) and P(x, y). If the gradient of the line is m, then
Gradient of line = m

y—c _
x—0
¥-c=mx

SY=mX+C

In general,

‘The equation y = mx + ¢ is known as the gradient-intercept form of the equation of a straight line. In this equation,
i gives the gradient of the straight line, ¢ gives the intercept on the y-axis and (0, ¢) is the point where the line cuts
the p-axis.

Finding the y-intercept given the gradient and coordinates of a point

s¥exlcer] Given that the line y = 3x + ¢ passes through the point (3, 1), find the value of c.

Example

6 *Solution
Since (3, 1) lies on the line y = 3x + , the coordinates (3, 1) must satisfy the equation,
e 1=3(3)+¢ substitute x = 3and y=1
=9+c
Sc=-8B

1. Given that the line y = 5x + a passes through the point (-1, 2), find the value of a.
Similar and 2. 'The point (6, 8) lies on the line y = —4x + b. Find the value of b.
Further Questions

Exerdise 5C
OQueestions 1, 2

Coordinale Geometry OXFORD CHAFTER 5 13?
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Finding the equation of a straight line given the coordinates of 2 points
Find the equation of the straight line passing through each of the following pairs of points.
(a) A(1,2)and B(3,7)
7 (b} €{(2,3)and X7, 3)
() E(5,1)and F(5, 6)

Worked
Example

"Solution

=]

-2
-1

(a) Gradient of AB =

ral i i

Equation of AB is in d]efﬂrmy=%x+c

Since (1, 2) lies on the line, F
2:;(]}+f ‘We can also substitute (3, 7) into

the equation of AB to find the

value of .
=

nalm

<. the equation of AB is y = ;r—%.

(b) (2, 3) and D(7, 3) have the same y-coordinate of value 3.
< I is a horizontal line with equation y = 3.

(c) E(5, 1) and F(5, 6) have the same x-coordinate of value 5.
-~ EF is a vertical line with equation x = 5.

Find the equation of the straight line passing through each of the following pairs of points.
{a) A(-2,1)and B(5, 3)

(b) Ci6,4)and D(-4, 4)

{c) E(-3,5)and F(-3,8)

What information do we need to find the equation of a straight line?
Consider each of the cases below.

Case 1: Given the gradient m and the y-intercept c

Case 2: Given the gradient m and the coordinates of a point (a, b)

Case 3: Given the coordinates of two points (a, b) and (¢, d)

For each case, describe how you would find the equation of the straight line.

1 3 8 CHAPFTER 5 OXFORD Coordinate Ceometry
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Let us take another look at the Introductory Problem.
Although the problem of finding the minimum value of,lx’ +y" may seem like an algebraic question, the same
question can be modelled as a geometry problem using ideas about coordinate geometry!

First, can you see that x + y = 5 is actually the equation of a straight line with x-intercept (5, 0) and y-intercept (0, 5)?

‘This can be represented in Fig. 5.8 below:

o Plx,y)

9
FOON T INGH)
NG

Big idea
Diagrams and Models

Mathematical diagrams such as
graphs in the Cartesian plane
can help us to visualise the
relationships between variables.
More importantly, a graph can
represent an abstract algebraic
equation or expression visually
so that we can look at the same

problem in a different way. This
Fig. 5.8 allows us to model geometric
s : 2 = « objects using equations and
Given that P(x, y) lies on the line x + y = 5, we see that the distance from P to the Gy S,

& e 3 = obtain an al ic solutiol
origin is given by, ’(x_o)l +(y—0)2 =/ x*+y" units. Therefore, the minimum value of :jm ma:u“?:;:o”m;
,/ x*+y* is actually the shortest possible distance from P to the origin. Fmeniaty

(i) Explain why the coordinates of P, when it is at a minimum distance from the origin, are (2.5, 2.5).
(ii) Show that the minimum distance from P to the origin, and hence the minimum value of,/x’ +y°, m%ﬁ
In summary, this example demonstrates how an algebraic question can sometimes be recast as an equivalent

coordinate geometry problem! Hence, coordinate geometry can
geometry.

be seen as the bridge connecting algebra and

1. What components do | require to determine the equation of a straight line?
2. What have | learnt in this section that | am still unclear of?

o

Exercise

Given that the line y = -x + ¢ passes through the ‘
point (1, 2), find the value of c.

‘The point (-3, 3) lies on the line y = 4x + k. Find
the value of k.

Coordinate Geometry
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4

Exercise

Find the equation of the straight line passing
through each of the following pairs of points.
(a) A(0,0)and B(1,-1)

(b) C(1,3)and D(2,5)

(¢) E(2,4)and F{(-2,3)

(d) G(-6,-5)and H(4,4)

(e) I(-2,-4)and J(1,-7)

(f) K(-7,-5)and L(-1,-1)

(g) M(8,0)and N(-9,0)

(h) O(0, 0) and (0, 7)

Find the equation of each of the following straight
lines, given the gradient and the coordinates of a
point that lies on it.

@ 3.0.0 ®) 3,(1,1)
© =3 (2,-5) (d) —12.(5.7)
(e) 0.(5 4) (f) a, (O.a)

Write down the equation of the straight line which
passes through the origin and with gradient 2.

In each of the following diagrams, find the gradient
and the y-intercept of the line where possible. State
the equation of each line.

@ 7 ®)
A

7.

9.

10.

"The diagram shows AABC with vertices A(1, 1),
B(1, 3)and C(5, 5).

; enmann

Py

=)

BEYS SEEISESESEISREN

—gt— =

Find

(i) theareaof AABC,

(ii) the gradient of the line passing through B
and C,

(iii) the equation of the line passing through
Aand C.

‘The lines 2x - 5= kyand (k + 1)x = 6y - 3 have the
same gradient. Find the possible values of k.
i e Xepd
Given the line 3 + 3 1,
21

(i) make y the subject of the formula 53- L2
(ii) find the gradient of the line,
(iii) find the coordinates of the point at which the

line cuts the x-axis.

(i) Find the equation of the straight line which
passes through the point (-3, 5) and with

gradient —%
(ii) Given that the line in part (i) also passes
through the point (p, 3), find the value of p.

-HHHHH AR
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Advanced Intermediate

Exercise

11. Find the equation of the straight line passing @ If the line mx = ny + 2 has the same gradient as the
through the point (3, —2) and having the same x-axis, find the value of . State the condition for
gradient as the line 2y = 5x + 7. the line to be parallel to the y-axis instead.

12. (i) Find the equation of the straight line which @ The equation of the line [ is 3x + 4y = 24. It crosses

passes through the point (3, 1) and with the x-axis at the point A and the y-axis at the
gradient 3. point B. Find
(ii) Hence, find the coordinates of the point of (i) the coordinates of A and of B,
intersection of the line in part (i) with the line (i) the length of the line segment AE,
y=x (iii) the equation of the line OC, where O is the
origin and the point C is equidistant from the
13. 'The line [ has equation 5x + 6y + 30 = 0. Given that coordinate axes,
Pis the point (3, -1), find (iv) the coordinates of the point C given that C also
(i) the coordinates of the point where [ crosses the lies on the line 1.
x-axis,
(ii) the coordinates of the point of intersection of [ @ The coordinates of the points Pand Q are (2, 3) and |
with the line x = 2, (9, 5) respectively.
(iii) the equation of the line passing through P and (i) Find the coordinates of the point where the
having the same gradient as l, line passing through Fand (@ intersects the
(iv) the equation of the line passing through P and x-axis.
having a gradient of 0. (ii) Given that y = 5 is the line of symmetry of
APQR, find the coordinates of R.
14. A straight line | passes through the points A{D, 3) (iii) Calculate the length of PQ.
and B(3, 12). (iv) Hence, find the length of the perpendicular
(a) Find from R to PQ.

(i) the gradient of the line [,
(i) the equation of the line L.

(b) Theline x = 3 is the line of symmetry of AABC
Find the coordinates of C.

(@ Midpoint of a line segment

In this section, we will learn how to determine the coordinates of the midpoint of a P
line segment, when the coordinates of its two end points are given. Wit s o Lctppe

dubdddoddiidiudaddy

a line and a line segment
For a number line in one dimension, the number exactly halfway between -1 and 4 m’:l::}h;:n fmd
“1+4 5 Thi ; i : . the midpaint of 2 line? How
S 1.5, This number 1.5 is the mid-value of -1 and 4. It is found by taking host the mid o of a line
the average of -1 and 4. segment? Explain your answer.

Covrdinate Geometry OXFORD CHAPTERS ]_ 4 1
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5.4 .32 10 1 2 3 45 6
Fig. 5.9

Therefore, a number which is the mid-value of x, and x, is =i ;xl .

Let us extend this idea to two dimensions.

r‘ X
xZ

Fig. 5.10

Diiagrams

We see the uscfulness of a graph
to visualise the given information

the input (Le.x,, x,. y, and y)
and twa variahbes for the outpur

. X +X ¥ +y |
{Lﬁ |2 2 and 11 1}_

The coordinates of Pand (Q are {x|, yl} and l:xl, yl} respectively. Let Mix, y) be the midpoint of the line segment P().
The x-coordinate of M is the average of x, and x,. The y-coordinate of M is the average of y, and y,.

Midpoint of line segment
Worked ) X o .
Example {a) Find the coordinates of the midpoint of the line segment
joining the points
8 (i) A(2,5)and B(-6,-1),

(ii) C(-3,4)and D(5, 4),
(iii) D(5,4)and E(5,1).

(b} If the coordinates of the midpoint of the line segment
joining P(-5, 3) and Q{a, b) are (3, 4), find the value of

a and of b.
*Solution
@ @ mdpmmms:["';"z,”:;’z]
_(2+(-8) 5+§-11]
- 2 v 2
=(_zr2]

MNotations

‘We use an ordered pair (x, ¥) to
represent the coordinates of a
point in a Cartesian plane.

The ordered pair tells us that the
first ber is the x-coordinat

and the second number is the
reire
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Practise Now 8

Dok
Prot

YODIEM-SONV

both the

mg 1p

(@) Midpointorc- (2%, 4]

In (a)(ii),
=345 y-coordinates of Cand D are
:‘ 2 ’4, equal to 4, CD is a horizontal line
= segment and the y-coordinate of
S the midpoint of CD is 4.
y
+
(iii) Midpoint of DE = (5, %, Zyz) e
= (5 ﬁ) a-3.49|(L.1)  D5,4)
» 2 o) 3¢
x[s.z-;)
i (5'2%) FEG.)
oI >
®) (xl+x1 >’.+}'z) -(3.4) 10 (a)(i), i the line segment DE
e a e €3 : cinc
-5+a 3+b) _
(et e
., =5+a _ 3+b _
ie = -3 and e =4
5+a=6 3+b-8
a=11 b=5

(a) Find the coordinates of the midpoint of the line segment joining the points
(i) A(5,3)and B(-1,7), (ii) (X2,3)and D(6, 3),
(iii) E(1,4)and F(1,-2).

(b) If (2, 0) is the midpoint of the line segment joining A(8, —3) and B(p, q), find the value of
pandof g.

Midpoint of line segment
Explain why P(5, 8) is not the midpoint of the line segment joining the points G(1, 7) and
H(9,7).

*Solution

Method 1:

Since both the y-coordinates of G and H are equal to 7, GH is a horizontal line segment,
i.e. the y-coordinate of the midpoint of GH must also be equal to 7.

Since the y-coordinate of (5, 8) is 8 (# 7), then P(5, 8) is not the midpoint of GH.

Method 2:
: gt ht):
y-coordinate of midpoint of GH = 3

=7
Since the y-coordinate of P(5, 8) is 8 (# 7), then P(5, 8) is not the midpoint of GH.

Coordinale Geoenetry
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Practise Now 9 1. Explain why ({2, 9) is not the midpoint of the line segment joining the points A(0, 6)
Similar and and B(4, 6).

e 2. Explain why R(-3, 7) is not the midpoint of the line segment joining the points C(-5, 10)

Cuestions 4{a), (b) and IX(-5, 4).

Are the following statements always true, sometimes true or never true? Give reasons for your answer.
(a) If M is the midpoint of line segment AB, then M is a point equidistant from points A and B.
(b) If Mis a point equidistant from points A and B, then M is the midpoint of the line segment AB.

Finding 4" vertex of parallelogram

g::“‘:‘e If A(2, ~4), B(7, 1) and C(—1, 5) are three vertices of a parallelogram ABCD, find the
& midpoint of AC. Hence, find
1 0 (i) the coordinates of D, (ii) the length of AD.
"Solution

Midpoint of AC = [r1 Mo y'”!]
po Tz T2

_ (2+f-1} -4+5]
2 ' 2

43

(i) Let the coordinates of D'be (h, k).

Big Idea
Diagram

5
to help us visualise that the
diagonals are AC and BD (not
AB and D). |

Midpoint of AC = Midpoint of BD
(_l _1)=[xz+x4 yz-ry‘)
2'2 P
. 1 _ 7+h 1 1+k
Le. -———— —_——=—
2 2 2
1=7+h 1=1+k
h=-6 k=0
o Di-6,0)
@ A= y(x, )"+ 2)
= - Length of line segment joining
=y (-6-2)" +[0-(-0)] (. y) and (x,.y,) =

= JE "“I:_Iu}]"'[?:_’ur _J

= 8.94 units (to 3s.f)

1 1 ] CHAPTER 5 OXFORD Coordinale (Geometry
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1. ABCDisa parallelogram. The coordinates of A, B and Care (-3, 5), (2, 7) and (4, &)
respectively. Find

(i) the coordinates of 1, (ii) the length of the diagonal BD.

2. The line 5x + y = 17 intersects the curve 5x° + * = 49 at the points P and ().
(i) Find the coordinates of the midpoint of P().
(ii) Calculate the length of PQ.

w :/r\ ’ . Finding 4 vertex of quadrilateral
PR F .
1. Use another method in Worked Example 10 part (i) to find the coordinates of D. Which method is more efficient?

2. Given any three vertices of a parallelogram, we can use the formula for the midpoint to obtain the fourth
vertex. Can this rule be applied to a square, a rectangle, a rhombus, a trapezium and a kite? Explain.

Exercise

. Find the coordinates of the midpoint of the line (b} Use two different methods to explain why
segment joining each of the following pairs of points. F(-6, 1) is not the midpoint of the line
(a) (1,1)and (7, 3) segment joining the points #(-7, -1) and
(b) (3,—2)and(-2,7) -5,5).
(c) (4, 4)and(8,4)
(d) (0, -2)and (0, &) 5. Three of the vertices of a rhombus PROQS are
(e) (Za+ b, 3b-a)and (b- a,2a - b) P(1, -2), R(5, 0) and (X7, 4). Find the fourth
(f) (ah?® 2ah)and (ak?, 4ak) vertex 5.

. In each of the following, M is the midpoint of PO 6. 'Theline y = x+ 2 intersects the curve y = 2" + 5x - 3 |

Find the coordinates of Q. at the points P and Q. Find the coordinates of the
{a) M5 0)and P(-5,0) midpoint of PO
(b) M(3, -7)and F{3, -10)
{c) Mi6, 2)and P(1, 1) 7. Given that the line x + 2y = 5 meets the curve
(d) M{0, -3) and &4, -1) 5x? + 49 = 29 — 12x at the points A and B,
(i) find the coordinates of the midpoint of AH,
. Three of the vertices of a parallelogram ABCD are (ii) calculate the length of AB.
A(-3,1), B(4,9) and €11, —3). Find
(i) the midpoint of the diagonal AC, ABCD is a rectangle.
(ii) the fourth vertex [, {a) How will the midpoint of AC change when the
rectangle is moved 4 units in the positive
4. (a) Explain why E(k, 4] is not the midpoint of the direction of the x-axis?
line segment joining the points Mk, 5.5) and
Q(k, 7). What can you say about the points E, >
Pand 0)?
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Exercise

(b) 'The coordinates of A and Care (h, k) and 4
(m, n) respectively. Given that the rectangle _B(s.6)
is moved k units in the negative direction of ,,f}\?// \
the y-axis and then k units in the negative A(-2,2)= ——‘%\— . 10,1)
direction of the x-axis, find an expression, in o R s

terms of h, k, m and n, for the midpoint of AC. (i) Given that PO produced meets the x-axis at R,

find the coordinates of R.
(ii) Is Q the midpoint of PR? Explain your answer.

o The diagram shows a triangle ABC with vertices at
A(-2,2), B(8, 6) and C(10, 1). Pand Q are the
miipoints of Altand AC respectively, PQ i - In APQR, the midpoints of the sides PQ, QR and

PR are A(-2, 3), B(5, -1) and C(-4, -7)

respectively. Find the coordinates of P, Q and R.

to BC.

(@ Parallel and perpendicular lines

In Book 2, we learnt that the gradient of a line is a measure of how steep the line is. It is the ratio of the vertical
change (or rise) to the horizontal change (or run): gradient = M or: 2
horizontal change ~ run

In Section 5.2, we have also learnt how to calculate the gradient of a line segment joining (x,, y,) and
Y=
2 rarat
2 I
In this section, we will explore the relationship between the gradient of a line and the angle of inclination # made by
the line with the positive direction of the x-axis.

RS al==1alolalll  Angle of inclination
Fig. 5.11 shows two lines [ and [.. Big Ides
Diagrams
‘The graph is useful to help
us visualise the relationship
between the gradient of a line
and its angle of inclination. I
I 2 . 3:4°5°6
Fig.5.11
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1. 6, is the angle made by the line [, with the positive direction of the x-axis.
0, is called the angle of inclination of the line ..
(a) Measure 6, with a protractor.
(b) Use a calculator to evaluate tan 8, giving your answer to 2 significant figures.
2. Use ™ to find the gradient m, of the line [ . Is m, = tan 8,2 Explain your answer.
mn - -
Hint: tan g, = OPposite side
adjacent side
3. 0, is the angle of inclination of the line I,. Is 8, acute or obtuse?
4. (a) Measure 8, with a protractor.
(b) Use a calculator to evaluate tan 6, giving your answer to 2 significant figures. Is tan 8, positive or negative?
5. Use == to find the gradient m, of the line [ Is m, = tan 8,2 Explain your answer.
Him-n:n g PR e w s T
©* adjacentside angles in Book 4. I
6. State the relationship between the gradient m of a line and its angle of inclination 6.

Does this relationship apply if the line is horizontal or vertical? Explain your answer.

In general, if # is the angle of inclination of a line, then:

B. Parallel lines

»
w : ag ?. : Parallel lines

Work in pairs. One student is to refer to Fig. 5.12 and the other student is to refer to Fig. 5.13.

Fig. 5.12

1. Do the two lines look parallel to each other?
2. How do you know that the two lines are really parallel to each other? Use a protractor to measure 8, and 8,

Is 8, = 6,2 Does this relationship tell you whether the two lines are parallel?

Hint: Corresponding angles formed by two parallel lines and a transversal are equal.
3. Look at the equation of each of the two lines. State the gradient of each line. Do they have the same gradient?
4. (a) Compare your answers to Question 2 with those of your classmate. Hence, explain if the two lines in

Fig. 5.12 are parallel to those in Fig. 5.13. >
r—
Coordinate Geometry OXFORD CHAPTERS A
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(b) Compare your answers to Question 3 with those of your classmate. What does that tell you about the
gradient of parallel lines?
5. Copy and complete the following statements.
(a) ]ftvml.inesarepan]]eltoeammher,ﬂienﬂleyhaveﬂleme'[:.

(b) If two lines have the same gradient, then they are = ,: to each other.

In general, for two lines [ and [, with gradients m, and m, respectively,

Motations
“The notation // helps to convey
the idea that the lines are

el i i S
We use the notation // to denote “is parallel to”. For example, AR // CD means AB is m_I“ ! |
parallel to L.

hinking

Ime

1. Given three points A(2, 3}, 8(3, 5) and (5, 9), find the gradients of AB, BC and AC. What can you say about
the three points?

2. Given that the gradients of XY and Y% are equal, what can you say about the points X, ¥ and #?

From the above Thinking Time, we see that:

Parallel lines and collinear points
:""“f'“-‘;’ Given four points O(0, 0), A(2, k), B(2k, 9) and C(3k, 2k + 7), find the value(s) of k if
R (i) OA is parallel to BC, (i) the points O, A and B are collinear.

11 *Solution

(i) Since OA // BC,
then gradient of OA = gradient of BC.

N k=0 2k+7-9
Le. —_— —
2-0 3k-2k P
k _ 2k-2 PR i
Fre O |
KE=dk -4
B -4k+4=0
(k-2P=0
k=2

Coordinate Ceometry
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(ii) If O, A and B are collinear,
then gradient of OA = gradient of OB. In (ii). 10 find the values of k.
ie ﬂ _9-0 we can also use gradient of
o 2-0 2Zk-0 OB = gradicnt of AB. or gradient
k9 of 04 = gradient of AB.
2 2k
2k =18
k=9
k=13

The coordinates of four points are A(D, 9), Bk + 1, k + 4), C(2k, k+ 3) and D(2k + 2, k + 6).
Samillar and Find the value(s) of k if

Further Questions . . - - B "
— (i) ABis parallel to CD, (i) the points A, B and C are collinear.

Questions 1,7, 815

C. Perpendicular lines

w&:{: . Perpendicular lines

Work in pairs. One student is to refer to Fig. 5.14 and the other student is to refer to Fig. 5.15.

246 8101214

—6-4-2]124 6

Fig. 5.14 Fig. 5.15
Use a protractor to measure the angle between the two lines. Are the two lines perpendicular?
Look at the equation of each of the two lines. State the gradient of each line.
Calculate the product of the gradients of the two perpendicular lines.
Together with your classmate, compare the answers to (Juestion 3 for Fig. 5.14 and for Fig. 5.15. What do you
notice? Is this always true?
5. Dwoes the relationship in Question 3 apply if one line is horizontal and the other is vertical? Explain your answer.

BN

In general, for two lines I and I, with gradients m and m, respectively,

I is perpendicular i =14
|is to I, <= product of their gradients m m, Big kdes
H there i ion to the above result: if one of the lines s vertical, then 1 of2t2
owever, there is an exception above result: if one e lines is vertical, “The notation L helps o
its gradient is undefined and so we will not be able to calculate m m,. the idea that the lines are
We use the notation L to denote “is perpendicular to’. For example, AB | CD means  perpendicular ina concise and

AB is perpendicular to CD. precise manner.

Coordinale Gemmetry OXFORD CHAPTER 5 149
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Perpendicular lines
The vertices of AABC are at A(0, -5), B(-2, 1) and (10, 5). Is A ABC a right-angled
triangle? Give reasons for your answer.

12 :

Worked
Example

*Solution
10, 5
Method 1: __f_‘(..- )
Let i — gradient of AB, and m, — gradient of BC. T
= B B, , = gra Bz | —
Then m m_ = [l-(-ﬁ}]x >l 7-.'-’ -
1z I ]u_(_z} .\IIO

= =]. Y

-~ AB 1 BCand so AABC is a right-angled triangle. \
A(D, -5)

Method 2:

AB= 1=(-5) +(-2-0)* = /40 units

BC = J[0=(=2) +(5=1)* = 4/ 160 units Edn}mw&ﬂ
AC=+ (10=-00 +[5=(=5)]" = /200 units Whey? _J

Since AB* + B = AC?, by the converse of Pythagoras™
Theorem, A ABC is a right-angled triangle.

e LR Y 1. The vertices of AABC are at A(0, 1), B(~1, -2) and
(2, -2). 1s AABC a right-angled triangle? Give reasons The perpendicular bisector of a

for your answer. line segment AB is a line that is
2. The coordinates of three points are A(1, 3}, B{5, 1) and perpendicular to AB and bisects
Clk, -1) el

(i) Find the coordinates of the midpoint, M, of AB.
(ii) 1f MC is the perpendicular bisector of AS, find the A T

value of k. M |

Perpendicular lines
The coordinates of three points are ({0, 0), P(m, n) and ({6, 3). Find a possible set of values
of 11 and n if OF is perpendicular to OQ.

Solution

Gradient of OF = gradient of Q) = -1
(n-n) s-u]
—_— | —]=-1
tit =1 60

B |
"

n=-Im
.. a possible set of values is m=4and n = -8,
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Ouestions &6, 14

ceercie )

The coordinates of three points are (N0, 0), A(5, 1) and B(p, q). Find a possible set of
values of p and g if OA is perpendicular to OB.

The coordinates of four points are (0, 0), A(2, 3k),
B4k, 6) and (X10k, 7). Find the value(s) of k if

(i) ©OA is parallel to BC,

(ii) the points O, A and B are collinear.

The coordinates of three points are A(1, 1),
B(-1, 4) and {6, k). Find the value of k if AB is
perpendicular to BC.

The vertices of A ABC are at A(—1, —3), B(2, 3) and
Clk + 5, k). Find the value of k if AB is
perpendicular to BC.

The coordinates of three points are A(—1, —6),
B(3, -12) and C(k, 6). Find the value of k if
(i} AB is perpendicular to AC,

(ii) A, Band C are collinear.

Explain whether the following pairs of lines are
parallel, perpendicular or neither.
(a) y=7x+1dandy=T7x+16

(b) y=4x Fandy= —:::r+5

(€) y=-2x+2and2y=x+6
(d}) x+2y=6andy=3x-8

The coordinates of three points are A(m, n), B(4, 6)
and (5, 3). Find an example of the values of m and
#n if AR is perpendicular to BC.

A point P is equidistant from R(-2, 4) and 5(6, —4)
and its x-coordinate is twice its y-coordinate.
(i) Find the coordinates of P.

(ii) Hence, explain why P, K and 5 are not collinear.

Explain whether the two lines with equations
3y - 2x = 4 and 4x = 6y - 8 are parallel to each other. |

Show that (-1, 3), (X6, 8) and R(11, 1) are the
vertices of an isosceles triangle. Is APQRa
right-angled triangle? Give reasons for your
answer.

. (iven that A is the point (0, 4) and B is (6, 6), find

(a) the coordinates of point C on the x-axis such
that AB = BC,

(b) the coordinates of point I on the y-axis s-ud:t
that £ ABD = 90°.

. Theline x + 3y = 1 intersects the curve

5y =20 - 3x - x" at the points P and (). Given that
the equations of AB and CD are y - 3x = 4 and
3y + x = 4, what can you say about the lines

(a) ABand PQ? (b) CDand PQ?

Give two reasons why 3x + y = 8 is not the
perpendicular bisector of the line segment joining
(-4, 1)and (8, 7).

. The coordinates of three points are A(-1, -3),

B(2, 3) and (6, k). If AB is perpendicular to BC,
find

(i} the value of k,

(ii) the gradient of AC,

(iii) the acute angle that AC makes with the x-axis.

14. The coordinates of three points are (0, 0), P(a, b)
% and (¢, d). Find an example of the values of a, b, ¢

and d if OP is perpendicular to O,
>
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Exercise E

Use two methods to determine whether the four
points (2, 1}, (-1, =5), (1, 5) and (-2, -1} are the
vertices of a parallelogram, showing your working

clearly.

D

Equation of a straight line involving parallel

and perpendicular lines

Usze two methods to determine whether the four
points (5, 8), (7, 5), (3, 5) and (5, 2) are the vertices
of a rhombus, showing your working clearly.

In this section, we shall apply what we have learnt in Sections 5.3 and 5.5 to find the equation of a straight line,
which is either parallel or perpendicular to another line.

Worked
Example

14

Equation of non-vertical line

Hence, write down a possible equation of a line that is perpendicular to L.

*Solution
Gradient of AB - 22=21
B
_8-2
3-1
=3

Equation of line lis in the form y = 3x + .

Since (1, 2) lies on the line, 2 = 3(1) + ¢
c=-1

Hence, equation of lis y = 3x - L.

.. a possible equation of a line that is perpendicular to [is y = —%r+2 .

Find the equation of the line [ that passes through the points A(1, 2) and B(3, 8).

1. Find the equation of the line [ with gradient 2 and passing through (1, 4).

mE =T

2. Find the equation of the line passing through the point
(a) (2,7)and is perpendicular to y = x + 5,
(b) (-2,3) and is perpendicular to 2y + x =2,
(c) (4,-9)andis parallel to 3y + Zx+ 5 =10,
(d) (-5,-2)and is parallel to 6x =2y - 7.

Hence, write down a possible equation of a line that is perpendicular to [

152
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Similar and
Further Questions
Exercise SF
Questions Sal-d),
8,13

Worked
Example

16

Equation of perpendicular bisector of line segment
Find the equation of the perpendicular bisector of the line segment joining A(6, 3) and
B(2, 15).

*Solution
Gradient of AB = Y271
xl-x1
_ 15=3
26
=-3
Gradient of perpendicular bisector of AB = é P—
. . X Hx oy ty ‘The product of the gradients of
MldpﬁlmofAB=( ‘2 lr%] two perpendicular lines is 1. I
- [a+2 3+15)
bz 2
={4r9}

Equation of perpendicular bisector of AB is in the form

“Lrse
=3 -

Since (4, 9) lies on the line,
1

9=—(4
3( T+¢

23

3
. equation of perpendicular bisector of ABisy = é X +2—: .

Find the equation of the perpendicular bisector of the line segment joining C(5, 7) and
D(-7,1).

Problem involving geometrical figure ¥

The diagram shows a quadrilateral ABCD in which the * A

points A and [2lie on the y-axis and x-axis respectively.

(" is the point (16, 11) and the equation of AB is y=24+4 (16, 11)
y=2x+ 4. If ADand BC are perpendicular to AB, find

(i) the coordinates of A and of D, A

(i) the equation of BC,

(iii) the coordinates of B, 5 5 >
(iv) the length of CD.

Covrdinale Cemmetry
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Simnilar and
Further Questions
Exerdise 5F
OQuestions 2-12, 14

*Solution

(i) AtA x=0,50y=2(0)+4=4
. the coordinates of A are (0, 4).
Let [2be the point (k, 0).

Since A8 1 AD and gradient of AB = 2, then

gradient of AD = —-—;

A0 _ .1
0o-k 2
k=8

. the coordinates of [ are (8, 0).

(i) Gradient of BC = Gradient of AD = %

Equation of BC is in the form y = Iesc
2

Since (16, 11) lies on the line,
1n=-1qe)+ec
2

c=19
- equation of BC is y = —;x +19

(iii) 2x + 4 = ——;:rfl':l'
4x+8=-x+38
5x =30
x=6
Substitute x = 6into y = 2x + 4:
y=2(6)+4=16
. the coordinates of B are (6, 16).

(iv) Length of €D =/ (x,—x,) +(y.- %)

- Je-8) +(11-0)’

=4+f185
= 13.6 units (to 3 s.f)

The y-coordinate of a point
on the x-axis is 0 and the
s-coordinate of a point on the
y-axis is 0.

Problem-solving Tip

To find the coordinates of B, we
solve y=2x + 4and

= —;ra—l? simultaneonsly.

The diagram shows a trapezium ABCD
in which AB is parallel to DC and BC is
perpendicular to both AB and DC.

The coordinates of A, B and [Dare (4, 2),
(16, 8) and (5, 10) respectively. Find

(i) the equation of I and of BC,

(ii) the coordinates of CC,

(iii) the length of CL.

C
-)_._.-'I"-—f’
D(5,10)~"
| A
II ' B(16, B)
|
|
II
L-
Al4,2)
>
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What information do | need to find the equation of a straight line? Can | describe the strategy that | would use

based on the type of information given?

Exercise

(a) Find the equation of the line [ with gradient
3 and passing through (-2, 8). Hence, write
down a possible equation of a line that is
perpendicular to [.

(b) Find the equation of the line [ with gradient

= and passing through (7, - 3). Hence, write

down a possible equation of a line that is
parallel to L.

. Find the equation of the line passing through

(a) A(2,-1)and B(5,5),
(b) X1, -4)and IX0, 6),
(c) E(7,3)and F(-3,3),
(d) G(-9, -2)and H(-9, 8).

‘ Find the equation of the line passing through

the point
(a) (-2,5) and is parallel to the line 3y + 7 = 29,
(b) (-1, -6) and is perpendicular to the line
42 - 7y=5,
(c) (4, 8) and is parallel to the line 3x + y = 17,
(d) (2, -3)and is perpendicular to the line
y+2x=13.

‘ Find the equation of the line segment joining the

points whose x-coordinates on the curve y = 2x* - 3
are-land 1.

‘ Find the equation of the perpendicular bisector of

the line segment joining the points
(@) (0,-2)and(2,0), (b) (1,8)and(2,3),
() (0,-7)and (6, -7), (d) (5,-4)and(5,9).

9.

Find the equation of the line that is parallel to
2y - x = 7 and bisects the line segment joining the
points (3, 1) and (1, -5).

Given that the x-intercept of a line is twice its
y-intercept and that the line passes through the
point of intersection of the lines 3y + x= 3 and
4y - 3x = 5, find the equation of this line.

A rhombus ABCD is such that the coordinates of
Aand Care (0, 2) and (12, 8) respectively. Find the
equation of the perpendicular bisector of AC and

of BD. |

The diagram shows a quadrilateral ABCD where
Ais (6, 1), B lies on the x-axis and Cis (1, 3). The
diagonal BD bisects AC at right angles at M. Find
(i) the equation of BD,
(ii) the coordinates of B,
(iii) the coordinates of D such that ABCD is

a parallelogram.

y
A

c(1,3) “'_"‘D
s = /r' \

=~

o) 3
AT e N

v
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a

10. The coordinates of three points are A(4, 0), 12. In the diagram, the coordinates of three points A, B

11.

B(-3, 1) and (-2, 8).

and Care A(-3, 1), B(6, 3) and C(1, 8).

¥ ¥
* +.cn,e)
-2, 8 =
" |I'_:I"'———___1J'_3| D\ \
| |
f | ___—Bl6,3)
T .' A3, )N i
f { [¥] "
o |
B(-3,1)~—; | > (i) Find the gradient of BC and of AB.
0 Al4,0) (ii) If H is the point on the y-axis such that B, C

(i) Find the equation of the line segment joining
the points A(4, 0) and (-2, 8).

(ii) Explain why AB = BC and that £ ABC = 907,
showing your working clearly.

(iii) If A, B and C are the three vertices of a square,
find the coordinates of the fourth vertex, [

(iv) Hence, or otherwise, calculate the area of
the square.

The wertices of S ABC are at A(l, 5), B(4, 4) and
(8, 6). Given that P is the foot of the perpendicular
from A to CB produced, find

(i) the equation of AP,

(ii} the coordinates of P,

(iii) the lengths of AP, BC and AC,

and H are collinear, find the coordinates of H.
(iii) Find the coordinates of the point IJ such that
ABCD is a parallelogram.
(iv) Find the equation of the perpendicular
bisector of BC.

@ The coordinates of the vertices of a triangle ABC

are A(1, 2), B(&, 7) and ({7, 2). Find the equations
of the perpendicular bisectors of

(a) AB, (b) BC.

Hence, find the coordinates of the point equidistant
from A, Band C.

The coordinates of the points Pand Qare P(-1, 10)
and (42, 4).

(iv) the area of AABC, R
(¥) thelength of the perpendicular from B to AC.
¥
& (8, 6)
A S -
Y P .
oo B4, 4) X
P
(i) Find the equation of the perpendicular
5 e bisector of the line joining P and ().
(ii) If the perpendicular bisector of PQ cuts the

x- and y-axes at points H and K respectively,
calculate the length of HK, giving your answer
correct to one decimal place.

(iii) Find the coordinates of i such that PRQH isa

parallelogram.
(iv) Show that PROH is a rhombus.

et nnn
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In this chapter, we recapped some ideas which we previously learnt in Book 2. We also learnt how the Cartesian
coordinate system can be used to represent a geometric problem as an algebraic problem, and vice versa. These show
us how impartant it is to develop good mathematical notations to communicate ideas in mathematics, as well as
how useful mathematical diagrams can be in helping us solve problems. In advanced mathematics courses, you will
see how geometric objects such as circles, ellipses, rectangles and 3-D objects, such as spheres and other surfaces,

can be represented using algebraic equations with the use of this simple invention.

Coordinate geometry also helps us to quantify properties of geometric objects to analyse and compare them, such
as the measure of gradient. Gradients of parallel lines are equal. The product of gradients of perpendicular lines is
always equal to -1 (with an exception), even when the perpendicular lines are rotated by the same amount, which is

an example of invariance.

N A O A A

Summary

1. Gradient of a line segment
If A(x,, y ) and B(x, y,) are two points on a line, then gradient of AB is %

] 1
» Find the gradient of a line passing through the points (-7, 8) and (5, -5).

Length of a line segment
‘The length of any line segment AB, where the coordinates of the points A and B

are (x,, y,) and (x,, y,) respectively i.s\|||l’_r1 == ]: +Hr-» ]
+ Find the length of a line segment with endpoints (-7, 8) and (5, -5).

2. [Equation of a straight line
‘The equation of a straight line passing through the point (0, ¢) and with
gradient m is y = tx + c.
« Find the equation of a line passing through the points (-7, 8) and (5, -5).

(x, ¥,)

* X
¥
& Plx, y)
// A(D, )
0 i
>
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3.

Equation of a horizontal line

‘The equation of a straight line that is parallel to the x-axis and which passes
through the point (a, b) is y = b.

It has a gradient of 0.

Equation of a vertical line

'The equation of a straight line that is parallel to the y-axis and which passes
through the point (a, b) is x = a.

Its gradient is undefined.

If A(x,, y,) and B(x,, y,) are two distinct points, then:
X+x Yy +y
« Midpoint of AB= % 12 2

« Gradient of AB = tan 6, where 8 is the angle of inclination
For two lines /, and I, with gradients m and m, respectively,

« I is parallel to [, < their gradients are equal, i.e. m = m,
« I, is perpendicular to I, <> product of their gradients m, m, = -1

X=a
i (a, b)
ﬁ
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CHAPTER 6

Graphs of Functions and Graphical Solution

In the preceding chapter, we saw how the invention of the Cartesian coordinates system provided the link
between algebra and geometry. Graphs provide us a way to visualise functions that we use to model many
real-world situations.

For example, we can model the average cost, A, of producing x units of smartphones using a reciprocal
functionoftheformA=;u+-g + r, where p, g and r are known constants. By drawing a graph of A against x,
we can determine the number of units to produce for the minimum average cost.

In this chapter, we will explore the connection between the graphs and equations of cubic, reciprocal,
exponential and rational functions. More specifically, we will see how the graphs of these functions can
provide an alternative to solving an equation algebraically.

Learning Outcomes

What will we learn in this chapter?

« How to draw the graphs of simple sums of power functions y = ax",
where n=3,2, 1.%.0. —i land -2

« How to draw the graphs of exponential functions y = ka* + b, where
a is a positive integer, a # 1, and k and b are rational numbers

« How to draw the graphs of rational functions and find their asymptotes
« How to sketch the graphs of cubic, reciprocal and exponential functions
« How to solve an equation graphically

« How to estimate the gradient of a curve by drawing a tangent

« How to interpret and analyse data from tables and graphs, including
distance-time and speed-time graphs

OXFORD >
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Introduct ry
Problem

To reduce wastage of paper-based packaging, a company makes open cardboard boxes (no cover) from recycled
rectangular cardboard pieces, each with dimensions of 80 cm by 60 cm. Squares of sides x cm are cut from each
corner of the cardboard and the resulting flaps are folded to make an open box as shown:

— ’
xcm
(60 - 2x) (80 - 22)
x.t — <m
=

(a) Can the same rectangular cardboard be used to build a box with a volume of 50 000 cm*? Why or why not?
(b) What should x be so that the volume of the box is a maximum?

How did you solve the Introductory Problem? Did you write a function that describes the relationship between
the volume of the box and the length of the square, x cm?

Tor do s, we need to show that the volume of the box is equal to x{80 - 2x)(60 - 2x). This can be expressed as
4x? — 280x" + 4800x, which is an example of a cubic function. We have not learnt to solve this algebraically.
How can we approach this problem graphically?

Graphs of cubic functions

A. Graphs of cubic functions_

In Chapter 2, we have learnt to draw the graphs of y = ax® + bx + ¢, where a, b and ¢ are constants and a = 0.
We have also learnt to sketch graphs of the form y = (x - h)(x - k) and y = —(x - h)(x - k), where h and k are
constants, as well as y = (x - p)* + gand y = —(x - p)* + g, where p and g are constants.

Let us now learn how to draw the graphs of cubic functions.

In general, cubic functions are of the form y = ax® + bx* + cx + d, where a, b, ¢ and d are constants and a # 0.

160 CHAFTERG® pXFORD Giraphs of Functions and Graphicl Solution
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ESREIalesl)lll Graphs of cubic functions

1. Usinga graphing software, draw each of the following graphs.

@ y=x (b) y=2¢
(c) y=5¢ (d) y=-o
(e) y=-2c (f) y=-5¢

2. Using your graphs in Question 1, answer each of the following questions.
(a) Describe the shape of the graph of y = ax’, where a is a constant.
(b) Describe the effect of the value of a on the shape of the graph of y = ax’.
() How do you think the graph of y = 0.5x* would look like when compared to the graph of y = x*
3. 'The general form of the equation of a cubic function is y = ax® + bx® + cx + d. Using a graphing software,
explore how the graph of a cubic function may look like by drawing the graphs of the following functions.

(a) y=x'+x (b) y=x+x"+x
(€] y=x*+x*+x+1 (d) y=x'-»
(e) y=x'-x+x (f) y=x'-x"-x

® y=x-x-x-1
Describe what you notice about the general shape of the graph of a cubic function.

4. For each of the graphs in Question 3, change the coefficient of x° to 1. How does this affect the shape of the
graphs?

5. Write down your observations about the graphs of a cubic function.

From the above Investigation, we observe that the graph of a cubic function, i.e. a function of the form
¥ = ax’ + bx* + cx + d, would take the shapes shown in Fig. 6.1.
When will the graph pass through the origin?

¥ ¥ Big Idea

| | Diagrams
! The graph of a function expresses
T oy v important information about
i . Je By the function in a visual way.
.'r o — = ez g 0 L ‘The shape of the graph, the
b intersection points with the axes
| and the number of turming points
are crucial for i
the algebraic behaviour of
- the function. We need to
(a) y=ax® + bx* + cx + d, wherea == 0 mmmﬂmmﬁpﬂm
drawing the graph so as to

¥ ¥ cxpress the algebraic propertics
| of the function accuratehy.

(b) y=ax’ + b’ + cx + d, where a <2 0
Fig. 6.1

UMTAENEITY FARRE
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Drawing the graph of a cubic function

Using a scale of 2 cm to represent 1 unit on the x-axis and 2 cm to represent 10 units on the
y-axis, draw the graph of y=x* + 3for -3 =x =3,

Find

(a) thevalue of y when x = 1.5,

(b) the value of x when y = 20.

*Solution
B -3 | 2| -1 0] 1
34| 11

[
w

L  PIEE

___________________________________ P
H
i 1 L
HH R 2 f
] |

(a) From the graph, whenx=1.5,y=6.5.
(b) From the graph, when y =20, x=2.6.

Practise Now 1 Using a scale of 2 cm to represent 1 unit on the x-axis and 2 cm to represent 10 units on the
ey y-axis, draw the graph of y = x* - 2for -3 =x=3.
Further Questions Find
ani::u (a) the value of y when x = 2.5,
(b) the value of x when y = 15.

mO s
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Can you solve the Introductory Problem now? The graph of a function provides a way for us to understand the
algebraic properties of the given function. This also enables us to use a graph of a function to approximate or find
the solutions to an algebraic equation that represents the function.

B. Sketching graphs of cubic functions

In Section 6.1A, we have learnt about the shapes of the graphs of cubic functions and how to plot them. We shall
now learn to sketch them. Recall that in Chapter 2, to sketch a graph, we only need to plot the critical points which
the curve passes through:

+  the point where the curve cuts the y-axis,

+ the points where the curve cuts the x-axis (if any), and

+  the turning point.

However, finding the turning point of the graph of a cubic function is beyond the scope of this book. As such, we
shall only look at the x- and y-intercepts in sketching its graph.

Sketching graph of a cubic function with a single x-intercept
Sketch the graph of y =x* - 27.

2 Find y-intercept:
Whenx=0,y=x-27
=07 -27
=-27 y-intercept
Find x-intercept{s):
When y=0,x-27=0

Worked
Example

x*=27
x=3 x-intercept
Sketch:
y
E Y = 7
y=x-127 Since the coefficient of 1 is
i positive, the graph has a shape
/ similar to Fig. 6.1(a).

Graphs of Functions amd Graphicl Solution OXFORD CHAPTER & 163
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Sketch the graph of y = -x* - 64.

Problem-<olving Tip

Since the coefficient of £* is
negative, the graph has a shape
similar to Fig. 6.1(b).

Sketching graph of a cubic function with multiple x-intercepts
Sketch the graph of y = x* - 2x* - 8x.

3 “Solution

Find y-intercept:
Whenx=0,y =x* - 2x* - 8x
=07 - 2(0)* - 8(0)
=0 y-intercept

Worked
Example

Find x-intercept(s):
Wheny=0,X -2 - 8x =0

x(x*-2x-8)=0 factorise by extracting common factor x
x(x+2)(x-4)=0 factorise using multiplication frame
x=0orx=-2orx=4 Xx-intercepts
Sketch:
y
A

{ y=x_2x"_8x

Practise Now 3 Sketch the graph of y = -x* - 6x* + 9x.
Similar and

Further Questions
Exerdise 6A
Questions Ha)H{d)
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C. Graphical solution

Graphical solution to equations

1. Find the value(s) of x which satisfy the following simultaneous equations by plotting the graphs using a
graphing software.
y=2x and y=x+1

2. Find the value(s) of x which satisfy the following simultaneous equations by plotting the graphs using a
graphing software.
y=2¢-1 and y=x

3. What did you notice about the equations in Questions 1 and 2?

4. Without plotting the graph, write down the solution of 2x’ - x - 1 = 0. Explain how you figured out the solution
without drawing the graph.

5. What did you observe about how simultaneous equations can be solved using the graphical method?

Big Idea
As seen from the above Investigation, the key to solving equations by the graphical ik
method is to identify the graphs to be drawn. For example, to solve the equation "To solve a given equation sach
2x* - 1 = x, you will need to draw the graphs of y= 2« - 1 and y = x and then find s2¢’ - x - 1 =0 graphically,
the x-coordinate(s) of the point(s) of intersection. mml. rm ,_':f;vffnl:‘
In general, for a single-variable equation in terms of x of the form Question 1:
Expression 1 = Expression 2, we will need to draw the graphs of y = Expression 1 '
and y = Expression 2. 'The solution(s) will be given by the x-coordinate(s) of the T e d
intersection point(s) of these two graphs. Furthermore, we note that there are a few Fxi | S 8

yEx
ways to decide on the graphs to draw. 'The given equation can be solved graphically i e
by drawing other equivalent sets of equations, obtained by algebraic manipulations i

that preserve the equivalence of the original equation.
or2x*- 1

o -1

equations can be used (or what

other graphs can be drawn) to
solve 2x* - x-1=07

Graphs of Functions and Graphical Solution OXFORD CHAPTER 6 l 65
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Graphical solution involving a cubic function
‘The variables x and y are connected by the equation y = -x* - 3.
Some corresponding values of x and y are given in the table below.

4 -3'-»2';4:0?1“2?3‘
P

5 | 2| 3| <4 [-1n|-30]

(a) Find the value of p.

(b) Using a scale of 2 cm to represent 1 unit, draw a horizontal x-axis for -3 = x = 3.
Using a scale of 2 cm to represent 10 units, draw a vertical y-axis for -30 = y = 30.
On your axes, plot the points given in the table and join them with a smooth curve.

(c) 'The equation -x* = 10 has only one solution. Explain how this can be seen from
your graph.

(d) (i) Onthe same axes, draw theliney =x - 5for -3 =x=2.
(ii) Write down the x-coordinate of the point where this line intersects the curve.
(iii) This value of x is a solution of the equation x* + Ax+ B = 0.

Worked
Example

Find the value of A and of B.
*Solution
(a) Whenx=-3,y=-(-3)-3
=24
Lp=24
o T y
| | A
36
B
BL ]
\ .......... et

| \r-r’B | |
W W R WEL S B

: .\‘ : ‘ (©)y

m
~

|l M ; - - J :x
-3 32 hus (mEEE ARG ESEES3(C 1( ) BRRP SRR EERuE INE
‘;;;_._:,,___._.—,,—,%,—fj: maaEEE AN A o Ram A NNN R NERA AR

e $ - L | ! | |
RS et \\.:
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(0 x=10 Problem-solving Tip *
x*-3=10-3 In (c). manipulate the g
-x-3=7 ~x*= 10 to an equivalent
From the graph, the line y = 7 only intersects the curve :'qn;:‘:nmwhichﬂzm I‘:f
y=-x' -3 atone point. expression —x* - 3. Then
Hence, -x* = 10 has only one solution. we would obtain a pair of

(d) (i) | > : I simultancous equations that we

x 3|0 2] can solve graphically.
y ) -8 5 | -3
o ' ’ 8'gkha
(ii) From the graph, theline y = x - 5intersectsthe curve §* -
y=-xX-3atx=1 The coordinates of the points of
(iii) At the point of intersection, intersection of the graphs of
x-5=-x-3 y=-x-3and y=x-5will
& ' satisfy the equations of both
L+x-2=0 graphs simultaneously so that
Comparing X’ + x - 2 =0withx’ + Ax+ B=0, they will also satisfy the cubic
- iy equation -x* - 3 =x - 5and any
A=land B=-2. other equivalent equations such
asx’+x-2=0.

Practise Now 4 "The variables x and y are connected by the equation y = x* + 2.
Similar and Some corresponding values of x and y are given in the table below.

S—— RIS IR EIED
Questions 13, 14 25| -6 | 1 2 | 310 q |
(a) Find the value of q.
(b) Using a scale of 2 cm to represent 1 unit, draw a horizontal x-axis for -3 = x = 3.
Using a scale of 2 cm to represent 10 units, draw a vertical y-axis for -30 = y = 30.
On your axes, plot the points given in the table and join them with a smooth curve.
(c) (i) On the same axes, draw theline y =5 - 2xfor 0 = x = 3.
(i) Write down the x-coordinate of the point where this line intersects the curve.

(iii) This value of x is a solution of the equation x* + Ax + B=0.
Find the value of A and of B.

¢ faz |
1. When drawing the graph (manually or using a graphing software), it is important to consider the scale of the
axes so that the important features of the graph are clearly shown. How do I decide on the scale of the axes if

they are not given?
2. When solving equations by the graphical method, how do | decide on the equations of the graphs to be drawn?

L]
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@ Graphs of reciprocal functions

A. Graphs of y =2

X

Consider the following scenarios:

(a) David wants to make a rectangular flowerbed with an area of 16 m If the length of the rectangular flowerbed is
x m, write down an expression for the breadth of the flowerbed.

(b} The movement of an autonomous vehicle can be programmed to travel at a constant speed of y km/h on the
roads. Given that the distance to be travelled is 200 km, find the time (in hours) needed to complete the
journey.

(c) Boyles Law states that the product of pressure £ and volume V is a constant k for a given mass of confined gas
and this holds as long as the temperature is constant. Express
(i) PintermsofV,

(ii) Vinterms of P
What is common in each of these scenarios?

Each of these scenarios can be described by the reciprocal function, ie, y= '—; .

- : a
[RVEEAEEI Graphs of y ="
Usingagraphin.gsﬂftware,dmwlhegmphof}'=§ for
(a) a=1, (b) a=5, The four quadrants on the
() a=-1 (d) a=-5. Cartesian plane are labelled
1%, 2, 3™ and 4" as follows:
1. (i) Fora > 0, which quadrants do the graphs lie in? Can you explain why? y
(ii} Fora < 0, which quadrants do the graphs lie in? Can you explain why? aui | pu
2. What can you say about the rotational symmetry of each of the graphs? [© *
3. Do the graphs intersect the x-axis and the y-axis? Explain your answer. ¥ I

Recall
The order of rotational

symmctry about a particular
point is the number of distinct

ways in which a figure can map

— P
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From the Investigation on page 168, we observe that for the graph of y = E ,
+ when x = 0, the function y = % is not defined, ie. there is a break in the graph when x =0,
« there is rotational symmetry of order 2 about the origin, i.e. it maps onto itself twice by rotation in 3607,

« if @ = 0, the graph would take the shape in Fig_ 6.2(a),
if @ <2 0, the graph would take the shape in Fig. 6.2(b).

¥ ¥
}k W
= S X = — X
mﬂi O lr/.
{a}y—ﬂ.wherearn-ﬂ {h}}'—E,whereuiu
x x
Fig. 6.2

Consider the graph y = % in Fig. 6.2(a), where a > (. The graph consists of two parts;

the first part lies in the 1* quadrant because when x > 0, y > (; the second part lies in
the 3 quadrant because when x <2 0, y << (. In the 1* gquadrant, we observe that:

« asx increases, y decreases;

« as x approaches zero, y becomes very large;
1 E‘m’y:l; where a == 0, we see

1
e.g.fnra—I.y—;,if.t—{!.t}ﬂlll]{ll.y— = 1 000 DOO;

0.000 001 that as the positive x-value

approaches 0, the y-value of

« asx becomes very large, y approaches zero; the function gets arbitrarily
fora=1,y= L, ifx=1000000,y= — 1 __ —0.000001; farge. We say tha the value of
eg-lora=1L,y=2.ix Y= Toooooo ; yapproaches infinity as
x approaches 0, written as
« the curve gets very close to the x-axis and y-axis but never touches them. ¥ — = as x —= 0. In this case,
. . ol the graph approaches the x-axis
Can you describe the part of the graph that is in the 3" quadrant® 20 close 2 possible withont
N a touching it, and the x-axis is
Can you describe the graph of y = e where a << 0 ml.ln:lg asympivie, We will
learn more about them on the |
lﬂtW‘.
Graphs of Funclions and Graphical Sohuti CHAPTER6 .
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From what we have observed, as x becomes very large, the curve gets very close to
the x- and y-axes but never touches them. A line in which a curve approaches to but
will never meet it is called an asymptote. Hence, there are two asymptotes here, the
horizontal x-axis and the vertical y-axis, which are also known as the horizontal and
vertical asymptotes of the curve respectively.

The equation of a horizontal asymptote is of the form y = a and that of a vertical
asymptote is of the form x = a, where a is a real number. Thus, the asymptotes of the
graph y = % are y = 0 {x-axis) and x = 0 (y-axis).

An asymptote that is neither
haorizontal nor vertical is called
an ofligue asymptote, which is
not in the scope of this book.

You may scarch the Internet to
learn more abowt it |

| The equation representing the

x-axis is y =0 and not x = 0.

Similarly, the cquation

representing the y-axis isx=0
and mot y=0. |

Whatareﬂleequaﬁnnsnfﬂle]inesufsyrmnetryafﬂlegmphy=£ when
(a) a>=o0* (b) a-=0%

Drawing the graph of y = 2

y-axis, draw the graph c-fy—J—f_ for S=x=5x+#0.

{a) Find
(i) the value of y when x=1.4,
(ii) the value of x when y= -8.

Using a scale of 1 cm to represent 1 unit on the x-axis and 1 cm to represent 5 units on the

(b) The equation % x+ 1 =0 can be solved by drawing a suitable straight line on the same

aAXES.
(i) Find the equation of the straight line.
(ii) By drawing this straight line, solve the equation E

x+1=0.

1?0 CHAFTER® owFORD
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(@) x 5 4 2(-1 -05/-03{03(05| 1| 2 R <)
B 12 -15 3| 6|-12[-20] 20| 12[6[3 15 | 12
! A
254
i 20-.¥
HEHREHE
' 151 |
X
= mEEmd
A Eaam tnams (b)(ll)'}";x 3
i) e
.5 4 3 211 (){l): ! T
t t t t t t P X
e ?_,/,,/9*”' pHTRH AR
L} e I
\&; @)
- \ +-0t+—t
X
i
1 15
‘ -
|
&2
T 25 t
(i) From the graph, when x=1.4, y = 4.5. w
(ii) From the graph, wheny= -8, x= -08. For (a)(i), although the answer
is 4.2857.... by calculation, the
) (i) = -x+1=0 answer obtained from the graph
can only be accurate up to half of
E—X 1 a small square grid, which is 0.5.
x 3 Similarly, for (a)(ii), although
N . . aceurs s x =-0.75 by calculation, the
.. the straight line to be drawnis y=x - 1. s Sl i s e
(ii) x 5 0 5 is accurate to half of a small
TS| square grid, i.c. 0.1
EEmTaey 6 | -1 | 4 e
From the graph, the line y = x - 1 and the
curvey—g intersect at (3, 2) and (-2, -3).
Sx=3orx=-2
Graphs of Functions and Graphical Solution OXFORD CHAPTER S o
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Using a scale of 1 cm to represent 1 unit on both axes, draw the graph of y = % for
S=x=5x+0
(a) Find
(i) thevalue of y when x= 2.5,
(ii) the value of x when y= -1.2.

(b) The equation % 10x - 1 =0 can be solved by drawing a suitable straight line on the

SAME AXES.
(i) Find the equation of the straight line.
(ii) By drawing this straight line, solve the equation % 10x-1=0.

B. Sketching graphs of y :% +b

In Section 6.2A, we have learnt about the shapes of the graphs of reciprocal functions y = '—; and how to plot them.
We see that each graph has two asymptotes, y = 0 (x-axis) and x = 0 (y-axis). What about the graph of a reciprocal
function in the form y = E + b? The asymptotes are y = b and x = 0 (y-axis). How can we sketch them?

Sketching graph of a reciprocal function
Worked s ?

Example Sketch the graph of y = .E +2.

6 "Solution

Find asymptote(s):

When x =0, y is undefined.

. x = 0is an asymptote of the graph.
When y = 2, x is undefined.

- ¥ = 2is an asymptote of the graph.

Find x-intercept(s):

x-intercept

e s =m-- S S

= px
o /&
f 1f the asymptotes are not the

| x- of y-axes, draw a dotted line
| to show them.
| d
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Sketch the graph of y =1 _ 2.

Simnilar and x
Further Cueestinns
Exercise &A
Cueestions 4{aHd)
a
C. Graphs of y =7

'There is another class of reciprocal functions that frequently occurs in nature.

For example, the intensity of light, I, decreases with the distance from a light source, d. However, instead of a simple
inverse proportion between [ and 4, I is inversely proportional to &

Similarly, the gravitational pull F between two masses is inversely proportional to r, where r is the distance between
the centres of the two masses.

'The same relationship can be found in the intensity of sound and intensity of radiation.

'This relationship is broadly dassified as an inverse square law, or written as y = ; .

Using a graphing sofiware, draw the graph of y = % for

(a) a=2, (b) a=4,

{c) a=-1, (d) a=-3.

1. (i) Fora =0, which quadrants do the graphs lie in? Can you explain why?
(ii) Fora <20, which quadrants do the graphs lie in? Can you explain why?

2. What can you say about the line of symmetry of each of the graphs?

3. Do the graphs intersect the x-axis and the y-axis? Explain your answer.

Graphs of Funclions amd Graphical Solution
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From the Investigation on page 173, we observe that for the graph of y = i, ,
x
when x = 0, the function y = i} is not defined, i.e. there is a break in the graph when x =0,
x

« if a == 0, the values of y are always positive, Le. the graph lies entirely above the x-axis;
if @ <= 0, the values of y are always negative, i.e. the graph lies entirely below the x-axis.
« the graph is symmetrical about the y-axis, i.e. the y-axis is the line of symmetry,
« if a == 0, the graph would take the shape in Fig. 6.3(a),
if @ <2 0, the graph would take the shape in Fig. 6.3(b).

¥ ¥
It _ — px
/N o
— of e i
{a}y—%.wherea =0 {h}y—%.wherea =0
Fig. 6.3

Consider the graph y = :1- in Fig. 6.3(a), where a = 0. The graph consists of two parts; the first part lies in the
1* quadrant because when x = 0, y = 0; the second part lies in the 2* quadrant becanse when x <2 0, y = (.

In the 1" quadrant, we observe that:

+ as x increases, y decreases;

« as x approaches zero, y becomes very large;

1 . 1
eg fora=1,y= Lifx=0001, y= =1 000 000,
& Y= Y= Goor?

« as x becomes very large, y approaches zero;

1
1000°

« the curve gets very close to the x-axis and y-axis but never touches them.

e.g.furu—lxy—x—lz.ifx—lll}{l.y— = 0000 001;

Can you describe the part of the graph that is in the 2" quadrant?

Can you describe the graph of y = az , where a <= (7
x
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Drawing the graph of y = =
2
Using 1 cm to represent 1 unit on the x-axis and 2 cm to represent 1 unit on the y-axis, draw

thegraphofyr% for 4 =x=4,x+0.Find

(a) the value of y when x = 1.6,
(b) the values of x when y = 3.5

Bl 4| 3| -2|-1/-05/05| 1| 2| 34|
y (006 011 025 1 4 4 1 025 011 006

Sum!
[ N—

¥ we can only plot y-values to the
| nearest 0.05. Hence, we calculate
PP | [ the y-values correct to 2 d.p. in
1 S ebeoven

ug

2 o !
I 1 L
sreed

wedertderdubbuerdebdlovdepivieiwe e

4 0
(a) From the graph, when x= 1.6, y = 0.4 F
(b) From the graph, when y = 3.5,x= -0.6 orx= 0.6. "The answer can only be accurate
up to half of a small square grid.

Simitar and

Further Questions

H_“S’ © (a) the value of y when x= 1.5,
(b) the values of x when y = -3.2.

Using 1 cm to represent 1 unit on the x-axis and 2 cm to represent 1 unit on the y-axis,

draw the graph of y = —% for -4 =x=4,x+#0.Find
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(@ Graphs of functions involving Vx

A. Graphs of y = aJx

'The square root function/ has several useful applications in mathematics, which includes kinematics, statistics,
trigonometry and finances. Let us now learn to draw graphs in the form y = a+/x, where a is a constant.

Investigation Graphs of y =a\x

Ushgag‘apﬂgsﬂ&wue,dmwmegmphuf}mﬂ&fm
(a) a=1, (b) a-8,
(c) a=-1, (d) a=-6
1. (i) Fora >0, which quadrant does the graph lie in? Explain.
(ii) Fora <0, which quadrant does the graph lie in? Explain.
2. (a) Desu'lbetheslmpeufﬂ)egraphuf}'=a\l';,wherenisacunstant
(b) Describe the effect of the value of a unﬂleshapeofﬂ:egraphof}'=n~lr;r.
3. Do the graphs intersect the origin? Explain.

From the above Investigation, we observe that for the graph of y = avx,
« the graph intersects the origin,
+ the function is only defined for values of x = 0,
« if a = 0, the graph would take the shape in Fig. 6.4{a),
if @ < 0, the graph would take the shape in Fig. 6.4(b).

(a) y = av/x, where a = D (b) y = av/x, wherea < 0
Fig. 6.4

1?6 CHAPTERE muxE Graphs of Functions and Graphicl Selation
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Drawing the graph of y = a\/x
Using 1 cm to represent 1 unit on the x-axis and 1 cm to represent 1 unit on the y-axis, draw
the graph of y = 2.5yx for 0 =< x = 5. Find
8 (a) the value of y when x = 4.5,
(b) the value of x when y=3.7.

Worked
Example

*Solution
o o306 1 | 2] 3
0 | 14[ 19| 25| 35| 43
¥
LITA |
6+ -
] | J | /x !
rANNRRNERARENNAREURART N i the y-values correct to | dp. in
. AT . the table of values.
4(1,)//
e AT T e
2 Pammun ;
ddddii '
et ot | I - T
B f t = )
HEHHH H Eamn .
. SRSmERSSEEEmANE S mEaN)
t t + + P X
"r | ENEED ANEEE: (REKE JH AN N

(a) From the graph, when x=4.5, y=53.
(b) From the graph, when y=3.7, x=2.2.

Practise Now 8 Using 1 cm to represent 2 units on the x-axis and 1 cm to represent 1 unit on the y-axis, draw
[ — thegraphofy——3&for0='=’x=‘=‘lo.l~‘ind
Further Questions (a) thevalue of y when x =83,

Qm“,, (b) the value of x when y=-7.7.
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B. Graphs of y =%

vX

1l

Graphs of y =

Investigation

W

"

Usingagraphiﬂgsuﬁware,dmwﬂ)egmphutfy=% for
(a) a=2, (b) a=35, :
(© a=-1, (d) a=-4.
1. (i) Fora > 0, which quadrant does the graph lie in? Explain.
(i) Fora < 0, which quadrant does the graph lie in? Explain.
2. (a) Descﬁbeﬂmslmpeufﬂ;egmphufy:j_,mreauacmn
x

(b) Describe the effect of the value of a on the shape of the graph of y =%.
x

3. Do the graphs intersect the x-axis and the y-axis? Explain your answer.

From the above Investigation, we observe that for the graph of y = -

X
« if a > 0, the values of y are always positive, i.e. the graph lies enti:;r abowve the x-axis;
if @ < 0, the values of y are always negative, i.e. the graph lies entirely below the x-axis,
« the function is only defined for values of x > 0,
« if a » 0, the graph would take the shape in Fig. 6.5(a),
if a < 0, the graph would take the shape in Fig_ 6.5(b).

(a)y= a , wherea = 0 (b)y= a , where a <20
N 7

Fig. 6.5

Drawing the graph of y = ©
o -
Using 1 cm to represent 1 unit on the x-axis and 1 cm to represent 1 unit on the y-axis, draw
the graph of y = 2 for0.2=x=6.Find
x
(a) thewvalue of y when x = 1.8,

(b) thevalue of x when y = 4.9.

x 02 05| 08 | 1 2 3] 4 5 6
¥ 67 42 | 34 3 21 | 1.7 | 15] 1.3 | 1.2

MEAEARITY FARER
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y Problem-solving Tip
A f N Il I P e L T
EC RN BN NN A we can only plot y-vahues to the

T | 0 I ! nearest (.1 Hence, we calculate
6+ the y-values correct to | d.p. in
0 the table of values.
s e,
5“--1:5): mmma
il 4.,:,1\ NN O
VTN
boeetoe g
B e =
r 1 <
' T ‘ -l
: ‘ 'l TRtk
HE S
_— - - - —p X
0 | SRS AR ) WA W

(a) From the graph, whenx=1.8,y=2.2.
(b) From the graph, when y = 4.9, x = 0.4.

Using 2 cm to represent 1 unit on the x-axis and 2 cm to represent 1 unit on the y-axis, draw

the graph of y = - 1?5 for 0.5 = x = 5. Find
x

(a) the value of y when x = 3.45,
(b) the value of x when y = -0.85.

e [
Exercise

‘The table below shows some values of x and the (iii) Use your graph to find
corresponding values of y, where y = 2° - 3x* + 1. (a) thevalueofywhenx=12,
B 1| 05/ 005115/ 2 25/3[35]4 (b) the value(s) of x when y = 0.
¢y ; 2 ) 7
‘ - ] . 2 : Sketch the graphs of the following.

(i) Copy and complete the table above, leaving (@ y=64-2

your answers to 1 decimal place where (b) y=8+x

necessary. () y=27x°-1
(ii) Using a scale of 2 cm to represent 1 unit, draw (d) y=-05x-625

a horizontal x-axis for -1 = x = 4. Usinga
scale of 4 cm to represent 5 units, draw a
vertical y-axis for -5 = y = 20. On your axes,
plot the points given in the table and join them
with a smooth curve.

dududuiud

v
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- Intermediate Advanced

4

Exercise

The table below shows some values of x and the
corresponding values of y, where y = =

-

1
B 3 | 3 2 3 4 5

| 16 | 2 1

(i) Copyand complete the table, leaving your
answers to 1 decimal place where necessary.

(ii) Using a scale of 2 cm to represent 1 unit on the
x-axis and 1 cm to represent 1 unit on the

y-nx:'l.s,dmwmegmphnfy—‘—: foré =x=5

(iii) Use your graph to find
(a) the value of y when x = 3.6,
(b} the value of x when y = 1.5.

Sketch the graphs of the following.

@ y- 3

(b) y=2 +4
x

(© y=2-5
x

@ y=—-6

The table below shows some values of x and the
corresponding values of y, where y = IEI .
x

'The values of y are correct to 1 decimal place, where
necessary.

x 1 2 3 1 5

¥ | W0 |25 a 06 b

(i) Find the value of a and of b.
(ii) Using a scale of 2 cm to represent | unit on

both axes, draw the graph of y = Ei for
1=x=5 *
(iii) Use your graph to find
(a) the value of y when x = 2.8,
(b} the value of x when y = 4.4.

10.

11.

Using 1 cm to represent 2 units on the x-axis and
1 cm to represent 2 units on the y-axis, draw the
graph of y = 6+/x for 0= x = 8. Find

(a) the value of y when x =52,

(b) the value of x when y = 12.1.

Using 1 cm to represent 1 unit on the x-axis and
1 cm to represent 2 units on the y-axis, draw the

5 : . =
graphof y= - — for 0.1 =<x = 7. Find
\,r—

x
(a) the value of y when x = 6.4,
(b) the value of x when y = -3.3.

Using a suitable scale, draw the graph of
y=x" - 6 + 13x for 0 = x = 5. Use your graph to
find

(i) the value of y when

(a) x=15,

(b) x=35,

(c) x=445

the value of x when

(@ y=7,

(b) y=15,

(c) y=22.

(i)

Sketch the graphs of the following.
(a) y=2x'-x-2x
(b) y=-2"-2x+15x
1 4
(c) y Ef+§f x
(d) y=055 5 dx

Using a scale of 4 cm to represent 1 unit on both
axes, draw the graph of y = —%—l fnr?lg =x= 4,

Use your graph to find
(i) the value of y when x = 2.5,
(ii) the value of x when y = -1.6.

The table below shows some values of x and the

corresponding values of y, where y = x—%_

‘The values of y are correct to 1 decimal place, where
necessary.

HHHHH R
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Advanced Intermediate

Exercise

x| D5 1 2 3 4 5 6 @ ‘The variables x and y are connected by the equation
y 55 -2 05 h 33 44 k "_’Hz_lx_l'

(i) Find the value of h and of k.
(ii) Using a scale of 2 cm to represent 1 unit on

The table below shows some values of x and the
corresponding values of y, correct to 1 decimal

both axes, draw the graph of y = x—% for place.
05=x=6 0105|081 15| 2|25 3 |35| 4
(iii) Use your graph to find 41|05 04|05 os|13] p|22]26]31

(a) the value of y when x = 1.6,
{(b) the value of x when y= -2.5. (i) Calculate the value of p.
(ii) Using a scale of 4 cm to represent 1 unit on

12. Using a scale of 2 cm to represent 1 unit on both both axes, draw the graph of y = x + 21 _1 for

uES.dIﬂWmEg[ﬂpth}"_I+£I forl =x=6 0l =xr=4
T . X

Use your graph to find (i) Use your graph to find the values of x in the
(i) thevalue of y when x = 5.4,

1
0.1 = x = 4 for which — =L
(ii) the value(s) of x when y=3. range * Or WAL XY oy

Using a suitahle scale, draw the graph of @ Using a scale of 2 cm to represent 1 unit on the

y=x*-2x-1for 3=x=3 x-axis and 1 cm to represent 1 unit on the y-axis,

(a) Use your graph to find the x-coordinates of the draw the graph y = 1 Sfros=x=7
points of intersection of the curve with the 4 B

(i} Use your graph to find the minimum value of ¥

X-axis.
(b) On the same axes, draw the straight line y = x m the Eiven range. —
for 3=yx=3 (ii) By drawing suitable straight lines on the same

axes, solve each of the following equations,
giving your answers correct to 1 decimal place.

B 1 . 8
— =6 b) —-x +— = 4
X (b) 41: x S

(i) Write down the x-coordinates of the
points at which the line y = x meets the i
curve y=x" - 2x - 1. {a) le+

(ii) Hence, state the solutions of the equation 1 8
3 = — 2 —_— —
¥~ Zxr - 1 = x Explain your answer. (c) 3= 2z =10
0 Using e;suitable scale, draw the graph of @ A company estimates that the total cost of
y= X tx+Zfor d=x=4 producing x units of flu vaccine is given by
: . C = 2600 + Zx + 0.0001x
(a) The equation —IE +3x = 0 has three solutions. {i) Write down an expression for the average cost,

Explain how this can be seen from your graph. . $4, ofp.mducing L unit ofﬂ1_.1 vaccine.
(b) (i) On the same axes, draw the line (ii) By plotting a graph of A against x for
y=10-3xfor 4=x=4 4500 = x = 5500 and 3.01 = A = 3.03,
(ii) Write down the x-coordinate(s) of the determine th_e pondaction lavel at WhiCh_ the
paint(s) where this line intersects the curve. average cost is the lowest, and hence estimate

(iii) 'The value(s) of x in part (b)(ii) is/are the the minimum average cost for each vaccine.
solution(s) of the equation x* + Ax + B=10.
Find the value of A and of B.

dUdddduidddoiuddddudauay
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(@ Graphs of exponential functions

'The growth of bacteria, the spread of diseases, and the spread of rumours or fake news have something in common:
they all start small but can increase rapidly. In this section, we will model such growth phenomena using the
exponential function. To begin, we shall attempt to model the spread of fake news.

Assume that the initiator of the fake news can spread news to another five persons in the next hour and each of these
five persons can go on to spread the news to another five persons in the next hour. Beginning with one person, the
number of new persons who hear about the fake news each hour is given below.

o 1 2|3 a| 5| s | N
1 5 25 125| 625 3125 | 15625 | .. | 2

Although the number seemed small at first, it soon ballooned to a large number. This rapid growth can be modelled
by an exponential function, y = a¥. Let us investigate the graph of an exponential function.

B

A. Graphs of y = a*and y = ka*

Ll

R =Sal=Elalslsl Graph of y = a* and y = ka*

1. Using a graphing software, draw each of the following graphs.
@ y=2 ) y=3 ) y=4 (@ y-5
2. For each of the graphs in Question 1, answer the following questions.
(a) Write down the coordinates of the point where the graph intersects the y-axis.
(b} As x increases, what happens to the value of y*
(c) Does the graph intersect the x-axis?
3. (a) How does the value of a, where a is a positive integer and a +# 1, affect the shape of the graph of y = a*¥
(b) What will the graph of y = a* look like if a = 17
4. Using a graphing software, draw each of the following graphs.
(a) y=2 (b) y=3(29) (e) y=5(27) (d) y=-(29) (e) y=-429
5. For each of the graphs in Question 4, answer the following questions.
(a) ‘Write down the coordinates of the point where the graph intersects the y-axis.
(b} As x increases, what happens to the value of y*
(c) Does the graph intersect the x-axis?
6. How does the value of k affect the shape of the graph of y = ka*

182 CHAPFTER & pYFORD Graphs of Functions and Graphical Selution
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From the Investigation on page 182, we observe that for the graph of y = a*, where aisa ¥
positive integer and a # 1,
« the values of y are always positive, i.e. the graph lies entirely above the x-axis,

« the graph intersects the y-axis at (0, 1). 1
As the positive value of x increases and tends to the right of the graph, the value of ¥ — 0l a
increases very rapidly and approaches infinity. When x is negative and tends to the left of Bie. 6.6
the graph, y becomes smaller as x becomes smaller. The curve gets very close to the x-axis 8- &
but never touches it.
For the graph of y = ka®, where a is a positive integer and a # 1,
« if k = 0, the values of y are always positive, Le. the graph lies entirely above the x-axis (see Fig. 6.7(a)),
if k <= 0, the values of y are always negative, i.e. the graph lies entirely below the x-axis (see Fig. 6.7(b)),
« the graph intersects the y-axis at (0, k).
¥ ¥
I S
k ¢
— # x
ol
(a) y = ka*, where k = 0 (b) y = ka*, where k<0
Fig. 6.7
A newspaper article states that the number of members of a social network increased Big kdea
exponentially in its first year of operation and can be represented by the equation Functions and Models
¥ = 28*, where x is the number of months and y is the number of members. Functions such as exponential
functions can be nsed to model
¥ real-world situations under
certain assumptions. In the
previous example of the spread
of fake news, the growth of
1L — i the number ul"n:w.pcrmn!
]| can be modelled using an
N cxponential function based on
Fig. 6.8 each person spreading it to five
) others. This assumption may
(i) Describe how the number of members of the social network changes with time. be an over-simplification and
(ii) Search the Internet for more real-life applications of exponential graphs. a more accurate model can be
fornulated if we took other
factors into consideration, ¢.g.
the reach of social media_ Thus,
it is important to be clear ahout
the assumptions and limitations
of modelling a real-waorld
sitnation.
Graphs of Funci d Graphical Suluti CHAPTER A
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Drawing the graph of y = a*
Using a scale of 4 cm to represent 1 unit on the x-axis and 2 cm to represent 1 unit on the
y-axis, draw the graph of y = 2* for -1 = x = 2.5. Use your graph to find
10 (a) the value of y when x = 1.8,
(b) the solution of 2* = 4.6.

Worked
Example

*Solution

-1
0.5

05
0.71

0|05|1]|15]|2]|25
1141 2|283| 4 566

Lo

,l,,.,;,l,,.,.ﬁ,_,,._,_4...,.,-.,%‘“4_,%“_;_ ,h,l,,;; (5 A | /.

W

HENFEFESEIUNEERENENO AN EEN ERE R .-

fia) |

&

STRRNAEER L VEMRAREL | ANSRAEERE | CIN -

|

(a) From the graph, when x= 1.8, y = 3.5.
(b) From the graph, the line y = 4.6 and the curve y = 2* intersect at (2.2, 4.6).
.. the solutionis x = 2.2.

Practise Now 10 Using a scale of 4 cm to represent 1 unit on the x-axis and 2 cm to represent 1 unit on the
y-axis, draw the graph of y = 3* for -2 = x = 2. Use your graph to find

(a) the value of y when x = -1.25,

(b) the solutionof3*+ 1 =1.7.

r
A
[
E
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B. Sketching graphs of y = ka* + b

In Section 6.4A, we have learnt about the shapes of the graphs of exponential functions y = ka* and how to plot
them. There is one asymptote, ¥ = 0 (x-axis). In general, for the graph of an exponential function in the form
¥ = ka* + b, y = b is an asymptote of the graph. How can we sketch them?

Sketching graph of an exponential function
Sketch the graph of y = 3* - 9.

11 "Solution

Find asymptote: e
= -9 is an asymptote of the graph of y = 3* - 9. The asymptote of the graph of
v . y=ka+bisy="h
Find y-intercept:
Whenx=0,y=3 -9
=39
=-8 y-intercept
Find x-intercept:
Wheny=0,3*-9=0
=9
3= =3
x=2 x-intercept
Sketch:
¥
A y= r':'-‘ 9
J
/
.n"l e X
0 /2 5
_—:‘s‘
- _,_,1_,} _________
Sketch cachofthe fllowing graphs.
Similar and (a) y=8-2
FI.I“HH_IIE =45 2
Exercise S8 [h} y N
Questions 3jaHen, 7 (LD Al
Graphs of Functi wll Giraphical Soluti CHAPTER 6 A
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; the corresponding functions

Q ' Matching graphs of power functions with
A HEF
PR, Ve ‘

Match the graphs with their respective functions and justify your answers. If your dassmate does not obtain the
correct answer, explain to him or her what he or she has done wrongly.

iy cy= -8 oy .
Azy=2x" | By = Cy S D:y=5
: 3 , 1
B:y=_-= Fy=-2(67) G—.y—H H:y=-3a*
Y ¥ ¥ ¥
fk ,
/ x A
- —p X X p X —
o] —" — O v 0 e "
4 T = Ft ™
/! g 1 A
| * |.|| |
Graph 1 Graph 2 Graph 3 Graph 4
¥ ¥ y y
&
,. ) $ l,
/ J\ \
70 g g 0 " 0 ]
|'I: -\\.I.I
| .I

Graph 5 Graph 6 Graph 7 Graph 8

ection

Given that many different graphs look similar, how can [ work out the shape of the graphs of different functions
besides committing them to memory?

UM EEARITY PAREE
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(@ Graphs of rational functions

In Section 6.2, we have learnt about the graphs of y = .. and y= %. They belong to a special case of rational
x
functions. Rational functions are of the form y ——E. where P and @Q are polynomials.

A polynomial in x is an algebraic expression consisting of non-negative integer powers of x only.

_ . Graph of a rational function involving polynomials
NVESal-Elale sl ond its asymptotes

1. Using a graphing software, draw each of the following graphs.

__x-1 _(Zxrl)x-1)
(a) y_{x—zlltr+3:l ®) y x+2

_ 2 _x+1)x—3)
() J'I_{4.‘1:—]]}!{:4.'+3-] d y x+1

2. For each of the graphs in Question 1, answer the following questions.

(a) Find the value(s) of x for which the denominator of the function is equal to zero.

(b) ls it always true that the value(s) of x in part (a) correspond(s) to the vertical asymptote(s) of the graph?
3. Using a graphing software, draw each of the following graphs.

__2x-3 _X-2x+1
@ 7 I +x—2 ®) » 4+ x

=L =Zx+3
© r=oewmem—2 o =

_ xX+4x-—3 _ 4 3x+1
© y="5ass ® y=et 2

_x-5 -2 +x-14
® y=573 | y="et3
@ y=2r‘+x

x+6

4. For each of the graphs in Question 3, answer the following questions.
(a) 'The degree ofa polynomial is the highest power of its individual terms with non-zero coefficients.
For example in Question 3(a}, the degree of the polynomial 2x - 3 is 1, and that of 3x* + x - 2is 2. Let the
degree of the polynomial in the numerator of the expression be m, and that in the denominator be n.
lsm>n, m=n, or m < ne
(b) State the horizontal asymptote of the graph, if any.

Graphs of Funclions and Graphial Selution OXFORD CHAPTER & 18?
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From the Investigation on page 187, we observe that we can find the vertical and horizontal asymptotes of the graph
of a rational function as follows:

Drawing the graph of a rational function

Worked ) . . 4+ 5

Example (i) Find the asymptote(s) of the function f{x) =m.

(ii) Using a scale of 1 cm to represent 1 unit on both axes, draw the graph of y =
and the asymptote(s) in part (i), for -5 = x = 5.

(iii) Use your graph to
(a) find the value of y when x = 0.3,
.2+ 5

solve the equation =———= = 2.5,
®) e 3+ 1

20+ 5
I+l

12

"Solution
(i) Find vertical asymptote(s):
IF+1=0
3x=-1
Since 3x" = (), there are no real solutions.
.. the function does not have a vertical asymptote.
Find horizontal asymptote:
The degree of 2x* + 5is 2.
The degree of 3x* + 1 is 2.
. the horizontal asymptote of the function isy=§.

]_88 CHAPTER & pXFORD Graphs of Functions and Graphicl Solation

UMTARITY FARED

LR



(i) s|3[-1]e]1][3]s5s
07 |08|18| 5 | 18| 08|07

v.
Frb
|
9
|

e L)

(iii) (@) From the graph, when x =03,y =4.1.

(b) From the graph, the line y = 2.5 and the curve Based on the scale of the y-axis,
we can y-values to the
G2t 3 intersect at (-0.7, 2.5) and (0.7, 2.5). mﬁﬁ’:ﬂwm
3x+1 the y-values correct to | dp.in
Sx=-070rx=07 the table of values, and correct
%mld.p..whidiito.?.bcﬁ!e

drawing the line.

1. (i) Find the asymptote(s) of the function f(x) = 42‘;;32

Fither Questions (ii) Using a scale of 1 cm to represent 2 units on the x-axis and 2 cm to represent 1 unit
Exescise 68 . _2x-3 : R

Questions 4-6, 11,18 on the y-axis, draw the graph of y T and the asymptote(s) in part (i),
for—10 = x = 10.

(iii) Use your graph to find
(a) the value of y when x =-5.5,
(b) the values of xwheny=-1.
2. 'The table below shows some values of x and the corresponding values of y, correct to
(x+2)(x-3)

1 decimal place, where y = P

(i) Copy and complete the table, leaving your answers to 1 decimal place where

necessary.
(ii) Find the asymptote(s) of the function f(x) = M‘;;:Q
g

mo>w
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(iii) Using a scale of 1 cm to represent 1 unit on both axes, draw the graph of
_lx+2)(x-3)
y x-5

(iv) Use your graph to find
(a) the value of y when x = 4.2,
(b) the solutions of the equation (x + 2){x - 3) = 10 - 2x.

M.'lhe table below
(x+1)x-3)

shows some values of x and the corresponding values of y, correct to 2 decimal places.

(i) Copyand complete the table, leaving your answers to 2 decimal places where

and the asymptote(s) in part (ii), for -8 = x = 4.4

The variables x and y are connected by the equation y =

oplos|1|25(35/ 4] 6 8

-15 | 05 | 6 |
786 | 043

-3 -2
-433 |

necessary.

(i) Pind the ssymptote(s) of the function f{x) =-%— 22— 15

(x+1)(x-3)
(iii) Using a scale of 1 cm to represent 1 unit on the x-axis and 1 cm to represent 2 units

—-2x—15
X1 the
x+x-3) "

asymptote(s) in part (ii), for -8 = x = 10.
(iv) Use your graph to find
(a) the value of y when x=3.7,
(b) the solutions of the equation 2(x* - 2x - 15) = (x + 1){x - 3).

on the y-axis, draw the graph of y =

Gradient of a curve

When a straight line touches a curve at a single point A, the line is called the tangent to the curve at the point A.

LRI
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When a line [, touches the curve at P, [, is called the tangent to the curve at P. Similarly, when a line I, touches the
curve at Q, 1, is called the tangent to the curve at Q.

i U
]
Nﬂ

Fig. 6.10

"The gradient of the curve at a point is defined as the gradient of the tangent to the curve at that point. Hence, the

gradient of the curve at P in Fig. 6.10 is equal to the gradient of the line ], and the gradient of the curve at Q is equal
to the gradient of the line I,

Why is the gradient important? There are several reasons but the most important one you should understand for
now is that the gradient tells us something about the rate of change of one variable with respect to the other.

Finding gradient of a curve
Worked i . < 1 2
Example Ihe variables x and y are connected by the equation y = E(Sx-—x )

1 3 ‘The table below shows some values of x and the corresponding values of y.

wolm

1
of1|2|2|3|45
B a (0[2|3]| b 3|20

(a) Find the value of @ and of b.
(b) Usinga scale of 2 cm to represent 1 unit on both axes, draw the graph of y = -;(Sx—xl)

x

for ——; =x=5.
(c) By drawing a tangent, find the gradient of the curve at the point (1, 2).
(d) 'The gradient of the curve at the point (h, k) is zero.

(i) Draw the tangent at the point (h, k).

(ii) Hence, find the value of h and of k.
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(a) Whenx—= ——; R

When x= 2l N

)]

Problem-solving Tip

S 31 Express the values of aand b in
seSTIe decimals so that it is easier to
125 Pty

(b)
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(c) A tangent is drawn to the curve at the point (1, 2). Problem-solving Tip
From the graph,
S vertical change
Grackent horizontal change
L graph in (b), the two points
1 chosen are (1, 2) and (2, 3.5).
=15 Other than using gradient
e 1 1 __ vertical change
(d) (ii) From the graph andtable.h——ZE,k??rE. = Mw-}“‘ﬂ“

'The variables x and y are connected by the equation y = x* - 4x.

'The table below shows some values of x and the corresponding Recal
values of y. A line parallel to the x-axis has a

B -1|o0l1]|2(3]|4]|5

9 a [0 3| 4|b|0]|5

(a) Find the value of aand of b.
(b) Using a scale of 2 cm to represent 1 unit on both axes, draw the graph of y = x* - 4x for
1=x=5
(c) By drawing a tangent, find the gradient of the curve at the point where x = 2.8.
(d) The gradient of the curve at the point (h, k) is zero.
(i) Draw the tangent at the point (h, k).
(ii) Hence, find the value of h and of k.

o~
»
Exercise m

. "The table below shows some values of x and the . 'The variables x and y are connected by the equation
corresponding values of y, where y = 4% y=13(22). f
o] 05 1]15] 2 [25 ' 'The table below shows some values of x and the
[ Tl corresponding values of y, correct to 1 decimal
place where necessary.

B -1 [ o5/ o0
| 025 1

Z.].4 b —

(i) Copyand complete the table.

4 Bl -1 |-05|0|05|1|15 2}25
(ii) Using a scale of 4 cm to represent 1 unit, draw

& |
a horizontal x-axis for -1 < x < 2.5. - ] 21| L 2] S W
Using a scale of 1 cm to represent 2 units, draw (i) Copy and complete the table.
a vertical y-axis for 0 = y = 32. (ii) Using a scale of 4 cm to represent 1 unit on the
On your axes, plot the points given in the table x-axis and 1 cm to represent 1 unit on the \
and join them with a smooth curve. y-axis, draw the graph of y = 3(2%) for ‘
(iii) Use your graph to find -1=x=25. )
(a) the value of y when x= 1.8,
(b) the value of x when y = 0.4. > I
i
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193 ¢



- Intermediate Advanced
Exercise m

(iii) Use your graph to find
(a) thevalues of y when x = 0.7 and x = 2.3,
(b} thevalues of x wheny=25and y=7.4

Sketch the graph of the following. .

(a) y=5"-1325
(b) y=-4+16
{c) y=25+2
(d) y=-2"-15

(i) Find the asymptote(s) of the function
x -1
X)) =——
= 2+ 3x+ 2
(ii) Using a scale of 1 cm to represent 1 unit on the
x-axis and 2 cm to represent 1 unit on the y-axis,
-1
—— —  and the
2+ 3x+2
asymptote{s) in part (i), for -8 = x = 6.
(iii) Use your graph to
(a) find the value of y when x = 0.3,

(b} solve the equation ﬁ =-0.5.

draw the graph of y =

The table below shows some values of x and the
corresponding values of y, correct to 2 decimal

_3x-7
places, where y C—
s 3[-1] o1 ]us]2
¥ 1.43 1.25 |
BR 22 28] 3 [35] 4|6 ] 8]
| |

] 067 |

(i) Copyand complete the table, leaving your
answers to 2 decimal places where necessary.
(ii) Find the asymptote(s) of the function
-7
x) =—=.
fix) .t
(iii) Usinga scale of 1 cm to represent 1 unit on the
x-axis and 2 cm to represent 1 unit on the
3= 7 and the
x—-5
asymptote(s) in part (ii), for -5 = x = 8.

RN

y-axis, draw the graph of y =

(iv) Use your graph to find
{a) the value of y when x=3.3,
{b) the value of x when y=-2.2,

‘The table below shows some values of x and the
corresponding values of y, correct to 2 decimal

places, where y = .

x-7
x 4
0.18 |

5| 55 | 6| 68
1.33

2(0(2)4 45

BB 725 85 [9]95| 10 12]14] 16 | 18]
oy [ |133| | 0.67 | 022 |

(i) Copy and complete the table, leaving your
answers to 2 decimal places where necessary.
(ii) Find the asymptote(s) of the function
2
flx) =——.
) =—=
(iii) Using a scale of 1 cm to represent 2 units on

both axes, draw the graph of y = %
x—
for 4= x=18
(iv) Use your graph to find
(a) the value of y when x = 12.6,
£ 2

(b) the solution o =-3.

‘The table below shows some values of x and the
corresponding values of y, correct to 1 decimal
place, where y = 2 + 2%

05 0+ 1 +15 2 {25 3
4 48 6 b 10

x -1
¥ a 27 3

(i) Find the value of @ and of b.

(ii) Using a scale of 4 cm to represent 1 unit on the
x-axis and 2 cm to represent 1 unit on the y-axis,
draw the graphof y =2+ 2*for -1 =x = 3.

(iii) Use your graph to find
(a) the values of ywhenx=-0.7andx=2.7,
{b) the solution of 2* = 5.5.

nnannrnnnenRenAnnnnnnnn
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Exercise m

8. Using a scale of 4 cm to represent 1 unit on the (ii) Find the asymptote(s) of the function
x-axis and 1 cm to represent 1 unit on the y-axis, flx) = -5
draw the graph of y = 3 for -2 =x=12. o -6x+9
(a) Use your graph to find the value of x when (iii) Usinga scale of 1 cm to represent 1 unit on the

y=58. x-axis and 1 cm to represent 2 units on the
(b) On the same axes, draw the graph of y-axis, draw the graph of y _%
y——;x—l yx#0 the asymptote(s) in part (ii), for 3 =x =8
x .
(i) Write down the coordinates of the point tiv)-Uec your graph to find
) 1 (a) thevalue of y whenx= 1.5,

ak which the graph of y = 2 x_bc meets (b) the solutions of the equation

the curve y = 3% k-5
(ii) Hence, state the solution of the equation O-ax+y

3‘+%——;x =0 12. 'The table below shows some values of x and the

corresponding values of y, where y = (x + 2)(4 - x).

9. On the same axes, sketch the graphs of y = 3%, x 2| -1/l0]|1  2/=32|4
y=6"+landy=-2*+3. y 0 8 9 0

10. The sketch represents the graph of y = ka®, where (a) Copy and complete the table.
a0 (b} Using a scale of 2 cm to represent 1 unit on

¥ both axes, draw the graph of y = (x + 2)(4 - x)
. for-2=x=4
i {c) By drawinga tangent, find the gradient of the
//( curve at the point where x = - 1.
= (d) 'The gradient of the curve at the point (h, k) is
— 5 » X ZETO.
(i) Draw the tangent at the point (h, k).
Write down the value of k. (ii) Hence, find the value of h and of k.

11. The table below shows some values of x and the 13. (i) Usinga scale of2 cm to represent 1 unit on the
corresponding values of y, correct to 2 decimal x-axis and 2 cm to represent 5 units on the
places, where y = 2x-5 y-axis, draw the graph of y = 12 + 10x - 3 for

¥-fx+9 2=x=5.
¥ 3 21T 19 |2 21 (iif) Find the gradient of the curve when x = 4.
y 031 —0.99 (iii) Find the gradient of the curve at the point
where the curve intersects the y-axis.
x 26 28 33 4 45 5 &6 7 8
¥ 17.78 0.78
(i) Copyand complete the table, leaving your
answers to 2 decimal places where necessary.
>
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4

Exercise m

14. Using a scale of 4 cm to represent 1 unit on the

15.

x-axis and 1 cm to represent 2 units on the y-axis,
draw the graph of y = 2* + % for -2=x=3.
(a) (i) Onthe same axes, drawtheliney=1 - x.
(ii) Hence, solve the equation
Z+ lz -1+x=0.
X
(b) Explain why the graph of y = 2* + % will not
lie below the x-axis for all real values of x.

(i) Using a suitable scale, draw the graph of
- l =x=
y 1+xfor0.5 = x=3.

(ii) On the same axes, draw the line y = - x.
(iii) Hence, find the coordinates on the graph of

y=1 +i at which the gradient of the curveis - 1.

Albert invested PKR 1500 in a financial product that

earns 5% interest compounded yearly.

(i) Show that the amount of money in the bank
after x years is given by 1500(1.05)~

(ii) By drawing a graph, determine the number of
years needed for his investment to double in
value.

A radioactive substance decays at a rate of 15% per

hour.

(i) Write down an equation for the percentage of
substance, §, left after x hours.

(ii) By selecting an appropriate scale for each axis,
draw the graph that depicts the percentage of
substance left after x hours.

(iii) Given that the substance is safe to handle
when at least 25% of it has decayed, use your
graph to find the amount of time needed for it
to reach this safe threshold.

@ ‘The variables x and y are connected by the equation

y= __x_+l__. 'The table below shows some values of
X+ 4x

x and the corresponding values of y, correct to
1 decimal place.

8 | 6|-55

-02 05
3|-25(-2|-1|-08]|-05|-02|02
0.7 03| |-01 L1
®105/08| 1|35
i 07 04 0.1

(i) Copy and complete the table, leaving your
answers to 1 decimal place where necessary.
(ii) Find the asymptote(s) of the function
flx) = x+1

(iii) Using a scale of 1 cm to represent 1 unit on
both axes, draw the graph of y ——<*L_ and
axes, draw the graph of y =—-=2—an

-5

45| 42| -38| -35
16| 37

the asymptote(s) in part (ii), for 8 = x=5.
(iv) By drawing a suitable line on the same axes,

solve the equation - x+2 _ (x+ 42
x

-+ nn
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@ Applications of graphs in real-world contexts

In this section, we will apply our knowledge of coordinate geometry and graphs to analyse and interpret graphs in
various real-world contexts, including distance-time and speed-time graphs. Important features of the graphs such
as intercepts, gradients, variables and scale of the x- and y-axes will provide information to help us in our analysis.

A. Distance-time graphs

‘The gradient of a line segment in a distance time graph represents the speed. If the graph is a curve, the gradient of
the curve at a point will represent the speed at that instant.

W?:g:ﬂ.

Fig. 6.11 shows the graph of a cyclist’s journey between 0800 and 1200 hours. The graph can be divided into four
sections: 0800 to 0900, 0900 to 0930, 0930 to 1030 and 1030 to 1200.

Disﬁxce from home (km)

. Linear distance-time graphs

o6
U

|
=
|
|
|
!
|
]
[
|
{
|
|
|
{

S8

).
o

e 8.
b !

0 SERARDAEEAdRAASNRARES b thdoatn)
oqm..og'oo..ldm,u‘ou;lzm._
Fig. 6.11
Since the gradient of the graph from 0800 to 0900 hours = —2‘: :m = 20 km/h, the cyclist travels at a constant speed

of 20 km/h in the first hour.

1. Consider the section of the graph from 0900 to 0930 hours. Since the graph is a horizontal line, what is its
gradient? State clearly what this gradient represents.

2. Find the gradient of the section of the graph from 0930 to 1030 hours. What does this gradient tell you about
the motion of the cyclist?

3. Find the gradient of the section of the graph from 1030 to 1200 hours. What does the negative gradient
represent? Describe briefly the motion of the cyclist.
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Distance-time curve
A train left station A and travelled 8 km to station B.
'The table below shows the time, in minutes, of the train’s departure from station A and the
1 4 corresponding distance travelled, in km.
Bl 1 | 2 (3 a[s5[6[7 8
03| 112348 68 74 78 80

Worked
Example

(i) Using a scale of 2 cm to represent 2 minutes on the horizontal axis and 2 cm to represent
2 km on the vertical axis, plot the points given in the table and join them with a smooth
curve.

(ii) Use your graph to estimate the time taken for the train to travel the first 4 km of the
journey.

(iii) By drawing a tangent, find the approximate speed of the train 5 minutes after leaving
station A.

(iv) By considering the gradient of the graph, compare and describe briefly the motion of the
train during the first 4 minutes and the last 4 minutes of the journey.

*Solution
@ Al 7.4 mmanE,
T s e e
Rl 7 "A“ﬁ;("/‘ = I
:é | m7 @u
| 6+ | Y. de ettt el
i ?’// E overtical |||
L 717 change = 4.5 km
= . ! *’ PP
B HH e HA |
: ,5; VS R B3 0 B P 8 R '%3 b
& SuE NmmEE EmEED sxmER SRR ¥ 5 A BREER RRBRS &Y
wEmw 7 s i J

/. horizontal change
X f4minutes | |

T2 / il I [ | |
)/ BEsamazaansasnEn

0 5 / JEERIRSRAE
| [ ‘Time since leaving A (minutes) |

A 4w

(ii) From the graph, the train takes approximately 3.8 minutes to travel the first 4 km.
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(iii) From the graph,

rical chany "
Gradient of tangent at 5 min = YT CHEE ‘The gradient of the tangent at
horizontal change the point 5 min after leaving
45 km station A gives the speed at that
~ 1 minutes Pﬂ'tl:llalpmtl_lualhdﬂle
_ 45km
2
60 ‘The graphical method of finding
=67.5 km/h the gradient of a curve only

. the speed of the train 5 minutes after leaving station A is m E’:"Tmm

approximately 675 km/h. may give very different ruullJ
(iv) During the first 4 minutes, the speed of the train increases

as the gradient of the curve increases.

During the last 4 minutes, the speed of the train decreases as the gradient of the curve

decreases.

Distance
travelled (km)

[

S

i
1
:
0] 4

|

3

. Time since leaving
" A (minutes)

ke = ----

Practise Now 14 A train travelled 7.6 km from station P to station (). The table below shows the time, in
Similar and minutes, of the trains departure from station P and the corresponding distance travelled,
Further Questions in km.
Exercise 6C d .

1 [2[3]a]s5]6
02| 08| 26 50| 65| 72

7
75

8
7.6

(i) Using a scale of 2 cm to represent 2 minutes on the horizontal axis and 2 cm to represent
2 km on the vertical axis, plot the points given in the table and join them with a smooth
curve.

(if} Use your graph to estimate the time taken for the train to travel the first 4 km of the
journey.

(iii) By drawing a tangent, find the approximate speed of the train 6 minutes after leaving
station P

(iv) By considering the gradient of the graph, compare and describe briefly the motion of the
train during the first 4 minutes and the last 4 minutes of the journey.
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B. Speed-time graphs

How is a speed-time graph related to a distance-time graph? On a speed-time graph, the speed is represented on the
vertical axis and the tisme, on the horizontal axis. Fig. 6.12 is a simple example of a body moving at constant speed.

Speed (km/h)
F
307 ;
' ' —» Time (h)
0 1 2 3
Fig. 6.12

Based on the above example, since the speed of the body is constant at 30 km/h, how far does the body travel in
1 hour, 2 hours and 3 hours respectively? Since distance = speed x time, we get 30 km, 60 km and %0 km. Hence, the
area under a speed-time graph represents the distance travelled. Fig. 6.13 shows the distance-time graph of the body.

Distance (km)

Y

S
oS

30t /

Fig. 6.13

» Time (h)

MNow, let’s look at the speed-time graph with equation of the form v = af where v represents speed and ¢ represents
time.

Speed (v km/h)
F Y

70T /

#Time (t h)

0 2

Fig. 6.14
The gradient of the speed-time graph shows the rate of change of speed, which gives the magnitude of the
acceleration, a Acceleration is the measure of how fast the speed is increasing or decreasing over time. Fig. 6.14
shows that the object is moving at a constant acceleration of? = 35 km/h®. When the speed decreases over time,

the acceleration is negative and is known as deceleration or retardation.

— r
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In general,

Speed-time graph

B o innb e R E AN AR R AR RE R R RN

HHOFHH R
ey

"The graph shows the speed of an object over a period of 10 seconds.

(i) Find the acceleration of the object in the first 2 seconds.
(ii) Find the total distance travelled by the object for the whole journey.
(iii) Find the deceleration of the object in the last 2 seconds.

*Solution
(i) Acceleration = lg!.'sl/ﬁ
=1 cm/s*
(ii) Speed (cm/s)
A

ABici D\,
o 2 4 ¢ 10
Time (s)

‘Total distance
= area under graph
—areaof (A+B+C+ D)

2 2
=2+4+10+16
=32cm

ot (lxzxz) +(2x2) +%(2+8)x2 + (lx8x4)

I ‘The unit for acceleration is

always that of speed per unit
time, i.e. if the unit of speed

is cm/s, then the unit of
acceleration is cm/s”.
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(iii) Deceleration in the last 2 seconds
= deceleration in the last 4 seconds
_ 80
" 10-6
=2cm/s?

m ‘The graph shows the speed of an object over a period of 9 seconds.

Similar and Speed (m/s)
Faurther Questions A T T
Exercise 6C i ‘ { |
S A /
& A

K

v

BB NEREE SREED (BEAL 188 AR 4N ED
] T Time

®
“
ot
<
o
N

(i) Find the acceleration of the object in the first 3 seconds.
(ii) What is the total distance travelled by the object during the entire period?
(iii) Find the deceleration of the object in the last 3 seconds.

Speed-time curve

A particle moves along a straight line from X to Y so that, ¢ seconds after leaving X, its speed,
v m/s, is given by v = 3£ - 15t + 20.

1 6 ‘The table below shows some values of f and the corresponding values of v.

o[ 1]1s]2]25]3
20| 8|a|2|b|2
(i) Find the value of @ and of b.

(ii) Using a scale of 2 cm to represent 1 second on the horizontal axis and 2 cm to represent
5 m/s on the vertical axis, draw the graph of v = 3£ - 15¢ + 20 for 0 < t = 5.

Worked
Example

4 | 5
8 20

(iii) Use your graph to estimate
(a) the value of t when the speed of the particle is 10 m/s,
(b) the time at which the acceleration of the particle is zero,
(c) the gradientat ¢ = 4, and explain what this value represents,
(d) the time interval when the speed of the particle is less than 15 m/s.

*Solution
(i) Whent=15,
v=3(1.5)* - 15(1.5) + 20
=425
Sa=425
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When t=2.5,

v=13(2.5)* - 15(2.5) + 20
=125

~Sb=125

(ii) Ty (mis) - { { i ! +H

f— e | 'f'
/

HH P s ae Ui 20))

HEER (i) (@) |
AT :
BN HHH
H \\ |
el B \ (lu);(a)
23 i i i . ; :
Pataslase: N R ARIBE IS i
b \(ii)(b) acceleration y :
: , REP L am a1
0 i ; § 1 =

(iii) (@) From the graph, when v = 10,
t=08ort=42.
(b) 'The acceleration is zero when the gradient of the curve is zero.
From the graph, the acceleration of the particle is zero at t = 2.5.

(c) Gradientof tangentatf =4

_ vertical change
horizontal change I In (c). the unit for acceleration

135 L ms
E BT.Lc_mls’.

=9m/s’
-~ the acceleration of the particle at t = 4 is 9 m/s%.
(d) From the graph, when v << 15,0.35 <Z £ << 4.65.

UNEREITY PAESS
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Practise Now 16 A particle moves along a straight line from P to Q so that, f seconds after leaving P, its speed,
Sirnilar and vm/s,isgivenby v =2 - 9t + 12

Forther Questions 'The table below shows some values of f and the corresponding values of v.
Exerdise 6C

Questions 13-15 0 1| 2 3 | 4 5
2[5 a|3[8][5
(i) Find the value of @ and of b.

(ii) Using a scale of 2 cm to represent 1 second on the horizontal axis and 2 cm to represent
5 m/s on the vertical axis, draw the graph of v=2£ - 9f + 12 for 0 = ¢ = 5.

(iii) Use your graph to estimate
(a) the values of t when the speed of the particle is 7 m/s,
(b) the time at which the acceleration of the particle is zero,
(c) the gradientat t = 4.5, and explain what this value represents,
(d) the time interval when the speed of the particle is less than 10 m/s.

C. Other graphs

Let us now look at how graphs are used in other real-world contexts.

Other types of graphs

‘The graph below shows the battery level of a smartphone. It had an initial level of 20%, which
then increases to 60% in half an hour while connected to the power supply. Waseem then
17 removes the smartphone from the power supply to watch a 20-minute long video clip, before
reconnecting the smartphone to the power supply.

Baterylevel (%)
Ry pESEeres T

Worked
Example

(i) Find the battery level of the smartphone when Waseem was exactly halfway through the
video clip.

(ii) Find the rate of increase in the battery level of the smartphone when it was later
reconnected to the power supply.

“Solution

(i) From the graph, the battery level was 50%.

(ii) To find the rate of increase in the battery level, we need to calculate the gradient of the
line from the 50" minute to the 90" minute.
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100—40
90-50
= 1.5%/minute
- the rate of increase in the battery level is 1.5%/minute.

Gradient =

Practise Now 17 "The graph below shows Joyce’s heart rate, in beats per minute. She rests at the bench for
Similar and 10 minutes, then walks briskly for another 10 minutes. She slows down for 5 minutes, before

F""""fﬂ" walking briskly for a further 5 minutes. She then jogs at a constant speed for 10 minutes,
Crastion| % before gradually slowing down.

Heart rate (beats per minute)
R 3 | 1 i

|
{

i 1

5 T

80
60
404
201
p—p—t—p Time |
Y 1020730 4050 60 (minues)

(i) Write down her resting heart rate.
(ii) Find the rate of increase in her heart rate during the first brisk walk.

(iii) Find the rate of decrease in her heart rate as she slows down in the last 20 minutes.

Exercise

. A cydlist set out at 9 a.m. for a destination 40 km . Imran starts a 30-km journey at 0900 hours. He

away. He cycled at a constant speed of 15 km/h maintains a constant speed of 20 km/h for the first

until 10.30 a.m. He then rested for half an hour 45 minutes and then stops for a rest. He then

before completing his journey at a constant speed. continues his journey at a constant speed of 30 km/h,

He then reached his destination at 11.53 am. finally arriving at his destination at 1120 hours.

(i) Draw the distance-time graph to represent his (i) Find the distance that he travelled in the first
journey. 45 minutes.

(ii) Hence, find the constant speed of the cyclist in (ii) Draw the distance-time graph to represent his
the second part of the journey. journey.

(iii) Hence, state the duration of his rest, giving
your answer in minutes.
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- Intermediate Advanced

Exercise

. ‘The figure shows the distance-time graph of a car.

Dmlmmle(hn) 252 sass:

 na 4
120
:lm { { { 1

201t
i 2 Zﬁ.é

—ime ()

(i) Find the duration during which the car is not
moving.

(ii) Find the speed of the car in the first hour of
the journey.

(iii) Find the speed of the car for the last part of
the journey.

(iv) Sketch the speed-time graph of the car for the
whole journey.

. 'The graph shows the speed-time graph of a car.

Speed (m/s)
A
lO ""'"'"“,?—'}
/i i
/ H
,/' . ‘l‘
/ \
:l \
/ '.
/ \
/ i\
—t—t—t—t——PTime (s
O 1 2 3 4 5 6 ®)

(i) Find the acceleration of the car in the first
2 seconds.

(ii) What is the total distance travelled by the car
for the whole journey?

. ‘The graph shows the speed, v m/s, of a car after

t seconds.
Speed (m/s)
A
T P A B
¥ by
/'i ' \
[ g
Fi—1%
L
[ X
I"' ' \\
/ ' g’
———%
/ ' '
i : : C
(0] + + + AN » Time (s)
0 30 60 90 120

(i) State what the gradient of OA represents.
(ii) Find the speed of the car when f = 15.

A lift moves from ground level to a height of

60 metres in 10 seconds, stops for 10 seconds and
then descends to the ground in 10 seconds.

“lables (a) and (b) show the height, h m, of the lift
on the upward and downward journeys respectively,
t seconds after leaving ground level.

t(inseconds) 0 2 4 6 8 10

h (in m) 0 3 16 44 57 60
Table (a)

t(inseconds) 20 22 24 26 28 30

h (in m) 60 57 44 16 3 0

Table (b)

(i) Using a scale of 2 cm to represent 5 seconds,
draw a horizontal t-axis for 0 = ¢ = 30.
Using a scale of 1 cm to represent 5 metres,
draw a vertical h-axis for 0 = i = 60.
On your axes, plot the points given in the table
and join them with a smooth curve.

(ii) Find the gradient of the graph at t = 8 and
explain briefly what this gradient represents.
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Advanced Intermediate

Exercise B

A construction worker, waiting at the 40-metre 9. At 0900 hours, Cheryl travels to meet David, who
level, starts to walk down at = 5. stays 20 km away. Cheryl travels at a uniform speed
(iii) Assuming that he descends at a steady speed of 18 km/h for half an hour. She rests for 20 minutes
of 0.8 m/s, use your graph to find the value of t and then continues her journey at a uniform speed
when the worker and the lift are at the same of & km/h.
height, during the downward journey of the lift. At 0900 hours, David sets off from home on the
same road to meet Cheryl and travels at a uniform
7. Anautonomous-vehicle manufacturer conducts speed of 7 km/h.
a test run on one of its vehicles. It starts from point X (i) Draw the distance-time graph for the above
and travels to point ¥, 3 km away. The table shows information.
the distance, d km, of the vehicle from X, f minutes (ii) Use your graph to find
after leaving X. {a) the time at which Cheryl and David meet, |

(b) the distance from David’s home at the

Time, t, (iInminutes) 0 1 2 3 4 5 &6 i -
meeting point.

Distance, d, (inkm) 0 02 07 18 25 29 3.0

(i) Usinga scale of 2 cm to represent | minute on 10, 'The diagram shows the speed-time graph of an

the horizontal axis and 4 cm to represent 1 km object which travels at a constant speed of 36 m/s
on the vertical axis, plot the points given in the and then slows down at a rate of 12 m/s?, coming to
table and join them with a smooth curve. rest at time f seconds.
(ii) Use your graph to find Speed (m/s)
{(a) theapproximate time taken for the A
vehicle to travel the first 1 km, 364

(b) the gradient of the graph when t = ]—; and
explain briefly what this value represents, :
{c) the time taken for the vehicle to travel the il + ~— Time (s)
t
last 1 km.

Find
; . (i) thewvalueoft,
8. Bernard and Yasir start moving towards each o ! )
other at the same time. The initial distance between (ii) the total distance travelled by the object for the
them is 32 km. whaole journey.

(i) Given that Bernard is cycling at a constant

spesd of 20 ki and Yasriz walking 3t 3 11. 'The diagram shows the speed-time graph of a train.

constant speed of 7 km/h, draw a distance Speed (m/s)
time graph to illustrate this information.
(ii) Use your graph to find i ,r i
(a) the time taken for them to pass each _:'f o
ather, 7 :
{b) the time(s) at which they are 5 km apart. 1] s P #Time (s)
(i) Find the acceleration of the train during the
first 20 seconds.

(ii) Given that the train decelerates at a rate of
.75 m/s’, find the time taken for the whole
journey. >

dUddududdudoiddduiudauay
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| 13.

12.

14

Exercise

A taxi starts from rest and accelerates at a uniform
rate for 45 seconds to reach a speed of 30 m/s.

It then travels at this constant speed. Sketch the
speed-time graph and use it to find the speed of the
taxi after 10 seconds.

A particle moves along a straight line from X to Y
so that, t minutes after leaving X, its speed, v m/min,
isgivenbyv=1£ -7t + 16.

f(minutes) 0 1 2 3 4 5
v(m/min) 16 10 6 a 4 6 b

(i) Find the value of aand of b.
(ii) Using a scale of 2 cm to represent 1 minute on
the horizontal axis and 1 cm to represent
1 m/min on the vertical axis, draw the graph of
v=r_-T7t+16for0=t=6.
(iii) Use your graph to estimate
(a) the value(s) of t when the speed of the
particle is 7 m/min,
(b) the time at which the speed of the particle
is a minimum,
(c) thegradientatt = 2, and explain what this
value represents,
(d) the time interval when the speed of the
particle is not more than 5 m/min.

‘The speed of a body, v m/s, after time ¢ seconds is
given in the table below.

t(s) o2 T46] 8110112
vim/s) 0 2 7 12 19 28 42

(i) Using a scale of 1 cm to represent 1 second on
the horizontal axis and 1 cm to represent 5 m/s
on the vertical axis, plot the graph of v against
tfor0=t=12.

(ii) Use your graph to estimate the speed of the
body when t = 5and when ¢ = 11.

(iii) By drawing two tangents, find the acceleration
of the body when ¢ = 4 and when t = 10.

Object P moves along a straight line from A to B so
that, ¢ hours after leaving A, its speed, v km/h, is
given by v = 3£ - 17t + 30.
0o|1[2[3[4]s
w(km/) | 30 16| h | 6 k|20
(i) Find the value of h and of k.
(ii) Using a scale of 2 cm to represent 1 hour on
the horizontal axis and 2 cm to represent
5 km/h on the vertical axis, draw the graph of
v=3f - 17t+30for0 =t =5.
(iii) Use your graph to estimate
(a) the time at which the speed of object P is
a minimum,
(b) the gradient at t = 4.5, and explain what
this value represents,
(c) the time interval when the speed of
object P does not exceed 10 km/h.
Object Q moves along a straight line from A to B
with a constant speed of 24 km/h.
(iv) Use your graph to determine the value of t at
which both objects have the same speed.

"The graph below shows the temperature inside an
oven that was used to bake two batches of pastries.

Temperature (°C)

|
|
|
|
|
{
|
|
|
|
|
|

AN nnnnnn

1300 | 1400 1500 16
11 | Time (h)

"The oven was switched off after the first batch was
taken out and cooled to room temperature.
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Advanced Intermediate

Exercise n

(i) What was the room temperature?

(ii) Find the rate at which the oven first heated up. ‘

‘The chef modified the baking technique for the second batch. He baked the pastries at a certain temperature k °C,

and then cooled the oven down, before increasing the heat again. The oven was then switched off to stop the

baking process.

(iii) State the value of k.

(iv) If the second batch of pastries was only placed in the oven when the temperature was k °C, determine the
baking duration for the second batch.

(dddddy

In this chapter, we have seen the power of using mathematical diagrams, such as graphs, to solve mathematical
problems. In particular, we can use graphs to approximate the solutions of an equation. This method is especially
useful when we have yet to develop algebraic methods to solve certain classes of equations, e.g. exponential and
reciprocal equations.

In addition, we have also looked at how functions (such as exponential and reciprocal functions) can be used to
model certain real-world situations under some assumptions. Here, graphs offer us another way to understand real-
world phenomena by representing how one variable (input) is related to another variable (output) visually. These
visual representations not only allow us to obtain approximate solutions to equations but also give us insights into
these situations. For example, a distance-time graph (such as the one in Worked Example 14 on page 198) can show
us how the speed of a train changes as it moves from one place to another.

Last but not least, we see that the power of graphical solutions lies in the flexibility to use graphs of different
functions to solve an equation, that can be represented in various equivalent forms (e.g. see Worked Example 2 on
page 162).
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Summary

1. Graphs of power functions y = ax"

{a) n=3a>0y=ax

i g |

n=3a<0y=ax

+ Explain why the shape of the graph for y = ax is as such.

B
L

n=1,a<0,y=ax

:
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() n=0,a>=>0,y=a

y y
| Jd .
[ =
| /
\\u__ |
0] R |
(f) n=-=,a=0, =i,_ n=-—.a<0,y—-—-—‘1-
x Jx
y y
A A
| |
1\ |
e —
“\O » X 0 //,— » X
\ /
) 1'

a a
= lLa=0y=— = lLa<0,y=—
(g) n a ) n a y==

« Explain why the shape of the graph for y = ax ' is as such.

2 ¥
A A
J
I\
/
- \
— —P X = —P X
(0] \O P
\\ /
Il

(h) n=—2.a>0.y=% n=-2.a<0.y=%
« Explain why the shape of the graph for y = ax 2 is as such.

« Give a specific example of a function that corresponds to each of the graphs shown from (a) to (h).

>
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Summary

2. Graphs of exponential functions y = ka*, where a is a positive integer and a # 1

¥ ¥
S
=
k
o . >
E=0,y=ka k< 0,y=ka*

+ What are the similarities and differences between the graphs of y = ; and y = ka'?
3. Asymptotes of functions

Type Equation Vertical Asymptote(s) | Horizontal Asymptote(s)
Linear functions y=mxi+c None
Quadratic B
fancti y=ax'+bx+c None
Cubic functions  y=ax’+ b’ +cx+d None
a
Reciprocal y_:c-'-EI x=0 y=b
functions . % s y=0
= None
Functions y=al
involving /x . - -
¥ Jx X ¥
Exponential
flmntzn y=ka*+b Mone y=h
_axt+ .. The vertical asymptote(s)
Y ber isfare the x-value(s) where
- where m and n are the denominator of the » Ifm > n:none
Rﬂtl.(r!llﬂ] the IESPEﬂi‘Il’E‘ dE'gI'EES rational function = 0 o« Ifm=n: y= a
functions of the polynomials and the numerator # 0. b
Otherwise, there is no « Em<ny=0
vertical asymptote.

4. Gradient of a curve
The gradient of a curve at a point can be obtained by drawing a tangent to the curve at that point and finding
the gradient of the tangent.

- F
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CHAPTER 7

Volume, Surface Area, and Symmetry of
Pyramids, Cones and Spheres

'The photo shows some ice cream cones. It is believed that Italo Marchiony invented the first ice cream cone in
1896, after folding waffles into a cone. If you were to unwrap a cone, what will its net look like? How does an
ice cream manufacturer determine the volume of ice cream needed to fill each cone completely?

Volume and surface area are two types of measures: volume quantifies the space occupied by the solid while
surface area quantifies the amount of space enclosed within the boundary of a face of a three-dimensional
object.

In this chapter, we will learn how to find the volume and surface area of pyramids, cones and spheres, and
their applications in the real world.

Learning Outcomes

What will we learn in this chapter?

« What pyramids, cones and spheres are

« How to find the volume and surface area of pyramids, cones and spheres
« What the symmetrical properties of pyramids and cones are

« How to solve problems involving the volume and surface area of
composite solids

« Why volume and surface area of pyramids, cones and spheres have useful
applications in real life

OXFORD >
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Introduct ry
Prob

Cylinder Cone Sphere
Fig. 7.1

Fig. 7.1 shows four solids with the same height, i cm. The cylinder, cone and sphere have the same radius, r cm. The
pyramid has a square base of side r cm. Arrange these solids in ascending order of their volumes.

(@ Volume, surface area and symmetry of pyramids

A. Pyramidsﬂ
®
g

‘The photo in Fig. 7.2(a) shows the Great Pyramid built by the Egyptians in Giza, Egypt, around the year 2560 BC.
"The photo in Fig. 7.2(b) shows two tetrahedral dice, each with 4 triangular faces. 'These are real-life examples of
pyramids.

. What are pyramids?

-

(a) The Great Pyramid (b) Tetrahedral dice

Fig. 7.2

1. What are some common features of these pyramids?
What do you notice about

(a) the slanted faces,

(b) the bases,

of these pyramids?

N

3. What do you notice about the cross sections of a pyramid? Are they uniform?

2 l 4 CHAPIERT7 OXFORD Volume, Surface Area, and Symmetry of Pyramids, Cones and Spheres
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B. Types of pyramids

A pyramid is a solid in which one of the faces is a polygonal base and the other
slanted faces are triangles joined to the edges (or sides) of the base. The corner points
of a pyramid are known as vertices (singular: vertex) and the vertex where all the
slanted faces meet is called the apex, which is opposite the base.

Fig. 7.3 shows some examples of pyramids with different bases. The base of each

pyramid is shaded. A pyramid is named after its polygonal base. Can you name the
vertex
(apex)

last two pyramids?

verlex

verlex
(a) Triangular pyramid

(c) Square pyramid () |1
Fig.7.3

For the square pyramid in Fig. 7.3(c), do you notice that the apex is vertically above
the centre of the base? Such a pyramid is called a right pyramid. Can you identify
other right pyramids in Fig. 7.3?
‘The perpendicular height (or simply the height) of a pyramid is the perpendicular
distance from the apex to the base of the pyramid (see Fig. 7.4). A slant height of a
pyramid is the distance from the apex to the midpoint of an edge (or side) of the base.
‘The edges that join the apex to the vertices (or corner points) of the base are called
the slant edges.

Fig. 7.4

I ‘The object shown is not a

pyramid. Do you know why?

",

Do you notice that the pyramid
in Fig. 7.3(e) is a right pyramid
with a regular hexagon as its
base? Such a right pyramid
with a regular polygonal base is
known as a regular pyramid.
Recall that a regular polygon isa
polygon with all sides equal and
all angles equal. Since a regular
quadrilateral has to be a square
and not a rectangle, then a
rectangular pyramid can never
be a regular pyramid. However,
are all square pyramids regular
pyramids? I

Volume, Surface Area, and Symumnetry of Pyramids, Cones and Spheres
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1. 'What can we say about the slant edges, slant heights and slant faces of regular pyramids?
2. Look at the photos in Fig. 7.5. Are they pyramids? Explain your answer.

4:&
ﬁm
ad - if

(a) Food pyramid (b) Human pyramid (c) Tea bags
Fig. 7.5

In this section, we will study only right pyramids. Therefore, the term “pyramid’ is used to refer to a right pyramid.
Also, the term ‘height’ is used to refer to the perpendicular height unless otherwise stated.

In Book 2, we learnt about prisms. Write down three differences between a prism and a pyramid. Give three real-
life examples of pyramids.

C. Volume of pyramid

.

In Books 1 and 2, we learnt that the measure of the boundary and the measure of the space enclosed within the
boundary are different for a 21 shape and a 3D object (see Table 7.1).

Measure of boundary Perimeter Surface area
Measure of space enclosed within the boundary Area Volume

Table 7.1

.
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In Book 2, we also learnt that a prism has a uniform polygonal cross section. A cuboid (see Fig. 7.6) is an example of
a prism.

= Base
—+Lateral face

4 Cross section

Let us now find the volume of a pyramid by comparing it with a prism that has the same polygonal base.

Volume of pyramid

Consider an open triangular pyramid and an open triangular prism with the same base and the same height
(see Fig. 7.7). If we fill the entire pyramid with sand before pouring it into the prism, how many times will it take to
fill the prism completely?

pyramid that is open at its base
while an open prism refers to a
prism that is open at one end. I

(a) Triangular pyramid (b) Triangular prism
Fig. 7.7
Fig. 7.8 shows the net of an open triangular pyramid which can be photocopied and pasted on a piece of cardboard
before cutting it out and folding along the dotted lines to obtain an open pyramid similar to that shown in

Fig. 7.7(a). A
I The tabs are not part of the net

as they are for gluing purposes.

>

Fig. 7.8
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Similarly, use the net of an open triangular prism in Fig. 7.9 to make an open prism similar to that shown in
Fig. 7.7(b).

Fig. 7.9
Notice that both the pyramid in Fig. 7.8 and the prism in Fig. 7.9 have the same base and the same height.

Fill the entire pyramid with sand such that the sand is level. Pour the sand into the prism. How many times must

you do this until the prism is completely filled? Do you get the same result as your classmates? This suggests that:
Volume of pyramid = - x volume of corresponding prism

You may want to repeat the experiment in the Investigation for different pyramids and their corresponding prisms

(i.e. prisms with the same base and height). Fig. 7.10 shows a series of pictures where sand is poured from a square

pyramid into a square prism with the same base and the same height. The process is repeated until the prism is

completely full. It shows that it takes 3 times the volume of a pyramid to fill the prism completely.

Fig. 7.10
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“Ihis suggests that:

Finding volume of pyramid, given base area and height
Worked

Example OABC is a triangular pyramid with a base area of 25 cm® and
a height of 8 cm. Find the volume of the triangular pyramid. Ather same far's Disnatder:
pyramid is ‘tetrahedront If all
the cdges arc ofthe same length,
itisuluhng:hurﬁdihq.l

*Solution
Volume of triangular pyramid = % x base area x height

= %x25x8

=66-§-cm’

1. A triangular pyramid has a base area of 36 cm? and a height of 7 cm.
Find the volume of the triangular pyramid.

2. 'The height of the Great Pyramid of Egypt is 146 m and its base is a square of sides 229 m.
Find the volume of the pyramid, leaving your answer correct to 3 significant figures.
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Finding height of pyramid, given volume and dimensions of base
Worked

S — VPQRS is a rectangular pyramid where P() = 30 m and QR = 20 m. Given that the volume of
the pyramid is 7000 m’, find its height.

2

"Solution

Volume of pyramid = —; % base area x height
7000 = 4 x(30%20)x height
7000 = 200 x height

. height=35m

The volume of a pyramid with a square base of length 5 m is 75 m*. Find its height.
Similar and

D. Surface area of pyramid_

In Book 2, we learnt that the total surface area of a solid is 2 measure of the total area occupied by the surface of the
solid. This is equal to the area of all the faces of the net. We shall now use this concept to find the total surface area
of a pyramid. Let us consider a square pyramid as shown in Fig. 7.11{a).

A net of the pyramid is shown in Fig. 7.11(b).

[
\
|Ill 1
e
et _.....l.\_\_____\_
== _ .t . =
=l e
%
| /!
'|I i
\
\/
|I'|'
(a) (b)
Fig. 7.11
— P
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From Fig. 7.11(b), it can be seen that:

Finding total surface area of pyramid, given slant height and dimensions of base

stkad - OPQRS is a pyramid with a square base of length 14 cm. Given that the slant height of the
Example : P : .
pyramid is 17 cm, draw its net and hence, find its total surface area.
0

3

*Solution
Diagrams
Diagrams help us visualise the
given information so that we
can think of how to solve the
J
Amofead:triangularface-—-%x“xl?
=119 cm?
Area of square base = 14 x 14
=196 cm?
.. total surface area = 4 x area of each triangular face + area of square base of pyramid
=4x119 +19
=672cm’
P
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Worked
Example

A pyramid has a square base of length 12 m. Given that the slant height of the pyramid is
15 m, draw its net and hence, find its total surface area.

Finding volume of pyramid, given total surface area and dimensions of base
A pyramid has a square base of length 10 cm and a total surface area of 272 cm®. Find the
volume of the pyramid.

*Solution
We will use Pélya’s Problem Solving Model to guide us in solving this problem.

Stage 1: Understand the problem

We need to sketch a diagram to help us understand the problem.
Label the base as ABCD and the apex as V.

What other information is given? What are we supposed to find?

Stage 2: Think of a plan

To find the volume of the pyramid, we need its base area and height.
Since the length of the square base and the total surface area
are given, how can we calculate the base area and height of &
the pyramid? A

Observe that there is a right-angled triangle in the figure. RS
Do you recall a formula that can be applied to the lengths of right-angled triangles?

222

v
A
G
E

Stage 3: Carry out the plan
Total surface area of pyramid In the figure, VP is the height
=4 x area of each triangular face + area of square base of the pyramid and VQis the
height of the lateral face AVBC.
Area of each triangular face
_ total surface area of pyramid —area of square base
N i
_ 272-10x10
4

_in

B
=43 cm?
Area of AVBC = —;—xmx VQ =43

5xVQ=43
VQ=8.6cm
PQ-1xas
2
= $x10
=5cm
(HAFIERT OXFORD Volume, Surface Area, and Symmetry of Pyramids, Cones and Spheres
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In AVPQ, £P=90°
Using Pythagoras’ Theorem,
V@ = VP + PQ?
86 = VP + 5
VPR =86 - 5
=7396 -25
= 48.96
- VP =.J4896 (since VP = 0)
=6.9971 cm (to 5s.f)

.. volume of pyramid = % x base area x height 1n order for the final answer
to be accurate to 3 s.f, any
= 1 10x10%6.9971 intermediate working must be
3 correct to 4 or 5sf.
=233cm’ (to 3sf) Ahﬂmr;ﬁ usc
. ( height =+/48.96 in the
tage 4: Look back calculation of the volume.

Is the answer reasonable?
Since we observed that there are two right angles in the figure, then finding VQ allows us to
apply Pythagoras’ Theorem in AVPQ to find VP, the height of the pyramid.

Are the dimensions of AVPQ such that VP + PQ < V(Q?

Practise Now 4 VPQRS is a pyramid where the length of each side of its square base is 7 cm. Given that the
Similar and total surface area of the pyramid is 161 cm?, find its

: (i) slant height VB,
(ii) volume.

E. Symmetry of pyramid

In Book 1, we learnt about the line and rotational symmetries of a plane figure, and in Book 2, the plane and
rotational symmetries of a prism and a cylinder. Using what we learnt about symmetry in Books 1 and 2, we shall
now explore the plane and rotational symmetries of a regular pyramid.
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Symmetry in pyramids

Fig. 7.12(a) and (b) show a square pyramid cut by a plane symmetrically in two different ways. Fig. 7.12(c) shows the
square pyramid rotating about the axis XY, which passes through the centre of the base of the pyramid.

X

(a) (b)
Fig.7.12
1. For the square pyramid, find
(a) the total number of planes of symmetry,
(b) the order of rotational symmetry when rotated about the axis XY.

Fig. 7.13(a) and (b) show a pentagonal pyramid cut by a plane symmetrically in two different ways. Fig. 7.13(c) shows
the pentagonal pyramid rotating about the axis XY, which passes through the centre of the base of the pyramid.

Y ;
(a) (b) (c)

Volume, Surface Ares, and Symmetry of Pyramids, Cones and Spheres
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2. For the pentagonal pyramid, find
(a) the total number of planes of symmetry,

(b) the order of rotational symmetry when rotated about the axis XY.
3. Repeat the steps in Questions 1 and 2 to complete Table 7.2 for the other pyramids.

Square
poiloeis —_s
Rectangular
Regular pentagonal
pyramid

Table 7.2

UNEREITY PARSS
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What do | already know about the volume, surface area and symmetry of prisms that could guide my learning of
the volume, surface area and symmetry of pyramids?
What have | learnt in this section that | am still unclear of?

OABC is a triangular pyramid with a base area of . A pyramid with a triangular base has a volume of

15 cm? and a height of 4 cm. Find the volume of the 50 cmy’. If the base and the height of the triangular
triangular pyramid. base are 5 cm and 8 cm respectively, find the height
0 of the pyramid.
A <1 .C.,'.m SO . ‘The volume of a square pyramid with a height of
~ ? ) 12 mis 100 m’. Find the length of its square base.
Y
B

. OWXYZ is a rectangular pyramid where
WX =66 cm and XY = 32 cm. Given that the slant

OABCDEF is a hexagonal pyramid with a base area heights OA and OB of the pyramid are 56 cm and
of 23 cm® and a height of 6 cm. Find the volume of 63 cm respectively, draw its net and hence, find its
the pyramid. total surface area.

/4 _____ b
[FZ ] % Pal
/ {56cm \ '/;3{32 cm
o= W=
X

——

W A
44— 66cm—o>p
. Find the order of rotational symmetry of each of the
OXYZ is a pyramid whose base is a right-angled following solids
triangle where XY = 7 m and YZ = 4 m. Given that (@)
the height of the pyramid is 5 m, find its volume.
0O
P
S5 TN,
xS
e
~
Y
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Advanced Intermediate

Exercise

‘ For the following solids, state the number of 12. VPQRS is a rectangular pyramid with a volume of
(i) planes of symmetry, 100 cm’. Suggest a possible height of the pyramid

(ii) axes of rotational symmetry. and the corresponding dimensions of the

(a) (b) / rectangular base.
/\
= \> / \/

A ;egu] A square pyramid
tetrahedron

9. A glass paperweight is in the shape of a solid pyramid
with a square base of length 6 cm and a height of
7 cm. Given that the density of the glass is 3.1 g/em®, 13- VPQRS is a pyramid with a rectangular base of

find the mass of four identical paperweights. sides 10 cm by 8 cm. Given that the volume of the
mass pyramid is 180 cn?’, find its
Hint: Density = ———— a5 :
volume (i) height, (ii) total surface area.

10. VABCD is a pyramid with a rectangular base of
sides 15 cm by 9 cm. Given that the slant height VQ
of the pyramid is 16 cm, find its
(i) height, (ii) volume.

P 10m Q

14. A pyramid has a rectangular base of sides 16 m by
14 m. Given that the volume of the pyramid is
700 n?’, find its

(i) height, (ii) total surface area.

15. A pyramid has a square base of length 4.8 m and

11. A solid pentagonal pyramid has a mass of 500 g. a total surface area of 85 m2. Find the volume of

1t is made of a material with a density of 6 g/cmy’.

dUdduudddddidoouuagaaad

the pyramid.
Given that the base area of the pyramid is 30 cm?,
find its height.
P
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Exercise

16. Copy and draw the following figures. For each Q “The length of each edge of a regular tetrahedron,
figure, draw two planes of symmetry and one axis of whose faces are identical equilateral triangles, is
rotational symmetry. 8 cm. Find its
(a)

(b) (i) slant height, (ii) volume.
/'\ Hint: All sides are equal. 'The centre C of an

l ‘\ equilateral triangle is % of its height h.

i ==

A right pyramid regular
with a rectagular base tetrahedron

@ A solid pyramid has a rectangular base of sides / — )
15 cm by 10 cm and a height of 20 cm. It is placed

inside an open cubical tank of sides 30 cm. The = \
tank is then completely filled with water. If the )

pyramid is removed, what will be the depth of the

remaining water in the tank? @ A structure is made up of a pyramid attached to

a cuboid with a square base of sides 30 cmand a
height of 40 cm.

VWXYZ is a rectangular pyramid where WX is
longer than XY. Is the slant height VA longer or
shorter than the slantheight VB? Explain your answer.

A

AR

VAN

Find

(i) the number of planes of symmetry,

(ii) the number of axes of rotational symmetry,
(iii) the order of rotational symmetry,

of the structure.

R iRIRiN IR in iR IRI IR IRIRIRIRIR IR IR RN RN
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Volume, surface area and symmetry of cones

A What are cones?

Fig. 7.14 shows some real-life examples of cones.

[ &

(a) lce-cream cone (b) Party hat
Fig. 7.14

"The tetrahedral dice is not a
cone. Do you know why?

1. What are some common features of these cones?
2. What are some differences between
(a) aconeand acylinder?
(b) acone and a pyramid? |
(c) acone and a triangular prism?

B. Types of cones

A cone is a solid in which the base is bounded by a simple closed curve and the I A simple closed curve refers
curved surface tapers into a point called the apex, which is opposite the base. If the o8 Mmﬁ'{" deiJ
base is circular, the cone is known as a circular cone. Fig. 7.15 shows some examples

of cones with different bases.

apex

(a) Circular base (b) Elliptical base
Fig. 7.15
In Fig. 7.15(a), the apex is vertically above the centre of the circular base. We call such a cone a right circular cone.

'The perpendicular height (or simply the height) of a cone is the perpendicular distance from the apex to the
base of the cone (see Fig. 7.16). The slant height of a right circular cone is the distance from the apex to the

circumference of the base.

Volume, Surface Area, and Symmetry of Pyramids, Cones and Spheres OXFORD CHAPTER7 229
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slant height height

Fig. 7.16

In this section, we will study only right circular cones. Therefore, the term ‘cone’ is used to refer to a right circular
cone. Also, the term ‘height’ is used to refer to the perpendicular height unless otherwise stated. The radius of the
circular base is also known as the base radius.

1. Does Fig. 7.17 show a right circular cone? Explain.

2. Isapyramid also a cone? Explain.
3. Give three real-life examples of cones.

Fig. 7.17

C. Volume of cone

In Book 2, we learnt:

Let us now find the volume of a cone by comparing it with a pyramid that has a regular polygonal base.

230 CHAVIER7 OXFORD Volume, Surface Aren, and Symmetry of Pyramids, Cones and Spheres
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Comparison between a cone and a pyramid

1. Fig. 7.18 shows (a) a regular pentagon, (b) a regular hexagon, (c) a regular 12-gon, and (d) a regular 16-gon

inside a circle respectively.
(a) (b) (d)

Fig.7.18
1f the number of sides of a regular polygon is increased indefinitely, what will the polygon start to look like?
2. Fig. 7.19 shows a sequence of regular pyramids, i.e. right pyramids with regular polygonal bases.

Fig. 7.19
1f the number of sides of the regular polygonal base of a pyramid is increased indefinitely, what will the pyramid
start to look like?

In many ways, a cone is like a pyramid. However, a cone is ot a pyramid because the base of a pyramid must be a
polygon.

Since a cone is like a pyramid (see Fig. 7.19), by analogy, the formula for the volume of a cone should be the same as
the formula for the volume of a pyramid. We have:

Volume, Surface Area, and Symumetry of Pyramids, Cones and Spberes OXFORD CHAVIERT 23 l
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If a cone and a cylinder have the same base and the same height, what is the relationship between the volume of the

cone and the volume of this corresponding cylinder?

Worked
Example

5 W/

30 cm

Finding volume of cone, given base radius and height
A cone has a circular base of radius 12 cm and a height of 30 cm. Find the volume of the cone.

i ) 12cm If the question does not specify
Solution the value of m, we use the value
Volume of cone = %m’lh e b 3
1 2
== 127 %30
3xﬂx ®
= l4din
= 4520 cm? (to 3 5.£)

1. A cone hasa circular base of radius & cm and a height of 17 cm. Find the volume of

Similar and the cone.

Further Que=tinns 2. 'The volume of a cone with a circular base of radius 6 m is 84n m’. Find its height.

Exercise 7B
Questions Waj-{d).
2-4,1, 12

D. Surface area of cone

As a cone has a curved surface, it is difficult to use the flat slant faces of a pyramid as an analogy to find a formula
for the curved surface area of a cone. Instead, we will use the same approach as finding the formula for the area of

a circle.

UM YEARITY FAREE

moew
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Curved surface area of cone

Consider the cone as shown in Fig. 7.20(a).

o Q/)

(a) (b)
Fig. 7.20
Unfolding the curved surface of the cone will result in the sector shown in Fig. 7.20(b). The sector can be divided
into 44 smaller sectors and these can be rearranged to form the shape as shown in Fig. 7.21(b).

b 4

QO—hI=

4
pamm——t

b 4

(b)

Fig. 7.21
If the number of sectors is increased indefinitely, then the shape in Fig. 7.21(b) will look like a
PQRS.
Since PQ + RS = circumference of the base circle in Fig. 7.20(a), then the length of the rectangle,
PQ=1

Since PS = slant height of the cone in Fig. 7.20(a), then the breadth of the rectangle, PS =

.. curved surface area of cone = area of rectangle
= X

Volume, Surface Ares, and Symmetry of Pyramids, Cones and Spheres OXFORD CHAFIERT
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From the Investigation on page 229, we have:

Finding total surface area of cone, given base radius and slant height

A cone has a circular base of radius 6 cm and a slant height
of 10 cm. Find the total surface area of the cone.

*Solution / IENENE ., T

Total surface area of cone = mrl + mr*

Worked
Example

6

=mx6x 10+ mx 6
= bl + 36m

— 96
=302 cm? (to 3 5.£)

1. A cone hasa circular base of radius 2 cm and a slant height of 5 cm. Find the total surface
area of the cone.

2. A cone has a circular base of radius 8 m. Given that the total surface area of the cone is
350 m’, find its slant height. (Take m to be 3.142.)

Finding curved surface area of cone, given base radius and height
A cone has a circular base of radius 3 m and a height of 4 m. Find the curved surface area of
the cone.

Worked
Example

7

UEEARITY PAREE
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Let the slant height of the cone be I m.

A sketch is helpful.
Using Pythagoras’ Theorem, I = +/3% +4°
=5 T \
I
-~ curved surface area of cone = mrl = \
=mx3Ix5 l )
- 151 il
To find the curved surface area
=471 m’* (to 3s.£) of the cone, we need to know its
~ slant height, but it is not given.
. However, we notice that there
1. A cone has a circular base of radius 8 m and a height of i"yn_;;:dwhh
Similar and 15 m. Find the curved surface area of the cone. figure and so we can make use

F"“""jfﬁ'ﬁ 2. A cone has a circular base of radius 7 cm and a slant height REEy i X,
of 12 cm. Find the volume of the cone.

E. Symmetry of cone

In the following investigation, we shall explore the plane and rotational symmetries of a right cone.

A IRUVEAREEI I Symmetry in cones

Fig. 7.22(a) shows a cone cut symmetrically by one plane and Fig. 7.22(b) shows the cone rotating about the axis XY,
which passes through the centre of the base of the cone.

\

|\| f

(a) (b)
Fig. 7.22

X

For the cone, find
(a) the total number of planes of symmetry,
(b) the order of rotational symmetry when rotated about the axis X'Y.

UMFAEREITY FARLE
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From the Investigation on page 235, we observe that for a right cone, it has:

1. What do | already know about the volume and surface area of cylinders that could guide my learning of the
volume and surface area of cones?

2. What have I learnt in this section that | am still unclear of?

]
Exercise

Find the volume of each of the following cones. ‘The volume of a cone is 320m cm® and its base area

(a) (b) is mr? cn?, where r is a prime number. Suggest a
value of r and find the corresponding height of

the cone.

\5cm
¥

\

. A cone has a height of 14 cm and a volume of
132 cnt’. Find the radius of the circular base.

| Area of base = 154 cm? (Takentobeg )

: 7 o)

4

1 (C)T @ ind the total surfa f f the followi
S ‘ Find the t ce area of each of the following
7cm cones.
l @) «-7cm—» (b)
+— l4cmb X
Circumference of base
' =132 mm
A cone has a base area of 20 m? and a volume of (©

160 m’. Find the height of the cone.
25cm

Circumference of base
=132cm

.
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Advanced

Intermediate

dUdddiuddododdddddudduuy

Exercise

A cone has a circular base of radius & mm. Given
that the curved surface area of the cone is 84m mm?,
find its slant height.

A cone has a total surface area of 1000 cm®. Find
a possible slant height and radius of the circular

¢ base. (Take mto be 3.142.)

14,

The semicircle shown is folded to form a right
circular cone so that the arc PQ) becomes the
circumference of the base. Given that the diameter

of the semicircle, P(), is 10 cm, find —

(i) the diameter of the base, ,'/ \
(i) the curved surface area, ;_,_b_'
of the cone. 410 crn—

. An open cone has a slant height of 5mand a 15. A cone has a circular base of radius 5 cmand a
curved surface area of 251 m? Find the radios of height of 12 cm. Find the curved surface area of
the circular base. the cone.
. Find the order of rotational symmetry 16. A cone has a circular base of radius 8 cmand a
of the following cone. slant height of 20 cm. Find the volume of the cone.
17. A drcular cone has a height of 17 mm and a slant !
height of 21 mm. Find
(i) the volume,
(ii) the total surface area,
For a right circular cone, state J_.-"'-\ of the cone.
(i) the number of planes of symmetry, / Y
(ii) the number of axes of rotational \_ 18. For the following cone, draw two planes of "
Symmetry. e symmetry and one axis of i
rotational symmetry.
11. A conical funnel of diameter 23.2 cm and depth (//_
42 cm contains water filled to the brim. The water .
is poured into a cylindrical tin of diameter 16.2 cm. A solid is made up of two identical cones, each with
If the tin must contain all the water, find its least a base diameter of 14 cm and a slant height of 15 cm.
possible height, giving your answer to the nearest Find
integer. (i) the total surface area,
(ii) the volume,
12. A conical block of silver has a height of 16 cm and a of the solid.
base radius of 12 cm. The silver is melted to form
coins —é cm thick and 1% cm in diameter. Find the
number of coins that can be made.
13. An open cone has a circular base of radius 10 cm
and a slant height of 20 cm. Draw the net of the A cone has a circular base of radius 13.5 m. Given
cone and label its dimensions. that the total surface area of the cone is 1240 m?,
find its volume.
Valume, Surface Are, and Symmetry of Pyramids, Cones and Spheres CHAPTERT o
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Volume and surface area of spheres

Map projection is a method of
representing the surface of a
sphere ona plane. Is it possible
to draw the map of all the
countries in the world on

Fig. 7.23 shows some real-life examples of spheres.
a plane accurately without
distorting the shape or the area?

* !
Search the Internet to find out

(a) Soccer ball (b) Crystal ball (c) Globe e about confueial (or ares-
Fig. 7.23 ! g) map pro}

What do you think is an important feature of spheres?

1. What is a hemisphere? What are some real-life examples of hemispheres?
2. Isarugby ball a sphere? How about a chicken’s egg? Explain your answer.

A. Volume of sphere

@

w :2\ . Is the King's crown made of pure gold?

Archimedes is one of the greatest mathematicians of all time. He lived from 287 BC to 212 BC in Greece. One day,
the King asked Archimedes to find out whether his crown was made of pure gold. Archimedes thought about how
to find the volume of the crown for a long time. He then decided to take a break by taking a bath. As he stepped into
the bathtub, the water overflowed. Archimedes was so excited by this discovery that he dashed out into the street,
unclothed, shouting ‘Eureka!” which means ‘I have found it!”.

Archimedes realised that a sinking solid displaces an amount of water that is equal to the volume of the solid.
To find the volume of the crown, we can fill up the Eureka can (named as a result of the above story) as shown
in Fig. 7.24(a) with water until it overflows before putting in the crown. The volume of water displaced into the
container as shown in Fig. 7.24(b) is equal to the volume of the crown.

238 CHAFIER7 OXF D Volume, Surface Area, and Symmetry of Pyramids, Cones and Spheres
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(a) Before (b) After
Fig. 7.24

Suppose Archimedes found out that the volume of water displaced was 714 cm® and the mass of the crown was

11.6 kg. Given that the density of gold is 19.3 g/cm?, determine whether the crown was made of pure gold. Do you
arrive at the same conclusion as your dassmates?

F=EIalelal Volume of sphere

Part 1: Archimedes’ discovery of the volume of sphere
Using the displacement method mentioned in the above Class Discussion, Archimedes discovered a formula to find

the volume of a sphere. Fig. 7.25(a) shows a sphere of radius r and Fig. 7.25(b) shows its related circular cylinder of

base radius r and height 2r. Archimedes filled the cylinder with water and placed the sphere inside it as shown in
Fig. 7.25(c).

(a) Sphere (b) Related cylinder (c) Sphere inside
related cylinder

Fig. 7.25

Archimedes found out that the volume of water displaced was equal to % of the volume of the cylinder. This was
ane of his greatest discoveries.

Part 2: Work out the volume of sphere
Volume of cylinder = nr'h

=mxrxir

b

Volume of sphere = 5 x volume of cylinder

L

il

x
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From the Investigation on page 239, we have: Big ldea

is § of the volume of a cylinder

These are examples of how we
use the idea of ionality,
wherchy the volumes of these
two solids are in the same ratio,
to determine the formulae for
the volumes of the various solids.

Finding volume of sphere, given radius
g“: ::l‘i A ball bearing (which is spherical in shape) has a radius of 0.3 cm.
e Find
8 (i) the volume of the ball bearing,
(ii) the mass of 6000 identical ball bearings if they are made of steel of density 7.85 gfcm’.

. . mass
Hint: Density = volume
"Solution
(i) Volume ofball bearing = ‘-}‘ '
= 4; xmxi.3

0.
=0.113 cm® (to 3 5.£)

(i) Mass of 6000 ball bearings = volume of 6000 ball bearings x density
= 6000 x 0.036m = 7.85
=5330g (to3s.f)

1. Alead ball bearing has a diameter of 0.4 cm. Find the mass of 5000 identical lead ball
bearings if the mass of 1 cm* of lead is 113 g.

2. A basketball has a volume of 5600 cm®. Find its radius.
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Introduct ry

Problem
Revisited

In the Introductory Problem, you may not have known how to compare the volumes of a cone with a radius r cm
and height h cm, a pyramid with a square base of side r cm and height h cm, as well as a sphere of radius r cm.
After learning the formulae for the volumes of pyramids, cones and spheres, do you know how to arrange them in
ascending order of their volumes? Discuss your answers with your classmates.

B. Surface area of sphere

Surface area of sphere

Part 1: Archimedes’ discovery of the surface area of sphere

Archimedes also discovered a formula to find the surface area of a sphere. Fig. 7.26(a) shows a hemisphere of radius
r. One end of a piece of twine is stuck in the centre of the curved surface of the hemisphere by a pin before the twine
is coiled around the curved surface completely. Fig. 7.26(b) shows a circular cylinder of base radius r and height r.
One end of a piece of twine is stuck at the bottom of the curved surface of the cylinder by a pin before the twine is
coiled around the curved surface completely.

Ny

W

“«——r—>»
(a) Hemisphere (b) Cylinder
Fig. 7.26

Archimedes found out that the two pieces of twine were of the same length. Since the two pieces of twine cover the
curved surface of the hemisphere and the curved surface of the cylinder in Fig. 7.26 respectively, this means that:

Curved surface area of hemisphere = curved surface area of cylinder
=2nrh

=2RXTXT

.. surface area of sphere = 2 x curved surface area of hemisphere
=2x

Part 2: Simple experiment to find the surface area of sphere

1. Take an orange and cut it into halves. Place one half flat on a sheet of paper and draw a circle around it. >
The area of the circle is mr*, where r is the radius of the orange, assuming that the orange is spherical.
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2. Repeat step 1 and draw a few more circles.

3. Peel the skin of both halves of the orange, tear into small pieces and cover as many circles as completely as
possible with the skin.

4. How many circles are covered completely with the orange skin?

5. What do you think the surface area of the orange (spherical in shape) is?

In Part 2, about 4 circles are completely covered by the orange skin.
From the above Investigation, we have:

hinking
=

ournal
Writing

Think about various items that you have come across in your daily lives. Which of these are pyramids, or cones, or
spheres? Are you able to make sketches of them? Can you think of any reasons why they are shaped as pyramids or
cones or spheres?

Finding surface area of sphere, given radius

i A solid sphere has a radios of 7 cm. Find its surface area.
Example

9 *Solution
Surface area of sphere = 4mr?
=4dxmux T
= 1967
=616 cm? (to 3 s.£)

Practise Now 9 1. A solid sphere has a radius of 0.6 m. Find its surface area.
Sirmilar aned 2. A solid sphere has a diameter of 25 cm. Find its surface area.

Further Questions

Exercise 7C

Questions  3aj-{d. 4.
5

moew
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Finding radius of hemisphere, given curved surface area
A solid hemisphere has a curved surface area of 175 cm?. Find its radius.

10 *Solution

Curved surface area of solid hemisphere = % xdmr' =2nr = 175
175
R=ai2
In
= [T (sincer>
o = (since r = 0)
=528 cm (to 3 5f)

Worked
Example

Practise Now 10 A hemisphere has a curved surface area of 200 cm®. Find its radius.

Similar and
Further Questions

Exercise 7C
Questions S{a)-{f), &,
B

e [N
Exercise

. Find the volume of each of the following spheres

. Find the radius of each of the following spheres

with the given radins. with the given surface area.
{a) 8cm (b) 14 mm (a) 210 cm?® (b) 7230 mm?*
{(c) 4m ) 3163m® (d) 64mecm®
(e) 911w mm?* (f) 49mm?
. Find the radius of each of the following spheres
with the given volume. . A hemisphere has a curved surface area of
(a) 1416 cm? (b) 12345 mm? 364.5m cm®. Find its radius.
{c) 7RO m? (d) 972mcm?
(e) 4987 mm’ 0 151 m? 7. Find the number of steel ball bearings, each of
1o diameter 0.7 cm, which can be made from 1 kg of
steel, given that 1 cm?® of steel has a massof 7.85 g
. Find the surface area of each of the following

spheres.
{a) radins=12cm (b) radius =9 mm
(c) diameter =6 m

. Find the total surface area of a solid hemisphere of
radius 7 cm. (Take m to be 3.142.)
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- Intermediate Advanced
o

8. A hollow aluminium sphere has an internal radius 12. A sphere has a volume of 850 m’. Find its surface

of 20 cm and an external radius of 30 cm. Given area.
that the density of aluminium is 2.7 g/cm?’, find the
mass of the sphere in kg, 13. A basketball has a surface area of 1810 cm?. Find its

volame.

@ A cylindrical can has a base radins of 3.4 cm. It
containg a certain amount of water such that when
a sphere is placed inside the can, the water just
covers the sphere. If the sphere fits exactly inside
the can, find
(i) the surface area of the can that is in contact
with the water when the sphere is inside the can,

| 9. 54 solid hemispheres, each of diameter 2 cm, are

melted to form a single sphere. Find the radius of (ii} the depth of water in the can before the sphere

the sphere. was placed inside the can.
10. A sphere of diameter 26.4 cm is half-filled with @ 'There are 20 identical solid hemispheres. The

acid. The acid is drained into a cylindrical beaker curved surface and the flat surface of each

of diameter 16 cm. Find the depth of the acid in hemisphere are to be painted red and yellow

the beaker. respectively. Find the ratio of the amount of red

paint needed to the amount of yellow paint needed.

11. A cylindrical tin has an internal diameter of

18 cm. It contains water to a depth of 13.2 cm.

A heavy spherical ball bearing of diameter 9.3 cm
is dropped into the tin. Find the new height of
water in the tin, leaving your answer correct to

2 decimal places.

(74)

In this section, we shall learn how to solve problems involving the volume and surface area of composite solids.

Volume and surface area of composite solids
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Solving problem involving a cylinder and a cone

A container is made up of a hollow cone with an internal base radius
of r cm and a hollow cylinder with the same base radius and an internal
height of 2r cmn. Given that the height of the cone is two-thirds of the
height of the cylinder and 5 litres of water are needed to fill the conical
part of the container completely, find the amount of water needed to
fill the container completely, giving your answer in litres.

*Solution

Height of cone = % * height of cylinder

Volume of cone = %’ﬂrl (%1’]

= %‘I[F]

Method 1:
Since volume of cone = 5 1 = 5000 cm?, 1 1= 1000 cm?

mm%m%s{m

s 5000%9 i
mwo= 4 Problem-solving Tip ®
- 11 250 Alternatively, we can solve for r
and substitute this valoe to find
Vaolume of cylinder = wr'(2r) the volume of cylinder. Since
=2m? this is an intermediate step, the
wvalue of rused must be correct
=2x 11250
* 5 to at least 4 5.6,
=22 500 cm
=2251
. amount of water needed to fill container completely = 22.5 + 5
=2751
Method 2:
Since volume of cone = g =51,
then volume of cylinder = 2mr?
2
=3 % volume of cone
9
2
= E ®5
9
=2251
. amount of water needed to fill container completely = 22.5 + 5
=2751
- —
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A container is made up of a hollow cone with an internal base radius of
r cm and a hollow cylinder with the same base radius and an internal
height of 3r cm. Given that the height of the cone is three-quarters of the
height of the cylinder and 10 litres of water are needed to fill the conical
part of the container completely, find the amount of water needed to fill
the container completely, giving your answer in litres.

Solving problem involving a cone and a hemisphere
gg:e;i » - Asolid consists of a cone and a hemisphere which share a common

2 base. The cone has a height of 4 cm and a base diameter of 6 cm.
(a) Find

(i) the volume, (ii) the total surface area, ol

of the solid. s
(b) The solid is melted and recast to form a solid cylinder with a v /

height of 4 cm. Find the radius of the cylinder. -

(c) If 1000 identical cylinders are to be painted and each tin of paint ¢ o.cm >
is enough to paint an area of 5 m’, find the number of tins of paint needed.

*Solution

(a) Radius of cone = radius of hemisphere
=62
=3cm

(i) Volume of solid = volume of cone + volume of hemisphere

1 2 1. 4 3
3xl'tx_’a x4+3x—3xnx3

=12n+ 18n
=30n
=942 cmt’ (to 3sf)

(ii) Using Pythagoras’ Theorem,
Slant height of cone = /3 +47

=5cm

Total surface area of solid

= curved surface area of cone + curved surface area of hemisphere
=Ax3x5+2xmx3?

=15+ 18n

=33n

=104 cm’® (to 3s.f)

- "
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(b) Volume of cylinder = mr{4) = 30n
4mr® = 30m

30
e
4

=75
Sor= 475 (since r = 0)
=274 cm (to 3 5£)
(c) Surface area of one cylinder =2 x mwx I{-ql'?.ﬁ}z +2xmx4J75 x4
= 11595 cm’ (to 5 s.f)

Surface area of 1000 cylinders = 1000 = 115.95

= 115950 cm?
- 11595 m
W cannot round 2319 off 1o the
Since % = 2.319, then 3 tins of paint are needed to nca:l::st whole rmmber becanse

2 tins of paint are not sufficient

paint 1000 cylinders. o poimt: 1000 crlimders:

A solid consists of a cone and a hemisphere which share a
common base. The solid has a height of 50 cm and the

hemisphere has a diameter of 30 cm.
(a) Find

(i) thevolume,

(ii) the total surface area,

of the solid.

(b) The solid is melted and recast to form a solid cylinder
with a radius of 12.5 cm. Find
(i) the height of the cylinder,
(ii) the surface area of the cylinder, leaving your answer \\ /

in terms of m. e

1. (a) What do I have to do to find the volume of a composite solid?
(b) What do | have to do to find the surface area of a composite solid?
{c) Are my approaches to parts (a) and (b) the same?

2. What have | learnt in this section or chapter that [ am still unclear of?
3. How can I consolidate all that | have learnt about finding the volume and the surface area of 3D solids?
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- Intermediate Advanced

-

Exercise
/:"\ K
/ 4

A rocket is in the shape of a cone / \ 15m
attached to a cylinder with the (\ﬁ‘) \k
K53 4

same base radius. The cone has

a slant height of 15 m. The

cylinder has a base diameter

of 12 m and a height of 42 m.

Find the total surface area of 2m

the rocket.
iy v
“Tm®

A cylinder hasaradiusof 3 cm 6cm

6 cm and a height of 15cm. 2

A hole in the shape of a
cone is bored into one of
its ends. If the cone has a
radius of 3 cm, find

the volume of the

remaining solid.

[ A h,

common base. The L
cylinder has a base T '
radius of 7cmand a |

10cm
height of 10 cm. Find |
(i) thevolume, l f~ )
(ii) the total surface area, o =
of the solid.

A solid consists of a hemisphere / —
and a cylinder which sharea \
ST i

‘ A solid consists of a hemisphere and a cone which

share a common base. The cone has a base radius
of 21 cm, a height of 28 cm and a slant height of
35 cm. Find

(i) the volume,

(ii) the total surface area, .

of the solid.

A container is made up of a hollow
cone with an internal base radius
of r cm and a hollow cylinder

with the same base radius and

an internal height of 4r cm.

Given that the height of the

cone is three-fifths of the height

of the cylinder and 7 litres of .
water are needed to fill the conical \ //
part of the container completely, '\‘—" /
find the amount of water needed \\ /
to fill the container completely, \ \/
giving your answer in litres.

-

Find

(i) the total surface area,
(ii) the volume,

of the solid cylinder with
conical ends as shown.

-t nnn
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Advanced Intermediate

Exercise

7. A storage tank consists of a /'_ t:j + @ A solid consists of a pyramid of height 28 cm
hemisphere and a cylinder which ~ [~— attached to a cuboid with a square base of sides
share a common base. The tank | 30 cm and a height of 40 cm. Find
has a height of 16.5 m and the [ (i) the volume,
cylinder has a base diameter of |16.5m (ii) the total surface area,

4.7 m. Find the capacity of : of the solid.
the tank. |
.

A solid metal ball of radius 3 cm is melted and =
recast to form a solid circular cone of radius 4 cm. | | ~30m
Find the height of the cone. k2

30 cm

o A solid consists of a cone and a hemisphere which !
share a common base. The cone has a base radius of
35 cm. Given that the volume of the cone is equal

to ]T_]; of the volume of the hemisphere, find

dUddbiuddddudauau

M
(i) the height of the cone, ,.-'"Ii R
(ii) the total surface area of - I \-,\
the solid, leavi :
e soli _ eaving your ;f i .9 35 em
answer in terms of m / ;
—=
B!

In this chapter, we see how knowing the relationships between solids can help us use what we know about the
volumes of prisms and cylinders to find the volumes of pyramids, cones and spheres. For example, one of our class
Investigations earlier showed that the volume of a cone is —; the volume of a cylinder with the same base and height.
‘This relationship is an example of the idea of proportionality. We can use this important idea to solve real-world
problems involving solids such as pyramids, cones, and spheres. These solids are all around us — in tea bags, party
hats, and soccer balls, just to name a few. Associating these solids with real-world objects allows us to model them
using ideas of proportionality in similar figures and solids, so as to apply the relationships to solve relevant real-world
problems. This will be covered in Book 4.
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1. Volume and total surface area of solids

For a pyramid and its corresponding prism with the same Total area
base and the same height, of all faces =
Pyramid volnmeofpymnid=% x volume of corresponding prism area of base +
area of all
= 3§ x base area x height lateral faces
For a cone and its corresponding cylinder with the same
base radius r and the same height h,
volume ofoone=% x volume of corresponding cylinder | potal area of all
=%xbasemxheight i,
= .l i
3 h
4 3
Sphere 3 4nr

« 'Think of real-world objects that you can use these formulae to find the volumes and surface areas of.

2. Plane and rotational symmetries of right pyramids and cones

Square Rectangular B g Regular
: £ pentagonal  hexagonal Cone
pyramid pyramid
4 2 5 6 6 Infinite
3 for each axis
4 2 5 6 of rotational Infinite
symmetry
o CHAVIERT7 OXFORD Volume, Surface Ares, and Symmetry of Pyramids, Cones and Spheres
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CHAPTER 8

Averages of Statistical Data

—anl ‘\\“

Each year, the Department of Statistics, Singapore, publishes key statistics about Singapore. For example, in
2018, it was found that:

« the average life expectancy at birth was 81.0 years for males and 85.4 years for females;

« the mean years of schooling amongst residents aged 25 years and above was 11.1;

« the median age of residents was 40.8 years.
Statistics is important for us to understand the world around us so that we can make informed decisions. In
Book 2, we have studied how numerical data can be summarised and analysed with the help of histograms.
Here, we will extend our study of the interpretation of numerical data to the idea of a measure of central
tendency, i.e. where the data points are centred about. This centre represents a data set with a single value.
Different scenarios may require the use of different measures of central tendency to help us interpret the
data in a meaningful and useful way. In this chapter, we will learn when to use the three types of measures of
central tendency: mean, median and mode.

Learning Outcomes
What will we learn in this chapter?
« What the types of average (mean, median and mode) of a data set are

« How to calculate the mean, median and mode of a data set or
a frequency distribution

« How to estimate the mean of a set of grouped data

« Which type of average to use as a measure of the central tendency

OXFORD >
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In primary school, we learnt how to find the average of a set of data:
total number or amount sum of data values

Avcrage = number of data values ' number of data values
For example, consider the monthly salaries (in dollars) of nine employees in a company:
2000, 2100, 2700, 2400, 2200, 2000, 10000, 2800, 2600.
1. Find the average monthly salary of the employees.
2. How many employees earn less than the average found in Question 12
3. Does the average found in Question 1 present a fitting picture of their general monthly salaries? Why or why
not?
4. Is there another way of calculating the average monthly salary that will present a more fitting picture? If yes,
describe the method of calcolation.

In this chapter, we will recap the type of average learnt in primary school and learn two other types of average of a
statistical data set. In addition, we will also learn how to estimate the average of a set of grouped data.

A. Mean of raw data

Raw data are data that have not been organised into a frequency table. For example, the data in the Introductory
Problem are raw data.

In primary school, we learnt how to find the average of raw data. This average is
called the mean: S

refers to the arithmetic mean.

Mean of raw data Tf-;‘mﬁ;:ﬂmwdmﬂnr
such as the geometric mean,

= sum of data values the harmonic mean and the
number of data values weighted mean. You can search

the Internet to find out more
about these other types of mean. |

Calculating mean of raw data
The numbers of books borrowed by five students from a library are 3, 4, 4, 9 and 10.
Calculate the mean number of books borrowed by the five students.

— F
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Mean number of books = sum of duts values — e
impaortant to distinguish
number of data values between the data values and the
_3+4+4+9+10 number of data values. In this
3 example, the data values are the
_ 30 number of books barrowed, and
5 there are 5 data values.

B w
Practise HNow 1 An idea of the mean is the notion

'The heights of seven students are 1.54 m, 1.67 m, 1.49m, 1.54 M, * fteven out’. In this example, if

[ —— 1.76 m, 1.69 m and 1.58 m. we put all the books together and
Further Questions Calculate the mean height of the students Sntribute herm evenly among
Excercise BA ’ the 5 students, cach of them will
Questions 1,2 get 6 books, which is the average
number of books.
Finding unknown given mean
Worked : . . Measares
B The mean of $10, $15, $12, $20 and $x is $13. Find the value of x. ° g pother idea of the mean is that
ol it is a measure of the central
N . tendency (or the centre) of a
2 Solution data st In this example, do you
Mean — 10 H15+12+20+x o realise that the mean (which is 6)
5 is somewhere in the centre of the
S10+15+12+20+x=13%5 dhatnpet: 3, 4, 4.9, 10 l
57+x=65
=8
* mww15+12+2ﬂ+:
) =13 = 5 in Worked Example 2
Practise Now 2 The mean of 44, 47, y, 58 and 55 is 52. Find the value of y. signify? The LHS of the equation
is the sum of the data values
Similar and . hile the RHS is the
Further Questions Itiplied by the number of
Eﬂﬂ_ﬂm data values. In other words,
Question 3 mean x number of data values
= sum of data values.

Solving problem involving mean

The mean of six numbers is 17. Four of the numbers are 15, 17, 20 and 22. The remaining
two numbers are equal. Calculate

(i) the sum of the six numbers,

(ii) the remaining two numbers.

(G} Mean = = ofdain velues Il.u“brkﬁdEmmthZ.w:l’u\r:

number of data values ’ learnt that sum of data values =
. sum of data values = mean x number of data values miean x number of data values.
_ S0, we can calculate the sum
17x6 of the data values using the
=102 mean, without knowing cach
.. sum of the six numbers = 102 individual value.

Averages of Satisticl Data OXFORD CHAPTERE 25 3

UMFAEREITY FAERE

me .



(ii) Leteach of the two remaining numbers be x.
Then sum of data values = 15+ 17 + 20+ 22 + x + x = 102

74+ 2x =102
2x =28
x=14

.. the remaining two numbers are 14 and 14.

Practise Mow 3

Similar and

Further Questions
[Exercise BA
Ouestions 4,5,1,12

Worked
Example

4

1. 'The mean of seven numbers is 11. Five of the numbers are 3, 17, 20, 4 and 15. The
remaining two numbers are equal. Find
(i) the sum of the seven numbers, (ii) the remaining two numbers.

2. 'The mean height of 20 boys and 14 girls is 161 cm. If the mean height of the 14 girls is
151 cm, find the mean height of the 20 boys.

3. Given that the mean of 16, w, 17,9, x, 2, , 7 and z is 11, find the mean of w, x, yand z.

Can you take the average of two means?

Class A has 30 students and Class B has 40 students. The two classes organise a bake sale. The
mean number of cookies baked by the students from Class A is 73 while that of Class B is 67.
Find the mean number of cookies baked by the students from both classes combined.

"Solution
Total number of cookies baked by Class A 1f we take the average of the

= mean ¥ number of students two means {or find the mean
— 73 %30 ?I;ﬂ:cﬂ?hmnﬁns}.w:wlﬂgct
— 7100 e = 70. Why is this
different from the mean for both
Total number of cookies baked by Class B classes combined?
= mean ¥ number of students Hint: Recall the issue of taking
— &7 x40 the average of two percentages in
Chapter &, or the average of two
= 2680 speeds in Chapter 9. of Book 1.
Total number of cookies baked by the two classes = 2190 + 2680
= 4870
Total number of students in the two classes = 30 + 40
=70
. : 4870
- mean number of cookies baked by both classes combined = 0

=696 (to 3sf)

Similar and

Further Questions
Exercise 8A
Questions &,7,13, 20

In March, the mean number of toys a manufacturer sold per day was 8. In April, the mean
number of toys he sold per day was 11. Find the mean number of toys he sold per day in the
two months.

{There are 31 days in March and 30 days in April.)

LR
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From Worked Example 4 and Practise Now 4, we learn that:

In general, we should rof take the average of means

5 In Book 1, we leamnt that we
becanse the bases may be different. should not take the average of
percentages or the average of
spends because the
In Worked Example 4, the base is the number of students in each class, which is m_::;mm
different for the two classes.

In Practise Now 4 and similar questions in Exercise 8A, what is the base for each question?

w :{,\ ’ . Understanding the concept of mean
1 - F £l

All the students in a class brought a different number of sweets one day. Vasi brought the most sweets, which was 7.
‘Those who brought more gave some to those who brought less until every student had the same number of sweets, x.

1. lsit possible for x to be 87 Explain.
2. Ifx =5, does this necessarily mean that at least one of the students brought 5 sweets to the class?
Why or why not?
3. lsthe number of sweets given by those who brought more equal to the number of sweets received by those
who brought less? Explain.
The students in another class brought 10 basketballs to school. They want to divide the balls equally among the
40 students in the class.

4. How many balls should each student get? Does it make sense to you? Explain.
In 2018, the average household size in Singapore was approximately 3.24 persons.
5. Does "3.24 persons” make sense to you? Explain.

6. How should we interpret "average household size™?

B. Mean of frequency distribution

-
In the previous section, the data are raw data. I Data organised and presented

. . I . i istical di such
In this section, the raw data have been organised into a frequency table, forming what : :tmﬁ wmam
we call a frequency distribution. diagram might nat be grouped
How do we find the mean of a frequency distribution from the frequency table? data. In Book 2, we have learnt
that grouped data are data that
are grouped into class intervals.
We will learn how to estimate
the mean of grouped data in
Calculating mean from frequency table Section £.1C.
The weekly salaries of the employees in a company are recorded.
 Weekly salary ($) 1000 | 1100 | 1200 | 2100 | 2500
|Nn|ﬂ1udu-]iqm521] B_IU!T_E
Calculate
(i) the total number of employees in the company,
(i) the total salary paid to the employees in a week,
(iii) the mean weekly salary of the employees.
—
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*Solution
(i) Total number of employees =20+ 8+ 10+7+5
=50

(ii) Total salary paid to the employees in a week
=20 x $1000 + 8 x $1100 + 10 x $1200 + 7 x $2100 + 5 x $2500

= $68 000
W &= total salary
i e y salaty = ol e of employees m’_- il e el
"% In Worked Exampie 5 the
=$1360 sum of data values isthe
. total salary, and the number
of v o ol
Practise Now 5 ‘The amount of money spent by the visitors at a carnival was Hember of cmplopecs
Simitar and recorded.
uerierag | Amountspent(®) | «0 | 60 [ 50 [ 100 160 [ 200
skl | Numberofvisitors | 12 | 32 | 54 | 68 | 18 | 16

Find

(i) the total number of visitors who were at the carnival,

(ii) the total amount of money spent by the visitors at the carnival,
(iii) the mean amount of money spent by the visitors at the carnival.

From Worked Example 5 and Practise Now 5, we have learnt how to find the mean of a frequency distribution.

In general, a set of data x,, x,, x,, ..., x,, with the corresponding frequencies f,, f., f,. ... f, is usually displayed in
the form of a frequency table as shown in Table 8.1.

- X, x, X, ot X
A A 5 i A
‘Table 8.1
‘Then the mean of the frequency distribution is given by:

_ S F fx o+ fix,
Nicon = fith+t i+t f,

- = Notations

If we write the mean as ¥, the sum of fx as Zfx, and the sum of fas Zf, then we have 3 kit i)

is the uppercase of the 18*
letter of the Greek alphabet.

In Mathematics, the symbol

¥ is used as a notation for the
summation operator, which
represents the sum of a series of
numbers in a concise and precise
manner, without writing out
each individual number. So Xfis
used to concisely represent f; +
fi+fi+ .+ f,and Xfxis used to
concisely represent fix, + fox; + I

St -+ X,

"
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Calculating mean from histogram

Worked ‘The histogram shows the lengths, in centimetres, of some rods.
Example
&
6 104 —
g 87
% 6--
= 4
24
05 100 110 120 130 140 150 160 4

Length (cm)
Find the mean length of the rods.

*Solution

Mean length = IE;_J_?

_Bx100+10x110+4=x120+4=x 130+ 5x 140 + 9x 150 + 6 x 160
B+ 10+4+4+8+9+6

_ 6330
49
=129 cm (to 3 s£)

The histogram shows the times taken, in minutes, for a group of students to pack for a camp.

Similar and F
Further Questions
Exercise BA 104 —
Ouestions 10, 15
g4
)
24
ol T,
20 30 40 50 60
Time (minutes)

Find the mean time taken by the group of students to pack for the camp.

C. Mean of grouped data

In the previous sections, we have learnt how to calculafe the mean of a set of data that has not been grouped
(whether in the form of raw data or a frequency distribution). In this section, we will learn how to estimate the
mean of a set of grouped data. It is only an estimate because we are unable to calculate the actual mean without the
individual data values.
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Estimating mean of grouped data
The times taken, in minutes, for a group of teenagers to cycle between two parks are recorded.

3 I5<x=20|20~<<x=25|25<x=30|30<x=35|35<x=40
Number of
5 10 20 15 18
teenagers

Find an estimate of the mean time taken by the teenagers to cycle between the two parks.

L - on
JIOIUTIO

Time Frequency Mid value f
(xminutes)  (f) (x) ]
1I5<x=20 5 17.5 87.5
2" x=15 10 225 225 ‘We do not know how muoch time
[ - [ each teenager took, so we can
5 <x=30 20 27.5 350 anly estimate their )
30 << x =35 15 325 487.5 To do so, we represent the data
[ - I in cach class interval by the mid-
35 < x =40 158 375 675 valne of the dass i L eg the
Xf-68 X fic = 2025 mid-value of the class interval
s 15<x=20is 5320 _ 175
Estimated mean time taken = E—‘? Wi apply the same formula
B %.mmthﬁ::mﬂ—
68 value of a class interval and not
data value.
= 298 minutes (to 3 ) * e
Practise Now 7 1. 'The ages, in years, of the employees of an advertising firm are recorded.
Sirnilar and A—F
Further Questions x Jd) | 20<x=30/30<x=40 40<x=50|50 <x =60 60 <x=70
= Number of '
LI= s i 12 10 20 15 18
employees

Calculate an estimate of the mean age of the employees.

2. 'The histogram shows the approximate lengths, in mm, of 40 leaves from different plants.

10 Problem-solving Tip

1f x represents the length of
the leaves, then the first class
interval is either 25 = x <2 30 or
25 <2 x == 30. The mid-value of
the class interval is the same for
both cases.

Frequency
S

25 30 35 40 45 50 55 60
Length (mm)

Find an estimate of the mean length of the leaves.
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From Worked Example 7, we learn that:

1.

2.

What do [ already know about the average learnt in primary school that could help me understand how to find
the mean of a frequency distribution or grouped data?
What have I learnt in this section that | am still unclear of?

Exercise

The number of passengers on coaches travelling
along 12 popular scenic routes are 29, 42, 45, 39, 36,
41, 38, 37, 43, 35, 32 and 40.

Find the mean number of passengers on the coaches.

Consider the prices, in $, of various computing
books at a bookstore:

19.90, 24.45, 34.65, 26.50, 44.05,

38.95, 56.40, 48.75, 29.30, 35.65.
Find the mean price of the books.

The mean of 7 cm, 15 cm, 12 cm, 5 cm, h cm and
13 cm is 10 cm. Find the value of 1.

The mean mass of five boys is 62 kg. When the
mass of a boy is excluded, the mean mass of the

remaining four boys becomes 64 kg. Find the mass
of the boy that has been excluded.

The mean of eight numbers is 12. Five of the
numbers are &, 8, 5, 10 and 28. The remaining three
numbers are each equal to k. Find

(i) the sum of the eight numbers,

(ii) the value of k.

'There are two buildings in a condominium.

Building X has 60 units while Building Y has 80 units.
The mean number of people living in each unit of
Buildings X and Y are 3 and 4 respectively. Find

the mean number of people living in each unit of
the condominium.

The mean mass of 28 students in Class A is 50.5 kg
The mean mass of 35 students in Class B is 52.6 kg,
Find the mean mass of the students in the two
classes.

The number of goals scored per match by a team
during a soccer league season was recorded.

Number of
goalsscored | 0 | 1 | 2| 3| 4| 5| 6
per match | |

Number of

matches

Find

(i) the total number of matches played,

(ii) the total number of goals scored,

(iii) the mean number of goals scored per match,

by the team. p-
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- Intermediate Advanced
4
Exercise

. 'The number of days the students in a class were 14. 'The marks obtained in an English and a
absent from school in a term was recorded. Mathematics test by 40 students were recorded.
"The total score of each test is 10.
1172/3/4/5°6 9 Marks Numberofstudents Number of students
=g e— obtained (English) (Mathematics)
41557152132 71 |2 0 0 0
Find the mean number of days of absence. ; ; :
. Find the mean of the following distribution. 3 14 6
% 4 4 5
=t 5 8 10
= ] 6 2 3
g‘ 44 7 4 5
3 34 8 0 3
g 24 9 1 1
1+ 10 0 2
0 .«/ > (a) Find the mean mark of the students for each
3 456 7 subject.
Age (years) (b) Given that the percentage passing mark for
each subject was 50%, find the percentage of
11. 'The mean of 10 numbers is 14. Three of the students who
numbers have a mean of 4. The remaining seven (i) passed English,
numbers are 15, 18, 21, 5, m, 34 and 14. Find (ii) did not pass Mathematics.
(i) the sum of the remaining seven numbers,
(ii) the value of m. 15. The histogram shows the duration, in hours, that
30 students slept for on a Monday night.
12. 'The heights of three plants A, B and C in a garden A
are in the ratio 2 : 3 : 5. Their mean height is 30 cm. T =1
(i) Find the height of Plant B.
(ii) If another Plant D is added to the garden such
that the mean height of the four plants is now E‘ '
33 cm, find the height of Plant D. S 41 ]
g 3+ g
13. 'The mean monthly wage of seven experienced and - 24
five inexperienced workers is $1000. If the mean
monthly wage of the five inexperienced workers 1
is $846, find the mean monthly wage of the seven 0 T W Y Ay TR BT >

experienced workers. Amount of sleep (hours)

(i) Find the mean amount of time that the
30 students slept for.

RiR iR iR R IRIRIRIRIRIRIR IR R RN RN

"
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Advanced Intermediate

Exercise m

(ii) The mean amount of time that 20 other 18. 'The speeds, in km/h, of 100 vehicles are recorded.
students slept for was 7.5 hours. Find the Speed (xkm/h) Number of vehicl
mean amount of time that the 50 students =
30 < x =40 16
slept for.
40 < x = 50 25
16. The heights, measured to the nearest cm, of the 50 < x =60 35
plants in a nursery are recorded. 60 << x =70 14
Height (xcm)  Number of plants 70 < x = 80 10
0<"x=10 4 (i) Calculate an estimate for the mean speed of
10 < x =20 & the vehicles.
20 < x =30 14 (ii) Find the ratio of the number of vehicles which

travel at a speed of not more than 40 km/h to

W= x=a & the number of vehicles which travel at a speed
=x=A ) of more than 60 km/h.
(i) Calculate an estimate of the mean height of
the plants. 19. 'The table shows the mean distances, d million km, |
{ii) A plant is selected at random. Find the of 20 moons from Jupiter.
Ezobabi]ity that the plant is not taller than 103 2355 2293 2312 2322
cm.

23.03 2111 23.22 2328 21.31

17. One hundred lorries are required to transport 2118 2358 IL17 1340 ILIT
raw materials from a quarry to a construction site. 2115 2362 2318 2235 2336

The time taken, in minutes, for the lorries to travel (i) Complete the frequency table for the data.

from the quarry to the construction site using a " i
fixed route was recorded. i {dmilliom kun} | Frag ’
210=d <215

Time taken (f minutes) Number of lorries _
215=4d="22.0

llb=f<"118 1 -
220=d=<225
118 = =120 6 )
225=4d-<"23.0
1200== =2 122 23
23.0=d =235
122 =124 28 )
235=d-<"24.0
124 = { = 126 27
126 = { < 128 9 (i) L.Ising_the frequency table in part (i), cn!culate
an estimate for the mean of the mean distances
L1530 - of the moons from Jupiter.
130 == 132
(i) Calculate an estimate of the mean travelling e ‘The mean of three numbers x, y and z is 6 and the
time of the lorries. mean of five numbers x, y, z, a and b is & Find the
(ii) Find the fraction of lorries which took less mean of a and b.

than 124 minutes to travel from the quarry to
the construction site.

i I I Iy Iy Iy IR I i
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- Intermediate Advanced
Exercise

e 'The table shows the lifespans, x hours, of 30 light (ii) Using the class intervals 164 = x <7 167,
bulbs. 167 = x = 170 and so on, construct a
167 171 179 167 171 165 175 179 169 168 frequency table for the data.
171 177 169 171 177 173 165 175 167 174 (iii) Using the frequency table in part (ii), calculate

an estimate for the mean lifespan of the

177 172 164 175 179 179 174 174 168 171

light bulbs.
(i) Find the mean lifespan of the light bulbs by (iv) Comment on your answers to parts (i) and (iii).
dividing the sum of the lifespans of the light
bulbs by 30.

In this section, we will learn another type of average called the median. Why is the median an average and when do
we use the median (instead of the mean) as a measure of the central tendency (or the centre) of a data set?

A. Median of raw data

Introduct ry
Problem

Revisited

In the Introductory Problem, the following monthly salaries (in dollars) of nine employees in a company were shown:
2000, 2100, 2700, 2400, 2200, 2000, 10000, 2800, 2600.

In Question 1, you should have calculated that the average (or mean) monthly salary is $3200.

In Question 2, you should have observed that 8 out of 9 employees earn less than the mean salary

of $3200.

In Question 3, you should have realised that the mean salary does not present a fitting picture of the amount of
money the employees in the company earn in general because most of them earn less than this mean salary of
$3200. The extreme value (or outlier) of $10 000 has caused the mean salary to be much higher than what most of

the employees earn.

To answer Question 4 on another way of calculating the average monthly salary of the employees, we first arrange
the monthly salaries in ascending order (i.e. from the smallest to the largest):
2000, 2000, 2100, 2200, 2400, 2600, 2700, 2800, 10 000
1. Which salary is the middle value in the above list?
‘This salary is called the median salary and it lies in the middle of the list of salaries that have been arranged in
ascending order.
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2. What if we arrange the salaries in descending order? Will the salary that lies in Big Idea
the middle of this list be equal to the salary in Question 1? —

3. Does the salary in Question 1 present a fitting picture of the general average I il e e —
monthly salary? Why or why not? of the central tendency (or

4.  Why is the median salary not affected by the extreme value of $10 0007 the centre) af a data set. In this

example, do yon realise that

Consider the monthly salaries of the employees in Company B that have been arranged :‘;umi: ir;ﬂwi!::ﬁ}nd'

e the data set? The median is the
middle vahie in the data set, if

e I IR Thcnnmhcrnichlnva}u:::;ndd

5. Which are the extreme values? How many are there? (see Worked Example 9 for an

6. Calculate the mean monthly salary of the employees in Company B. even number of data vahues).

7. Find the median monthly salary of the employees in Company B.

8. Arethe mean and median monthly salaries close to each other?

9.  Why is the mean monthly salary not adversely affected by the two extreme values of $800 and $10 5007

10. Do both the mean and median monthly salaries present a fitting picture of the average monthly salary of the
employees in Company B in general? Why or why not?

From the Introductory Problem Revisited, we observe that the median is another average of a data set.

The median is a more useful average than the mean when the mean is affected by extreme values.

However, we also observe that the mean is not always adversely affected by extreme values, e.g. when there are both
high and low extreme values within the data set. Another example is when there is only one extreme value in a very
large data set such that the extreme value does not adversely affect the mean of the data set.

Both data sets in the previous discussion have an odd number of data values. How do we find the median of a data
set with an even number of data values or if the data are presented in a frequency table as shown in Table 8.27

152 154 156 158 160
2 2 5 1 ]
Table 8.2
First, we need to learn about the position of the median in a data set that has been arranged in ascending order.

Finding median when number of data values is odd

Wk Find the median of the following set of data.
Example
20, 25, 21,24, 22, 26,20
8 The number of data values in
*Solution Waorked Example & is small
T _ enough for us to casily ohserve
l'otal number of data values, n="7 that the median position s the
A% position. B need
Position of median = ntl - mﬂmmmm:nm
T+1 when the data set is large. The

— pasition of the median is given
b'y%'.l-lcre.n:?.mﬂm
median positionis 731 = 4,1
the median is the 4* data value

when the data sct is arranged in |
ascending order.
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Rearranging the data in ascending order:
20,20,21,(22), 24, 25,26

4" position
- median = 22

et LRl Find the median of each of the following sets of data.
Similar and (a) 20,16,9,3, 18, 11,15

Further Questions (b) 11.2,156,302, 173,182
Exercise BB

Questions 1al. (b)

Finding median when number of data values is even
Find the median of the following set of data.

12,8, 19,30, 14, 21,9,5

"Solution
Total number of data values = 8

Position of median = "T“
_ B+l
2

=45

Rearranging the data in ascending order:
5,8,9, 12,14, 19,21, 30

4.5™ position
4" yalue = 12
i —_
¥ value =14 Is the median always one of the
. median = mean of 4* value and 5" value data values? If not, what does it
12414 depend on?
“T Hint: Compare Worked
13 Examples 8 and 9. |
Practise Mow 9 1. Find the median of each of the following sets of data.
— (a) 32,15,20,15, 125,12
Further Questions (b) B,73, 89, 68 88 89 10,67
S M 2 lhe median of 9, 3,6,7, 5and x is 6.5.
@ Find a possible value of x.
ol CHAPTER & A [ Statistical 1D
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In general, to obtain the median of a set of raw data, we arrange the data in ascending (or descending) order first.

Median

If the total number of data values is odd, the median
is the middle value of the arranged data.

If the total number of data is cven, the median is the

w F p ” . Understanding the concept of median
| i [

1. Albert said, “The median is always the middle value of a data set that has been arranged in ascending order”

Do you agree? Explain.

2.  LiTing said, “The median of a data set is 10. This means that 50% of the data values are greater than 10 and

the other 50% are less than 107" Do you agree? Explain.

B. Median of frequency distribution

In the previous section, the data are raw data.

How can we find the median when the raw data have been organised into a frequency table, forming a frequency
distribution, without listing out each data value? Let us learn to find the median from a frequency table ora

histogram (for ungrouped data).

Finding median of data set displayed in frequency table
The heights, in cm, of 18 students are recorded.

152 | 154 | 156
10 2 2 5

Find the median height of the students.

Worked
Example

1 8

158 { 160 |

*Solution
Total number of data, n = 18

Position of median = "TH
1841

2
=95

. median height = mean of %" value and 10™ value

_ 156+158
2
=157 cm

| Da not take the value in the

middle column (i.c. 156 cm) as
the median height just becanse
the 3™ column is in the middle
of the 5 columns.
Instead, interpret the frequency
table as follows. The 1= column
shows that there are 2 students
with height 152 cm. So the 2
smallest data values are 152 cm
and 152 cm.

4% column

i NET

I52| 154 156| 158( 160

2|12|5|1| &8

i
24245=9 T
10 value
“Then add the number of students
from the lefi until the 9 value,
ie. 2+ 24 5=9 Sothe 9 value
lies in the 3® column, e

9% yalue = 156 cm. Therefore, the

10* value lies in the 4* colummn,
Le. 107 value = 158 cm.
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Practise Now 10 1. The times taken, in minutes, for a group of children to complete a puzzle are recorded.

Simnillar and
Further Questions

5 ] 7 5 9
Exercise BB
Questions 2{a)-{d)

8 4 3 10 3

Find the median time taken by the group of children to complete the puzzle.
2. 'The table shows the prices, in dollars, of various items sold in a shop.

0<x=5 11
5<Cx=10 23
W=<<x=15 10
15=<"x=20 7
W<x=125 4

State the class interval which contains the median price.
3. 'The histogram shows the number of concert tickets sold by the members of the Guitar
Club in a school in a morning. Find the median of the distribution.

& e
5
o4
g
=2 3
C
£ 2
1
> tickets sold)? What is the 2=
1 2 3 4 5 smallest data vahe? How many
Number of concert tickets sold data values are there?

1. Referring to the grouped data in Worked Example 7, do you think you can find the class interval in
which the median lies, or estimate the median of the grouped data? Explain.

2.  When there are extreme values, do we always use the median as a measure of the central tendency?
Why or why not?

3. How can | explain when we should use median {and not mean) as a measure of the central tendency of a data set?
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When we analysed statistical diagrams in Book 1, one of the comparisons we made was to find out the most popular
category or the category that contains the most data.

In statistics, we call the category or the data value that occurs the miost frequently in a set of data the mode. In fact,
the mode is another type of average. But why is the mode an average? And when do we use the mode (instead of the
mean or median) as a measure of the central tendency (or the centre) of a data set?

A. Mode of raw data

walg ’ . Mode as an average

‘The owner of a shop kept a record of the sizes of blouses sold on a particular day. The record showed:
8 8 10 8 10 12 10 8 8 12

‘The mode of the blouse sizes is the size that occurs the most frequently.
1. Find the (a) mean, (b) median, and (c) mode of the sizes of blouses sold on that day.
2. Does the mean, median or mode present the most fitting picture of the size of blouses sold on that day? Explain.

From the above Class Discussion, we realise that the mean of 9.4 and the median of Big Idea

9 are not very meaningful because there are no such sizes for the blouses. Knowing M

the popular size(s) will help the owner prepare the size(s) to stock up on. Therefore, ‘The mode is another measure

we use the mode as a measure of the average when we are interested in the data value ~ ©f the central tendency (or the
centre) of a data set. It tells us

that occurs the most often. he it e vhak Birara et
data value.

In general, to obtain the mode of a set of data or frequency distribution, we look out
for the data value which occurs most frequently:

It is possible for a data set to have more than one mode (see Worked Example 11), or to have no mode at all (see
Exercise 8B Question 3(c)).

Finding mode of raw data

‘The numbers of books 10 students read in a year were recorded as 8, 9, 10, 10, 3,5, 6,10, 6and 1.
(i) State the modal number of books.

11 (ii) If two more students’ data of 6 and 8 are added, what will the new modal number(s) of
books be?
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*Solution

(i) Modal number = 10 since it occurs most _ If a data set has two modes, we
frequently, i.e. 3 times say that the data set is bimodal.
(ii) New modal numbers = 6 and 10 since they occur most 1fall the data values have the
frequently, i.e. 3 times each | S3me frequency, we say that the
: data set has no mode.

Practise Now 1 'The lengths of 10 ribbons are 100 cm, 110 cm, 95 cm, 60 cm, 20 cm, 60 cm, 110 cm, 88 cm,

Similar and 102 cmand 120 cm.

Further 9.;5““ (i) State the modal length(s) of the ribbons.
TreeEREEY ! (i) Ifaribbon of length 110 cm is removed, what will the new modal length of the ribbons be?

w :‘)\ ’ 5 . Understanding the concept of mode
PN .

All the students in a class brought a different number of sweets one day. Vasi brought the most, which was 7.
1. Was the mode of the number of sweets brought to class equal to 72 Why or why not?
2. Ifthe mode was 4, does this mean that some students must have brought 4 sweets to class? Explain.

B. Mode of frequency distribution

Finding mode of data set displayed in frequency table
State the mode of the frequency distribution.

1000 | 1200 | 1500 | 2000
2 5 3 1

Worked
Example

12

*Solution

Mode = $1200 since it has the highest frequency,
i.e. 5 salesmen

For each of the following, state the mode(s) or modal class of the distribution.

Similar and (a) mm
£ Questi 3500 | 4500 | 5000
Exercise 88 42 25 17
Questions  S{a)-{cd),
&a)-(d) o) D R
0<x=1 11 |Wlnndauia|: ted i the
15<<x=30 20 fon.nohfm::dnc_yul;::r
a
0<x=45 18 N
45 << x =60 24 gasimcrva!withthchxg'hm
60<x=75 15 i
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(d) Students’ favourite chocolate flavour
Sea salt .
ceme [

EHEE

. represents 20 students

1. Can we find the mean or median of a set of categorical data? For example, in the pictogram in Practise Now
12(c), we can find the mode, but can we find the mean or the median of the distribution? Why or why not?

2. Referring to the grouped data in Worked Example 7, can | find the mode of the grouped data? Explain.

3. How can I explain when we should use mode (and not mean or median) as a measure of the central tendency of

a data set?

@ Measures of central tendency

In this chapter, we have learnt that an average is a measure of the central tendency (or the centre) of a data setora
frequency distribution.

We have also learnt three types of average (mean, median and mode) and when to use which average in each of the
above three sections. Let us now consolidate what we have learnt.
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:‘(f]\, ~ +  Comparing different measures of central tendency
— K : s L

1. Based on what we have learnt in the previous three sections, discuss when we should use the
(i) mean, (ii) median, (iii) mode,
as a measure of the central tendency of a data set or a frequency distribution.

2. The number of people who watched a movie at three cinemas over five days is shown in Table 8.3.
Cinema X Cinema Y Cinema £

Day 1 87 60 75
Day2 16 62 54
Day 3 92 98 98
Da}r 4 it 6l 76
Day5 98 98 75
Mean 76.2 75.8 75.6
Median B85 62 75
Mode No mode 98 75
Table 8.3

For each of the three cinemas, which average (mean, median or mode) would you use to
describe the typical daily number of moviegoers over the five days? Justify your answer.

From the above Class Discussion and the previous sections, we observe the following:

Solving problem involving mean, median and mode

The number of spelling errors a group of students made in an essay is recorded.
Number of spellingerrors 0 1 | 2 | 3 | 4 5
'Number of students | 2| 8| x| 65| a
(a) 1f the mean number of spelling errors the students made is 2.4, calculate the value of x.
(b) 1f the modal number of spelling errors the students made is 2, state the smallest passible

value of x.
(c) If the median of the distribution is 3, find the possible values of x.
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(a) AXU+BXI+2x+6X3+5X4+4%5 _
4+8+x+6+5+4

1x + 66
x +27 -4
2x + 66 = 2.4(x + 27)
=24x+648
Ddx =12
x=3

24

(b) Smallest possible value of x =9 since x = 8

(c) Method 1:

We write the data as follows:
0..01,...,1,2 ...23 . ...,34, ...,45,...,5

—— e e e S o

4 & x T [ T 3 4
The greatest value of x occurs when The smallest value of x occurs when the
the median is here.

median is here (if possible).
3+ 8+ x=5+5+4

12+x=14
x=2

Sdt+B+x+5=5+4
17+x=9
x = -8 (not possible since x > 0)
Hence, greatest value of x =2
.~ the possible values of x are 0, 1 and 2.
Method 2:

Hence, smallest value of x =0

+1
Position of median = ”2
(4 +Brx+B+5+4)+1
E] (i} For Method 2, you can
¥+ 78 observe the position of the
= 2 median when x is the
Faor greatest value of x, position of median =4+ 8+ x+ 1 either at the list of data in
—x+13 Method 1, or better stll,
" from the frequency table
L X 13 directly.
x+28=2(x+13)
=2x+ 26
x=28-126
=2
For smallest value of x, position of median =4+ 8+ x+ 6
=x+18
JhL . + 28 =x+18
x+28=2(x+ 18)
=2x + 36
x=28-36
= -8 (not possible since x = 0) |[ﬁi}wldr_h hod do you
Hence, smallest value of x = 0 prefer? Why? |
.. the possible values of xare 0, 1 and 2.
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The number of books a group of students borrowed from the school library is recorded.

Numberofbooks | 0 | 1 | 2 | 3 | 4
Numberofstudents 2 | x | 3 | 4 | 1

(a) If the mean number of books the students borrowed is 1.8, find the value of x.

(b) If the modal number of books the students borrowed is 3, state the greatest possible
value of x.

() If the median of the distribution is 2, find the possible values of x.

Finding data set given averages and other information
Cheryl has written down five numbers.

The mean of these numbers is 9, the median is 11 and the mode is 12
The largest number is four times the smallest number.

Find the five numbers.

Worked
Example

"Solution
Since the median is 11, then the third number of the data set that has been arranged in
ascending order is 11:

i3 ] I.I- " ¥

Since the mode is 12, this number must occur at least twice. As there are only two numbers
larger than the median of 11, then the two largest numbers must be 12:

v . 1 . S . 12

Since the largest number is four times the smallest number, then the smallest number is
12+4=3:
3 . , 1 . 12, 12

Sum of the five numbers = mean x 5
=9x%x5
=45
5o the last number is45-3-11-12x2="7.
.~ the five numbers are 3, 7, 11, 12 and 12.

David has written down six numbers.

The mean of these numbers is 2, the median is 1.5 and the mode is 1.
Half of the numbers are prime and the smallest number has an infinite number of factors.
Find the six numbers.
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How is average affected by systemic measurement error?

Sara weighed seven oranges.

The modal mass of the oranges was 148 grams.

The median mass of the oranges was 153 grams.

The mean mass of the oranges was 153.7 grams.

The weighing machine used by Sara was found to be inaccurate.

The correct mass of each orange was 18 grams more than what Sara has recorded.
Write down the correct values of the modal, median and mean masses of the oranges.

We will use Palya’s Problem Solving Model to guide us in solving this problem.

Stage 1: Understand the problem

What information is given and what information do we need?

« We are given the number of oranges, the incorrect modal, median and mean masses, and
that the correct mass of each orange was 18 g more than what was recorded.

« We are not given the mass of each of the seven oranges.

What are we supposed to find and what is not necessary?

« We are supposed to find the correct modal, median and mean masses of the oranges.

« We do not need to find the incorrect or correct mass of each orange.

Stage 2: Think of a plan

Without the recorded mass of each orange, we use a histogram to visualise a random

distribution of the data as shown in Fig. 8.1.

Since the correct mass of each orange was 18 g more than what was recorded, each of the

rectangle in the left histogram will shift by the same amount of 18 g.

incorrect masses correct masses

incorrect correct
median median

+18 g

Frequency

= + 18 g4y
incorrect incorrect correct correct
mode mean mode mean
f——+ 18 g—
' +18g P

Fig. 8.1
What can we observe about the distribution of the correct masses?

The distribution of the masses remains unchanged, i.e. the distribution of the correct masses
looks exactly the same as the distribution of the incorrect masses.

From Fig. 8.1, what is the difference between the incorrect and the correct
« modal masses?
« median masses?

We may not know the exact position of the incorrect mean mass or the correct mean mass.
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However, since the distribution of the masses remains unchanged, the relative position of the
correct mean mass inside the right histogram will be the same as the relative position of the
incorrect mean mass inside the left histogram.

What is the difference between the incorrect and the correct mean masses?

Stage 3: Carry out the plan
Correct modal mass = incorrect modal mass + 18

=148+ 18
=166g
Correct median mass = incorrect median mass + 18
=153+ 18
=17lg
Method 1:
Correct mean mass = incorrect mean mass + 18
=153.7+ 18
-171.7g
Method 2:
Total incorrect mass of 7 oranges = incorrect mean mass x 7
=153.7 =7
- 10759g

Total correct mass of 7 oranges = 10759+ 18 < 7

- 12019g F
Correct mean mass = 12019+ 7 do yow

prefer?
=171.7g " _J
Stage 4: Look back

What have we learnt from this problem?

We realise that if every data value is shifted by the same amount (i.e. a constant value is
added or subtracted), then each of the three types of average (mean, median and mode) also
shifts by the same amount.

The masses of 30 students in a class were measured and recorded.

The modal mass of the students was 60 kg

The median mass of the students was 62 kg.

The mean mass of the students was 65.3 kg,

The weighing machine used was found to be faulty.

The correct mass of each student should be 8 kg less than what was recorded.

Write down the correct values of the modal, median and mean masses of the students.
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Create as many sets of data as possible that satisfy all the following conditions:
« Each set of data consists of 7 values.

« 'The difference between the minimum and the maximum value is 20.

« 'The mean of the data is greater than its median.

« 'The mode of the data is less than its median.

Are your data sets the same as those obtained by your classmates?

1. Do I know when to use the mean, the median or the mode as a measure of the central tendency of a data set?
If yes, elaborate.
2. What have | learnt in this section or chapter that I am still unclear of?

-3 Exercise

Find the median of each of the following sets of (b) |, ge (xyears) Frequency
: numbers. . 0<;;_5 - "5
3 (@) 56.1,5,3,56 TETER 6

(b) 1.2,1.1,4.1,32,41,16,2.8 ik -
= (c) 30,33,37,28,29,25 LA e w

(d) 39.6,12,13.5,22.6,31.3,84,55,47 | 15<x=20 8
: 20<x=25 7

For each of the following, find the median of the 25 < x =30 5
: distribution or the class interval which contains the 30 <x=35 3

median.
p— | @ [k 100] 200] 300 | 400] 500 600 9 5“

Frequency| 2 | 4 | 1 | 5| 1 | 2 %
- &
2 37
— g
2o
=1
0 , - >

m J\’ 40 50 60 70 80 90
- g
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‘ Exercise €:i:]
(d) (0 Type of bread
7 1 3 E
6 = = anaann
a0a
s 4
= aaaad
= =
" a0
. a0
3-8 45 &7 8 9000 Key: [} represents 4 people
Score
| : : For each of the following, state the mode(s) or
l‘. Find the mode(s) of each of the following sets of . modal dass of the distibation.
numbers.
(a) =
(a) 2,5,8,3,7,5,3,9,7,3 .
(b) 8.1,7.7,78,9.3,6.4,7.7,93,87
() 11.3,10,21,145,26,11,20.1 Yellow 15
Green 28
. 'The temperatures, taken at midnight, of 6 ~  Blae 35
consecutive nights in Singapore are given as follows: Orange afes 19
22°C,27°C,26°C,28°C,27°C,23°C. Purple 35
(i) State the modal temperature. Pink 28
The temperature, taken at midnight, of the 7" day Brown 20
in Singapore was 22 °C.
(ii) 1f 22 °Cis added to the above set of data, what ®) &
will the new modal temperature(s) be? g 10 €
0=x<10 114
. For each of the following, state the mode(s) of the 10 =x<220 f 41
distribution. 20=x<30 44
@ [ 6| 78] 90 30=x<40 56
_l“_l“’ 7] I 1 1 40 = x << 50 110
3 - A
(b) A 9 104+
54
+ > 8+
2 g ol
g2+ g 4T
= | 2+
| ol >
04, > 30 31 32 33 34 35
15 20 25 30 35 Weekly allo )
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Exercise

(d) Holiday destinations

Key: v represents 5 students

7. 'The median of eight numbers is 4.5. Given that
seven of the numbersare 9,2, 3,4,12,13and 1,
find the eighth number.

8. Albert and Bernard were playing golf. Their scores
on the first nine holes are shown in the table. In
golf, the lower the score, the better it is.

Hale | 1 | 2| 3| 4| 5(:6 7|81 9| Total

Albertdl 3 ! 2| 5| 7.1.3.12:1.2.14.117| .45

Bermard 4 4 6 8 3 3 2 6 6 42
On the ninth hole, Albert hit his golf ball intoa
sand trap and lost the game.

(i) Find the mean score on the nine holes for each
player.

(ii) Which player scored better on most of the
holes? Do the mean scores indicate this?

(iii) Find the median score for each player.

(iv) State the modal score of each player.

(v) Which average, i.e. the mean, the mode or the
median, gives the best comparison of the
abilities of Albert and Bernard? Explain your
answer.

9. 'T'wo classes, each with 21 students, took a physical
fitness test. The number of pull-ups done by each
student in 30 seconds was recorded.

:‘:u“_‘:;“s;s 6 7 8 9 =10
Class A i
um O
bt 3 T -4 T2 1
Number of
=5/ 6171 8| 9|=10
1
Gan pull-ups
Number of

2
s 3i14-L 44742 |1

(i) Explain why we are unable to calculate the
mean number of pull-ups done by the students
in each class.

(ii) Find the median number of pull-ups done by
the students in each class.

(iii) State the modal number of pull-ups done by
the students in each class.

(iv) Does the median or the mode give a better
comparison of the number of pull-ups done
by the students in the two classes? Explain
your answer.

10. 'The number of pets 40 students own is recorded.

Number of pets 2:41.6 8|10
Numberofstudents x 2 y 6 14

(a) (i) Showthatx+y=18.
(ii) If the mean of the distribution is 6.4, show
that x + 3y = 30.
(iii) Hence, find the value of xand of y.
(b) Using your answers to part (a)(iii), find
(i) the median,
(ii) the mode,
of the distribution.

v

Averages of Statistical Data

OXFORD CHAPIERS

UNGEREITY FAERS

277

mO >y



- Intermediate Advanced
o

11. The number of magazines read by a group of 15. Raju has six money boxes.

women in a week is recorded.

Lo 1 2 3
magazines
i 2 1 x
WwWolnen

(a) If the mean of the distribution is 2, find the
value of x.

(reR) (b) If the median of the distribution is 1, find

possible value of x.

12. 'There are seven positive numbers in a data set.

The mean of these numbers is 7, the median is 8
and the modes are 2 and 10.

'The largest number is a perfect square.

Find the seven numbers.

13. Imran has written down six numbers less than 15.

The mean of these numbers is 7, the median and
the mode are both 9.

Half of the numbers are the same, and one of them
is a single digit negative number. Two of the
positive numbers are primes while the rest are
multiples of 3.

Find a possible set of the six numbers.

14. The times taken for 12 students to solve a puzzle

were recorded, to the nearest minute.

The madal, median and mean timings were 13 min,
13 min and 15 min respectively.

The students were given 3 min to read an insert
before solving the puzzle, which was not included
in the timings recorded. If the 3 min had been
included, state the values of the modal, median and
mean timings that would have been recorded.

The modal, median and mean amounts of money
in the money boxes are $50, $40 and %35
respectively. If he takes out $10 from each money
box, find the new values of the modal, median and
mean amounts of money in the money boxes.

The number of major hurricanes, which strike the
Atlantic coast each year over a period of 50 years,

was recorded.

lll|23-456

5]3|15x1y2

(i) If the mean of the distribution is 2.18, find the
value of x and of y.
(ii) Find
{a) the median,
(b) the mode,
of the distribution.
(ifii) There are at most p major hurricanes striking

the Atlantic coast each year in 36% of the years.

Find the value of p.

The number of social networking accounts a group
of students own is recorded.
18

32|

0|12 3

4 | 6| 3| x

(a) If the mean number of social networking
accounts the students own is 2.2, find the
value of x.

(b) If the median of the distribution is 2, find the
greatest possible value of x.

(c) If the modal number of social networking
accounts the students own is 3, state the
smallest possible value of x.
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Advanced Intermediate

Exercise

The number of books read by a group of students in (i} Given that the mean and the mode of the
a week is recorded. distribution are equal, find the value of x.
(ii) Using vour answer to part (i), find the median
0 1 z 3 4 = 6 ‘ of the distribution.

x+1|x-2|x+2| x [x-2|x-4{x 3‘

dudaud

In this chapter, we have learnt about the ideas related to the three measures of central tendency of a given data

set — mean, median, and mode. These measures enable us to use a single value to represent the entire data set and
provide us an idea of the centre of the data set. However, it is also important to consider which measure to use
because using different measures can give rise to different interpretations and conclusions.

‘The measure of central tendency is a good example of how mankind has created new measures to quantify
important attributes of physical objects or phenomena. The use of measures allows us to apply mathematical ideas
to make decisions or solve problems in the real world. We can now consider an important question in statistics:
ls the measure of central tendency sufficient to represent a given data set? Why or why not? We will explore this
further in Book 4.

O O U O N

Summary
1. Mean o
— sum ues
B ol Taw k. % = number of data values

Mean of frequency distribution, ¥ = ?E—Jj: , where x is a data value and f is the frequency of the data value x

Estimated mean of grouped data, x = EE—'?
« Are the above three formulae for the mean essentially the same? Explain.
» In general, can we take the average of two means? Elaborate.

, where x is the mid-value and fis the frequency of the class interval

>
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. Median

If the total number of data values is odd, the median is the niiddle valie of the arranged data.
If the total number of data is ever, the median is the miean of the two middle values of the arranged data.
« How do we find the median of a frequency distribution displayed in a frequency table or a histogram

(for ungrouped data)?

. Mode

Mode = data value(s) with the highest frequency
« Can a data set have more than one mode or no mode? If yes, give an example for each case.

Appropriate use of average

‘The mean is preferred when there are no extreme values because the mean takes into account all the data

values in its computation.

‘The median is preferred when there are extreme values that affect the mean.

‘The mode is preferred when we are interested in the data value that is the most common or popular.

« Give an example of a data set where the mean is preferred, an example of another data set where the median
is preferred, and an example of a third data set where the mode is preferred as a measure of the central
tendency.
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Practise Now & m—n q Ba+20 c—5b
Chapter | raic (e) f)y —— 2
Fractions and Formulae {a) 22 {b) -27 - @ afa+4) ®) b(b+c)
! R o2
Practise Now 1 Practise Now 2t . e (d-5)(2d+3)
(a) pis (b) 2 la—y) L (i) a= =2 ) a+3 ¢ “x id) _of-1
3y’ 3y’ - t k+3 k (f+5Hf-1)
(i) 10 @iy @ 52— 49
Practise Now2 2 @ =2 5 i (O
h+ Tk 3 PR (a) — ih) = (3h-T)(6-5h)
(a) ok (b) 2p-1 (i) 4 years ib 4 | 2kes
@ = @3 @2 O -y
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if) 2:_'_5 7 (i;”‘=3;_§ l"ractisa:?;awj . {ef0ar—4 (f) Oar 21?
3 L f{a) == (h) =—
6. (ﬂﬂ (bjz= ¥ 3 2 {g}lli:ur—3 (h) Dor 5
(a+3){a+1) J-'—lx o) . {d) +4 z
® 1-b* —b (© p- o ] 2 fa)4ar9 (b _’;nr—_‘is
(b+1){b-5) xa“? Practise Now 4 L {c) -1or-2 (d) B or P
(cJ 4 +4p+l b= — (@) -lar-5 (b} - or— @ o2 @ Sard
2(p+1)(p-5) ) v o2 1 2 O O 5
@ 4-25 il L (@-lorS () —Cor-3 3 (a)-3or-7 (b)7or9
(x+y)x+2y) (ii) 1.83 R {c}—:ar—ls
21 E1 ractise Now
7. (&) = (b) -1 9 (a}r:J; L 810 {d}IEuri
(03 d) -1 = 24,9 e 2
3 (B) = v —2as - {e) 9ord (f) —El-l:ler—3
le) = = sadua
+2x ) x=p= 1 Practise Now & )8 7 (b) __f
8 }IE}_ (d}z:@ Length = 6 cm, breadith = 4 cm i = 1] 5
9. Albert ) cedc o 4. (a) 44 (b) 5
10.6 P=2a+4, I i) b= a3 Practise Now 7 {c) £11 M}zlln
Q=a'+3a+2,R=3 (i) 25 (i) 3 ,.-,(_|_' Ig)_ B(2,0), 10, &) & 1
1 3 ) TV 2 (e = (f) =
S 1L (i) = K{—)
(__mm];“ Practise Now & 5. fa) -3.:«-; ib) -; oré
Al m
Exercise 1C (a} 5
~ ) 2{E—mgh) : B {c) -For5 (d) -Borls
L fa)y— 12.@) = 8 - (@ @ 35  (i)0dor3s € -3o0r7 (B -lor3
; (ii) 19.0 m s~ i)y =3.x=2 6 2
b= 1Y "‘14‘5 e (d) x=2 1' s
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(B)p= 2(5q-r) {ii) Yes Practise Now 10 12. fa) ~120r5 (b) — or 3
: L (2)28m | 5 4
@k=5 Claptor 2 Qundsaic @@ esm:175m @30 @y
@b= 2 _a @i 405m 3.0 — or> i) Mol
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3@ h=w'+k {a) Dor?2 {b) Dar-1 1. fa) =2
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Excrcise 2B
L A(-6,0). B{-1,0), C(0. 6)
2 (@a=0.b=-5

(0 (i) 2450r—4.45
(i) o

(d)x=-1

@p=-74=-3

{c) (i) (-075,3.1)
(i) x=-0.75

(i) A(-5,0), B4, 0). C(0, 20)

(ii)a

(b (i) (-05,103)
(i) x=-05

(o) (i} -3.450r 245

(i) y=8x(8-x)

(i) $4

7. (iii} 4.5 cm, 4.5 cm

8 (i) 20m

9. (b)(i) -04or24

(i) -1
(ehx=1

10. (i) 55000, 1 year
11 (iii) 8 m
12 (i) 1135m

(i) 3.4 scconds
(iii) 0.75 m

13.{i) 11025m

(i) & seconds
(iii) | and 7 seconds

Exercise 20

3.
5.

7.

. 3
(i) sx+ T)
(i} (x+3)x-2)

@0 r{erd]

® @ y=(x-3) +2

{a) (i} y=-lx+57
(b) (i) y=(x-4p

@) (i) y=—(x-3+3
(b (i) y=1(x-47-11

i) h=—t k=3
1 (i) k= 2'*'-1

Chapter 3 Quadratic and
Fractional Equations

Practise Now 1
(a) -lord
(b) ~4or3

(ii) 2 seconds

(d) Dor3

Practise Mow 2
(a) 3ar-17
(b) 4.16 or 0.842

Practise Mow 3

(a) (x+6)-36
7749

® (3] 7

(€) (x+038) - 0564
3¢ 9

@ (=3) &

Practise Mow 4

(a) (x+7p-44
(b) [x+35/7- 1345

o (-2
w2

(a) {(x-3F+7

(b) —{x-45)+ 1675

o o34

i) 3

Practise Mow 5

(a) 0.61 or -6.61
(b) —0.81 or -6.19
(e) 1.62 or -0L62
472 or-572

Practise Mow &
(a) 1.27 or -2.77
(b) 172 0r-0.117
{c) 147 or-1.14
(d) 0.140 or -7.14
(€} 473 0r 1.27
(f) 524 or 0.764

Practise Mow 7
{a) 2.35 or -0.851
(b) 4.31 or 258
(c) -lor-6

{d) 11.9 or 0420

Practise Now &

(a) 259 or -5.79
(b) 391 or 2.09

(c) 228 0r0219
(d) -0.3700r -3.38

Practise Now &

L (i) 155,-1,-3.-1,5,15
(i) 0.2 or 2.2

2 -230rl

Practise Now 10

L (i} 16,9.4,1,0,1,4,9
(iii) 3

24

Practise Mow 11
(i) (9-x)m

(iii) 7.928 or 1.072
{¥) 297 m*

Practise Mow 12
{ii) 126.16 or -133.16
(i} 4 hours 30 minutes

Practise Mow 13
L. Yes
2 (i) 7.5

Exercise 34
1. {a) 9ar2 l:_b:l—;nrl_

(€) For5 (d) 1]

2 (a) 204 (b)3 or—3

13 5 31
() G or-lid) 5 oryy

(e) 0.320r-6.32
(f) 3.90 or -0.90
(g) 2350r 765
(h) -2.66 or 3.66
3. (a) (x+ LOP- 100

o (]

o (e &
@ -
(e} (x+0.1)-0.01

(f) (x-07F-049
(g) (x+5P+25

o2 2
4. (a) (x-3)7-8
ib) {x%]:_%

() (x+45)7-2205

(d) (x—%,lll+%
(e) (x-5F+23
0 (-2 122
{g) —(x+ 455

o {2

5. (a) l450r-345

(b) 1120 0r 080
(c) 5.850r-0.85
(d) 151 or-1.86
(e} 0.81 or005
(f) 0.74or-1.34
{i) (x +1—,j z_%
(ii) 1 6or-186
(a) 0.613or-1.62
(b) 4.7% or 0.209
(c) 2320r-4.32
(d) 7.800r-1.30

8. ali.ﬂ‘ #24

2

Exercise 3B

(a) 0368 or-3.73
(b) 0.155ar-2.15
(c) 3360r-1.69
(d) 0922 ar-315
(e) 3.190r0.314
(f) 1.77 orn225
(a) 2720r-7.72
(b) 1.9% or —0.764
{c) 1.07 or -0.699
(d) 0.5

(e} 1.67 or-1.07
(f) 627 or9.73

(a) 177 or-227
(b) &.14 or 0860
{c) 0268 or3.73
) —3

(e) 5.540r-0.541
(f) -0.382 or -2.62
(a) 0618 or-1.62
(b) 270 0r -0.370
(c) 3.73or0268
(d) 4.54 or-1.54
(e) 15

(f) 0468 or 0468
(@) -3

(b) 1560r 141
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6. 10.60r-0.141 {iv) 363.10 or —413.10 Practise Now 8 Practise Now 17
7. (a) 2or-4 {¥) 3 minutes 38 seconds L fa) a {h_]&,i L (a) 43 (b) 825
(b) 270 or-3.70 9. (i) uss 2000 £ . s
(d) 1L&or L74 { } {c) ? (<) M_+ (d) 5“"_
@ 3 (i) ”“{xmmJ 2 ok 2 lG—lDJ-
() 7A40r-0510 {iv) 13599 or -0.0337 3 hod L
(f) 6430r-2.43 (v) USS1=551.41 Practise Now 9 2 2
(g) 5.140r 136 10. 15 km/h (a) 4 {b) 4 Practise Now 18
ih) g]ﬁarujs L1 (i) ::,; ED;.Scm m% M% ) (m s(]
.bm
8 @1 0'—3 (i) 6.4 2 (33-18/3) em
(b} 5.120r-3.12 Practise Now 10
[c) 7540r 46 {a) 6 (b) 5 Practise Now 19
(d) —0.8250r -243 © _; () _]|n 141 000
Exercise 3C Practise Now 20
L) 81,-2-1,4,13 Practise Now 1 Practise Now 11 $12 500
(i) 2.3 or 022 @) 7 (b (3 L (a) 16 (h_]—é
2. (i) -559,7,-1,-15 () & (4 &y Practise Now 21
R w000 (d) 113
(i) ~2.55 or 0.9 (e - @ = L (a) 53 10¢
3 (i) 4.1,0,1,4,9 Practise Now 2 T (@ a (b) x = (b) & 10°
i) -3 g 4y (€} 4.8 10rs
4 E:;J-mmo.a ::; @ E:; ;x’;- Pcnckies Newr 12 (d) L6710
5. -3450r 145 L {a) »r {bJ—]‘{ 2. (a) 1325000
6. (i) -15 Practise Now 3 ;’; . (b) 0.0044
7. 5 L (@) 6% (b k" © 2 0 —-
Q) (—) (4 3% "._: . Practise Now 22
Exercise 3D 2 2 @45 ek {a) 40 x 10" bytes
L. (i) (56-x)cm k= q° (b) 254 % 10 m
(iiii) 41.67 or 14.33 Practise Now 4 2 f:g (€) 494 % 107 m
(iv) 27 (a) 2F {b) 12587
2 @ i) 2L (g) 325 (d) Wk Practise Now 13 N
x+2 L @3 ®) 2 (a) 520 % 10°  (b) 109 x 10~
(i) 3 or 5 Practise Now 5 S (@ 4x10° (@ 25x10°
(v} 6minutes (a) ¥ ) = 03 (e) L60x 10°  (F) 2.56 x 10F
3 £ B (g) 657 x 107 (h) 4.21 x 10°
. (<) pg' {d) = .
(iv) $2.12 Practise Now 14 Practise Mo 24
4. 625m (a) 9 s e
5. (i) (8 + 20x) eni? Practise Now & © 243 () '«"_;_5
(i) 1.55 or —4.05 L. (a1 b1 i 44
(v} 9.61 m? o) 3 (d) 1 Practise Now 15 ]M{r:;czlb (®) (4"
6 @ (21-2;) bouss @3 ®w @3 w25 e @y
x x4+l &) 6 2 @)% b (7Y
(i) 3.53 or —4.53 Practioe Now 7 ) {b) (-7}
(iw) 1020 am. 1 1 Practise Now 16 (c) 6t (d) -3p*
7. (i) 88.08 or 11.92 L@y ®— (a) 29+3/3  (b) 34-24y3 > @ ¥ (b) 2¢
(§) 7.95 hours @& @l (e) -11 @ s6+a83 L @WT  BIA
g () 22 minutes o ? (© 18 (d)15"
2 & (€) 8" (f) BLY
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. () 2@

(@ %

@ £
l:aJ Bujm
.::} zzpqu
(e) Smen®
l:i,'l a
(e} -c=
(e) &

1

(a) &'t

(c) Bl

2t
10. (a) W

© 3¢

1. l:aJ 5_I°L

(ch 4xy

1 a=2b=6

Exercise 4B

- (a)

- (@)

. (@)

(a) 1
(c) 4
(e) 1

(<)

(b

]
(a)
G
(a)
(b
(a)
(ch

b 3: 3: [EIEE -] NI-—':_ Wil = ._-,|; ml'_é =

i

(b) 3
35
-z

® 5

Ih.:' e
(d) iz

(f) ety

{h) &

gd]-
(d} =
(f) -8’

(b) 2558
(d) -2gh

(k) 1
(d) -8
(f) 7
(b) 7
(d) 25
() —
3
(d} z
24
(k) T

(d) 16
(b) 5

2
id) 5
(b) -3

1

@ -

1
(b) 55
(d) 10000
(f) 100125
(b) b
(d) d+
M f°

10. (a) 3 (b) -7
() (d) -2
IL(a) 4 ()8
(c) 8
2@l L
Fa 3
© L
[
13.(2) 157 (b) 5
2 144
(<) 2—3. (d) F
(@ ‘;‘“ (£) ne'n
@)@ (b6l
I5.(a) @ (b) b
l 5
Ot @
2
@ ®Z
5 =
6@ % b
b2 d*
|=| Sg
@5 @
ﬁ _;r_ﬁ 3
@ onr
- z'|1 ) -1121]-
7@ S ) y..,
ac™
(e) H5— (d) ot &],
Exercise 40
I (a)8 b7
@ N7 (@1
L (@ &7 ()5
@ x3  (d -1
@21 @ 5
3. (a) 24-%2
(b) 33+126

() 115-244/T1
(d) 210-42421
(e) 61
f-17
410

4 @5 )Gy

(@ 1-73 @ 2

5+1u."_ &J'_ 12
L T

(e)

43415
V=753

5-36
(b) —““':,

232

6. (a) —5—
6432742
b) —
@ -3

?ﬁ+w'

@5

19—
7. (a)—— B'F b)

() I3 (d) —=— - ?J‘

8 75-1743

9. 62

10. (4+26) cm

1. (3-y3)cm

12 (i) 3+243 (i) 47

- 199
ll&d:T ..EI: |.5.n.’=l

Exercise 41

L. 3200

X 4740

3. (i) P=1000(1.01)4
(ii) 1350

4. (i) $2000 (i) 35190

5. (i) $25000 (i) 14%

6 (i) 30 (ii) 52
(i) 2028

7. (i) 4800g (i) 00732 g
(iii) 9 hours

8 40895

Exercise 4E
L. (a) 853 10°
(b) 5.27 x IF
(c) 2310
(d) 9.04 = 10-*
2 (a) 9600  (b) 400000
() 000028 (d) 0,000 001
T llfg
4. (i) 3= 10°FMH=
(i) 3 107 MHz
5 (i) 7=10"m
(ii) 74=10-"m
(i) 35 - 37
6. 394 x 10'%

L]

7. (a) 167 =10F
(b) 1.4l x 10"
{c) 335= 107
(d) 333 = 107
(e) 3356 = 10
(f) 304 = 107
(&) 153% 10"
{h) 335 x 107

8 (1) 246% 1002
(b) 6.94 = 10F
&) L0100
(d) 2.1 % 10°
(e) 541x 107
() 1.99x 10°

9. (a) 315 10°
(b} 4.5 104

10, 7= 10

LL. (2} L6x 10"
(b) 64 x 107

12 333 107

13. (i) 3= 10°mis
{ii) 43 minutes 15 seconds

14 (i) 144% 10°km
(ii) 400 days

15. (i) 125% 10°
{ii) 2.15
(iii) 1.98

Chapter 5 Coondinate
Geometry
Practise Now |
{a) 5 units
{b) 114 units
{c) 6 units

Practise Now 2
o2}

E
3—5 umits®

{b) (-3,0)

Practise Mow 3
1. £DEF
2 Mo

Practise Mow 4
@ 3
()0
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Practise Now 5
L. 12
2 Daor-7

Practise Now &
.7
2 12

Practise Now 7
l[a.'l,:'---“— (b} y=4
(c) x=-3

Practise Mow &

{a) (i) (2.5)
(i) (1, 1)

B p=-1.q=3

(i) (4. 3)

Practise Mow 10
L. (i) D-1,4) (ii)4.24 units

2 () {zé,z-g)ﬁi}].?n units

Practise Mow 11
{i) -13 {ii) 2 or 3
Practise Mow 12

I. No

2 ) MG ) 3

Practise Mow 13
@pr=2q9=-10

Practise Mow 14 .

L @y=2x+Liy= —zx+3

L ([@y=-x+9
(b)y=2x+7
(c) 3y=-2x-19
(dyy=3x+13

Practise Mow 15
y=-x+1

Pracr.isean 16

15
{i) fm,y— 3+
u__y —2x + 40

(i) ©(13, 14) (i) 8.94 units

Exercise 54
1. (a) .06 units
(b) 8.54 units
() 11.4units
(d) 10.8 units

2. 4707
3. (a) [[n—s—”

®) (22.0)

+ (0-23)
5. {i) 32 units; 48 units?
(i) 9.6 units
6 (i) 45 units®
(i) 5.83 units
(i) (0, 4)
{iv) -5orll
7. (i) AE=3units,
B =412 units,
Al =447 units
(i) 6 units®
(iii)})—Boré
8 -2oarl
. (i) 9 units®
1. 2.57 units
11, 3.48 units

Exercise 5B

L fa) ‘Tl. {b) —10
© -3 @3

fe) -1} o
2. Cradientof AB=0,

Cradient of AE = % .

Ciradient of DN = —%
Ciradient of DE = —é

=
s
|

oMo om
wo

9. (i) Gradientof AB=—
Giradient of BG = ‘—; .

Gradient of CD = —2

2"

Gradient of AD = %
(i) They are equal.

P b

Exercise 50
L3
2 15
3 (@) y=—x
(b) p=2x+1
{c) y=!x+§
(d) p= —x+§
(e) y=-x-6
® y=2x-3
(g} y=0
(h) x=0
4. (@) y=3x
(b} y=3x-2
(e} y=-3x+1
(d) y= —xi%
(e} y=+4
(f) y=ar+a
5 y=2x
6 (a) O, Ly=1
(b) undefined,
not applicable; x= 1.5
) L-Ly=x-1
(@ 3. Ly=—3x+1
7. (i) 4units’
@3  Gi)y=x
& —dord

o () y= %m 2
(i) —3
(i) (3. 0)

10. (i) y= ~§x43
(i) 0

ILy=Sx——

1% (i) p=3x-8
(i) (4.4)

3. () (=6.0)
]
(i) y = %x ;%
(iv) y=—1

14. (a) (i) 3

(ii) p=3x+3
(B} (6.3)

15 0n=0

16. (i) A(8.0), B(D, 6)
{ii) 10 units
(i) g y=x
8 (3.33)

17. (i) (-85,0)

(i) (2.7)
(i) 7.28 units
{i¥) 3.85 units
Exercise 51
L@ (b {%zé)
© 64 (@02

{e) (ir:H [ ,l::+b)

O (F1 s 2at)

2 () Q15,00 (b) Q3 -1
() Q(11,3) (d) (-4, -5)

3. (i) (1) (i) (4, -11)

5 53,2

6 (-2,0)

1.7 .
A (—&.Zﬁ}; 186 units

—

) h+m-2Kk n—k]
2 2

9. R{qé .n} {ii) No
10. F{-11,-3), Q(7.9), R(3, ~11)

Exercise 5E

L (i) 3
E

3

1
(i) 17 (ii) -9
(a) Parallel
{b) Perpendicular
(c) Perpendicular
{d) Neither
Q m=1n=5
. (i) Pi4,2)

Yes

(ii) +1

woaw

Yes

10. {aJ €[4, 0) or £18. 0)
{b) D(D, 24)

11. (a) Perpendicular
{b) Parallel .

13.4i) 1 (i) 7

{iili) 29.7°
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IL&&:Z.b:J-.f:J.d:—:!
15. Yes

16, Yes
Exercise 5F
1. {ajay=k+|1.
y=—3:c+5
1 1
(b)e y= T+
y:—‘]?x—-l
2 (a)y=2x-5
(b)y=-lx+6
(chy=3 (d)x=-9
3 (a)y=5 (B)x=-1
(c) y=-3x+20
1
d)y=5x-1
4. y=-1
1 26
5 faly=-x (b) y=cx+—
@x=3 @y=3
6 y= éx—s
7. 26y+ 13x-25=0
B y=-lx+17:y= -]2-x+2
, 5 7
9. {l}y-Ex—I

(i) B[z% .n}

3
(i) D{4E.4]
10 (i) y= —:x+]—:
(i) M5, 7) (iv) 50 units?
1L (i} y=-2x+7
(i) 2, 3)
{iiii) AP = 2.24 units,
B =447 units,
AC =707 units
{iv) Sunits (¥} 141 units
12 (i) mg.=-Ll.m,= %
(i) HiD, %) (iii) D{-8, &)
(W) y=x+2
15. (@) y=-x+8
1 16
(b)y= R (4. 4)
- 127
14 (i) y= ERany
{ii) 15.1 units

(i) R[H%. 14]

Chapter 6 Graphs of

Salution
Practise Mow 1
(a) -175 (b} -2.55

Introductory Problem

Revisited

(a) No (b} 115

Practise Now 1

(a) 29

{c) (i) 1
(iiijA=28=-3

Practise Now 5
{a) (i) 12 (i) -25
(b} (i) y=l0x+1

(i} 0.5 or 06

Practise Now 7

(a) -0.9 (b) -0 or 0.8

Practise Mow 8
(a) -85 (b) 6.6
Practise Mow 9
{a) -08 (b} 3.1
Practise Mow 10

(a) 025 (b} -0.325

Practise Now 12
L (i) y=0
(i) (a) 0.1
(b) 0.8 or 0.4

2 (i) -33.-16.12.13,-149

(i) x=5
(iv) (a) 9.3
(b) —45or 3.5

3. (i) 0.8,063,0,-14,7.86,5,

42 4,-433,-1.4,0.73
l:i.i} ¥x=-l.x= 3,}': 1
(iv) (a) -2.6

(b} 43 0r6.3

Practise Now 13
(a) a=5b=-3
(c) L&

(d) (i) h=2,k=—4

Practise MNow 14
{ii) 3.5 minutes
{iii) 27 km/h

Practise Now 15
i 2% mis* or 2.67 mis*

(i) 489 m/s (i) 2 m/s

Practisec Now 16

i) a=2,b=17

(i) (a) 0.65, 3.85
(b) 2.25 seconds
() 9 m's*
(d) 0.25 <2 t =2 4.25

Practise Now 17
{i) &0 beats/minute
{ii) & beats/mimte®
{iiii} 1 beat/minutes

Exercise 6A

L (i) -3, 01 04, -24, 21,

1,7.1
(iii) (a) - 1625
(b} ~0.55, 0,65, 2.9
3. (i) 84,1308
(iii) (a) 1.1 (b} 265
5 (i) a=11b=04
(iii) (2) 1.3 (b) 1.5
6 (a) 136 (b)4
{a) -2 (b} 2.3
8 (i) (a) 95 (b) 15
(o) 27
(ii) (a) 0.8
{c) 4.15
. (i) -18 (i) 3325
IL (i) h=2.k=55
(iii) (2) —0.3 (b) 0.9
12 (i) 545 (i) 1 or275
13. (a) -1, -06, L6
(b) (i) -1.55,-0.35,19
(ii) 1.5, 035 or 1.9
14 (B) (i) 4,2
(i) A=-12,B= 15
15. () L7
(iii) Mo solution
16. (i) —42
(i) (a) 145 ar 4
(b} 1.6 or 58
(c) 0.6 or 4.3

bl

(h) 3.5

17. (i) A:%m+2+ﬂﬂl}lx

(i) 5100 units; $3.02

Exercise 6B
L. (i) 05,8, 16,32
(iii) (a) 12.2 (b) -0.65
2 (i) 342,85
(iii) (a) 4.9: 14.3
(b) 0275 1.3
4 (i) y:—;
(iii) (a) 0.3
(b) 08 ord

5 (i) 147, 145 14, 133, 1,
2332, 167, 1.57, L.55

- 5 3

ii) x==,y==

@) x=Z.y=3
(iw) (a) 1.8
{b) 24
—-0.22, 0229, —0.4,
-0.67, -0.8, 1. -2, -10,
10,2, 1, 08, 0.4, 0229,
LINE:)

(ii) x=7,y=0
(iw) (a) 04
() 64
7. (i) a=25b=77
(iii) (a) 26:8.5
(b) 245
8 (a) 16
() (i) (-1.175,03)
(if) -1.175

6 (i)

102
1L (i) —0.36, -0.44, 056,
-0.75, -1, -0.99, 1.25,
15,3, 1.78, 1.25, 0,56,
0.44

(i) x=3 y=0
{iv) (a) —0.89
{b) 05, 2.7 or 3.8
12 (a) 5,85 {4
id) (i) h=1,k=9
13 (i) —14 (i} 10
14. (a) (ii) 0875
15. (i) (1, 2)
16. (ii) 15 years
17. (i) 5 =085 (iii) 1.75 hours
18, (i) -0.4, 0.8, -3.8, 1.4, 0.4,
0,-03, 14,0502
(ii) x=0.x=-4,y=0
(ivh -5.3,-2.9,0.1
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Exercise 6 Practise Now 4 9. IMleg 4. 462 e’
1. (ii) 19.8 km/h (i) 8em (ii) 117 em® 10, (i) 14.0em (i) 636 cm? 5. (a)409cm (b) 24.0 mm
X (i) I5km “_aé.-_mm-g_55cm ©159m (d)4cm
N (i) EShmlnul.u“ -, Practise Now 5 12, Height =5 cm, dimensions {e) 15.1 mm (f) 35m
(i) Uhour (ii) 30 km/ L 1140 c® thgmﬂnmxscm 6 135cm
(iii) 343 km/h L 7m 13. (i) 675cm (i) 226 cm® 7. 709
4 (i) Smis (i) 7.5mls M. (i) 9375m (ii) 584 m? 8 25kg
5. [ii) 7m/s Practise Mow & 15. 46.0 m® 9. 3cm
6. (i) 4mfs (i) 255 I 440 e 1. 285 com o 28.9 e 10. 240 cm
7. (ii) (a) 2.3 minutes 2 592m 9 11 14.86 cm
() 0.462 kmémin 18. VA is shorter than VE. 12 434
{c) 2.75 minutes Practise Now 7 1. {f“ 653 am {f]' 683 am® 13. 7240 e’
& (i) (a) 1 hour 11 minutes L. 427 m’ 20. :_:.; (i) 1 14. (i) 182 co?
i}
]
Dl e | @ cmor2zrcn
9. (i) {2) 1011 hours Practise Now 8 Huercise 78 15.2:1
{b) 8.2 km L 1890g L {a) 528 cn®
. (i 9 (ii) 30 m/s 2 110cm (b} ?_';E% em’ or 257 cm® Exercise 7D
x
“'[’2 Lo mist (© 180 cw® (d) 12900 mm? ]m“;
(i) 100 seconds Introductory Problem 2 Mm 2 Laehe
12. 63 mis or 6.67 ms Revisited 3@ r=5384cm 3 ® 225”'::’
) ast b0 Pyramid, cone, sphere, cylinder 4 3 . {!II::EJ:}G }
o 5. {a) 138 cm® () 1940 mm? @ e
(iii) (a) 1.7.5.3 Practise Now 9 (i) 5080 co?
(b) 3.5 minutes (€) 3040 crr? 5. 421
{c) —3 m/mir? e & l4mm . . .
3 1960 et e 6 (i) 352m® (i) 552 m
(d)24=t=46 e R:ld“m: Tg:j e 7. 7imd
! [} = f.. Cm -
14. () 9.5 m/s; 34 mis Practise Now 10 8 l60m 8 675cm
(i) 2.5 me’s 5 me’ 561cm 9. Infinite 9. () B4em (i) 5635m co®
= m :f; i::hm 10. (i) Infinite  (ii) 1 1o. '['J' 44400 cm?
(i) f:} 0 hmul.:’u Practise Now 11 11. 29 cm (i) 7610 e
01 12, 8192
() LE5=t=4 . . of
) 14 () 5em (i) 393 co? Chapter 8 Averages
(iw) 0.4 ) Statistical Data
Practise Now 12 15. 204 co®
16.() 25°C (&) (i) 15 300 cm® 16. 1230 cni® Practise Now |
(i) 4°Cminute (ii) 3210 cm? 17. i) 2710 mm® L6l m
(iii) 150 (i¥)2 hours (b) ) 31.2.0m (i1 1290 mn?
(ii) 1092.5® cnv® 19. (i) 660 cn® (i) 1360 cn®  Practise Now 2
20. 1540 m® 56
Exercise TA
L. 20cm® Exercise 7C Practise Now 3
2 46em? L f{a) 2140 cnt® L @77 (i 9.9
3. Bém‘ur?jjm’ (b} 11 500 mm* 2‘ 168 cm
.12
4 75cm 268w’
] 5 5m 2. (a)697cm (b) 143 mm
Practian Mo 2 J (©)571m (d)9em Practise Now 4
9 m 9.48
7. ()4 ®) 6 {e) 720mm (f) 225m
ractioe Mo 3 8 (@) 6 ()4 * ::1 :::E m:lz
: b)) 4 (i) 1 ™
it (113 m?
AmswerKeys  DXFORD
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Practise Now 5
(i) 200
(iii) 398

(i) $19 600

Practise Now 6
35 minutes

Practise Now 7
1. 473 years old
2. 435 mm

Practise Mow 8
(a) 15 (b) 173
Practise Mow 9

L. (a) 175 (b) 8.4
2. & Any number =7

Practise Mow 10
1. 7 minutes
2 5<=x=10
33

Practise Now 11
(i) 60cm and 110 cm
(i) 60 cm

Practise Now 12

(a) PKR 3000

(b) 45 = x < 60

(©) 1

(d) Caramed and hazelnut

Practise Mow 13
(a) 5 (b) 3
fc) 1,234, 5

Practise Mow 14
011235

Practise Mow 15

52 kg 54 kg 57.3 kg

Exercise 84
L 381

2. 33586
3 8

4. Sdkg

5. (i) 9%

6. 3; or 3.57

2
7. 515 kgor51.7kg

(i) 13

8 (i) 30 (i) 60
()2

9. 135

10. {a) 9 b} $8.90
(c) 485 years

L) 128 (i) 2

12 (i) 27em (i) 42 cm

13,5110

4. (a) 45
) (i) 3?%9& or 37.5%

(i} 40%
15. (i) 6 f; or 647 hours

16 (i) 28cm (i) :

17. (i) 123.52 minutes
(i 2

18. (i) 52.7 km/h
{ii)2:3

19. (i) 7500 1 15 8 3
{ii) 2255 million km

20. 11

21. (i) 172.1 hours
{iii) 172.7 hours

Exercise 8B
1. {(a)5
() 295
2. (a) 400
(b) 15 < x=20
{c) 70 (d) 55
3. (a)3
{c) No mode
4 (i) 27°C
{ii)22 *C: and 27°C
5. {a) No mode
(b) 30
{c) White bread
6. (a) Bluc and purple
(b)o=x=<10
{c) 532 (d) Japan
7.5

(b) 2.8
(d) 12.75

(b} 7.7 and 9.3

8 (i) Albert: 5: Bernard: 1§
{iii) Albert; N
{iii) Albert: 3: Bernard: 4
(i¥) Albert: 2; Bernard: 6
(v) Mode
9. (ii) .7
{iv) Mode
10. (a) (i) x= 12, y=6
b)) 7 ()10
1L (a) 12
(b) &3 Possible values: 3.4, 5
12 1,2,2.8 10,10, 16
13.Q Possible sets:
~3,5,9,9,9, 13
_3,7,9,9,9,11:
~9,9,9,9, 11, 13
I4. 16 minutes; 16 minutes;
1% minutes
15. $40; $30; $25
16. (i) x=10,y=4
{iijia) 2 (b)2

(iid) &; &

(i) 1

17. (a) 7 (b) 7
(c) 7

18. (i) 4 (ii) 2
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